ADVANCED CALCULUS (JUNE 17, 2008)

1. (a) fo f sin(2?)dzdy = fo [y sin(z?)dydx = fol wsin(z?)dz = (1 — cos1)/2.
(b) fo fzz r3drdz = fo 22 —28)/4dz == (1/3 —1/9)/4 = 1/18.

du _ 9f 9 of 0
2. (a) 3¢ = 3% aera_a_y

9v = S99z | 55% = 22(—rsinf) + 33(7”0059).

(b) fo=1,92 = 22,9, = 150 Foo(f,9) = 92 (f, 9) fa + 9y (f,9) 9 = 2(w +€¥) % 1 + 1% 22.

3. Since | f(x,y)| < 7| cos? @ + sin? | < 2r, so f is continuous at (0,0).
By lim, o L&Y =150 £,(0,0) = 1 and also f,(0,0) = 1.

Since |[f(2,y) — £(0,0) = D' f((0,0), (x, )II/ Iz, )| = 2%y + zy?|/7°,
which does not go to 0 as (z,y) — (0.0).

dg .
By cos a I sin 0,

|%’L%’

4. Since Vf = (1,1,3) there is no interior extremum. On the bottom part of the
boundary , by Lagrange (1,1,3) = a(2z,2y,—1), so a = -3,z = y = —1/6, then
f(=1/6,—1/6,1/18) = —1/6. On the top part of the boundary (1,1,3) # (0,0,1). On
the top edge, (1,1,3) = b(2z,2y, —1) + ¢(0,0,1), we have 2 = 4,2 = y = £v/2. Then
f(=vZ, —v2,4) = —2v/2 4+ 12 and f(v/z,V2,4) = 22 + 12.

5.y mtmTlf(x) = LM f(x) = 4 f(tx) = Y7 @ fs, (tx). Then let ¢t = 1.

6. (a) Vf =(0,0) implies y = km and z = ({+1/2)m. f(l+1/2)m, kr) = 2 if both k,[ are
even, f(I+1/2)w, kr) = —2 if both k,[ are odd, and f(I+1/2)m, kr) =0 if k + [ are odd.
(b) Vf = 0 implies 2z + 2y = 0,2z = 6y = 0, so (z,y) = (0,0) which is not in the
triangle. On the boundary edge L[(1,0), (3,2)],y = x—1, f = 622—8x+3, so f is increasing
there. On the boundary edge L[(1,0),(2,—1)],y = —z + 1,f = 22% —4x + 3, so f is
increasing there. On the boundary edge L[( —1),(3,2)],y = 3217, f = 3422 — 1402+ 147.
The minimum is at x = 140/68 there. So f(l, 1) is minimum and f(3,2) is maximum.

7. Let u = x + y,v = xy, solve z,y in terms of u,v, you get x = u/2 + \/(u/2)? — v,y =
u/2 —+/(u/2)? — v, that gives the inverse of f from F to E.

8. Let y —x =u,y+x =uv, then [[, e 2)/F2)g4 =1/2 f24 fi)v e/ Ududv = 3(1 — e~ 1).
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