ERROR ANALYSIS OF THE GENERALIZED MAC SCHEME

YIN-LIANG HUANG*, JIAN-GUO LIUT, AND WEI-CHENG WANGH

Abstract.

We present a rigorous convergence analysis for the generalized MAC (GMAC) scheme on curvilinear domains proposed
earlier by the authors [HLW]. The error estimate for the velocity field is established by energy estimate utilizing the stream
function and discrete identities associated with the spatially compatible discretization. The spatially compatible discretization
also induces subtle stabilizing effect that renders the scheme uniform LBB bound even though GMAC is staggered and supported
the same way as the Q1 — Py finite element method, which is well known to be unstable under divergence constraint. As a
result, full second order error estimate is achieved for both velocity and pressure with minimal regularity requirement.

1. Introduction. A generalized MAC scheme (GMAC) for the Navier-Stokes equation in rotational

form
w+wxu+Vp = vVu+f onQ
(1.1) V-u = 0 on {2
u = 0 onT

on curvilinear domains was introduced in [HLW]. With partially staggered grids (velocity components
collocated on cell centers, pressure placed on grid points) and centered difference in a locally ’skewed’
coordinate, the discretization preserves crucial identities such as

(1.2) curly, o grad, =0, divp ocurl, =0

and their converse in the discrete setting. The resulting scheme is simple and efficient with full second order
accuracy on curvilinear domains. A key ingredient of the scheme is the proper treatment at the boundary,
which not only enforces the pressure as discrete Lagrangian multiplier without introduction artificial bound-
ary conditions, but also leads to an exact Hodge decomposition for the velocity field, which plays a key role
in both stability and efficiency of the scheme.

In this paper, we will show that the spatial compatibility (L) (recast as Lemma 1] in section B)) also
leads to a simple error estimate for the velocity field. Optimal error analysis for the classical MAC scheme
was first obtained in [HW], and in [W1] for MAC-like schemes on Cartesian grids. The proof in [HWI, [WT]
is based on high order Strang’s expansion. Here we present an alternative approach that relies mainly on
the special structure of the spatial discretization, making use of both the stream function and the discrete
differential identities in Lemma Bl As a result, we obtain optimal O(h?) error estimate for the velocity
field provided the exact solution satisfies u¢ € L?(0,7;C*(Q)) N H(0,T;C?(Q)) and p¢ € L?(0,T;C3(Q))
(Theorem [ section BIl). This may be the minimal regularity requirement in finite difference setting.

On the other hand, the error analysis for the pressure is much more subtle due to lack of evolutionary
equation. Our approach is based on establishing the Ladyzhenskaya-Babuska-Brezzi condition (also known
as the LBB, div-stability or inf-sup condition) for the generalized MAC scheme. The LBB condition provides
direct access to pressure error estimate for the dynamic problem ([I), and is essential to the solvability and
uniform estimate for the static Stokes problem. It is worth noting that GMAC is staggered the same way as
the @1 — Py finite element method, which is known to violate the uniform LBB condition. The main difference
between the two schemes is the discretization of the viscous term. The spatially compatible discretization
associated with GMAC induces subtle stabilizing effect and is key to the uniform LBB bound. As a result, we
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obtain second order pressure estimate with u¢ € L2(0,T; C*(Q))NH(0,T; C3(Q2)) and p¢ € L2(0,T;C3(Q))
(Theorem Bl section B2).

The rest of the paper is organized as follows. In section Pl we review the generalized MAC scheme, the
boundary treatment and relevant identities associated with the spatial discretizations. In section Bl we
proceed with the basic energy estimate and give a second order error estimate for the velocity and a first
order error estimate for the pressure gradient. The full second order pressure estimate utilizing the LBB
condition is given in section Finally, the technical proof of the LBB condition is given in the Appendix.

2. Generalized MAC Scheme in Curvilinear Coordinate. We briefly summarize the spatial dis-
cretization of the generalized MAC scheme in the 2D setting. The details can be found in [HLW]. Denote
by « = (z,y) the position vector in the physical domain and (£!,£2) the coordinate in the computational
domain with mesh size A¢! = hy and A2 = hy. Instead of the default coordinate (£1,£2), a local coordinate
in the skewed direction (Figure EI)

(2.1) §1 a ho&t + hy &2 28 —holl + h1 &2

Vhi+h3 V/h3 + h3
is selected to realize the discretization of ([LJ).
With the skewed local coordinate, the differential operators can be determined following standard pro-
cedure. The superscript ‘¥ is used to denote quantities computed in the skewed variables £€*. The basis

X X
vectors and metric tensors with respect to the skewed coordinate (€1, £2) are thus denoted by

X 8 X a X X X
(22) elz—ivv eQZ_Xwa gyu_e}t'eua
o¢t 0¢?
(2.3) sl=vel,  2=ove, U=

The Jacobian of the transformation between  and £ is given by

(2.4) \/5 = det (af> — \/det(§,,)-

o€

The covariant and contra-variant components of a vector field uw are defined through

X1 X X9 X X X X X
(2.5) u=1u'e, +u’es = uje' + uge>.
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The transformation between the covariant and contra-variant components for the metric tensor and for a
vector field are given by

XM7Y X
(2.6) Zg Gy = O

and
2 2
(2.7) ' =" "y, Uy =Y gut',  pv=12
y=1 y=1

The discretization of ([l) is based on centered difference approximation of the intrinsic differential
operators given below in ([ZI9)-E2Z3). The metric tensors involved there can be calculated either analytically,
given explicit form of the mapping (&', £2) — (z,y), or numerically from centered difference approximation
of &2 for the covariant component, and then from (ZZl) and (8] for the numerical Jacobian and contra-
variant components.

Here for simplicity of presentation, we assume the physical domain € is diffeomorphic to a ring, so
that a single coordinate chart (£1,¢2) € (0,1) x S! is sufficient to represent the computational domain.
The generalized MAC scheme can be applied to a generic domain by decomposing it into non-overlapping
quadrilateral sub-domains. The details of the discretizations on coordinate interfaces and junctions, as well
as the 3D case can be found in [HLW].

We further assume equal spacing in ' and £2:

X

h 1
( ) ' ? \/5 N
where h = A{X L= Ag2 = 2l g the natural grid spacing in the skewed variables. When h; = hy, we also

\Vh3+h3

have /g = \/5 The relevant domains for spatial discretizations are summarized as follows:

(2.9) Q= {z (5}_%,55__)|1<1<N 1<j<N}
(2.10) Q2 {2 e)|1<i<N-1;1<j< N}
(2.11) Q= { (1,532)|0<z<N 1<j<N}
(2.12) T2 Q. \ O

(2.13) Qp, £ {x(¢),&) €Qg|i+jiseven}

(2.14) Qq, 2 {®(&],&) € Qg |i+jis odd }

By assumption, all scalar and vector fields under consideration, including

(2.15) L*(Q,R) £ {w: Q, — R}

(2.16) L*(Q,R?) £ {u: Q. — R?*}

and

(2.17) L*(Qg,R)/R* 2{p € L*(Q,R) | Z'(\/ gnp)ij =0= Z’(\/ anp)ii }

(2.18) L2(Qg,R) 2{¢ € L*(Qg,R) | ww = constant on i = 0 and i = N, respectively}
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are all periodic in £*. Here in ([I1), the primed sums denote summing with half weight on boundary grids
I'g N, and I'y N Q) respectively.
For w,p € L*(Qg,R) and u = u'é; + t2es = ure' + uge? € L?(Q, R?), we define

(2.19) Vi : L3 (Qg, R) — L*(Qc, R?), Vip 2 (D1p) é' + (Dop) €2
X = a —ﬁ x ﬁ x
(2.20) Vi L3O, R) > L2(Q,R?),  Viw2 T222% 4 215,
\/ 9n \/ 9n
X _ X 1 x ! X  x x ! X X
(2.21) Vi : L (e, R?) = L*(Qy, R), Vi, u= = (D1(\/ g t") + Dy (y/ g5 u?))
9n
X _ X 1 x/ x /! «
(2.22) Vi’ L2(Qc, R?) = L2(Qg, R), Vi’ u= — (Dytiz — Dyt
9h

and

x _ _ X 1 2 x ! pv X
(223) A;z : L2(Qg7R) = LQ(anR)v T Z Dy( 9rdn Dl/p)

W=
\ Gn #v=1

The primed operators in (ZZI)-@Z3) denote the ‘reduced’ operators following Anderson [AN]. The
reduction only takes place near boundary, where all quantities involving the metric tensors located outside

the computational domain are set to zero, followed by proper normalization. For example, at interior grids
1 <i< N, [Z23) gives the full Laplacian

11 79 12 79 X971 75 x99 15
(Ap)is = (Anp)iy ——m (@ Dap & 0 DoP)ivy + G Dap + G Do)+

; h h
V. .
(2.24) i

(@5 Dip+ 43’ Dop)i—y joy (@7 Dip+42*Dap)iyy i1

h h

where égﬁ = ﬁhf]Zﬁ. At a boundary grid, say ¢ = 0, the discrete Laplacian reduces to

X X X X X X X X
A 2 ((6'Dip+@*Dap)s sy (6 Dip+¢iDap)y ;g
rP)o,j = X - X
Vg h h
ghoyj

The detailed formula of ([ZI9)-(23) can be found in [HLW]. It can be shown that

(2.25)

(2.26) ker(A},) = ker(Vy) = span{lg ,1qg }
In case N is odd, Qgc and ng coincide due to periodicity in ¢2. To be definite, we assume without loss of

generality that N is even and therefore dim(ker(ﬁg)) = dim(ker(%h)) =2.
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The significance of the reduced operator can be seen from the role it plays in the adjointness with respect
to the natural inner products:

B
=
N
BN
M-
] =

s
Il
-

<.
Il
-

N N
((w- v)\/_h) =h? Z Z ((ﬁlix)l + 6262)\/5;1)1;% o1
(2.27) B

(@'t + 1 ’Ug)\/_h) 1 ) u, v € L*(Q,R?),

I
e
e
Mz

N
Il
-
.
Il
A

_1
2

M N
(2.28) (a,ba, =h>> "> (abyg,),, a, b € L*(g, R).

i=0 j=1

More precisely, we have the following Lemma from [HLW] which plays an essential role in the error analysis
to be presented below:
LEMMA 2.1. Let u € L*(Qc,R?) and a € L*(Q,R), we have

1.
(2.29) (w, Vha)a, = —(V} - u, a)a,

2.
(2.30) (w, ViFa)o, = (Vi -u, a)g,

3.
(2.31) Vi Vha= Vi Via=Aha  onQy

4. If a € L*(Qg,R), then

(2.32) Vi Via=Vi Via=0 on .

In addition, if a € L?(Qg,R), then

(2.33) %;l : Vh a= V#’ Vwa=0 on Q.

In addition to Lemma ZTl the reduced operators also provide a way of incorporating the no-slip, no-
penetration conditions at the physical boundary. The resulting scheme for ([[]) is given by

uy + wut + %hp = u%#w +f on
(2.34) w = V,J{’ -u on Qg
hu = 0 on Qg

The reduced divergence operator in the third equation of {Z34)) has implicitly incorporated the no-penetration]]
condition u - n = 0 in a natural way. On the other hand, the reduced curl operator in the second equation
of ([234)) has implicitly incorporated the no-slip condition w x n = 0 on I'y. This can be interpreted as an
implicit form of local vorticity boundary condition.



3. Error Estimate for the Generalized MAC Scheme. We now proceed with our main result,
the second order error estimate for the generalized MAC scheme. Rigorous 2nd order error estimate for
the classical MAC scheme and some variants were first obtained in [HW] and [W1]. The method used in
[HW], [W1] is a combination of energy estimate and high order Strang’s expansion. Here we propose an
alternative proof and apply it to our scheme. In addition to extending the analysis to curvilinear domains,
our method differs from [HWL [WT] in several aspects. The first new component in our analysis is to utilize the
stream function and combine it with the discrete identity ([Z33) in our analysis. As a result, the regularity
requirement on the exact solution becomes transparent and less stringent. Secondly, our pressure error
analysis is established via uniform inf-sup (LBB) estimate, which is of independent importance and has
potential applications in other areas such as computational elasticity and computational electromagnetics.
The verification of the inf-sup condition is quite technical and is left in the Appendix.

3.1. Basic Error Estimate. Our first main result, 2nd order error estimate for the velocity field, is
obtained from basic energy estimate.

THEOREM 1. Assume the mapping = : (£1,€2) — (z,v) is a C* bijection from [0,1] x S to Q@ C R2. Let
u® € L%(0,T;CHQ)) N HY(0,T;C%()), p¢ € L*(0,T;C3(Q)) be an evact solution of [, and u", w", p"

X
the numerical solution of @34) with initial velocity ul satisfying V), - ull = 0. Then we have

T X
(3.1) maaclfu —ul, +0 [ ” = o, < Kl - gl + ),

T X X X
(3.2) /O IVR(@" = )G, < K2(h™?ug — ugllé, +h?).

where K1, Kz are constants depending on T, v, ||| 207,040y, 10N a0, 05020, 1Pl 2200, 1308 (02))» but
not on h.

A crucial part of Theorem [ is to utilize the exact stream function ¥¢ to construct a divergence free
approximate solution of the form

(3.3) ul(t, ) = VEW© + h2p) € L2(Q, R?)

such that both u® — u® and u" — u® are O(h?). The latter requires in addition that %ﬁ’ cut — w =
ﬁﬁl(@[}e + IX"L2cp) —w® = O(h?). Here ¢ is a correction to be determined from the following Lemma.

LEMMA 3.1. If the mapping x : (€1,€2) — (z,y) is a C* bijection from [0,1] x St to Q C R? and
€ CYQ), then

(%f(g“alw +9'2020) + 80) (2(0,6) + Po(¥)(€)h + QL) (€)%,

Ajp(a(0,€2))

(3.4)

h((1,6%) =(%§(g“alw +912000) + A0 (2(1,6) + Pa(¥)(€)h + Qh() (€,
where
(3.5) I1PL.rW)lcr(sy) + 1QF r(W)llcocsty < Clllallcao.nxsyys 187 leay] ¥l casy-

Here in ) and the rest of the paper, we denote by C[} a positive constant that depends on the
arguments inside the bracket.
Proof. We apply the reduced Laplacian Z5) to ¢ on x(0,£?) and split it into two parts:

2

(3.6) A ((0,€2)) = \/—(m(o,s?) + 1, (0,€%))

X

9(0,€%)
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where I, +(0,£2) are the terms associated with ¢®%(%,¢2 + 1) = /gg®P (%, &2 £ L), respectively. More
precisely,

[I>

(0,62 < ("Dig+2D:0) (5,62 +8)

X~ ;L2>< ~ X
11(%,52 + %)(311/,(%,52 4 %) + ﬂai”u)(%,ﬁ + %) + Kﬁy17+(¢)(§2)h3)

Kx

X~ 22 X ~ X
25,82+ 5 (003 &+ 5 + 005 €+ B + KL, L (0)(E)

KX
2

_|_
S = Sl e x| e

where ¢ = o and the remainder terms satisfy |K7 y +(7,/))(§2)| < Clllzlleso,ayxs ] 1¥llcagmy, and we have
assumed that analytic metric tensors have been adopted in the discretization. The analysis below applies to
numerical metric tensors without difficulty.

Expand (B20) around (0, £2) and apply (Z2), we get

- 112 (0,€%) = ;(*“awq”aw)(osw L3060 + §2000) (0, €)
3.8

+ Py (0)(E)h + Ql, (1)(€2)h?

where |Q%  (1)(€%)] < C[l|l@lcaqo,yxs1), 127 ooy ] 1]l o1y and

(39) PL(0)(€) £ 502§ 000 + §720:0) (0,€2) + 5 (11000 + §2030) (0,€2).
Similarly,

11,08 £ (1 Dud + D) (3.6 - )
310 L@ 0.8 + L0+ a0 0.6)

X

A
— Py ()(E)h + Qh _(1)(£2)h?
where |Q% _(1)(€2)] < C[llellcsoxsty, & ose] ¢ csay and

(311) P, ()(E) & SR 00 + 2005) (0,€2) + 5 (500 + 030) (0.2).

oo

From (ZTI), () and the relation

<11 21 %22 <11 x22

(3.12) g —29 +g =24"", g —g =2¢",

we have
1 /%1% ~ 1o X~ xoq X~ xoo X~ \/5 ‘5

(3.13) % (qllaﬂ/f + 420 — ¢* o — q22821/1) = T\/> (9" 01 + g™ 020)).
h h
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As a consequence, [B4) follows from M), BF) and EI0) with

PLE)ER) 2o (P 4 (0)(€7) — PL—(0)(E)).
Vi0,€2)
QL)) 22 (@ (1)) + G- ()(€).
Vi0,€2)
The estimate for Pr and Q}}% are similar. O

From Lemma Bl it is clear that |w®(t, ) — w®(t,-)| = O(h?) provided ¢ satisfies

_PL(we)(tuéa)

2v2¢'1(0,€?) °
)

A1) =0, Gupltae) = PO

cp(t,w(0,52)) =0, 85190(t,:c(0,§2)) =
(3.14)

with Pp, r(1¢) obtained by applying Lemma Bl to the exact stream function ¢(t, ).

Such a correction ¢ could be constructed by combining direct tensor products of fr, r with proper cutoft
functions in ¢!, However, for regularity consideration, we will elaborate further by mollifying f;, and fg in
the ¢2 direction, with support of the mollifier proportional to the distance to I'. The singularity induced
by vanishing support of the mollifier near the boundary can be compensated by the condition ¢ = 0 on T
More precisely, we have the following Lemma;:

LEMMA 3.2. Given fr, and fr € C*(S1), there exists a function ¢ € C*([0,1] x S') such that

(3.15) ¢(0,£%) =0, ¢(1,£%) =0,

(3.16) 019(0,8%) = fL(&?), h@(1,8%) = fr(&?),
and

(3.17) 2llc2(0,11x51) < C(IIfLllersyy + | frllcr(sy)-

Proof. Let n(-) : ST — R be a standard mollifier with compact support [—d, 8] C S and total mass 1,

e =1 e 2 ),

We define

1 2 _
(318) P ) = & (1)) = [ G

Sl
(319) or(€ ) = =)+ 1)@ = [ DOy ax
Sl

and
(3.20) PEL€) = pL(E, E)O(E") — pa(e, €00 ~ &),

8



where O is a smooth cutoff function satisfying

1, 0<¢h <y
(3:21) o) =0, 2z¢ <1
smoothly connected on % < §1 < %
It is easy to see that ¢ satisfies BIH). To show that ¢ satisfies (BIH), we note that
1,6 e2 52 —52 52 52 el 2
322 a 1 :a 1 — ) = s
(3.22) e (&7 (€7)) 577(51) @ (51) 614(51) ¢ (&)

where ((£2) £ —¢2n/(£2), is another mollifier with total mass 1 and ¢¢(£2) £ %C(%) Therefore

(3.23)

Jim 00068 = Jim [ 00 (€ )E =DM = Jim [ @00 = ),
Snmlarly,
(3.24) i 01 pr(E,€%) = —fr(€?).

To estimate the C2-norm of G(&1, £2), we first observe that

LEASIENS SN A = /. 3@527755 o (A) d

(3.25) 5
| [ de g0 4] < il s s
Secondly
e T S s W T i €A E&=-A
(3 26) a& ¢ (5 )‘) aE (§1C( 51 )) 51 (514( 51 ) (51)2 C( 5 ))
. 2 -\ 2 1
—aon () =0z @ -
where
2\ A 2 2 €/¢2\ A 1 52
(3.27) 2(€) 2,z = -2(>)

From B22) and B20), we have
920 )N =] [ 20t (@ =N =] [ 228 - NN

(3.28)
=| . Z8(€2 = NorfL(N) dA| < [ Fellersn 2]l s)-
Similar calculation leads to
(3.29) 06100 (", ) < I fLllcogsy,
(3.30) 0622161, )| < I fLllcocsmy 10 L (sty,
(3.31) 101022161, €| < (I fellersr)-
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The estimate of pr (&1, £?) is also similar. Therefore ([BI6) follows.
Proof of Theorem . Let ¢ be given by Lemma B2 with

—PL(¢°)(t,8?)
2v/2911(0,€2)

and p = gox 1. It follows from ([EH) that

A PR(¢€)(ta 52)

frt ) & R (1.e7)

(3.32) fot, €)=

ot ez <Clllelcao,xsm): 12 e ] (1PL (@) ler sty + 1Pr(W)lcr(st))

(3.33) B .
<C[llzllcao,yxs1), 12 ca@y 19°(E Ml cagy-

From the construction of ¢, it is also clear that

[0ee(t, Mc2@) <Ol cagoxsy), 12~ o] (19:PL)lor sty + 18:Pr(Y) o1 (shy)

(3.34) B )
<Ol cao,1x 51, |12 Hla@y | 10:° (E )l oa @) -

Now we define
(3.35) u®(t,”) 2 Vi (v€ + h2p) € L2(Qe, R?)
The corresponding approximate vorticity is given by
(3.36) WOt ) 2V ut = A (¢ + h2p) € L2(Q, R).
It follows that
. o[+ (Prre) £ 2929 0 )b+ (REw) + Rb())h? on T
(337 c w® + (éf}(d)e) + RQ(@)}XLQ on €

where the remainder terms satisfy || Rp:(-)l|lco(y, [|1BE ()llco@) < CllZlerio,gxsty: 12 er@lll - lor@)-
For brevity, we shall omit the dependence of C' on the mapping « from now on. From E33),

B3D), BTd) and Z33), we conclude that

(3.38) [u®(t,-) = uf(t, )| < Cull[we(tllos @y, et Mooy h? = Crllus(t, o2 o) |72,

(3.39) |Opu (t,-) — Bpus(t, )| < Co [0 (t, Ml os @y 10ee(t, lor @) B = Calllous (¢, )| o2y B,

(3.40) w(t, ) —wo(t, )] < Cs [V, )l caqy, le(t, Mloz@y | h? = Calllut, )l os @y | h?
and
(3.41) V) ul(t, ) = Vo ul(t, ) = 0.

We can now write

(3.42) du’ + o°u’t + %hpe = u%#we +E+f on ),
10
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where & is the local truncation error:

(3.43) & = dy(u® — u®) + (@ — wut) + (Vi — V)p° + u(VE — Vi )we.
From B33 B39) and
(344) J)eual_ _ we(ue)L — u—}e(ua _ ue)L + (u—}e _ we)(ue)L7

it is easy to see that

T X
(3.45) /0 16018, < Calws 16l g or:02@) 1w L2 0, 7.00@))s 1P L2 0,108 00 -
We now proceed to derive an error equation. Define e(t, ) = u”(t,-) — u®(t,-), we have

X X

(3.46) de + (@hult — Gfutt) + VL (p" — p°) = vV (W —wf) - &.
From Z29) and (BZT), we have (&, %h(ph —p°) ). = _<€;¢ e, p" —p)g, =0, and thus

(e, 01 )q, + (e, "ult —ou g, =v(e, V(W' —w))a. — (e, &)a..

c c

X X
v(e, Vi (" —w))a, = — vV (u" —u?), " —w)q,
= —V(uh—wa,wh—wemg
= —V(u)h—we,wh—we>gg—V(u)e—wa,wh—we>gg

14 v
< = Dt -t + e — et

2

Since € = u” — u® is pointwise perpendicular to @"(u" — u®)*, we have

<€7 u—}huhL _ J)euaL >Qc — <€7 (,T)h('u,h _ ua)L + (u—}h _ J)e)ual >Qc _ <€7 ((Dh _ J)e)uaL >Qc'
Thus from Jensen’s inequality,

~h, hl _ —e al <l a2 2 Kh_eg<l a2 2 Vi=h _ —ej2
(e, oM —ofu" o, | < ~[ulllfwio lleld, + 7l —wflE, < =lulfw@,)leld, + 7o 6.
v 4 s v 4
In summary, we have shown that
1 V.o 1 1 v 1

(3.47) soulells, + Jlw" = w3, < (5 + Clulm e, ) lelh, + 51wt — oI, + 51612,

In view of (B0), B4H), and Gronwall’s inequality, we have

T X
h h h
(3.48) max [[u" — w3, +v / o — w13, < Kallluh — uglh, + h).

The estimate B follows in view of [B3).
11



Next, we proceed to show the preliminary pressure error estimate [2). Take the inner product with
X
Vi (p" — p?) on both sides of ([BAH), then apply Z29) and (BZI), we obtain

X X
(Vi(p" = p°), o"ul* —ofu Yo, + | Vi(p" —p%)|13,

(349) X X X
=v(Vir(p" = %), Vi (@" —w))a, — (Valp" =), &)a..

Thus

1, e X e — —e al
(3.50) levh(ph — ). < VPIVE (" = )3, + lo"u" — & w3, + (1€18, -
Since

X e 8 e
Vi (w" — wo) I3, < x—2llwh — W,

and

_ —e. al e e a
(3.51) o — ofut G, < 20w T g 0" = wolF, + 20w lZo oy llu" — ulll?,

it follows that

1 X h 2 81 2 h2 h 2
— \V4 —p° <(—X + 2max ||u oo )/ w — w|&
1 /0 || h(p p )HQC = 2 [0.7] || H[ (Q20) 0 || ||Qg

)

T T
+ 2 max ||w®||? —/ uh—ua2+/ &3 .
e ey S Ay

Note that
6" o0 oy 20" = 6|7 (o) + 2||“e||200((z)
2 e e
Srlluh —ufl, + 2w 2o g
(3.52) h? min /g,
2Kh x oy, 2 72 2
S——— (W7 |lug — ugllg, +h%) + 2[[u’l|Goq)-
min /g,
Hence
(3.53) max [|u (|7« ) < Cs(1 + b2 |lug — uf|d,),

[0,7]

where C5 = C5 [T, v, 1wl 220,150y 1 10,7502 ”peHL?(O,T;C‘*(Q))] Consequently,
T X X X X X
(3.54) /0 IVRG" = P18, < K3 (h™2ug — wglld, (1+ lug — wgll,) +h%) < Ka(h™?|lug — g3, +h?).

0

REMARK 1. The error estimate B)), B2) is subject to appropriate approzimation of the initial velocity

field. This can be achieved, for example, by taking ul = ug = u®(0,-) with u® defined by B39). In view of
ED), ul = u gives

T X
(3.55) max ||u” — u®||3 + V/ [w" — w3 < Kih*,
[0,T] ¢ 0 &

T X X
(3.50) [ 196" = 90l < K
0
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Similarly, the refined estimates [B0Y), BRD) in Theorem[d also depend on the approzimations of initial
X
velocity ulf — u§ and initial vorticity wl — w§ = Vi-(ul — ug). The choice ul = ug and consequently

X
wh = Vitud gives full second order accuracy in B58), @ED) in view of B3X) and BZ0).

3.2. The LBB Condition and Refined Pressure Estimate. Since the pressure lacks an evolu-
tionary equation, it is in general difficult to obtain optimal estimate from basic energy estimate alone. The
pressure estimate ([B2) is only first order. To get full second order accuracy, we resort to the well known
inf-sup condition (also known as div-stability condition or Ladyzhenskaya-Babuska-Brezzi (LBB) condition).
Indeed, we have

THEOREM 2 (LBB). If the mapping = : (£1,£2) — (x,y) is a CY! bijection between [0,1] x S and
Q) C R2, then there exists a constant 8 > 0 such that

. p, Vi u)o . .
inf sup M > ( uniformly in h.
pel2(R/R werz(.ze) [Plla, il

h

(3.57)

Here ||ull, = (|ul3 + H%#’ ullf + ||€;I -l )2 is the natural norm associated with the discrete
ol © g g
vector Laplacia}il.

The LBB condition arises naturally as a compatibility condition between the discrete velocity and pres-
sure spaces in mixed finite element formulations. It is a fundamental research topic in finite element analysis
for steady state computation, yet rarely discussed in finite difference setting or dynamical problems. The
uniform estimate ([BR1) is not only vital to the pressure error estimate presented here, but also directly
affects the condition number and uniform bound of the solution operator for the Stokes’s problem.

The verification of the LBB condition is quite complicated, especially for low order finite element meth-
ods. Denote by DOF(u) and DOF(p) the degree of freedom for w and p, respectively. It is clear that, the
larger the ratio DOF(u)/DOF(p) is, the more likely B21) is to hold and be verified.

To verify the LBB condition, a common approach is to reduce the problem to a patch of elements and
conduct local analysis [BNI]. See also [Si] for a related approach. This local argument has proved successful
for higher order finite element methods with large DOF (u)/DOF(p) ratio. When the ratio is low, the spatial
compatibility plays a crucial role in establishing ([EX10).

For example, the spaces (Q;, P—1) are well known and widely used in mixed finite element formulation.
Using the local argument, it can be shown that LBB condition holds for (Q;, P,—1) with [ > 2 [GR]. However,
this local argument does not apply to the lowest order scheme @1 — Py (bilinear in velocity components and
piecewise constant in pressure), but only to some of its variants equipped with extra degrees of freedom in
the velocity space. In fact, the Q1 — Py element is known to violate the LBB condition with 5 = O(h) [BNZJ.

In our case, GMAC is staggered and supported the same way as the @1 — Py element but only differs in
the discretization of the vector Laplacian. Both of them have the minimal ratio DOF(u)/DOF(p) = 2 (3, if
in 3D) among quadrilateral meshes. The similarity between GMAC and the Q1 — Py element demonstrates
the subtlety and difficulty of TheoremBPl It is also a common belief that staggered grids in some sense implies
the inf-sup condition. The contrast between GMAC scheme and the Q1 — Py element indicates the inf-sup
estimate is subtler than plain staggeredness. Our analysis shows that it is closely related to the compatibility
of the spatial discretization Z2Z9)-@32). See the Appendix for details.

With the inf-sup condition ([BRZ) established, the pressure error estimate can be improved to second
order with only minor extra regularity requirement on the exact solution:

THEOREM 3. Assume the mapping x : (£4,€%) — (x,y) is a C* bijection from [0,1] x S* to Q C R?,
13



and u® € L2(0,T;C*(Q)) N HY(0,T; C3()), p¢ € L*(0,T;C3(Q)). Then
T X X
859 wmasllo® — o+ [ 10— )R, < Kol — wlh,+ [ — w1+ o — ol ),

T X X
(3.59) / 0" — 113, < Kalh~2lluy — i, + el — wll3, + ol — il + 1Y)

where K3, K4 are constants that depend only on T, v, ||w®|| g1 (o, msc5(0)) 10 | L2 0,704 @)y > 1PNl 20,7503 (00))
and independent of h.
Proof. We start with the estimate [B28). Take the inner product with d:e on both sides of ([BAH) and

apply BZ1), we get
|10se|d, + (e, @

Note that, from 21,

hl

—ofut g, = — (9w — W), W — w° o, — (O, &)a..

c

SOl — w13, + l9iel,
<|(9e, @"ut — G u Yo |+ v[( O (w —w®), W — Wt o, + i”@ﬁ”?}c + €113,
<ol + ottt — ot + Lo — w3, + 2l — IR, + 161,
<5 100elB, + @By + 3" = I3, + 2 gy 0 — B, + 2100 — w3, + 161,
From &3M), we have

(3.60) 0 (t,) — Do (8, ), < CoIOrEe(t, )y 19us(ts 2y ot = Co [0t ) 2]
Thus, in view of [B4F), we obtain

1) VO (W" = w) ()1, + 10t )1,
< (Wlu 2oy + ) 0" = wClIE, + Crlv, Ko, w6l ooy, Cs) (llug — ugllé, +h*) + 16118,

Integrate (B&1) over [0,7] and apply B1I), BZH) and B23), we have

T X X
(3.62) / [0, + v — e, < Ko (h2usf — g+ = w3, + oo — il + ).

)

Thus B2F) follows in view of [B3J).

We now proceed with the pressure error estimate (5d). Firstly, both p and p® are unique up to proper
normalizations. The pressure norm in 29 should be understood as

Ip" =pla, & min |5 pg,
ph—peker(VL)

Without loss of generality, we assume that / p°dx = 0 and p" — p¢ € L2(Qg, R)/R2.

Q
Since the assumption of Theorem B is weaker than that of Theorem Bl it follows that (B357) holds and
there exists u € L*(Qc, R?) such that

(3.63) = (Va@" =), ua. = (0" =%, Vi w)a, = BI0" =9, lull -

h
14



Now take the inner product with —u on both sides of [BZH), we get

(3.64)
(—u, die)o, + (—u, &"ul —out o, — (Va(p" 1), w)a, = v{—u, V" —w))a, + (u, &)a..
Therefore
Bl —pe)IIQgIIUIIﬁi
(3.65) <w, de)a. |+ [(u, @"ut —2ut o |+ [(u, & )a, | + u|<€ﬁ' cu, Wl —w)a,|

<full . (oo, + o™ = 5w o, + |6, +vle" o [a,)
h

7g
Consequently, in view of [BXRI]), we obtain
€ 4 e e a
(366) 1" ~p°U3, < 57 (100l + (U 1oy + 7" = I, + 20 Bogeyll” — i+ 16115,

Now we integrate from 0 to T on both sides of (Bf0) and apply B, B39 B3 B53, BER). The refined
pressure estimate ([BAY) then follows. O

Similarly, one can give an L°°(0, T} Lz(Qg)) estimate for the pressure error with higher regularity re-
quirement on the exact solution. We state the following Theorem without proof.

THEOREM 4. Assume the mapping x : (€1,£2) — (x,y) is a C* bijection from [0,1] x S to Q C R?,
and u® € H(0,T;C*(Q)) N H%(0,T; C?()), p¢ € H(0,T;C3(Q)). Then

T X
(3.67) max [0 (u” — w13, + V/o 18" — )3, < Ks(xi + 10:(u" —u)ollg, +h?)
(3.68) max Ip" = p°l13, < Kol + [0s(u" — u)ollf, + A%
where
(3.69) X1 2 h™Y|ug — ugllé, + llug —uflf, +hHwg —wilig, + lwg —will3,

and K5, Kg are constants that depend on T, v, [|u®|| g1 o 1,000)): 14| g2 0,7502(0)) and [10°N| 50,1508
but not on h.
The [|0:(u” — u)o||3, term in BFA) and BFR) result from Ladyzhenskaya type higher order energy

estimate. An alternative expression in terms of [|Vj (wf — w§)||3, can be derived as follows.
Rewrite B40) at t =0 as

(3.70) Vi (wh — W) — (@hult — Ggudt) — & = 9, (u" — u)o + Vi (pl — pg).
Since
(3.71) (O(u" —u)o, Va(ph —p§) o, =0,

it follows that (B70) is an orthogonal decomposition for vVik(wl — wg) — (DEul+ — O§ugt) — &. Therefore

(3.72) 10 (w" = u®)ollo. < VI Vi (wg —wi)lla. + logus™ — &5uglla. + [|60lla.-
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Moreover, from BZ3), BZ), B3Y) and B39), we have

(3.73) €003, < Cs[llubllos@y: 0cusl o2y, ||p8||03(s’2)]7l4,

and

(374) @l — Sug 1B, < 2l o ol — w7, + 2 oyl — gl 2 e,
with

(3.75) X2 < Olllufllor @] (o — willg, + llug — uflE, + By — |13, el — will3,)-
Therefore

(3.76) [|0p(u" — u®)ol|3, < V| Vi (wh — w)||E, + X2 + Csh* < Cy[v, Co, Cs] (| Vi (wg — wi)||E, + X2 + h*).

As a result, we can replace the [|0y(u" —u®)o||3, term in (B57) and ([BGY) by ||%ﬁ(w6‘ — w§) 1%, + x2, which
is easier to analyze in practice.

For example, if the mapping z is a C® bijection and u§ € C*(Q2) (and consequently ¥ € C°((2)), then
following the derivation in the proof of Lemma Bl it is easy to see that

(3.77) I1PL.r(§)llc2s1y < Clllzlleso,yxsm) 12~ los@y ] 196l os @)
and the construction [BI)-EZI) gives
(3.78) I@lleso.axsty < Cllzlesqoayxsty, |12 les@] (1fzllozsy + 1 frlle2s))-

Together with ([B32), we conclude that

(3.79) leolles@y < Cllizllesoayxsty: I~ los @] 1¥6]los @)

where g = $g o x 1.

Overall, we have the following refined estimate

(3.80) . Jeit (34(1/)8) + A%)h2 + (Rg(wg) + Rg(<p0)) h®  onTy
. ujo = N ) ) § O
wg + (R4(¢8) + A%)lﬁ + (Rg(wg) + R’;}(cm)) W on €,

where

2
1 X X X X e X X X e X X X X e X X X e
B0 R = — 3 (B0 4\ i) + 0,55 8 i34

244/ g =1
and the remainder terms satisfy
(3.82) IR ()l ooy ||RZ(')||CO(Q) < Ofll®llox (o,17x51) 12 lor@y ] - lergy-

It is easy to see from (B20)-ERA) that

(3.83) Vi (@ = wi)lla. < Cuollllloso,1yxs1): 127 sy, [¥6llcs @]
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In view of Remark [l and the analysis above, the estimates B6d) and [B68) result in full second order
accuracy provided the initial data is chosen properly. In particular, we have the following

COROLLARY 1. Assume the mapping x : (£1,€%) — (z,vy) is a C° bijection from [0,1] x S* to Q C R?
and ul = ud. Then

[o,

T X
(3.84) max |04 — W)l +v [0~ wE, +max " - R, < Ko
(0,77 0 N T] &
where K7 = K7 [T, v, |u®|| g0, 7.010)) 108 5207502 @) 1P 5 0,108 @) 12 | 5 (10,1 x 51y 12 05 @y ] -
It is worth noting that the extra regularity requirement on « is only needed in constructing a good initial
data. It will be interesting to see if there exists initial data satisfying [E83) under a C* bijection.
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Appendix A. Proof of Theorem [Z, the LBB Condition.

In this appendix, we proceed with the proof of Theorem B the LBB condition for GMAC.

Our proof consists of two parts. In section [AJl Theorem B we will prove a (formally) stronger version
of the LBB condition for the special case of conformal metrics. That is, mappings with corresponding metric
tensors of the form

_ . _ 1 42 o
(A1) ‘gll_g22_\/g( &%), 3= 9 =0
For example, the mapping @ : (¢!, &%) — (z,y) with
z = e’ cos(2mE?), y = > sin(2mE?),

satisfies ([(AJ]) with \/&7(51,52) = dm2eis’

To make distinction between conformal and general metrics, we will add the subscript '+’ for all quantities
derived from the conformal coordinate mapping, including the basis vectors and the difference operators and
various norms in the rest of the paper.

This strong LBB condition, together with a crucial estimate (Lemma [A]), are then used to give a
constructive proof for the general case in section Note that we do not require the general case to be
small perturbation of the conformal one.

A.1. Strong Form of LBB Condition for Conformal Metrics. We start with the following strong
version of the LBB condition for conformal metrics satisfying (AJ]).

THEOREM 5 (Strong form of LBB). If the mapping x : (&',&%) — (z,y) is a conformal bijection
between [0,1] x ST and Q C R?, then given any q € L2(Qg,R)/R2, there exists a vector field v € L*(Q_,R?)
such that

(A.2) v
and

: « < llqlla
(A.3) lvlly, < llallg,

“h

where v > 0 is a constant independent of q, v or h.
It is easy to see that (A2 [A33)) implies the standard LBB condition

. {a, Vi v)g . .
(A4) inf sup ———— % >~ uniformly in h.
ae€L2(Q,R)/R? veL2(Q_R2) HQHQganﬁl

< h
In fact, it can be shown that the strong form of LBB condition (A2 [A3)) is equivalent to the standard LBB
condition (A).
Our approach for Theorem H is based on a global construction procedure using Fourier series. We start
with a list of notations. Define

1 <m<N-1;

(A5) cm 2 V2 cos(mmé}), 1<m<N-—-1;
cos(mm&}), m =20, N,

(A.6) ST £\/2sin(mne}), 1<m<N-1,

(A7) E!' £exp(2nmvV/—1¢E7), 0<n<N-1.
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It is easy to verify that
(A.8) {C"QE"|0<m<N,0<n<N-1}
is an orthonormal basis for L2(Qg7 R) with respect to the standard inner product
N
(A.9) (a,b)0,0, = h2> "> (ab
i=0 j=1

where the primed sum denotes half weight at ¢ = 0 and ¢ = N. In addition, (A§)) is an orthonormal
eigen-basis for \/gA;L Indeed, since the coordinate mapping is conformal and h; = hy = h, it follows that

gt =g* = 1/\/5 = 1/\/57 and ¢'2 = ¢*' =0. Thus
N L9 Y21 1 2/ o W oo
(A.10) A =—(D}' + D3') = — (D} + D3 + —D{'D3).
Ve Ve ?
where
= (fi = fo) i=0 9 2; + g
= 2. - _
(A11) (DY f)i=X & (fisn —2fi+ fic1) 1<i<N-1, (Dig);= o hgj I — 1<j<N.
Z(fN=1— fN) =N
The reduction is not needed in the &2 direction due to periodicity.
It is east to see that
D¥Cr=-X2Cm, 0<i<N,
(A.12) ) ’
D3E} = -)\5,E}, 1<j<N,
where
2sin(mmh/2)
A3 Ap & 127
(A.13) L
Therefore
(A.14) \/‘A’ (C"®@E");; = —k2,(C™ @ E"),j,
where
x h? 4 h h
(A.15) Rin = Ao + A3y — 7/\371/\%71 =7z (Sln2(mﬁ ) cos? (nmh) + cosQ(mW ) sin®(nrh)).
On the other hand,
(A.16) {S"RE"|[1<m<N-1,0<n<N-1}
is an orthonormal basis for
(A.17) L3( 2 {¢ € L*(Q,.R) [¢o; =0=1n; 1 <j< N}
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with

(A.18) DiST = —)\2 8™ 1<i<N-1,
and
(A.19) JIA (ST @M = —i2,, (" @By, 1<i<N-1

Note that, however, (A0 is not an eigen-basis for \/gﬁ;l since \/gﬁ%(sm @E™) # 0 on Ty.
Proof of Theorem[d Given ¢ € L*(Q_,R)/R?, we will construct explicitly a vector field v that satisfies

vg
[(A2) and A3). This is done in the following steps:
Step 1:
Solve for ¢ € L2(§:2g, R)/R? from
(A.20) A o=q on

+ h +g’

From [ATOHATY) above, it is easy to see that we can solve [A20) by expanding ¢ and Q = V94 with
respect to the eigen-basis ([(AH),

N-1 N . N-1 N R
n=0 m=0 n=0 m=0

and compare the coefficients mode by mode to get

(A.22) QZ) _ _E%anv (m,n) # (0,0), (N, %)

0, otherwise.
Note that from (ETH), #2,, = 0 if and only if (m,n) = (0,0) or (N7%), while Qoo = QN)% =0 as
qe L? (Q, R)/R2. Thus ([(A22) indeed gives the unique solution ¢ in L2(Qg7 R)/R2. Tt is worth mentioning
that, from the analysis above, we have for ¢ € L? (Qg, R)/R?

N N N N-1 1 N N-1
BED D 0% =20 D bl S =30 Y Kbl
A 23) i=0 j=1 m=0 n=0 min m=0 n=0
(A. B2 N N y
o / I N2
== 2" D (V3L 9%
min =0 j=1
where
. Rin — min K
(A 24) XIQTUI] = i g

(m,m)#(0,0),(N, &

Moreover, with straightforward calculation (see also (AT0 [A80) below), it is easy to see that

(A.25) 2 = A2y = — sin? (—) —0(1), 8<il, <7n?



Thus we have the following estimate for the solution ¢ € L2(Qg7 R)/R%:

n X||A’ 615,

4
min

;x +Q X

(4.26) ol <

Following similar calculations, one can also show that

N N-1 N N-1

N N
(A.27) R3S =3 bl < o D0 3 Rl = 19,003,
=0 j=1 m=0 n=0 Fmin m=0 n=0 Kmin
and
o N N- 1 N N-1 ) B2 N N
(A28) V0l = D0 D Fldmal < Y Rl = = SV 6
m=0 n=0 KFmin m=0 n=0 mlni 0 j=1

Similarly, for 1 € L%(Qg, R), we have

N-1 N N-1N-1 N—1N-1 A
(A.29) WYY wh= > [l < R ltmnl” = = II\/‘WWIIQ
i=1 j=1 m=1 n=0 Hmln m=1 n=0 Kmin

N—1N— N—1N-1 X p2 N1 N §
(A30) /G Vield =Y Z wlfmnl® < = LSS 2 = = (/30,903

m=1 n=0 Fmin m=1 n=0 min =1 j=1
Here in (A2 [E30), ¢y is the coefficient with respect to the basis [(A10):

N-1N-1 )

(A.31) Vi =Y > UmaST'E}, ¥ € L3(Q,R).

m=1 n=0

As a result, we have the following Poincaré type inequalities for ¢ € L2 (Qg,R) /R? and ¢ € L%(Qg,R)
respectively:
LEMMA A.1.
1. Let ¢ € LQ(Qg,R)/RQ, then

ﬂ \/gm ax

(A.32) oy, < ms9,003,, 19,008, < Loms| Al
2. Lety € Lg(@g,R), then
\/gmax 5L 2 1 jmax 2
(A.33) ||¢||Q <o o IV Yllg, Iv; Ul <% o ||A i,
Note that in [(A33),
. N-1 N .
(A.34) 18,013 20323 (g, 07) .
i=1 j=1



the integrand is summed over interior grids only. In general, ﬁ;whﬂg #0even ify € L%(Qg, R).
Step 2: -
With ¢ obtained in step 1, construct ¢ € L%(Qg, R) such that

(A.35) Dy |y, = D-olp,
and
(A.36) 14,80, <180l

where f‘g ={( },5]2) |[i=1or N—1,1<j <N}, Cisa constant that only depends on VI and VI
+max +min
D-

., is the one-sided backward difference with respect to the unit outer normal n,

o, ;@bl,j’ i=o0,
(A.37) D;d}m— =

YN —UN-1j . N

f’ Z - b

and D, the long-stencil centered difference with respect to the counter-clockwise unit tangent 7,

P1-1 — P14 i—1
(A.38) Dri; = 2h
ON-1,j+1 — ¢N71,j71, P N1
2h
This step is the most technical part of the Theorem. We will detail it in section ATl
Step 3:

With ¢ given by Step 2, construct explicitly the vector field v as
a X x|
(A'39) v = Yh(b - Vh '@[J

Since ¢ € Lg(@g, R), it follows from ([Z33) that ?;I : ?iw =0on Qg. Therefore from (Z3T), we have

X X X X ><L ></
(A.40) V;I'”:V;L'Vhéf’—V%'Vhl/f:éhfb:q on

+ + g’
This gives (B2).
To see that v indeed satisfies [A3)), we first note from (A32), (A33), (A30) and [(A20) that

X X 1 X X
1
(A1) ol = 9,005, VAU, € 5 (g, JA0005 +g, 12, 013) < Al

min
for some constant 51 > 0 that only depends on N On the other hand, from 31) and &32), it is easy

+max
to see that

(A42) VIV o= gV (V6 - Vi) = ATy on Q.

Note that in general, \/Z}Yﬁ' -V, ¢ # 0 on I'y. The net contribution of \/Z]Yﬁ' -v on (&, §J2) for example,
can be calculated by applying the boundary condition [A3H), that is,

(A.43) Y1y = W’
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to get

X

(aVi" )0 =(\/aV5" Vo = IVy Vi t)os

9 0,541 — $0,5—1 — VY1541 — Y151
- X

B2
_ 20041 — 200,51 — (P12 — P15) — (1, — P1,j-2)
(A.44) x
:—(¢1,j+2 —2¢0,j+1 + ¢1,5) + (P15 — 20, —1 + H1,j—2)
B2

(/32,9)0.5-1 = (/FD, D)o
ISV 5 VIR0 %((\/@J)o,j—l _(\/gq)o’j“)'

The calculation of (\/g%i’ -v)n,; is similar.

In summary, we have

(\/Qéhlﬁ)i,j 1<i<N-1;
(A.45) (\/QV# 0)ij = 4 3((/FD0i-1 = ((/FDoj1)  i=0;
3((/gO)n 0 — (fg0)vj-1) i=N.
It follows from ([(AZH), (A30) and (A20) that
(A.46) Vi ollg < Ballally,
where 35 is a constant that only depends on N In view of (AZ0), (AZ) and [AZ0), the estimate [A3)
follows with y~! = /B, + B2 + 1. This completes the proof of Theorem B O

A.1.1. Construction and Estimate of ¢. We now proceed with detailed construction and estimate
for the potential ¢ asserted in Step 2.

x 1
We first define the H,? norm for periodic grid functions which is essential to our analysis. Let f be a
periodic grid function on {o, &1, ,&n = &}, we can expand f(&;) = Zi:[:_ol fn E’ and define

N-1
(A7) 1F12 2 S 1l
n=0

h

and for ¢ € L2(Qg,R)/R2,

(A.48) 1Drol1%s . 2 1D26(EL s + [1D26(En 1)1
HZ (Ty) H? H?
where
2 _
N cos?(mmh)\ 1
) (X )
meM,
and
{1,2,--- ,N} n = 0;
(A.50) M, £<¢{0,1,---,N—1} n=N/2;
{0,1,---,N} otherwise.
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is where Kmn #£0.
We have the following discrete analogue of the trace inequality:
LEMMA A.2. Let ¢ € LQ(S}g,R)/R?. Then

X, B
(A51) 10l 3. <4V, 2 6l

Proof. We first show that

(A.52) D261, )]I1% x4 S 29 ||4;¢||?§g-
Since
E*, —E" - « sin(2nmh)
j+1 Jj-1 _ 22\

It follows that

N-1 N
(A.54) Dag(é}, €] (> V=ThendmnCy )E
n=0 m=0
Hence
N-1 N A )
||D2¢(§15' >< 1= Z ‘ Z n(bmncin Hn
n=0 m=0
— Nzl‘ Z /\Zn(imncgn/émn 2><
n=0 x ’émn "
(A.55) met
< 2N_1 al 2 32 (012 cos?(mmh)\ «
n=0 m=0 X mn
meM
N—-1 N o
=2 Z 'Z\%znn)‘gn|¢mn|2
n=0 m=0
where we have used [AZd) in the last equality.
Since
32, = - sin? (nmh) cos? (nrh
2n = 73 5in (nmh) cos®(nmh)
4
(A.56) < 73 min{sin®(n7h), cos?(nmh)}

) sin®(nh) + sin® (mwh) cos? (mrh)) = K2

mn?

4 h
< — % (cos2 (m7T

it follows from ([A5H) and ([(A5G) that

N—-1 N

(A.57) 1D2(El, %y <230 3 haldmnl <27 1A 63

n=0 m=0

25



The estimate for || Dag (¢, )| X4 is similar and the proof is complete. O

We proceed with the construct1on of the potential ¥ (¢4, £2). Let

= ~ N-1
D i+ Dodpn_1.;
a*() & 200 = 20N15 N gy,
(A.58) 5 5 -
wo(e) £ P20 T DRON 1 N ey,
n=0
and define
. N—-1 ’"’2 y X N—-1 Xz 1
(A.59) 2 (> ) 502 ( - )
m=1 m=1 mn
m is even m is odd
The proposed 1) € L%(Qg, R) is given by
N—1N-1
(A.60) V(&L €)= bmn ST E}
m=1 n=0
where
Am 0
as XU" , if m is even;
(A.61) o 20 Vb
no AmOy £ is odd
if m is odd.
R,
It is easy to verify that the constructed ¢ satisfies ([(A30)
V(& E)
2 + 2 )
D, (0.€3) =D} ¢(0.€}) -
N—1  N-1 Yo X N—1
A2 o¢ A2 o0
= D R o
n=0 ( m=1 Ii;lnn nmzzl Ii;lnn !
m is even m is odd
(A.62) N-1 ) No1oge . N-1ge
_ (a;a;( ) + a5 3 - ))Eg
n=0 m=1 mn m=1 mn
m is even m is odd
N—1
= ) (a3 +ap)E} = Dagnj = — D1
n=0

where we have used S7* = v/2h\,, in the second equality above. Similarly,
_ 2 _ 2 ¢(§N 1752 iy ~ ~
(A63) D (1,8) = Dy(1,8) = ————L= Z = Don-1,j = Dropn-1,j.

In addition, the constructed potential ¢ decays at designed rate in Fourier modes. This enables us to
give an inverse trace estimate:
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LEMMA A.3. Lety € Lg(@g,R) be given by (A00, A7) and

(A.64) DLl = D0,
HZ(Ty)

g

Then there is a constant C that only depends on \/ﬁ such that

(A.65)

X o
Proof. We first expand \/Z]Ahw with respect to the basis [(AIf) on Q.

—1N-1

N Z > —FhntmnSIE],

n=0 m=1

(A.66)

From ([AGIl), we have
N—-1 N-1

X o X2 se
\/géhwi,j - Z ( ’%mnan\/i mn

n=0 m

(A.67)

In view of ([ARJ), we therefore have

x 1 Am0
14, %03 < ( (Ia5) =
+ h g 2\/gmin "0 =1 K’mn
m 1S even
1 N-1 N-1
- (AR
2\/gmin n=0 m=1
m 1S even
N—-1
1 ( 2X ~ 2 X
- a5 265 + lag 55
(A.68) 29 = "
N—-1
C
< g—=— >_ (sl +1a2?)in
gmin n=0
= 15—l +aly + lla* —ally

Here in the second inequality, we have used the estimates ¢

Lemma [A-4] below.
LEMMA A.4. There is a constant C, such that
(A.69) o5 < Cufin, 0

uniformly for all 0 <n < N —1 and h small enough.
27

HA¢%2<QW1M

3‘ m\)-t
—

Wy + D760
Hh

g

N—

)

< C, ﬁn and 53

Z mn n\/ﬁXénn

1<i<N-1,1<j<N.

><o

wS7 By,

2
> o)
!
m=1 mn
m is odd

< C.[tn which will be given in

O



Proof. We will only show that 5; < Cyfin, or equivalently

(A.70) Z M <C Jvil S\i uniformly in n

| A= T

meM, m is even
The proof for 69 < C./[i, is similar. Denote by
(A.71) Sm/2 = sin(mmh/2), Cmy2 = cos(mmh/2).
It follows that
2 1 h? 1 A
(A.72) LHS of (AT0) = X:X s s@ﬁ+%@ﬂ_@M
mGM meM,, meM,
N—1 N—-1 2 2
)\2 h? m/2 m/2 N

A.73 RHS of — = (R),.
(A.73) AEI - Y g ot Y it ®
It suffices to show that
(A.74) (L), < Ci«(R),

for some constant C, independent of n and h. We show it separately for the following cases:
Case 1: 1<n<N/2—1lorN/2+1<n<N-1.

X
In this case, M,, = {0,1,---, N }. Since the expressions in [A72) and [AT3)) are symmetric with respect
to n = N/2, it suffices to consider the case of 1 <n < N/2— 1. Denote by

h
(A.75) Ty /o = mTw, Yn = n7h,
and let
(A.76) fy(x) ! 2 €05, yelmh T — ]
. = J— — T
Y sin? z cos? y + sin? y cos? x 2h Y 2

. 2

sin® z cos® © T T
ATT z) & , z€10,=], y € [rh,= — h
( ) 9,() (sin? z cos? y + sin? y cos? z)2 [ 2] yelr 2 " ]

We can rewrite (A72) and [AT3) as

h? 1 h? &
(A.78) W=7 > mmrmz =7 2 fnnpe),
X m/2°n n-m/2 m=0
meM,
hr = 1271/201271/2 h? -
(A.79) R)p =— Tiny2)
T 2 Wlrady Z: /
m 1S even m is eve
Since
d 1
A. —|(——) =sin(2 2
(A.80) dx(fy(x)) sin(2z) cos(2y),
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it follows that f,(-) is decreasing if y € [0, 7/4] and increasing if y € [r/4,7/2]. In either case, the integral
test can be used to estimate the sum in [(AZJ) to get

h &
L)n = e Z Sy (Tmy2)

— - — = 1<n< —
B fyn + fy" 4 sin? y, * 4siny, cosyy,’ ="=7
- h2 1 h N N
-z z)de = — T <n<— 1
fy" o) + / Fun (@) du 4 cos?y, 4siny,cosy,’ 1 ="=7

1 m
2 ¢in2 2 2, M= )
a?sin” x 4 b2 cos? x 2|ab

/2
where we have used the identity /
0
On the other hand,

d 1
(A.82) . (T) = 2(tanz cos? y + cot zsin” ) (sec? z cos? yy — csc? zsin? y),
z \gy(z

it follows that g,(-) is increasing when 0 < x < y, deceasing when y < x < 7/2 and therefore attains its

maximum ——5——— at ¥ = y. Consequently,
4sin” y cos? y

N-1 /2
™
A83)  mh( . )>/ dv = — :
( ) ' mz—l gyn(x /2)—1—161[%&7:(/2]91}”( ) ~Jo gyn(w) * 4s1nyncosyn(smyn+cosyn)2
here we have used the identit /ﬂ/2 sin®  cos d T Therefore from (A7)
where we have u identi x = . refore from
Y o (a?sin?z 4 b2 cos? )2 4)ab|(|a| + ]b])? ’
we have
N— h /2
) > - dr — th )
. mZ:: (€my2) > 4W(/0 gy (@) dz —7h _max gy, ()

h h?

16 sin y,, cos Y, (siny, + cosyn)?  16sin® y, cos? yy,

Combining ([(ART)) and [AR4), we obtain

4 cos Y, (sin y,, + cosyy)?(h cos y, + siny,)

1<n<
(A.85) (L)n _ sy, cosy, — h(siny, +eosy,)?
' (R)n ~ | 4siny,(siny, + cosy,)?(hsiny, + cosy,) <n<N_1q
sin yy, cos y, — h(siny,, + cosy,)? to T
That is,
. 2
Alsingn + cosyn)"(1 + heotyn) —y N
(A56) (L), _ 1 — 2h(csc(2yn) + 1) 4
' (R)n - 4(Sinyn + cos yn)2(1 + hta‘ny") E <n< E -1
1 — 2h(csc(2y,) + 1) 4T T2 '
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In either case, we have

8(1 + hcotyr) 7 1§n§ﬁ
L)y, 1 —2h(csc(2y1) + 1) 4 141
(A.87) < =8—" 4+ O(h).
(R),, 8(1+htanyy ;) N_ N 1-1
I 2h(cse(yy ) +1) 4 =72
This completes the proof of ([(AZ4) for case 1.
Case 2: n=0.
Using the same argument as in the proof of case 1, we have
N L 2 BN
TN S S S o
DI PR AP D
2 iy
(A88) < h_ 2 (ﬂ-_h i R 2
< csc 5 + o " csc” 6df
h? T h mh

4 27 2
and
T h m
A.89 R)) = — m2 s 2 200 = (cot(mh) + 7h — 7).
(A.89) (R)o TP 2, ico y cot(mwh) +m 5
Hence
h?  , wh h mh
L — cse”(—) + — cot(—)
(A.90) (R)O <42 2 2 _gi0(p)
(R)o —(cot(wh)—i—wh——
T 2
This completes the proof of ([(AT4) for case 2.
Case 3: n = N/2.
In this case,
N— N-1 2
h? h? Sm/2
(A.91) Line = Z T Ryp=7 Y 3
m=0 m m=1 Cm/2

The estimate

(L)ny2
(R)ny2

follows from the same argument as in case 2.

In view of (AR7, [A00 [A07), the estimate (ATl follows and the proof for Lemma A4l is completed. O
Denote by

N N 1
(A.93) lally = (@ abiq = (123D a%)"

(A.92) <8+ 0(h)



The following technical Lemma plays an essential role in the proof of the general case of Theorem [ It is
worth noting that the estimate ([A294)) is purely discrete and algebraic. In other words, it is independent of
the coordinate mapping.

LEMMA A.5. There exists a constant C > 0, independent of h, such that

(A.94) | D01 — Dys|g + || Djv2 + Dyty |5 < C (||D'151 + Dyta||§ + || Dyvs — D'ﬁl”%)

for allv e L*(Q_,R?).
Proof. We first rewrite the expressions in (A4 in terms of components and difference operators in the
default coordinate (&1, £2):

D61 4 Dhn = Ao DYy + A, Dovs,
(A95) 1:);52 - 1:)'251 = Ay Doy — A\ Doy,
D'%y — Dby = Ay Dyvy + A D)vg,
D'y + Dbty = A\ Dovs — As D,

where the averaging and differencing operators are defined by

f% 1=0

(A.96) (A1f)i=q5(fir +fimy) 1<i<N-—1,  (Asg);= %(Qﬁz +9g;-1), 1<j<N
fN—% i=N
2 i=0 .

(A.97) (D)= 7y = fimy) 1T<i<N=1,  (Dag)y=5(9543 —9;-3)s 1<j<N.
e fnoy i=N

The reduced averaging and differencing are not needed in &2 due to periodic assumption. Next, we decompose
the quantities in [AZ94) into

(A.98) | Di01 + Dyva||§ + || Dive — Doy |5 =(I) + (IT) + (111),
(A.99) 1D} 51 — Diyia|? + | Dis + Dby |3 =(I) + (IT) — (III),
where

N N N-1 N
(A.100) (1) £ n? Z/Z ((AgDfv1)* + (A2 Dvs)?) h? AlDzvl (A1D202)2)1-1j,

=0 j=1 i=1 j=1

h? & h a
A

(A.101) (II) = e Z ((D2v1)? 4 (Dav2)?) %j +5 Z ((D2v1)? + (Dav2) )N,%J—’

<
Il
—

Mz

N
(A.102) (HI) é 2h ('UlDQ'UQ % . %— Z ’U1D2’U2 J-Jr%,

<.
Il
-

and D is the long-stencil centered difference in £2 direction,

~ (U2)z‘—l,j+l - (U2)i—l,j—§
(A103) (D2U2)i7%1j7% = 2 2 2h 2 2
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We will show that
(A.104) |(IIT)] < 6((I) 4+ (II)) for some fixed constant 6 € (0,1).

Then [A04) follows as a consequence.
We first define

(A.105) sm, 2 {ﬁsm(””@l%) lsm<N-1
T2 sin(mﬂfili%) m= N,

(A.106) Ej . = exp(ZnW\/—_lsz.ié) 0<n<N-1.

Thus

(A.107) {S"®E"|[1<m<N,0<n<N-1.}

is an orthonormal basis of LQ(QC, R) with respect to the inner product

(A.108) (@)oo =h*Y Y (ab);_1 ;1.

We can now expand the components of v with respect to the basis (AI01):

N N-1
(A-109) Wiz 3= D amaS,Ef,, 1<i<N, 1<j<N;
m=1 n=0
N N-1
— 4 n . .
(A.110) (v2)i—1,j-1 —Z; Z% bpuST_ 7 4, 1<i<N, 1<j<N.
p=1n=
It follows that
N N-1
(A.111) (Djvr); 1 = Z_:l Z% AntnnCTE] 1, 0<i< N, 1<j<N;
N N-1
(A.112) (Dev1)imy; =V=1) D donamnS] Ef, 1<i<N, 1<j<N.
m=1 n=0
Similar for Djvy and Dave. Moreover,
~ N N-1 ~
(A.113) (Dava); g ;3 =V=1) > donbpS] LB} 4. i=1N,1<j<N;
p=1 n=0
where
Sm,+ST,
P2 =S, 1<iSN-1 1<m<N-
SN, +S¥
(A.114) i3 2_“% —0, 1<i<N-—1;
Eis + B,
o = e 1<j<N, 0<n<N-1.
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and ¢, /9 = cos(mmh/2), ¢, = cos(nwh). Therefore

N N N—-1 N
= h2 Z/Z A2D1U1 (A2D1U2 2 Z A1D2U1 (AlDQ’Ug)Q)iJ.
(A.115) i=0 j=1 i=1 j=1
) g N Nl N—1N—
T2 Z C s /2 |amn|2 + |bmn| Z Z |amn|2 + |bmn| )
m=1 n=0 m=1 n=0

where s, /o = sin(mmh/2), s, = sin(nmh). Since s, = X2, we also have

h? &
(I 2 537 ((D2v1)” + (Dava)?)

3.
j=1
poN Nl N N-1
(A.116) =3 > mn@n A3, STSE + 5 Z > bpnb;, 23,84 Sh
m,k=1 n=0 pr 1 n=0 >
g N-1 N N
=5 2 Zamn zam T+ (8 ()
n—0 p:l 2 : 2
R 2 2
(H)N7% £ 721 ((Dzm) + (Dgvs) )N—%,j
J:
poN. Nl po NNl
(A.117) =5 D D amnaf MSTSN 45 D D bpnb[ A3, S8y
m,k=1 n=0 : : p,r=1 n=0
g N-1 N
=7 2l Zamn Zamn prn O b,
n=0 p=1
Since ST, = (=1)"F'ST, we can write
2 2
N N
(A.118) Y amaST= D amaST + Z mnST,
m=l mmjdd mme_vlen
N
(A.119) Zamn (T Z @mnST — Y amnST.
m=1 m=1
m=odd m=even

It follows that

2
4N
(A.120) EZ i(| Z a'mnSm‘ +| Z amnS%n|2+‘ Z bpnSE|* + | Z bpnS” )
=0 m odd m cvcn pijéd p:pc:vlcn

33



Finally,

N N
(IT) = 2k ) (01 Dyva) 1 ;1 Z viDavs)y_1 i 1

2
Jj=1

ST Y (St )57,

(A121) m,p=1 n=1
m+p=odd
N-1 N N N N
8v—1 *
=— ancn(( > amnST)(Y . bpnSE) () amaST)( D bpnSh
n=0 m=1 p=1 2 p=1 2
m=even p=odd m=odd p=even
In summary, we have
g Nl N N-1
(A122) (=55 (A D2 ((amnl + bmnl®)s22) + 55 D" ((amnl® + brnl*)e ) ).
n=0 m=1 m=1
4= N 2 al 2 al 2
(A.123)  (ID) EZ (y Z amnSm} +| Z amnST|" ] Y A > bpnST | )
n=0 m odd mmcvlcn pijéd p:pc:vlcn
N N
@y =-4v=1 Y (Zamnb Agncn)S sP
m,p=1 n=
(A.124) . 11;”_+f:°dd N N . N
— suen (( annST) (D bpnSh)" + ( annST) (D oS,
n=0 m=1 p=1 m= p=1
m=even p=odd m=odd p=even
We now decompose
N-1 N-1 N-1
(A.125) 0=, =S, ay=> @,
n=0 n=0 n=0
where
A N N-1
(A126) (D, =75 (2 " ((Jamal® + bmnl)s2us) + 52 3 ((amal® + bmal)hs2) )
m=1 m=1
4 a 2 al 2 al 2 al 2
(A.127) (1), :Es;i(\ Y anST | Y amaSTT ] Y bpnS |+ | > bpnSt | )
mn;iéd mzjvlen pijtlid p:ezvlen
(IMT), = — 4v/—1 Z Qb A2nCnSTSY
m,p=1
(A.128) mp=odd
—8y/—1 al .. oy al e oy
— sncn(( z_:l amnST) ( Z_; bnS})" + ( Z_:l amnST) ( X_; bynST) )
mrigven pi;dd mrigdd pﬁgven



and proceed to show that

(A.129) (D), | < (1), + (D)), 6 € (0,1),
for the following two cases separately.

Case 1: 2 < 3.

In this case, it is clear from [(AT27), (AI28) and Cauchy-Schwartz inequality that

|cnl

3
(A.130) (), | < <2, < 3(), +n),).
Case 2: 0721 > %.
We can write
N
|(IID), | = \ VT Y amabdencaSTS]
m,p=1
m+pp:odd
N
(A.131) <2 D (lamal® + [bpnl*) AanlenlSTS,
mT;f:ijdd
N sr N N A N
=23 lamaAanleal = (Y2 ) 42 b PAzaleal = (0 D0 ST).
m=1 p=1 p=1 m=1
m-+p=odd m+p=odd
Note that from (AJ0H),
N iy
2 (2 2
(A.132) h Z St = £/ sinzdz + O(h) = £ +O(h).
1 2 ™ 0 ™
m+pp:odd
and
VST
. 2 1<m<N-1;
2 h/2 ’ == ’
(A.133) A,y = 2sin(mmh/2) _ h
h 2sY
h2 , m= N.
Therefore, we obtain from (AI3]), (AI32) and [(ATI33) that
9 N N
(IID), | < ;(1 +O0(1) (D lamn*AznlenlAm + > [bpn|*Aanlen|Ap)
m=1 p=1
1 N N
(A.134) < (= +0Mm)( D lamnP O3 + leadml®) + Y 1bpn* (A3, + learn]?))
m=1 p=1
1 4 N N
= (; + O(h))ﬁ(ci Z (('amn|2 + |bmn|2)872n/2) + Si Z (lamn|2 + |bm"|2))
m=1 m=1
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On the other hand, from [ATI20), we have

4 N N—-1
0, > 25 (e =252 +2s2) D (amnl® + bmnl?)stya) + €252 D" ((lamnl? + bl o) )
m=1 m=1
4 N N
(0135) = (e = 22) D2 (amnl? + [bn)s22) + 252 D" (lamal® + bmal?))
m=1 m=1
:czi(&ZNj(ua 12 4 |byn|2)s2, ) + 52 ZNj (|amnl? + [b |))
nhQ n mn 'mn mn mn
m=1 m=1
Therefore, since c2 > 29—5,
1 N, 25 25
(A.136) (T, < (= + O(h))? < (5 +om) M), < 5= (M), +1),,).

The estimate (AT129) and therefore (AI0A) then follows from (AI30) and (ATI3E) with 6 = 2.
1+6
In view of (A0X), (A9 and (AI0), we have proved (A04) with C' = + 14 = 26. O

A.2. The LBB Condition for General Lifshitz Metrics. We now proceed to prove the LBB
condition for the general case where the coordinate mapping « is a C™' bijection.

Given p € L?(Qg, R)/R2, we will construct the corresponding vector field u, based on the contra-variant
components of v given in Theorem B, such that

\Y%
M > 3 uniformly in h.
Pl [l X

h

(A.137)

Denote by I : L*(Qg,R) — Lz(Qg,R) the natural correspondence given by I(p);; = p;;, or more
precisely I(p)(®(£},€7)) = p(=(£},€7)). If p € L?(Qg,R)/R?, then I(p) is in L2(Qg,]R), but not necessarily
in LQ(Qg,R)/RQ. Let g be the projection of I(p) onto L2( ,R)/R2:

(A.138) ) {(I(r), 1g o ) (I(p). 19 )o )
. q=1(p ——Lg ~ _ "o '8 q1_
(1o 1o Jo "« (lg .1g )o "

* 8e * 8e g * 8o * 8o tg

Since p € L*(Qg, R)/R* and I~ (q)—p € span{lq_,1q_}, it follows from (ZTD) that (p, I~ (q) —p)a, = 0.
Therefore

(A.139) I, < 1771 (9)lla,

and

Vi
+min
\/gmax

\/gmm 2
I @)3, >

(A.140) ||Q||Q =i

Ipl3,

From Theorem B there exists

A141 v=1y'e + 0% R?
+ +1 + o+

+c’



such that ([(A2) and [A3) hold. We can now construct explicitly u € L?(Qc, R?) in terms of the contra-variant
components of v in (ATZ):

X X X '5 X \/EX
(A.142) u2uté; +uléy, where ol = Y1t 42 = Y252

and claim that u satisfies (AJ3d). To this end, we first note that, by construction

X x ! X X x/ X X x X . .
(A.143) (\/5V;l : u)ij = (Dl(\/gyl) +D2(\/§y2))ij =( g?% -v)ij, 0<i<N,1<j<N.

Secondly, we have the following crucial estimate:
LEMMA A.6. Let u and v be defined by (AT and (AIZD), then

(A.144) lull o, < CMoll

h +h

where C1 is a constant that only depends on ||\/§5a6||00,1([011]><51), Vi @nd VI
*max
Proof. We start with the estimate for

(A.145) Jully, =1 33 (Vi + i),

(A.146) Ve = Vit =4, a=12

It follows from 24 and ZH) that

(A.147) U1 = gut' + giat® = g

where ¢*% = \/550‘5 . Similarly,

(A.148) s = —q"20, +q''0,.
Hence

(A149) [t + i2ia) = By + Dyt = 422(5,)% — 20120, + 41 (5,)% < (@1 +2)((5))° + (3,)?)-

Moreover, from (AT4G),

N-1 N N-1 N

(A.150) ||”||Q =n? Z < 9(9191 + ?292)) = Z ((91)2 + (%)2)”1 il
i=0 j=1 i+2>j+% =0 j=1 2972

it follows that

(A.151) lull, < l1a" + @l coqoxsllvllf,
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Next, we proceed with the estimate for ||VJ-' ullq, -

From ZZ1)), ZZ2) and ([(AJ44), we can write

(A.152) \/gvfz_l U= D117XL2 - Déﬁl = Dll(_ézliﬁ + 511{)2) - D/Q(émél - 5127?2)
and
(A.153) VAV, v =D, + Dyl AV v = Dy, — Dy,

We then apply the identity

(A154) D'(fo); = (Af)i (Dv)i + (Df)i(Av);, 1<i<N -1
' ! (A/f)l (D/’U)i, 1= 0, N,
and recast (AI52) into
(A.155) \/5%’ u=Vo+Vi
where
(A.156) Vv, & —(D1d")(Ard,) + (D1d")(Ardy) — (Dad®)(Asi,) + (D2d?)(Azd,)  on €2,
0 on Iy,
(A157) Vi 2= (A4g)(D,) + (A18)(Dhd,) — (Apd)(Dhi)) + (A5d')(Dhl,)  on D
From [ATR{), we have the following estimate in terms of Lifchitz norm of the metric tensor:
(A158) Vol < 8( max 1 s opsn) ol
Furthermore
CAG2 A2 < ATGN ALz e
e vi= 2R (g + D) + S (B, - Dy
(A.159) A’ X192 /Xl/quu ‘o < A/ 11 ;1/2522 X X
AT s, — By, + A )
It follows from (AJ5J) and Lemma that,
(A.160) IVall§ < 41+ C)( max (1§ |[20(0,11xs1) (ID10; + D3ty I3 + 1D59, — D3, [13).

a,f=1,2

From [(AT152), (AT5H), (AI5]) and [(AI6G0), we conclude that
x X 1 X 1 X
(A361) i IVE - ul, < 2(VRlE + IVIIE) < ool + 1 g2V, vl +1g5 Y, vl )

where Cj is a positive constant depending only on ||(>]<a6||00,1([0)1]><51).

In view of (AT43), (AI5) and (AIG), the estimate [(AT44) follows.

O

We are now ready to complete the proof of the LBB estimate (21). Since I~ (q) —p € span{lg_,1g },

from [Z29) and Z24), we have

(A.162) (Vh-u, I (g) ~ pla, = —{u, V(I (q) — p) )a, = 0.



From (ATZY), (AIG2) and ([A2),
(A.163) (Vi-w,pla, = (Vi u, I7a))a, = (V) v, a)g, = lall3, -

+h

In view of (AJ63), (A1), (ATZd) and ([A3), we conclude that

Vi, g lallg 7 1+ lalg 7 .
(A164) < h p>Qg tg > (\/ijI])z tg > (\/Tmm

Pl llell ., _Ilpllﬁgllullﬁl IRV YSC el ] P S/
“h

h h

1
Therefore (B07) follows with 5 = (%) ’ &7 > 0, which is independent of h.

max
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