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MEAN STABILITY OF SEMIGROUPS

Shmud Kantorovitz and Sergue Piskarev

Abstract. Let T(¢) be a bounded Cy-semigroup on the Banach space X,
with generator A. It is shown that the denseness of range A is necessary and
sufficient for the semigroup’s mean stability with respect to suitable weights.
Analogous results are valid for power bounded operators, tensor product semi-
groups, and cosine operator functions.

1. StATEMENT OF RESULTS

1.1 Le X beacomplex Banach space, and let B(X) denote the Banach algebra
of all bounded linear operators from X into itsdf. A Co-semigroup T(¢) : [0; 1) ¥
B(X) is(strongly) stableif T(t) ¥ 0, ast ¥ 1, in the strong operator topology.
By the uniform boundedness theorem, a necessary condition for stebility is the
boundedness of KT (§k, from which it follows in particular that the spectrum % (A)
of the generator A is contained in the closed left half plane. A wel-known sufficient
condition for gability is that %(A) \ iR be countable and that the res dual spectrum
R%(A) do not meet the imaginary axis

We congder here the weaker concept of mean stability of bounded semigroups
with respect to a suitable family of weight functions A known (folklore) result of
ﬁmls typeis that if £ 2 LY(R™) has nonzero integral over R™, then the “averages’

o U Lf (s=t)T (s)x ds converge strongly to zeroast ¥ 1 for dl x 2 X if and
only if A hasdenserange (hereisa proof: dncethe averages are uniformly bounded
by M kxkkfk;, where M := sup KT (9k, the density of C}(R*) in LY(R*) and of
range A in X imply that the averages converge strongly to zero for dl f 2 L1 (R*)
and x 2 X if thisis true for dl f 2 C!(R*), the C!-functions with compact
support in R* := (0; L); and for all x = Ay withy 2 D(A), the domain of A.
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In this specid ca$ since T ()X = T(s)y an integration by parts shows that the
averages equd j - ti 2F'(s=O)T (s)y ds, and are therefore norm-bounded by

1
Mkyk  (1=t)jf'(s=t)jd(s=t) - Mkykti ‘supjf’j £ jsupp fj;
0

where jupp fj denotes the linear Lebesgue measure of the support of f.

On the other hand, if range A is not dense in X, there exitss 0 & x° 2 X"
such tha hx®; Ayi =R0 for dl 'y 2 D(A). There‘oquhx T(S)yi = hx™;yi,
and consequently hx®; 5 (1 OF (s=H)T(s)ydsi =hx";yi f(u)du Since T has
nonzero integral, if the averages converge (even weakly) to zero, we have necessarily
hx"; yi =0for al y 2 D(A), and the contradiction x” = 0 follows from the dengty
of D(A) in X.) R,

We show tha this genre of result is true for averages h(t S)T (s)x ds with
kernel h satisfying adequate conditions (although no attempt is made to get utmost
generdity). The literature on asymptotics of semigroups is vast; our references list
only items explicitly used in the proofs

1.2. Consider weight functions h(t;s) for 0 < s - t with the following proper-
ties:
(2) for each t > G h(t ® . 0 ismonatonic on (0; t];
(2) K:=supi>o o h(t s)yds< 1;
(3) limgx 4 h(t;t) = R
(4) there exists + > 0 such that limen 1 o h(t;s)ds = 0:
For some ofy the results, we consider dso the condition
(5) liminfyw 4. 0 h(t s)ds > 0:

The monotonicity property in Condition (1), together with Conditions (3) and
(4), imply that

*) Jim h(t; ¢) =0

foral ¢, £+>0. Infact,if at > ¢ , % issuch tha h(t;¢ is non-decreasing
(req%, non-incressing), then 0 - h(t;¢) - h(t;t) (resp., 0 - h(t;¢) - h(t;z) -
+il Oih(t; s)ds). Thus (*) follows from Conditions (3) and (4).

Such weights arise for exampl e (but not exclusively) frorg monotonic functions
of one red variable say T : (0;1] ¥ [0; 1), such that 0 < Olf(u)du =c<1;
by taking h(t;s) = ti 1f(s=t) for 0 < s - t: Then h satifies Conditions (1-5), and
even the stronger Condition (2°) below instead of Conditions (2) and (5):

R
(@) For all t>0, ~h(t;s)ds =c, wherec is anonzero constan.

For example, if we choose f(u)_=__u_i 1 with ~ > 0 the induced weights are
the classicd weights h(t;s) = (=t )s i1 of fractional integration.
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(Kernds generated as above are homogeneous of degree j 1, and there are dearly
non-homogeneous kernds satisfying Conditions (1-5).)

The dass of weights satisfying Conditions (1-4) will be denoted by W (1;2;3; 4)
(with a similar notation for other sets of conditions).
Define the W"-mean W][F] of the bounded strongly continuous function F :
[0; 1) ¥ B(X) with respect to the given weight h 2 W(1; 2) by
Z t
WIFIx =  h(ts)F(s)xds  (t>0):
0

If M :=sup jjF (9jj, the norm of the integrand is dominated by M kxkh(t;s), and
it follows from Condition (2) that theintegrd converges strongly in X, and defines
bounded operators W"[F ] with norm - MK for all t> 0.

We say that F is WN-mean stable if

; hre1 —
tIl!rriWt [FI=0

in the strong operator topology.

Stability of F (i.e, lim¢x 1 F (t) = 0 in the strong operator topology) is sronger
than W "-mean stebility of F for any h 2 W(1;2;4). Indeed, for 0 <+ <¢ <'t
with = asin Condition (4), we write

Z, 2, Z,.

WF]= + +  h(ts)F(E)ds:

0 + ¢

Given x 2 X and 2 > 0, since limgx 1 kF (s)xk = 0, we fix ¢ > % such that
KkF(s)xk <2for s, ¢. Then Hwethird integra has norm < 2for all t>¢. The
first integral has norm - Mkxk ;h(t; s)ds ¥ O(ast ¥ 1) by Condition (4).
Findly, 9nce h(t; § is monatonic in (0;t], the middle integrd has norm

- MkxKk(¢ i 2)max[h(t;¢);h(t;2)] ¥ 0 ast ¥ 1; by (*):

Theorem 1. Let T(6) be a bounded Cy-semigroup with generator A. The
following statements are equivalent:

(i) A has dense range;
(ii) T(® is Wh-mean stable for all weightsh 2 W (1;2;3; 4);

(iii) for some weght hp 2 W (1;2; 5) and some positive sequence ftng diverging
to ; limn W{°[T (9] = 0 in the weak operator topology.
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Note that Statement (i) in Theorem 1 can be formulated as the spectral condition
02 P%(A) LR¥%(A), where P %(A) and R%(A) dencte the point spoectrum and the
residual spectrum of A, respectively.

Theorem 1 edablishes in particular that for any weight h 2 W(1;2;3;4;5),
weak and strong W N-mean gtability of T(¢) are equivaent.

The change of variablesu =t s yiedds an analogous result for wel ghts h(t; s)
with 0 - s < t (that is, undefined for s = t), satisfying the corresponding shifted
conditions. We omit the obvious details. This would apply for exampleto the usud
fractiond integrds of T (0.

Theorem 1 is an obvious coradllary of the following
Theorem 2. Let T(¢) be a bounded Cy-semigroup with generator A. Then the
following gatements are equivalent for any given vector x 2 X:
(1) x 2range A;
(ii) limew 2 WT (§]x = 0 strongly for all h 2 W(1;2; 3;4);
(iii) limp W{r‘f[T((D]x = 0 weakly for some hg 2 W(Z;2;5) and some positive
sequence ft,g divergingto 1.
1.3. A dight variant of Theorem 1 that accommodates Abd and Gauss summa
bility uses weights h satisying the following conditions:
(@ foreecht>0,h(t;9 : (0; 1) ¥ [0; 1) is monotonic, and vanishes a 1;
R
() K :=supi~g 01 h(t;s)ds < 1;
R4
(0) there exists £ > 0 such that limew 1. 5 h(t;s) = 0:

Examples of weights h satisying Conditions (8)-(c) are the Abel I[_s)ummability
kernel h(t;s) = ti lei S°t; the Gauss summability kernd h(t; s) = (2=t" %)ei (V7
and the Gammalike kernds h(t;s) = (ti®=j(@))eis?s®il with0 <@ < 1.
These examples satisfy even the following Condition () (stronger than (b) and (d)
beow):

() Rol h(t;s)ds = c for dl t > 0, where ¢ is a nonzero constant.

Sinceh(t;§ ., 0 ismonotonic and vanishes at 1., the only non-trivial h are nonin-
creasng. Hence for all v, + (with + as in Condition (c)),

(**) Jim h(tv) =0

. R, -
(because h(t;v) - h(t;+) - #i?! o h(t;s)ds ¥ Oast ¥ 1, by Condition (c)).
We shdl also consider the condition
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_ Rq
d) liminfrs 1 5 h(t;s)ds >0:

The class of weights satisfying Conditions (a)-(c) will be denoted A(a;b; c)
(with similar meaning for other conditions).

Lea F :[0; 1) ¥ B(X) bebounded and strongly continuous. For any weght
h 2 A(a;b; ¢), the A™-means of F are the well-defined bounded operators given by

Z3
AP[FIx = h(t;s)F(s)xds;  x2 X;t> 0:
0

It follows from Condition (b) that KA[F]k - MK for dl t > 0, where M =
sup kF (§k. We say that F is AP-mean sable if limys 1 AP'[F] = 0 in the strong

operaor topology.

Theorem 3. Let T(§ be a bounded Cp-semigroup with generator A. The
following statements are equivalent:
(i) range Ais densein X;
(ii) T(® is AP-mean stable for all h 2 A(a; b;c);
(iii) for some Weiq]ht ho 2 A(a; b; d) and for some podtive sequence t, diverging
to 1; limn A2[T (@] = 0 in the weak operator topology.

If X is reflexive, we have the direct sum decomposition X = kerA© rangeA
(cf. [3, Theorem 8.20]). If P denotes the projection of X onto ker A (dong
rangeA), then in the strong operator topology (so.t.), limgw 1 WP[T(§] = P
(limge 1 AP[T (9] = P) for dl h 2 W(L;2;3;4) (h 2 A(a;b;c), respectivey).
This follows trivially from Theorem 2 (and its version for AP-means). For gen-
erd Banach spaces, we could add the following two properties to the equivdent
properties listed in [ 3, Theorem 8.23]:

(D) limew 12 WPT (9] existsin the so.t. for all h 2 W(1; 2; 3;4) (this generd-
izes Property (ii) of the reference, which corresponds to the specid case h(t;s) =
1=t), and

(2) limgy 1 AP[T (9] exists in the so.t. for al h 2 A(a;b;c) (this generdizes
Property (iii) of the reference, which corregponds to the spedia cae h(t;s) =
(1=t)ei 5.

1.4. The above reaults generdize essily to bounded pre-semigroups. A pre-
semigroup (or C-semigroup) is a grongly continuous function S(¢) : [0; 1) ¥
B(X) such that S(0) is injective and S(t j u)S(u) is independent of u for all
0 - u - t. Thelater property is equivalent to the identity

S(U)S(v) = S(0)S(u +v) (u;v . 0):

The operator S(0) is usudly denoted by C, and this convention is the origin of the
name “C-semigroup” in the literature.
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The generator of the pre-semigroup S(¢) is dosed and has domain D(A) (not
necessarily densel) consisting of dl x 2 X for which the strong right derivaive &
0, [S(9x]°(0), exists and belongs to the range of S(0), and

Ax = S(0)I [S@®x]%0)  (x 2 D(A)):
The generdized verson of Theorem 1 goes as follows.

Theorem 4. Let S(¢) be a bounded pre-semigroup with generator A. If A has
dense range; then S(®) is W "-mean stable for all h 2 W(1; 2;3;4). Conversdy; if
limp Wt';‘f[S(CD] = 0 in the weak operator topology for some hp 2 W (1;2;5) and
0Ime positive sequence ftnhg diverging to 1; and if S(0) has dense range; then A
has dense range.

Similar modifications in the proof of Theorems 3 show that Theorem 4 isvalid
for the A-means as wdll.

15. Theorems 2 and 3 (or rather, their proofs) are goplied to the tensor product
of bounded Cp-semigroups (cf. [2]).

Let T(® and S(6) be bounded Co-semigroups on the Banach space X, with
respectivegenerators A and j B. Let ¢ betheoperaor on B(X) with domain D(¢ )
congsting of dlV 2 B(X) such that VD(B) % D(A)and ¢V := AV j VB
(with domain D(B) % X and range in X) is bounded (relative to the X-norm).
Since D(B) isdensein X, ¢ V extends uniquely to an operator (aso denoted by
¢ V) that belongsto B(X).

ForV 2 B(X) andt . 0, set G()V := T (t)V S(t).

Clearly, G(9) is a semigroup of operators on B(X), such that G(§)V is continuous
in the so.t. on B(X) for eech V 2 B(X); it is cdled the tensor product of the
given semigroups (cf. [2]).

Theorem 5. Let T (¢) and S(¢) be bounded Co-semigroups on the Banach space
X; with respective generators A and j B. Then for all Z in the B (>X)-dosure of
the range of ¢, T(®ZS(® is Wh-mean gable (AM-mean stable) in the strong
operator topology; for all h 2 W(Z;2;3;4) (h 2 A(a;b; c); respectively).

Corollary 6. Let S(§) and T(® be bounded Co-semigroups with respective
generators j B and B + C; where C 2 B(X). Then T(®CS(® is Wh-mean
(AM-mean) stable in the strong operator topology for all h 2 W(1;2;3;4) (h 2
A(a;b; c); respectivdy).

Related results were proved by S.-Y. Shaw [6].
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1.6. Discrete andogs of the preceding results are essily formulated. An operator
T 2 B(X) is power bounded if M := sup, 1jiT"jj < 4; it is (weskly) stable
if T" ¥ 0 in the (weak) strong operator topology. By the uniform boundedness
theorem, power boundedness is a necessary condition for (weak) gability.

If W is the infinite triangular matrix W = (Wpn)1. k. n<1., denote ch(W) =
k=1 Wnk, N 2 N. Consider the following properties:

(@) foreechn 2N, wpk ., 0 ismonotonic with respect tok, 1 - k - n;
(b) K:=sup,cn(W) < 1;
(C) ||mn Wnh1 = Iimann =0.

For example, if f : (O;Fg,] ¥ [0;1) is any monotonic function such that
tf(t) ¥ Oast ¥ O+ and Olf(t)dt =¢c6& 0 (f(t) = "t ilissucha func
tion for any > 0), the matrix with entrieswnx = f(k=n)=n (1 - k- n< 1)
satisfies Conditions (a), (b), and (c), and even the following condition (b") (stronger
then (b) and (d) bdow):
®) 9limhcn(W) =c & O
We shall also consider the condition
@d) liminfn cn(W) > 0:

The dass of matrices W saisfying Conditions (a), (b), and (¢) is denoted by
W(a; b; c) (with a similar notation for other sets of conditions; the present dis-
crete context will prevent confusion with the preceding notations). The W -means
W [T] of the power sequence FTKg with respect to the weight matrix W are defined

by
X
Wh[T]=  wuTK  (n2N):
k=1

The operator T is W-mean stable if WR[T] ¥ 0 in the srong operator topology.
The discrete analog of Theorem 1 is the foll owing.

Theorem 7. Let T 2 B(X) be power bounded. Then the following statements
are equivalent:

(i) 1'j T has dense range.

(ii) For al W 2 W (a; b;c); the operator T is W-mean stable.

(iif) For some W 2 W(a; b;d); some subsequence Wy, [T ]g converges to zero
in the weak operator topology.

Theorem 7 follows trivially from the foll owing

Theorem 8. Let T 2 B(X) be power bounded. Then the following statements
are equivalent for a vector x 2 X:
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(i) x2range (1 j T):
(ii) For al W 2 W (a;b;c); the sequence FW[T]xg converges strongly to zero.

(iif) For some W 2 W (a;b;d); some subsequence fWy, [T]xg converges weakly
to zero.

In case of infinite square weight matrices A = (ank)n:k2n, We consider the
following properties
(@ Foreachn 2 N, 0 - anpk ismonotonic with respect tok 2 N, and limg ank =
0.
P,
() Ifcn(A) == Z;ank then K:=sup,cn(A) < 1.
(0 limyan, =0.

The dass of square matrices A with Properties (8), (b), and (c) will be denoted
by A(a;b; c) (with similar notation for other sets of conditions).

For example, if £ : (O;1) ¥ [O; 1)Q is a non-increasing function such tha
f(1)=0,tf(t) * Oast ¥ 0+, and f(t)dt = ¢ & 0, the matrix A with
entriesank = F(k=n)=n beongsto A(a;b; c). Actually, A 2 A(a; b’;c), where (b)
is the following condition (sronger than (b) and (d) below):

() 9limpcn(A) =c & 0:

Taking, eg., f(t) =ei t, or f(t) = (2:|O%ei 2 oo f(t) = j(@)ilt%i Lei t,
the induced weight matrices are the dassicd Abd, Gauss, and Gamma matrices,
respectively.

As before, we shdl also consider the condition
(d) liminf, cnh(A) > 0:

If T 2 B(X) is power bounded and the marix A of nonnegative weghts
satisfies (b), the weighted averages A,[T] are well-defined by

K
ATl = awTk  (n2N);
k=1

the series converges in operaor-norm, and KAp[T 1k - MK for all n 2 N. We say
that T is A-mean stable if Ap[T] ¥ 0 in the strong operator topology. The version
of Theorem 7 for square matrices is Theorem 9 below. A dmilar restatement of
Theorem 8 in this case is vdid (we shall omit the obvious detals).

Theorem 9. L T 2 B(X) be power bounded. Then the following Satements
are equivalent:

(i) 1'j T has denserange.
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(ii) For all A2 A(a;b;c); theoperator T is A-mean gable.
(iif) For some A 2 A(a; b;d); some subsequence A, [T ]g converges to zero in
the weak operator topology.

1.7. A version of Theorem 1 for cosine operator functions can be obtained for an
adequate family of weights To avoid technicalities, we consider only the fractional
integration weight h-(t;s) := ("=t )s i (" > 0), and we write W, ingead of

h,
Wt .

Theorem 10. Let C(¢) be a bounded Co-cosneoperator function with gener ator
A. The following statements are equivalent:
(1) A has dense range;
(ii) C(® isW -mean gablefor al = > 0;
(iii) limp Wt_no[C(@] = 0 in the weak operator topology for some ¢ > 0 and
sone positive sequence Tt g diverging to 1.

2. Proors

Proof of Theorem 2. (i) implies (ii). Since KW{'[T 9]k - MK (where M =
sup KT (k) for all t > 0 and h 2 W(1;2), it follows from (i) that it suffices to
prove the relation

Jlim WT(9]AY =0 for aly 2 D(A):

With + as in Condition (4) and t > +, we write
nz . 2.1
WIT (9] Ay = +  h(t;s)T(s)Ay ds = J; +Jy:
0

*

Clealy,
VA +
@ kJik - M KAyk  h(t;s)ds:
0
Since T(s)Ay = g T(s)y for y 2 D(A), an integration by parts shows that
YA t
@) J=hEtOT@E)Y i htDTEHY i  T(s)ydsh(t;s):

By the monotonicity assumption on h (Condition (1)), the Stidtjes integrd in (2)
has norm - M kyk jh(t; t) j h(t;z)j: Therefore, by (1) and (2),
Z, 3 -
kWth[T (DJAyk - M kAyk  h(t;s)ds +2M kyk h(t;t)+h(t;£) ¥ 0
0
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ast ¥ 1, by Conditions (3) and (4) on the weight h and by (*).
(i) implies (iii). Obvious, because W(1; 2; 3;4; 5) is nonempty.

(iii) implies (i). Assumethat (iii) isvalid for some hg and ft,g as described, and
vMe X = Xp 2 range A. By the Hahn-Banach theorem, there exists xg 2 X® such
that hxg; Axi =0 for all x 2 D(A) and hxg; Xoi = 1: Hence, for all x 2 D(A),

%hxg; T (t)xi = hxp; AT (t)xi =0;

and therefore hxg; T(t)xi = hxg; T (0)xi = hxg; xi: Thus (for dl x 2 D(A) and
t>0)
VA t
(3 th;Wtho [T(Q]xi = hxg; xi  ho(t; s)ds:
0

Since D(A) isdensein X, it follows by continuity thet (3) is valid for all x 2 X
andt > 0. Teking X = Xo and t =t in (3), and then letting n ¥ 1., we obtain
from (iii) that limp, Ot” ho(tn;s)ds = 0, contradicting Condition (5). [ ]

Proof of Theorem 3. (i) implies (ii). As before, it suffices to prove that
Jim kAT (O]Ayk=0  (y 2 D(A))

for all h 2 A(a;b;c).
Leth 2 A(a;b;c). We write
Z, Z,
ATOIAY = h(ES)T()Ayds+ lim  h(t:s)(T(y)ids
0 .
R4
(with £ asin Condition (c)). The first summand has norm - M kAyk ;" h(t;s)ds:
For v > £, the integral over [£ V] can be written as
Z \
h(t TV i h(tHT @y i T(s)y dsh(t;s):
By the monotonicity of h(t; §, we can estimate the norm of the above expression
by 3 -
M kyk h(t;v) +h(t;+) +jh(t;v) i h(t;5)j ;
3 .
and therefore theintegral over [+ v] hasnorm - 2M kyk h(t; v)+h(t;t) . Letting
v ¥ 1 and recdling that h(t; ¢) vanishesat 1. (Condition (a)), we conclude that
Z,
KAD[T(Q]AYKk - MKAyk  h(t;s)ds + 2M kykh(t;) 10
0
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at ¥ 1, by (**) and Condition (C).

The implication (iii) implies (i) is proved as in Theorem 2, with the averaging
operators Ap replacing W} (]

Proof of Theorem 4. The first part of the proof is identical to the proof of
the implication (i) inmplies (ii) in Theorem 2, because S'(t)x = S(t)Ax for any
x 2 D(A) (see[1] or [5, Theorem 2.3)).

On the other hand, if range A is not dense in X, then there exists x5 & 0 in
X such tha hxg; Axi =0 for dl x 2 D(A). Therefore

%hxg; SXi =hxg; AS(xi=0  (x 2 D(A));
dnce S(t)D(A) % D(A) for dl t, 0. Hence hxg; S(t)xi = hxg; S(0)xi for all
t. 0, and 20 (for hp and fthg asin the theorem)
Z tn
hxg; S(O)xi ho(t,; s)ds = hx‘(’,;WtT[S(Q]xi LI
0

an ¥ 1. Consequently, hxg; S(O)xi = 0 for dl x 2 D(A) by Condition (5).
Sincerange S(0) %2 D(A) (cf. [5, Theorem 2.3]) and range S(0) is denseg, it follows
that D(A) is dense as well, and therefore, by continuity, hxg; S(0)xi = 0 for all
X 2 X. Using again the density of range S(0), we reach the contradiction x; = 0.m

Similar modifications in the proof of Theorems 3 show that Theorem 4 isvalid
for the A-means as well.

Proof of Theorem 5. Let M = M31M3y, where M are bounds for the given
smigroups. Then jjW [T (§ZS(9]jj - MKjjZjj, and it suffices therefore to prove
Wh-mean stability (in the s.o.t.) of the operator function T (§ZS(§ for Z in the
rangeof ¢, say Z = ¢V withV 2 D(¢ ). By [2, Propodgtion 5], G(®V is
differentiable in the s.ot. for dl t , 0, with (so.t.-)derivative equal to G(§Z =
T(®ZS(§. The integration by parts argument in the proof of Theorem 2 (resp.,
Theorem 3) yidds the result for W"-means (regp., A"-means). (]

Corollay 6 follows from the observetion that since C 2 B(X), the identity
operator | bdongstoD(¢ ),and¢ 1 =(B+C)j B =C.

Proof of Theorem 8. (i) implies (ii). L& W 2 W (a;b;c). For n , 2, we have,
by Abel’s summation formula,

X
WhTI( i T)= wa(TK§ TK
k=1

X
— . . k.
=Wn1T j Won T+ + (Wnk i Wnk; )T
k=2
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By the monotonicity condition in (a),

o

i G X X —
° ) - M Wnk i Wnk; 1J=M (Wnk i Wnikj 1)
k=2 k=2 k=2
=M Wnn i Wnaj;

where M := sup, KT Kk.
Therefore, o °

Wh[T](1i T)° - 2M(Wn1 +Wnn) ¥ 0

an 1 1 by Property (c).
This shows that

imjWa[Tij=0  (x2range(l j T))
Since KW[T]k - MK (n 2 N) by Property (b), it follows that
€ ImMKWa[TIxk=0  (x2range (I i T));
and consequently (i) implies (ii).

(i) implies (iii). Trivial, since W(a;b; c;d) & ;.

(iii) implies (i). Suppose (iii) holds for some Xg, but xg 2 range (1§ T). By
the Hahn-Banach theorem, there exists xg 2 X" such that for dl x 2 X,

hxg; (1'i T)xi =0 and hxg; Xoi =1:
Therefore T °xg = xg, and it follows that for any matrix W
Wi[T]°xg =cn(W)xg (n 2 N):

Consequently,

hxg; Wn[TIXoi = hWi [T]°Xg; Xoi = cn(W):
TekingW = W and n = ng asin(iii), we get cn, (W) ¥ 0, contradicting Condition
(d). ]

Proof of Theorem 9. By Abel’s summation formula, for dl n , 2,

X
An[TI( i T)=auT+  (anki ank; )T
k=2
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Let A 2 A(a; b;c). By Properties (@) and (c),

X
KAR[TI(1'i Tk - Man1t +M  jank i a@nk; 1
- k=2 —

P4 -
=Man + M [o(anki ankj1) =2Man 10

an ¥ 1, ad it follows from the uniform boundedness of the averages An[T]

that limp KAR[T]xk = 0 for all x 2 range (I § T); consequently, (i) implies (ii).
The argument in the proof of Theorem 8 with W replaced by A shows that (iii)

implies (i). [ |

Proof of Theorem 10. Let M = supkC(®k. Fory 2 D(A) and t > 1, we
write

_ 32, Ly
5) W, [C(®]Ay ="t + s 11C(s)Ayds = J; + Jy:
o 1
Clealy,
©6) kJik - M kAykti :

ket S(®) be the sne operaor function associated with C(¢), that is S(t)x :=
OtC(s)x ds (x 2 X): Since C()Ay = [C(Dy]”, two success ve integrations by
parts yidd the formula (in case & 2):

Jo="tilS()AY | “ti S(DAY i (i Dti2C(y

@) ) Ly
+ (i Dt CQy+ (i it . s 13C(s)ydy:

By [4, Theorem 2], kti 1S(t)Ayk = O(1=t) st ¥ 1. The norm of dl other
integrated terms is either O(ti ) or O(ti 2). The norm of the last term in (7) is
Z t
i i gt Mkyk s iPds=0(t ),
1

where © = minf ;2g. We conclude from (7) that kJok = O(ti *), where + =
minf ;1g.
Incase =2, thefirst integration by parts gives
YA t
Jo =2t IS(H)AyY i 2t 2S(DAy 2ti?  [C(s)y]'ds:
1

The last term is equa to 2ti 2[C(t)y j C(1)y], and its norm is O(ti 2); hence
jidoli = O(ti 1) = O(ti *):
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We conclude from (5) and (6) that for all x 2 range (A),
® kW, [C(@]xk = O(t! *);

where+ = minf ; 1g. Since kWt_ [C(D]k - M, it follows from (8) that (i) implies
(ih).

(ii1) implies (i). Assume (iii) holds and suppose range (A) is not dense in X.
There exigs xj 6 0 in X® such that hxg; Axi = 0 for all x 2 D(A). Fix x 2 D(A).
We have i

thg;C(t)xi = hxg; AC(t)xi =0
for al t, and so

9 hxg; C(t)xi =co + it

for some constantsck; k =0;1. Thenforall ~ >0,

hxE; Wi [C(Oxi = co + = —cat:

1
If c; & 0, we get a contradiction to (iii) by t&kingt = t,; = ¢, and letting
n ¥ 1. Hencecy; =0, and we get ¢p = hxg; Xi by taking t = 0 in (9). Choosing
againt=ty,and = o, wege from (iii),

hx; xi = hx; W, °[C(§]xi ¥ 0

an ¥ 1. Hence hxyg;xi =0 for al x 2 D(A), and therefore x5 = 0 by the
denseness of D(A), contradiction. [ ]
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