
ADVANCED CALCULUS (JUNE 17, 2008)
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x sin(x2)dx = (1¡ cos 1)=2:
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(z2 ¡ z8)=4dz == (1=3¡ 1=9)=4 = 1=18:
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(b) fx = 1; gx = 2x; gy = 1 so Fx(f; g) = gx(f; g)fx + gy(f; g)gx = 2(x+ e
y) ¤ 1+ 1 ¤ 2x:

3. Since jf(x; y)j · rj cos3 µ + sinµ j · 2r, so f is continuous at (0; 0).
By limx!0

f(x;0)
x = 1 so fx(0; 0) = 1 and also fy(0; 0) = 1.

Since j[f(x; y)¡ f(0; 0)¡D1f((0; 0); (x; y))]j=k(x; y)k = jx2y + xy2j=r3,
which does not go to 0 as (x; y)! (0:0).

4. Since rf = (1; 1; 3) there is no interior extremum. On the bottom part of the
boundary , by Lagrange (1; 1; 3) = a(2x; 2y;¡1), so a = ¡3; x = y = ¡1=6, then
f(¡1=6;¡1=6; 1=18) = ¡1=6. On the top part of the boundary (1; 1; 3) 6= (0; 0; 1). On

the top edge, (1; 1; 3) = b(2x; 2y;¡1) + c(0; 0; 1), we have z = 4; x = y = §
p
2. Then

f(¡pz;¡
p
2; 4) = ¡2

p
2 + 12 and f(

p
z;
p
2; 4) = 2

p
2 + 12.

5. y mtm¡1f(x) = d
dt t

mf(x) = d
dtf(tx) =

Pn
1 xjfxj (tx). Then let t = 1.

6. (a) rf = (0; 0) implies y = k¼ and x = (l+ 1=2)¼. f(l+ 1=2)¼; k¼) = 2 if both k; l are
even, f(l+ 1=2)¼; k¼) = ¡2 if both k; l are odd, and f(l+ 1=2)¼; k¼) = 0 if k+ l are odd.
(b) rf = 0 implies 2x + 2y = 0; 2x = 6y = 0, so (x; y) = (0; 0) which is not in the

triangle. On the boundary edge L[(1; 0); (3; 2)]; y = x¡1; f = 6x2¡8x+3, so f is increasing
there. On the boundary edge L[(1; 0); (2;¡1)]; y = ¡x + 1; f = 2x2 ¡ 4x + 3, so f is
increasing there. On the boundary edge L[(2;¡1); (3; 2)]; y = 3x¡7; f = 34x2¡140x+147.
The minimum is at x = 140=68 there. So f(1; 1) is minimum and f(3; 2) is maximum.

7. Let u = x+ y; v = xy, solve x; y in terms of u; v, you get x = u=2 +
p
(u=2)2 ¡ v; y =

u=2¡
p
(u=2)2 ¡ v, that gives the inverse of f from F to E.

8. Let y ¡ x = u; y + x = v, then
RR
E
e(y¡x)=(y+x)dA = 1=2

R 4
2

R 0
¡v e

u=vdudv = 3(1¡ e¡1):
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