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ON THE SHAPE OF NUMERICAL RANGES
ASSOCIATED WITH LIE GROUPS

Tin-Yau Tam

Dedicated to Ky Fan on the occasion of his 85th birthday

Abstract. A survey of some recent results on the shape of the numerical
ranges associated with Lie groups, mainly convexity and star-shapedness, is
given. Some questions are asked.

1. INTRODUCTION

The dasscd numericd range of A 2 Cpepy is defined as the following subset
of C:
W (A) ;= fX°Ax : x 2 C";x°x = 1g:

The cdebrated Toeplitz-Hausdorff theorem [27, 13] asserts that it is convex. It is
remarkable for it states that the image of the unit spherein C" (a hollow object)
is convex under the nonlinear map, x A x°Ax. Perhaps it is the most interegting
geometric property of the set. Various generdizaions have been considered in the
literature and the development has been very ective in the last decades[12, 20]. Our
focus will be on the numerical ranges arisng from Lie groups Though the study
is fruitful, it is still a new development and by no means covers dl generdizaions.
In this note, we give a brief survey of some recent results on the shgpe of the
numerica ranges, mainly convexity and star-shapedness  Some quedions are asked.
Our generd references for Lie theory are [14, 18, 23].
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Hamos introduced the k-numerical range of A 2 Cng n:
(e >
Wk (A) = XiAXi 1 X1t X on inCY o k=1
i=1

He conjectured and Berger [8] proved that Wi (A) isdways convex. Then Westwick
[29] considered the c-numericad range of A, wherec 2 C™:
- oD
W:(A) = CiXiAXj : X1;:::;Xn on. inC"
i=1

By spectra decompostion, it can be formulated as
Wc(A) :=ftrCUAUI 1 : U 2 U(n)g;

where U (n) denotes the unitary group and C is normal with eigenvalues ¢ 2 C".
He proved that W (A) is dways convex for real ¢, i.e,, C isHermitian, and thisis
known as Westwick’s convexity theorem, but W¢ (A) failsto be convex for complex
cwhenn , 3. Themain ideaof Westwick’s proof isthe gpplication of Morse theory
on the homogeneous space U (n)=4(n) where 4(n) % U(n) is the subgroup of
diagond matrices Poon [24] gave the first dementary proof to Westwick’s resullt.
The result was later rediscovered by Ginsburg [2, p. 8].

2. NumericaL RanGe AND CompacTt CoNNeCTED Lie Grour

Let us elaborate on Westwick’s setting. If A = Az + 1Az is the Hermitian
decomposition of A 2 Cnz n, Where Ag; Ay aren£ n Hermitian matrices, and C is
an n £ n Hermitian matrix, then W¢(A) may be identified as the following subset
of RZ:

(1) Wc(Ag; Ap) ;= FtrCUALUT L trCUAUT L) U 2 U(n)g:

It is well-known that U (n) is a compact connected Lie group whose Lie agebra
u(n) is the set of skew Hermitian matrices. Naotice that

trCUi BU =trBUCU! = tr(iB)U(iC)Ui?

and thus we may assume that Az; A2;C 2 u(n) if convexity is the man concern,
and (1) can be written as Wc (A1;A2) = f(trAiL;tr AoL) 1 L 2 Ad(U(n))Cag,
where Ad (U(n))C := fUCUI!l : U 2 U(n)g is the adjoint orbit of C. This
orbital point of view turns out to be very useful in our gudy. The consideration of
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Rais [25] isthen naturd: Let G be a compact Lie group with Lie dgebra g which
is equipped with a G-invariant inner product h¢ a, i.e.,

hAd (g)X; Ad(g)Yi =hX; Y1 X;Y2¢g g2G:

For A1; Az; C 2 g, the C-numerical range of the pair (A1;A2) is defined to be the
following subset of R2:

@) We(Ag; Az) == T(hA1; Ad(9)Ci; hA2; Ad (9)Ci) : g 2 Gg:
It can be rewritten as
3) We (A1; A2) = F(hAg; Li; hA2; Li) : L 2 Ad(G)Cg;

where Ad(G)C :=fAd(g)C : g 2 Gg isthe adjoint orbit of C in g.

By using arexult of Atiyah [1] on a amooth function whose Hamil tonian vector
field generates a torus action on a compact connected symplectic manifold, and the
wel-known reult of Kirillov-Kostant-Souriau: the co-adjoint orbit of a compact
connected Lie group has a naturd symplectic structure [17], we have

Theorem 2.1. [26] Let G be a compact connected Lie group. For Az;Ay; C 2
g; the generalized numerical range Wc (Aq; A2) defined by (2) is convex.

Corallary 2.2.
(1) (Wedwick [27]) Let G = U(n) or SU(n). The C-numerical range Wc (A1;
Ay) = f(trAUCUI L trAoUCU 1) 1 U 2 Ggiis convex; where Az; A, and

C are Hermitian matrices.

(2) The st We (Ag;A2) = F(tr A;OCOI 1 trA,0COi 1) : O 2 SO(n)g is
convex; where Ap; Az; and C arereal skew symmetric matrices.

(3) The sat Wc(Ar; Az) = f(tr A;OCOi L;tr A,OCOi 1) : O 2 O(2n + 1)g
is convex and is equal to f(tr A;OCOT; trA,O0COT) : O 2 SO(2n + 1)g;
where Aq; Ay; and C arereal skew symmetric matrices.

(4) The st Wc(Ar; Ay) = f(trAiUCUT L trA,UCUIY) © U 2 Sp(n)g is
convex; where Ap; Az; C 2 sp(n) and the symplectic group Sp(n) % U (2n)
consigs of

A B’

5 & 2U(@n)

whilep = 3. Butitisconvex whenp =3 and n , 3. Also see[6].
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3. NumericaL RaNGE AND ReDUCTIVE LIE ALGEBRA

Letg =go +z be ared reductive Lie algebra, where go = [g; g] is semismple
and z isthe center of g. Let K% G (it is unique once we fix the andytic group
G for g [14, p. 112]) be the analytic group of k, where g = k + p is a given
Cartan decomposition of g. Here p is the orthogond complement of k in g with

4 Wc(Az; i Ap) =F(B(A1;Z2);::1;B(Ap; Z2)) : Z 2 Ad(K)Co;

where Ad(K)C = fAd(k)C : k 2 Kg is the orbit of C in p under the adjoint
action of K. Once we fix the Lie dgebra g, the C-numericd range is independent
of the choice of analytic group G associated with it [21]. Moreover, the choice
of Cartan decomposition of g does not afect the convexity or the nonconvexity
of the numerical range. The above definition was motivated by a result of Au-
Yeung and Tsing [6]: Wc(A1; A2; Az) is convex when g = gl(n; C) (gl(n; H)) and
C; A1; Az; Az are Hermitian matrices over C (H) withn | 3.

Indeed, the etting (4) is more generd than (3) if the invariant inner product
is i B(¢®. To see this, it is sufficient to consider semisimple compact connected
Liegroup G in (3). It is because for every compact connected Lie group G, G is
the commuting product GsZp and g = gs + z, where Gs is the and ytic subgroup
of G with ssmismple Lie algebra [14, p. 132], gs = [0; ] ad Z; is the identity
component of the center Z of G whose Lie dgebraisz. Now Ad(2) istrivid and
Ad(G) acts trivially onz. Sofor any C = Cs + C,, where C5 2 g5, C, 2 z, we
have Ad (G)C = Ad(Gs)Cs + C;. So Wc(A1; A2) in (3) can be written as

F(hA1s; Li;hAgs; Li) : L 2 Ad(Gs)Csg + H;
where Aj = Ais + Aiz, 1=1; 2, and
H := (hAss; Ci;hAzs; Czi) + (hA1z; Csi; hA2z; Csi) + (WAgz; Ci; hA2;; Coi)

isa constant Snce h¢ @ is Ad-invariant and the adjoint action is trivid on z. Thus
it suffices to consider the semisimple Gs. Now g = gs+ igs is complex semismple
which is viewed as a real semisimple Lie dgebra Identifying p = igs with gs in
(4), we get (3).

It is known [21] that sl2(R) is the only one giving nonconvex Wc (A1; Az)
among simple classical red Lie dgebras (up to isomorphism). Concerning the
convexity of Wc(A1; A2; Az) we have the following table and the proofs involve
delicate computation.
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Table 3.1. [21]

g=sln(C);n, 2 : Yesif n>2(bed possible)
h=slh(R) : No
h=slh(H);n=2m : Yesif n > 2 (bed possible)
h=supq(P=0;1:::;[n=2]; p+g=n) : Yesif p& q(best possible);
Noif p=q

g=s02n+1(C); n, 2 : Yesif n> 2 (best possible)
h=s0pq(P=0;1;:::;nmp+g=2n+1) : No

g=sp,(C)yn=2m; m_ 3 : Yes|(best possible)
h=sp,(R);n=2m : No
h=sp,q (0=0;1;:::5[m=2]; p+q=m) : No

g =s0n(C);n, 4 : Yes|(best possible)
h=sopg; (P=0;1;::5;n;p+q=2n) : No
h =s0°(2n) : Noif niseven. Yesif nisodd.

The following is the only case in the aove lig without an answer.

Problem 3.2 [21]. For the case s0”(2n) with an odd integer n, what is the
lagest m , 3 0 that Wc(As;:::;Am) isdways convex? It is known that m - 5.

Remark 3.2[21]. Theexceptiond simpleLiealgebras are[23]: 3 for gp; 4 for
f4; 6 for e5; 5 for e7 and 4 for eg. The total number of cases is 22. Among them
5 are compect Lie algebras and the corregponding numerical ranges are trivial. For
those 5 complex simple Lie dgebras of exceptiond type, when we condder them
as real Lie algebras Theorem 2.1 yidds the convexity of Wc (A1; A2). Hence 12
cases are left open.

4, GenerALIZED NUMERICAL RANGE AND NORMALITY

Westwick’ s convexity result asserts (after a suitable translation and rotation) that
Wc (A) is convex if C is normd and has collinear eigenva ues, for all A 2 Cpg n.
Given a normd C, Marcus [22] further conjectured that if Wc(A) is convex
for dl A 2 Chen, then the eigenvalues of C are collinear. Au-Yeung and Ts-
ing [7] proved Marcus conjecture affirmatively and their result is even gronger:
We([c]?) = ftr[c]U[c]°Ui! : U 2 U(n)g is not convex if the entries of ¢ are not
collinear, where [c] = diag(c1;:::;cn). Also see |9, 10Q].

Now we have the following setting. L&t g = k+ ik be the Cartan decompostion
of a complex semisimple Lie dgebra and let B(¢ ¢ be the Killing form on g. Let
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U be the Cartan involution, i.e, u:g ¥ gsuchthat x+y & xj yif x 2 k and
p = ik. Then p and the Killing form induce an inner product on g:

Y =1iBXHy); xy2g:
Given x;y 2 g, we define the x-numerica range of y as the following subset of C:
Wy (y) :=1(x;2), :z 2Ad(K)yg:

The numerical range for the complex reductive case is similarly defined. When
g = gl(n; C), the Cartan decomposition is the usual Hermitian decomposition,
K = SU(n) and u(A) = i A%, A 2 gl(n;C). Thusif A;C 2 gl(n;C), then
Wc(A) = fir CUA®U 1 : U 2 SU(n)g. The only difference between this setting
and the usua setting in the literature is that A is replaced by A® and this yidds no
difficulty.

Let a be a maximd abdian subdgebrain p = ik and thus ia + a is a Cartan
subd gebra of g. Now an dement X 2 g is sad to be normal if Ad(k)x 2 ia+a
for some k 2 K. Moativated by the result of Au-Yeung and Tsing [7] and some
computer generated figures, we have

Conjecture 4.1. Let g be a complex simple Lie algebra. If x 2 g is norma
and there does not exist a » 2 C such tha »x 2 a, then Wx(x) is not convex.

For example, if g = so(n;C), then the conjecture is that the st
fir COC°0il: 02 S0(n)g
is not convex, where

B 0 a; +iby° ' 0 am + ibm”
“i@+ib) 0o O i@n+ibm) 0

2 Cngny m = [n=2];

C ©0)

i Ad (K)X)uj? - (6 x)u(Ad (k)x; Ad (K)x),  (by Cauchy-Schwarz inequality)
=i (x)uB(Ad (K)x; pAd(k)x)
=i (;x)uB(Ad (K)x;Ad(K)ux)  (by pAd(k) = Ad(K)p)
=i (Xx),B(X;ux) (since B(¢®)isAd(K)-invariant)
= (% X):

Note that u and Ad (k) commute since Ad (K) leaves k and p = ik invariant. So
(X; X)u 2 Wx(X) ispodgtive and has the largest megnitude. (The boundary of Wc(c)



Numerical Ranges and Lie Groups 503

near this point is concave as shown in the proof of Au-Yeung and Tsing [7] when
s are not collinear for the gl,(C) case). Moreover Wy (X) is symmetric about
the origin for if w 2 Wx(X); then w = (X; Ad(K)X)y and W = (X; Ad(K)X)y =
(Ad(K)x; X))y = (6 Ad(KT 1)x) 2 Wy (X):

A related problem is concerning Kostant’s convexity theorem [19] for complex
reductive Lie agebras. Kostants's result claims that if g is a red reductive Lie
dgebra, then

% (Ad (K)X) = convW x; X2a;
where a % p is a maxima abelian subalgebra in p and g = k + p is a Catan
decomposition of g, W is the Weyl group of (g;a), % : p ¥ a is the orthogonal
projection with respect to the Killing form and conv S denotes the convex hull of
thesat S. This generalizes a classical result of Schur and Horn, namely,

W(,):= fdiagUaUi ! :U 2 U(n)g = convSy,;

where @ = diag(,), ., = (L1;:::;.n) 2 R" and S, is the symmetric group.
Au-Yeung and Sing [4] proved that if | 2 C" with _ s not collinear, then W(,)
iS hot convex. Neverth@lgs, Tang [26] proved tha W(, ) is star-shgped with
respect to the star center (* L, ., j)e, wheree = (1;1;:::;1). Harewe say thet a
nonempty subset X of a vector space is star-shaped with respect to a gar center s
if tx+ (1j t)s2 X whenever x 2 X and t 2 [0;1]. Thus it is natural to ask the
following questions.

Question 4.2. Let g be acomplex smple Liedgebra If x 2 g is hormal and
there does not exig a» 2 C quch that »x 2 a, isit true tha W(X) := %(Ad (K)X)
is not convex, where% : g ¥ ia+ais the orthogonal projection with regect to the
inner product (¢ §,?

For example, if g = so(n; C), then the question is whether the set
W(C) := f(a12;a34;as6; ::: ;2m+12m) : A= 0OCOI 1; O 2 SO(n)g% R™M
is not convex where

0 a; +iby” ' 0 am + ibm”
C= . © 00 .
i (a1 +iby) 0 i (@m + ibm) 0

2Cngn; m=[n=2];

©0)

if a3 +ib1;:::;am + ibm ae not collinear with the origin. We remark that if
Conjecture 4.1 is true, then the answer to Question 4.2 is positive.

Question 4.3. Let g be a complex reductive Lie dgebra If x 2 g is normd,
isit true tha W (X) := %(Ad (K)X) is gar-shaped with respect to the star center
(Xz), where X = Xs + Xz, Xz 2z and Xs 2 [g;9]?
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For the case g = so(n; C), the question is whether the st W(C) is star-shgped
or not for the aove C with generd aj + iby;:::;am + ibm?

5. STAR-SHAPEDNESS

When C; A 2 Cng n With C normd, Straus conjectured and Tsing [ 28] proved
that the C-numerical range

Wc(A) = firCUAUI 1 : U 2U(n)g

is star-shaped with star center (1=n)tr Atr C, a very interesing result on the shape
of the numericd range. Later Hughes [15] proved an infinite-dimensona analog
of Tang's result: the closure of the set

8 o
- ¢ =

Wc(T):= _ CijhTej gji:eq::iseqpison inH _
I )
isgar-shgped with respect totheset (tr C)We(T), where H isan infinite-dimensond
Hilbert space with inner product h¢ @, T is a bounded linear operator on H, and
W(T)=TF, :, =limynu Ty Tul; FF g iso.n. in Hg. Jones [16] proved the
same result without assuming that C is normal. However, as pointed out in [11],
Hughes' proof could not be applied to prove the finite-dimensional result of Tsing
and it seems that the proof of Jones cannot be modified to prove the star-shgpedness
of Wc (T) when H isfinite-dimensond. Recently, Cheung and Tsing [11] proved
that Wc (A) is star-shaped with the dar center %trAtr C. With the notations as

before, we make the following

Conjecture 5.1. Let g beacomplex reductiveLiealgebra. If X;y 2 g, then the
x-numerical range of y, Wx(y) := f(x;w), : w 2 Ad(K)yg is star-shaped with
respect to the star center (Xz;yz)u, Where X = Xs +X; 2 9, X, 2z and Xs 2[g;9].
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