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QUESTIONS
1. Prove the following: If (u1, u2, · · · , un) is a finite orthogonal family of
points in an inner product space X and x ∈ X, then ||x − ∑n

k=1 αk uk|| has
its minimum value when αk =< x, uk > and

n∑
k=1

| < x, uk > |2 ≤ ||x||2

where <,> is the inner product defined on X and ||x|| is the norm defined
through the inner product < x, x >
2. Prove that the set of orthonormal vectors |ei > (i = 1, 2, ...) form a basis
of L2

w(a, b) if and only if the Fourier coefficients with respect to the basis
|ei > satisfy Parseval’s relation
3. The generating function of the Legendre polynomials is given by

1√
t2 − 2xt + 1

=
∞∑

n=0

tn Pn(x), |t| < 1

By the use of this generating function
(a) prove that P ′

n+1(x)− x P ′
n(x)− (n + 1)Pn(x) = 0,

(b) find
∫ 1
0 Pn(x) dx.

4. Prove that classical orthogonal polynomials Cn(x) with x ∈ I = [a, b] has
n distinct zeros in I
5. Prove the following:
(a) ∫ ε

−ε
δ(x− c)dx =

{
1 c ∈ (−ε, ε)
0 c /∈ (−ε, ε)

(b) ∫ ∞

−∞
δ(x2 − a2)dx =

1

2|a|
[δ(x− a) + δ(x + a)]

1


