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FIXED POINTS AND APPROXIMATE FIXED POINTS IN
PRODUCT SPACES

R. Espinolaand W. A. Kirk

Abstract. The paper deals with the generd theme of what is known about
the existence of fixed points and approximate fixed points for mappings which
satisfy geometric conditions in product spaces. In particular it is shown that
if X and Y are metric spaces each of which has the fixed point property for
nonexpansi ve mappings, then the product space (X £ Y )4 has the fixed point
property for nonexpansive mappings satisfying various contractive conditions.
It is also shown that the product space H = (M £ K)4 has the approximate
fixed point property for nonexpansive mappings whenever M is ametric space
which has the approximate fixed point property for such mappings and K is
a bounded convex subset of a Banach space.

1. INTRODUCTION

The study of fixed point theory for nonexpansve mappings in product spaces
is an outgrowth of its anaog for continuous mappings. A topologicd space is said
to have the fixed point property if every continuous sdf-map of the space has a
fixed point. It has been known for some time that if both X and Y have the fixed
point property for continouus mappings, then it need not be the case that X £ Y has
the fixed point property for mgppings f: X£ Y ¥ X £ Y which are continuous
relative to the product topology. Indeed, an example is given in [4] of a metric
gace X which has the fixed point property, yet the space X £ X fails to have the
fixed point property. See, for example, [6] (pecificdly, Theorem 4.9) for a more
extensive discusson.
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In 1968, Nadler [17] initiated a study of fixed point properties of mappings
T:XEY ¥ XE£Y,where X isatopological space with the fixed point property,
Y isametric pace, and T isacontinuous mapping which is dso alocd contraction
in its second coordinate. Fora continues this gpproach in [7].

The abovereallts lead naturally to the question of what happens if both X and
Y ae metric spaces with the contractive conditions placed directly on T. For this
discussion we need to fix some terminology. A mapping T of a metric gace (M; d)
into a metric space (N; r) is sad to be nonexpansive if r(f(x), f(y)) - d(x;y) for
dl x;y 2 M: If r(fF(x), f(y)) < d(x;y) for all x;y 2 M with x & y; then f is
said to bestrictly contractive. A mgpping T is sad to be a generalized contraction
if for each x 2 M there exists ®(x) 2 (0;1) such that for eech'y 2 M; r(f(X),
f(y)) - ®@(X)d(x;y). If ® is a constant mgp, then of course T is a contraction
mapping in the sense of Banach.

We shall usefix (T) to denotethe set of fixed points of amappingf : M T M.

If (X;%) and (Y;d) are metric spaces then the metricd4. on X £ Y is defined
in the usud way:

da ((x; u); (y; v)) = maxti(x; y); d(u;v)g

for (x;u);(y;v) 2 X £ Y. We shdl confine ourselves to the metric d4_ in this
paper, although dl of the results, indeed i n some instances even stronger ones, seem
to hold for the metrics dp, p 2 [1; 1),

do (0 U); (¥; V) = [(4(x; Y))P + (d(u; v))PTH=P:

A basic question now becomes: If (X; %) and (Y ; d) have the fixed point property
for nonexpansive mappingsandif T: X£Y ¥ X£ Y isnonexpansive reldive to
the metric dq ; then does T necessarily have a fixed point? Although sharp results
have been obta ned, the full answer to this question remans open.

In the next section we summarize what is known about metric fixed point theory
in product gpaces In Section 3 we prove some new results for mappings satisfying
‘contractive’ conditions. In Section 4 we prove a new result about the existence
of ‘gpproximete fixed points for nonexpansive mappings in product gpaces by gp-
plying a well-known result about asymptotic regularity of ‘averaged’ nonexpansive
mappings.

2. OVERVIEW

We begin by summarizing the results of Nadler and Fora Here and throughout
we use Py (resp., P2) to denote the naturd coordinate projection of X £ Y onto X
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(resp., onto Y). Version (C) of this result is due to Nadler; version (C") to Fora
Alternate proofs of these results are given in [11].

Theorem 2.1. Suppose X is a topological gpace which has the fixed point
property with respect to continuous mappings; uppose Y is a complete metric
gace; andsuppose T : X £ Y ¥ X £ Y isa continuous mapping which sati fies

(C) for eachx 2 X; there existsanumber _ (x) 2 (0; 1) suchthatfor all u;v 2 Y;

d(P22T(X;u);P2xT(x;Vv)) -, (X)d(u;V):

Then T has a fixed point if either
(@ T is uniformly continuous; or

(b) Y islocally compact.
Assumptions (@) and (b) can be dropped if condition (C) is strengthened to

(C) for each x 2 X; there exists a number _ (x) 2 (0; 1) and a neighborhood Vi
such that for eachw 2 Vi and all u;v2Y;

d(P2 £T (w; u); P2 T(w;Vv)) - ., (X)d(u;v):

We now turn to nonexpansive mappings in product spaces. In [15], it was
shown that if a bounded closed convex subset H of a Banach space has the fixed
point property for nonexpansive mappings, and if K is a bounded dosed convex
ubset of either a uniformly convex or uniformly smooth Banach space, then every
nonexpansive T : HE K ¥ HE K hasafixed point. This result led to a sequence
of generdizations, culminating in a remarkable result of T. Kuczumow [16].

In order to describe Kuczumow's result, we need some additional facts. It is
known that, in general, aweekly compact convex subset of a Banach space need not
have the fixed point property for nonexpansive mappings (Alspach [1]), but a the
same timeweak compactness (or reflexivity of the underlying space) in conjunction
with avariety of other geometric conditions (e.g., see [9]) does in fact assure that
any dosed convex set has the fixed point property for nonexpansve mgppings. In
view of this, the following definition is quite naturd.

Definition 2.1. A dosed convex aubset K is said to have the generic fixed
point property (for nonexpansive mappings) if for every nonexpansve T : K T K
and every T-invariant nonempty closed convex H g K; fix(T) \H & ;.

Kuczumow used aretraction gpoproach based on a method of Bruck [3] to prove
the following.

Theorem 2.2. Let X be a Banach space. Suppose K p X isweakly compact
convex and has the generic fixed point property; and suppose (Y;d) is a metric
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gpace which has the fixed point property for nonexpansive mappings. Then every
nonexpansive T : (K£ Y)q ¥ (K£ Y)41 hasafixed point.

Kuczumow observed that if X is a conjugate space, then the wesk topology in
the above result can be replaced by the weak® topol ogy.

Bruck’s pagper [3] is remarkably rich in idess, and in fact a different gpproach
found in the same paper can be modified to prove the following result. The details
are found in [12].

Theorem 2.3. Let E be a Banach space. Suppose X 1 E isa separable cosed
convex subset of E which has the generic fixed point property; and suppose (Y; d)
is a separable metric space which has the fixed point property for nonexpansve
mappings Then every nonexpansve T : (X £ Y)1 ¥ (X £ Y)4 hasa fixed
point.

While its method of proof is different, it is not clear to what extent, if any,
Theorem 2.3isactudly quditatively moregenerd than Theorem 2.2. Thisisbecause
there is no known example of a closed convex subset of a Banach space which has
the generic fixed point property et fails to be weakly compact.

There are perhgps two additional results which should be mentioned. While
we are badcdly interested here in the case p = 1 it is quite easy to prove the
followingforl - p< 1.

Theorem 2.4. Let E and F be Banach spaces. Suppose X p E and Y
F both have the fixed point property for nonexpansive mappings. Then every
nonexpansive T : (X £ Y), ¥ (X£ Y), hasafixed pointfor 1 - p< 1:

A proof of the aoveresult is given in[14], based on an argument given for the
following result in [11].

Theorem 2.5. Let E and F be Banach spaces. Quppose X 4 E and Y [
F both have the fixed point property for generalized contractions. Then every
generalized contraction T : (XEY), ¥ (X£Y),hasafixedpointforl - p- 1:

This completes an overview of what appear to be the mogt important known
results. We now turn to some new observations.

3. CoNTRACTIVE MAPPINGS IN PrRODUCT SPACES

If the assumption of nonexpansiveness is strengthened, then it is possible to
prove additiond results in afarly direct manner.
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Theorem 3.1. Let (X;%) and (Y; d) be metric paces Suppose Y has the
fixed point property for nonexpansive mappings and suppose X has the fixed point
property for grictly contractive mappings, and supposeT : (XEY)1 ¥ (XE£Y)1
is a nonexpandve mapping which satidfies the additional condition

APLET (X u); PLxT (y;v)) < da((xu); (y; V)
for al (x;u);(y;v) 2 X £ Y stidying %(x;y) & d(u;v): Then T has a fixed
point.

Theorem 3.2. Let (X;%) and (Y; d) be metric gpaces each of which has the
fixed point property for grictly contractive mappings. Then every strictly contrac-
tivemapping T : (X£ Y)q ¥ (X£ Y)q hasa fixed point.

Proof of Theorem 31. Fixu2Y and define T, : X ¥ X by setting

Tu(X) =P1xT(X;u); x2X:
Then if X &y, it follows that %(x;y) & d(u;u) = 0; and we have
A(Tu(); Tu(y)) = %P1 T W)); %P1 £T (y; 1)) < da((x;u); (v;u))
=% y):
Thus Ty, is drictly contractive and by assumption has a unique fixed g(u) 2 X:
Now define
"(u) =Pz T (g(u);u):
We show that * is nonexpansive. Notetha since Ty(g(u)) =g(u) and Ty (g(Vv)) =
g(v); we have

g(u) = P12 T(g(u);u); g(v) =P1£T(@V);V);
and, moreover, if %(g(u); g(v)) & d(u;Vv); then
2@U); 9(v)) = %P1 £ T(g(u); u); PL T (9(v);V))
<da((g(W); u); (9(v); v))
= maxfi(g(u); g(v)); d(u; v)g
=d(u;v):
Therefore, %(g(u); g(v)) - d(u;v) for dl u;v 2 Y: It follows that
d(® (u); " (v)) =d(P2 £T (g(u); u); P2 £ T(g(v); v))
- maxfi(Py £ T (g(u); u); PL= T(g(v);Vv));d(P22 T(g(u); u); P2 £ T(g(v); v))g
= da.(T(g(u);u); T(g(v); v)) - da((9(u); u); (9(v);Vv))
= maxF(g(u); g(v));d(u;v)g = d(u;v):
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Therefore, " : Y ¥ Y isnonexpansive. Since Y has the fixed point property for
nonexpansve mappings, there existsu 2 Y such tha " (u) = u; whence

u="(u) =P +T(g(u);u):
Since by assumption g(u) 2 fix(Ty); we have Ty(g(u)) = P1 £ T (g(u); u): [ ]
Proof of Theorem 3.2. The argument follows the previous one, except in this

cae we must show that * isstrictly contrective. Thefactthat T isgrictly contractive
assures that

maxfl/z(Pl + T(X; U); P, T(y; V)); d(P2 + T(X; U); Pot T(y; V))g
< maxfia(x; y); d(u; v)g

if Xx &y or u & v: Following the previous argument sep-by-gep, we conclude that
foru2 Y and x & y; the mgpping Ty is strictly contractive and has a unique fixed
point g(u). Also, if u & v we have

d("(u); " (v))=d(P2 £ T (g(u); u); P2 £ T(g(V); V))
- da(T(g(u);u); T(g(v); V)
< d2.((@(u); u); (9(v); v))
= d(u; v):

The conclusion now follows asin Theorem 3.1. [ ]

The following is a variant of Theorem 3.1. The assumptions on the mapping T
do not seem to be comparable.

Theorem 3.3. Let (X;%) and (Y;d) be metric spaces; each of which has the
fixed point property for nonexpand ve mappings; and suppoe T : (X £ Y)q1 ¥
(X £ Y )1 isa nonexpansve mapping which satisfies the additional condition

WP T(OGU;P12T(y; v)) <da((x;u);(y;v))

for al (xu);(y;v) 2 X £ Y satisfyingu & v and X & y: Then T has a fixed
point.
Theorem 3.3 has the following immediate corollary.

Corollary 3.1. Le (X;%) and (Y; d) be metric spaces; each of which has the
fixed point property for nonexpand ve mappings; and suppo T : (X £ Y)q ¥
(X £ Y)1 isa nonexpangve mapping which is quas-contractive in the sense that

da (TG u);T(y;v)) < da((xu); (y;v))
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for all (x;u); (y;v) 2 X £ Y satisfyingu & vand x & y: Then T has a (unique)
fixed point.

Note tha the condition of the corol lary is weaker than the contracti ve condition
of Theorem 3.2. In exchange, alittle more isassumed about the spaces; specifically
that X has the fixed point property for nonexpansve mappings.

Proof of Theorem 3.3. Fix u2 Y and as before define Ty, : X ¥ X by setting
Tu(X) =P £T(X;u); x2X:
Then
2(Tu(X); Tu(¥))
- maxPi(Py T (x;u); PL+T (y; W); d(P2 T (X3 u); P2 £ T (y;u))g
= da (TG U); T (y;u))
- da((x;u); (y;u)
= %(x;y):

Thus Ty is nonexpangve and by assumption has a nonempty fixed point set
fix (Ty) B X: Let g be any selection of the mapping

ua fix(Ty)

and define * asin Theorem 3.1. We show tha " is nonexpandve. Since g(u) 2
fix (Ty) and g(v) 2 fix(Ty), we have

g(u) =P1£T(g(u);u); 9(v) =P1£T(g(v); v):
Now let u;v 2 Y: There are two cases.
1 If g(u) =g(v); then obviously %(g(u);g(v)) - d(u;v) and we have
d(*(u); " (v)) =d(P2 £T (g(u); u); P2 T(g(v); V))
- maxfi(Py £ T (g(u);u); Pr2 T(g(v);Vv));d(P22 T(g(u); u); P2 £ T(g(v); v))g
= da(T(g(u);u); T(g(v); V) - da((g(u); u); (g(v);Vv)) - d(u; v):

2. On the other hand, if g(u) & g(v), then it mug also be the case that u & v:
Therefore,

%@U); 9(v)) =%(P1x T(g(u); u); P £T(9(v);V))
< da.((g(u); u); (g(v); V)
= maxf(g(u); g(v)); d(u; v)g
=d(u;v)
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and it follows that

d(*(u); " (v)) = d(P2 £ T (g(u); u); P2 £ T(g(v); V)

- maxfh(Py £ T(g(u);u); P1 £T(g(V);V)); d(P2 £ T (g(u); u); P2 £ T(g(v); V)9
= d2.(T(g(u); u); T@(V);Vv))

- da((g(u);u); @(v);v))

= maxf(g(u); g(v)); d(u;v)g = d(u;v):

Therefore, in ether case, d("(u); "(v)) - d(u;v); and " : Y T Y isnonex-
pandgve. The conclusion again follows asin Theorem 3.1. [ ]

In the preceding proof, the question might arise as to whether fix(Ty) is a
sngleton. Suppose otherwise, and let g1 (u) and g2 (u) be distinct choices for the
slection u A fix(Ty): Then accordingtocase 2, forany v 2Y;

d(g1(u); g2(u)) - d(@1(u); V) + d(gz(u); v) < 2d(u;v):
Obviously, this can happen only if u isan isolated point of Y:
To fadlitate comparison, we summarize the foregoing results as follows:

Theorem 3.4. Let (X;%) and (Y; d) be metric spaces and suppo= T : (X £
Y)1 ¥ (X £ Y)q isanonepansive mapping. Then T has a fixed point if any
one of the following conditions holds

(& X and Y have the fixed point property for nonexpansive maeppings and T
satisfies
da (TOGU);T(y;v) <da((x;u); (y; V)
for al (x;u);(y;v) 2 XE£ Y satisfyingu & v and X & y:
(b) Y hasthe fixed point property for nonexpansive mappings, X has the fixed

point property for drictly contractive mappings, and T : (X £ Y)q I
(X £ Y)q satisfies

BP1ET(XU);P1xT(y;Vv)) <da((X; u);(y;v))

for al (x;u);(y;v) 2 X £ Y satisfying %(x; y) & d(u; v).

(0 X and Y have the fixed point property for strictly contractive mappings and
T isstrictly contractive.
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4. AprPROXIMATE FIXED PoINTSIN PRODUCT SPacESs

In this section we prove an goproximate fixed point theorem for nonexpans ve
mappings in certain product spaces. A meric space (M;d) is sad to have the
approximate fixed point property if any nonexpansive mapping T : M ¥ M has
an gpproximate fixed point sequence, that is, a sequence fu,g in M for which
limn d(un; T (Uun)) =0: This of course is equivaent to saying

inffd(x; T(x)) : x2 Mg=0:

Our theorem is based on the following result, which was proved for a Sngle
mapping (and for a more generd convergence process) by Ishikawa [ 10]. Edelgein
and O’'Brien [5] showed that the convergence is uniform over K; and subsequently
Goebd and Kirk [8] showed that in fact the convergence is uniform over Xp in K
and over theclass of dl nonexpansve meppings T : K ¥ K: Another proof of this
fact is given in [13]. For atechnical sudy of the rae of uniform convergence and
a comprehengve review of the literature, see [2].

Theorem 4.1. Le K be a bounded convex subset of a Banach space and let
"> 0: ThenthereexistsN 2N suchthatif n , N;ifxo 2K;andif T: K ¥ K
is nonexpansve then

kF"(x0) i F""(xo)k - ™

where f = (1=2)(1 +T):
An interegting feature of the proof given beow is the fact that the penultimate

dep of the proof requires the uniformity of the convergence of Tf"(Xxg)g in the
above reault over the dass of dl nonexpansive T : K ¥ K:

Theorem 4.2. Suppose M isa netric pace which has the approximate fixed
point property for nonexpansive mappings and suppose K is a bounded dosed
convex subset of a Banach space X. Let

H=(KE M)q:
Then H has the approximate fixed point property for nonexpansve mappings.

Proof. LetT : H ¥ H benonexpansive and let P1 and P, denotethe respective
coordinate projections of H onto K and M. Fixy 2 M and define Ty : K 1 K

by stting
Ty(X) =P1xT(X;y); X2 K:

Now fix Xo 2 K and st fy = (I + Ty)=2:
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Now, if u;v 2 M, then
kfu(xo) i fv(xo)k = (1=2)kTu(X0) i Tv(x0)k
= (1=2)kP1 £ T (u;X0) i P1£T(v; Xo)k
- (1=2)d 1. (T (U; X0); T (v; X0))
- (1=2)d 2 ((u; %0); (Vi X0))
= (1=2)d(u;v):
Suppose kf{'(x0) i fI'(Xo)k - d(u; Vv): Then
K (x0) i 7 (x0)k
= kfu £ fl(x0) i v +F(Xo)k
= (1=2)kfi(x0) i Tu(fi'(x0)) + F'(x0) i Tv(fi(x0))k
- (1=2)kfi(x0) i fi'(x0)k
+ (1=2)KTu(fl (%)) i Tu(FV'(x0))k
+ (1=2)d(u; v) + (1=2)kP1 £ T(u; Fi(X0)) i P1£T (v; fi'(x0))k
- (1=2)d(u; v) + (1=2)KT (u; T (%0)) i T(v; TV'(%0))k
- (1=2)d(u; v) + (1=2)k(u; Tl (%0)) i (V; '(X0))k
- d(u; v):
By induction, we conclude that
kfi'(x0) i Fv'(xo)k - d(u; V)
foral u;v2 M; n2 N. Now for each n, define ", : M ¥ M viathe rdation
"n(X) = P2 £ T(F(X0); X):
Then
d("n(); "n(v)) = d(P2 £ T (F{(x0); u); P2 £ T (F'(X0); V)
- da ((Fd (%0); u); (F'(X0); V)
- d(u; v):
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By assumption, there existsy, 2 M such that d("n(yn);yn) - 1=n; n = 1;2; ¢¢¢.
Thus we have

d(P2 £ T(fy,, (X0); Yn);yn) = d(P2+ T(fy (X0); yn); P2(Ty, (X0); yn))
- 1=n:
Moreover, by Theorem 4.1,
kP1(fy), (%0);yn) i P1xT (fy, (X0);yn)K
= kfy, (x0) i P1+T(fy] (X0);yn)K
=kf5 (Xo) i Ty, (Fy, (Xo))K
= (1=2)kfy) (x0) i Fy M (xo)k ¥ O:

Therefore,
da ((fy, (0); yn); T (fy;, (X0); yn))
= maxf(1=2)kfy (xo) i )" (Xo)k;1=ng ¥ O;
and T(f) (Xo); yn)g is an approximate fixed point sequence for T: [ ]

The proof above is suggested by the agpproach of [15].
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