CONCENTRATION PHENOMENA IN A NONLOCAL QUASILINEAR
PROBLEM MODELLING PHYTOPLANKTON II: LIMITING PROFILE

YIHONG DU AND SZE-BI HSU

ABSTRACT. We study the positive steady-state of a quasilinear reaction-diffusion system
in one space dimension introduced by Klausmeier and Litchman for the modelling of the
distributions of phytoplankton biomass and its nutrient. The system has nonlocal de-
pendence on the biomass function, and has a biomass dependent drifting term describing
the active movement of the biomass towards location of better growth condition. In the
separate part I of this research, we have obtained existence and nonexistence results.
In part IT here, we obtain complete descriptions of the profile of the solutions when
the coeflicient of the drifting term is large, rigorously proving the numerically observed
phenomenon of concentration of biomass for this model. Our results reveal four criti-
cal numbers for the model not observed before, and offer several further insights to the

problem being modelled.

1. INTRODUCTION

We continue our investigation in [DH] on the problem

( —lduy + oc(z)ul, = [g(x) —mlu, 0<z <1,

—doVye = —g(x)u, 0<ax<l,
(1.1)

dyug + oc(x)u =0, x=0, 1,
v2(0) = 0, v,(1) = Blvg — v(1)],

\
where di, dy, 0, m, vy and [ are positive constants,

g(x) = f(min{av(z), w(z)}), f(s)

. rs
_K[+$

and

w(z) = woexp[—Agr — A /090 u(s)ds],
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with a, 7, K7, wy, A and Ay positive constants. We are interested in positive solutions of
(1.1), namely v > 0 and v > 0 in [0,1]. From (1.1) it is easy to see that for any such
solution, v is an increasing function. Clearly w is a decreasing function. The function
c(x) is defined by

() r — Tg
C\¥) = ——
(5+’.§L’—LUO|’

where ¢ > 0 is a small constant and zy € [0, 1] is determined by the following description:
min{av(z),w(x)} = av(z) Yo € [0, z0); min{av(z), w(z)} = w(z) Y € (xq, 1].

Such a system arises in the mathematical modelling of phytoplankton in a one dimen-
sional water column, and the term oc(x) is used to describe the active movement of the
biomass towards spatial location with better growth condition. Klausmeier and Litchman
[KL] propose to use this model to study the concentration phenomenon widely observed
for phytoplankton in lakes and oceans. The numerical analysis in [KL] demonstrates that
for large o, the biomass function u(z) concentrates at a certain level x = x, while the
nutrient function v(x) is close to a piecewise linear function. They then treat u as a con-
stant multiple of the d-function concentrating at x, and propose a game theoretical model
to determine the location of x,. We refer to part I [DH]| for further details regarding the
background of (1.1).

Here, we rigorously prove the existence of such a concentration phenomenon, and obtain
exact formulas for the determination of z, and the total biomass. In doing so, we reveal
the existence of four critical values v,, < v, < v* < v*™* for vy (the nutrient level at the
sediment), such that

(i) z» = 0 when vy > v*, z, € (0,1) when vy € (vs,v*), and x, = 1 when vy < v,;

(ii) the total biomass increases with vy in the range v.. < vy < v**, but it stays
constant for vy > v** or vy < wv,, (and with vy above a certain level so that the
biomass can survive).

It turns out that the game theoretical model of [KL] is a simplified version of our limiting
equations for the case v, < vy < v*.
In part I ([DH]), we have proved the following two theorems:

Theorem 1.1. There exist 0 < m, < m* < 0o such that (1.1) has a positive solution for
m € (0,m,), and it has no positive solution for m > m?*.

The values of m, and m* depend on the parameters in (1.1). To stress their dependence

on o, we write m, = m, (o), m* = m*(o).

Theorem 1.2.

lim m, (o) = lim m* (o) = f(min{awvg, wo}).

ag—00 ag—00
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To investigate the limiting profile of the positive solutions of (1.1) as ¢ — oo, we will
fix m such that 0 < m < f(min{awvy, wo}) and let o,, be an increasing sequence of positive
numbers converging to co. By Theorems 1.1 and 1.2, for all large n, (1.1) with ¢ = o, has
at least one positive solution. Suppose that (u,,v,) is such a solution. We will analyze
the behavior of (u,,v,) as n — oo. This will be done in the following two sections.

In section 2, we will find all the possible limiting profiles a subsequence of {(uy,,v,)} can
have, in particular, we will find the limiting equations governing these possible limiting
profiles. In section 3, we will show that the limiting equations obtained in section 2 have
a unique solution and hence the original entire sequence {(uy,,v,)} has a unique limiting
profile as n — oo.

Our main results here are Theorems 3.1, 3.2 and 3.3. The biological predictions of
our results, and comparison of our rigorous limiting equations with the game theoretical
model of [KL] are given in Remark 3.4 at the end of the paper. Though the proofs here
are rather involved, they consist of mainly standard elliptic regularity arguments and
elementary mathematical analysis.

2. THE LIMITING EQUATIONS

We will keep using the notations of part I [DH]. It turns out that the techniques used
in the proof of Theorem 3.1 in part I are not good enough for our purpose here. We will
introduce some different ones.

Suppose that 0 < m < f(min{awvy, wo}), and o, (u,, v,) are as given in the introduction
above. Suppose ¢y, u, () = Cy, (z), x, € [0,1]. By passing to a subsequence we may
assume that z,, — x, € [0,1]. Then

T — Ty
e |z — -

Co., Ch.

in C'([0, 1]). We now define

B(o) =exp [~ 52 | o, (s)as],

and
By a direct computation we obtain
V! + 0, T (2)V,, = [f(min{own, wy}) — m} v,, xe€(0,1),
{ U+ (0,,/2)C W, = 0, r=0,1,

where
on(x — 2,)? — 2d,6

Tn(z) := 4y (8 + |z — 2|2
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Let
Vn<y) = \Ijn (0_;1/2y + -Tn), Cn(y> = 0711/205071 (0—;1/2?/ + xn) = +/27
o+ an 7yl
ay, = —a}/%n, b, = 0,11/2(1 — ),
and
Fo(y) := f(min{av, (0, "2y + 2n), wa(0, %y + 2,)}).
Then
2 _92d.6
—d V) SV, = 0, [Fu(y) — m] Ve, € (an,ba).
(2.1) Ad1 (6 +on ""lyl)?
V! +(1/2)C,V, =0, Y= a,, b,.

In the discussions below, we will consider the cases x, € (0,1), z, = 0 and z, = 1
separately.

Lemma 2.1. Suppose x,, — z, € (0,1) and set V,,(y) = Vo (¥)/|Vall=(ansn))- Then
V,, — Vi in C(J) for any finite interval J C (—o0, 00),
where Vo(y) = exp[—%] is the unique solution of

2d15 — y2

—d, V" =
! 4d, 52

V,0<V <1, V(0)=1, V'(0)=0.

Proof. Since x, € (0,1), we have a, — —oo and b, — 00 as n — o0o0. Let us note
that, for y € [a,, —(2d;0)"/? — €] and all large n, the first equation in (2.1) implies that
V'(y) > 0. Since d1V/(a,) = —(1/2)Cy(an)Va(a,) > 0, we deduce that V/(y) > 0 in
(an, —(2d16)"/? — ¢ for all large n. Hence V,, is increasing in this range. Similarly, we can
see that V,,(y) is decreasing in the range y € [(2d;6)/% + €, b,] for all large n. Therefore
max V,, = V,,(y,) for some y, € [~2d,0)V? — ¢, (2d,6)"/% + €], and V,,(y) = Vi (y)/Via(¥n).
We may assume that y, — y* as n — co. We now define

. 2d,6 — 1? .
F.(y) = +o, |Foly) —m|.
) Ad1 (6 + o0 1 |y))? ) )

Then V,,(y,) = 1 and
22) —d\ V' =E,V,, 0<V, <1, y€ (anby,),
‘ d\V! + (1/2)C,V,, = 0, Y = ap, by.
Since {F’n} is uniformly bounded over any bounded interval and 0 < V,, < 1, we may
apply the interior L? theory (see [GT]) to (2.2), use the Sobolev imbedding theorem and
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a standard diagonal argument to conclude that, by passing to a subsequence, V,, — V in
C'(J) for any bounded interval .J, and V satisfies

2d15 — y2 ~ ~ ~

(2.3) —d, V" = eV 0< V <1in (—o0,00), V(y*) =1, V'(y*) = 0.

By the monotonicity property of V,(y) observed earlier, we know that V(y) is non-
decreasing in (—o0, —(2d;6)"/?), and is non-increasing in ((2d;6)'/%,00). We can now
use (2.3) to conclude that V'(y) is positive and increasing in (—oo, —(2d,6)'/?), reaching
a positive maximum at y = —(2d,0)"/2, and then is decreasing in (—(2d;6)"/?, (2d,6)"/?),
reaching a negative minimum at y = (2d,6)"/?, and for y > (2d;6)'/?, it is increasing and
stays negative. Therefore V'(y) has a unique zero at some yo € (— (2d16)"/2, (2d16)"/?),
which is the unique maximum point of V. Thus yo = y*. In other words, V(y) is increas-
ing in (—oo,y*) and is decreasing in (y*,0). It then follows from an elementary analysis
that V decays to 0 as ly| — oo, and there exists C, Cy > 0 such that

V(y), [V'(y)] < Cre @M vy € (—o00,00).

We now multiply V(—vy) to (2.3), integrate over [y*,00) and then apply integration by
parts. Since V(—y) satisfies the differential equation in (2.3), we deduce

V(=g )WV () + V' (y)V(-y*) =0.

It follows that V/(—y*) = 0. Since y* is the only zero of V', we must have y* = —y*, that
is, y* = 0. By the uniqueness theorem of initial value problems of ordinary differential

equations, we must have V = Vjp, the unique solution of (2.3) with y* = 0. A simple

calculation confirms that the function exp[—ﬁm] solves the equation for V. Hence, by
uniqueness,
2
1% =exp | — .
0(9) p [ Ad, 5]
Since Vj is uniquely determined, the entire original sequence {V,} converges to V;. O

Using the monotonicity of V,, and the fact that Vy(y) — 0 as |y| — oo, we easily see
that Lemma 2.1 implies

(2.4 19010l = Vo2 = ) | gy — 0 285 2 = 0.

n

We now denote W,,(z) = ¥,,(x)/||¥,||s and consider the function

(1) = 0228, (2)0,(z) = (01/2 ”%”‘”)un.

We will show that for large n, u, behaves like the )-function concentrating at z,. Indeed,
we have the following result.
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Lemma 2.2. For any given small € > 0, |z — x,| > € implies

- On
(25) 0< Un(x) S O'TIL/2 exp |: — mEQ} — 0.

Moreover, when x, — x, € (0,1),

1 oo
(2.6) lim U (v)dr = Cy = \/2d15/ e dr.

n—oo 0

Proof. For any given small € > 0, there exists 0y = dp(€) > 0 small so that, when |z —z,| <

607

on(l —€)
46d,

o
46d,
For any x € [0, 1], we have

exp [— (x — [En)Q} < P, (r) < exp [— (x — xn)Q]

On

46dy

(z — xn)Q] < @, (2) < exp [_ . On

exp [ - m(z — xn)z} .

Since ¥,, < 1, for |z — z,,| > €, we have

_ On
iy () < op/*exp [ — m&ﬂ — 0.

This proves (2.5). Moreover, we have

/01 mte = [ a0 e+ o)

n—¢€
1/2

= / @, (2, + 0, ?y)Valy)dy + o(1)

=/_oo exp [ — v 1Vo(y)dy + o(1)

N 1,6
oo y2
:/_ eXp[_leé]dy+0(1)'

Hence (2.6) holds. For later application, let us also note from the above argument that

1 Tn

(2.7) lim Up(z)dr = lim U (z)dx = Cy/2.
n—oo Zn n—oo 0

Denote 7, := ||\Iln||ooagl/2. We find that
Un () = Tt ().

Lemma 2.3. Suppose that x, — x. € (0,1). Then {7,} has a subsequence, still denoted

by itself, such that 1, — 7. > 0. Moreover, T, and x, must satisfy

(2.8) woe ™ Aom—AT(Co/2) — oz[vo — %mCo(l + 371 — x*)},
2
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and
1
(29) m = / f(woe—on*—AT* max{C’o/?,Coy})dy'
0

Furthermore, by possibly passing to a further subsequence, u,, — 0 in C([0, 1]\ [z« —€, T+
€]), Ve > 0, and

(2.10) vn () — vg — ;-—*mC'O(l + 7 — max{z, z,})
2

uniformly in [0, 1].
Proof. By passing to a subsequence, we have two possible cases:
(i) 7, — o0, (ii) 7, — T € [0,00).

Step 1. Case (i) cannot happen.
Suppose 7, — 00; we are going to derive a contradiction. Denote

fn = f(min{av,, w,}).

Since

_ Ty ~
wn(-rn) < wge Aty [ un(s)ds’

and by (2.7)
/ Up(s)ds — Cp/2 > 0,
0

we easily see that w,(z,) — 0. It follows that

| follso = fau(@n) = flwn(z,)) — 0.
This implies that

1
/ fntpdr — 0.
0

On the other hand, we may integrate the equation for u,, to obtain

1
[ o) = e o
0
which implies that
1
/ [fu(z) — m]i,dx = 0.
0

Letting n — oo and using (2.6), we obtain
1
mCy = lim fnti,dx =0,
n—oo 0

which contradicts our assumption that m > 0. Therefore case (i) cannot happen.

Step 2. The limiting profile of u,, and v,.
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We next consider case (ii), namely 7, — 7. € [0,00). In this case, due to (2.5),
Up = Tply, — 0 in C([0,1] \ [z4 — €, 24 + €]), Ve > 0, and hence

(2.11) T frnln, — 0 uniformly in [0, x, — €] U [z, + €, 1], Ve > 0.
Let ¢, = vg — v,. Then

Since v, > 0 we have ¢, < vy. Since 7, @, > 0, from (2.12) and the maximum principle,
we deduce that ¢, > 0. Hence we always have 0 < (,, < vg. Therefore we can integrate
(2.12) to obtain

1
i [ Sl = IG0) G0 = d56,(1) € [0, 4y

This implies that, by passing to a subsequence, we may assume that 7, — 1. € [0, d2Bvo].
Moreover, using (2.11), (2.12) and 7,, — 7., we find that

{¢,} is a bounded sequence in L*(]0, 1]),
¢! (x) — 0 uniformly in [0, z, — €], Ve > 0,
¢! (x) = —ny/dy uniformly in [z, + €, 1], Ve > 0.

Since moreover 0 < ¢, < vy, we conclude that {(,} is precompact in C([0, 1]). Hence, by
passing to a subsequence, we may assume that ¢, — ¢ in C([0, 1]).

On the other hand, we may apply the L? theory to (2.12) and the Sobolev imbedding
theorem to find a further subsequence, still denoted by ¢,, such that ¢, — ¢ in C 1(J) for
any compact interval .J C [0, z,) U (z,, 1], and C satisfies (in the weak sense)

—dy(" = 0in [0, 2,) U (z,,1], {'(0) =0, {'(1)+ B¢(1) = 0.

Clearly we must have ¢ = (. Moreover, our earlier analysis on ¢, implies that ¢’ (x) =0

in [0, z,) and ('(x) = —n./ds in (x,, 1]. These properties uniquely determine (:
(2.13) ((2) = (0 /d)(1 + B — max{z,, 2})

Step 3. 7, > 0.
Otherwise, 7. = 0 and hence 7, = 0. It follows that ¢ = 0 and v, — vy uniformly in
[0, 1], and

one—ATn foz Uin (s)ds Ao

wy(x) = wee™ — wpe % = w,(x)
uniformly in [0, 1]. This implies that

z, =z and f,(z) — fo(z) := f(min{awy, w,}) uniformly in [0, 1].
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We may now integrate the equation for w, to obtain, as before,

1
/ [fu(z) — m]t,dx = 0.
0
Letting n — oo, we deduce
[fo(5) —m]Co =0,
which contradicts our assumption that m < f(min{avy, wo}) = fo(xf). Hence 7, > 0.

Step 4. The equations for x, and T.
We now set to find the equations that determine x, and 7.. By (2.7),

—Aozn ,—Atn [§ Un(s)ds —on*e—AT*(CO/Z)

wp(T,) = wee e — wpe

On the other hand,
W (2,) = avy(2,) — afvg — ((z4)].

Thus we necessarily have
(2.14) woe A0 —ATH(C0/2) — afvg — ((z2)] = afvo — (n/do) (1 + 871 — 2,)].

Moreover, using (2.5), (2.7) and the fact that av, — a(vy — ¢) uniformly in [0, 1], we
deduce

(2.15) /Oxn f(avy)ndz — (Co/2) f (e — al(zy)).

Using

Wy () = woeA0Te AT Jg Gn(s)ds

and the property of 4, we obtain, for any small € > 0,
1 1
/ f(wn)ﬂndgj _ / f(woeiAOziAT" : " Gy (s)ds— ATy, ‘on ﬁn(s)ds)andl'
o $Z*+€ . -
- / f (woe™Aom=Ame(Co/2) emAmm [, in(0)49) g, g + 0(1)
o Txt€ . -
= [1+o0.(1)] / f (woe™Aom = Ar(Co/De=Amn Loy in ()42 g iy 4+ o(1)
[, fin(s)ds]
=[1+ o0.(1)] / f(woe—on*—An(00/2)6—,4%@/)dy +0(1)
0

Co/2
= o] [ e A DA gy 1 o(0)
0

That is,

1 Co/2
(2.16) / f(wy)t,(x)de — / f(woe*Aom**AT*(CO/Q)efAT*y)dy
T 0

as n — Q.
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Combining (2.15) and (2.16), we obtain

= lim 7, / fnti,dx

n—oo

Co/2
=T [(C’O/Z)f(owo — aC(x*)) + /0 f(woe_on*_AT*(CO/Q)e_AT*y) dy].

Moreover, we may integrate the equation for u,, to obtain

/ [fu() = mindz = 0.

Letting n — oo and using (2.15), (2.16), we obtain

(2.17)

Co/2
mCoy = (Co/2) f(avy — al(z.)) + / f(woefAOx*fAT*(CO/z)efAT*y)dy-
0
This combined with (2.17) yields

(2.18) N = T7mCo,

and combined with (2.14) gives

C()/2
m = (1/2) f (woe ot AT(@R)) 4 Gt / f (woe™Aome=Am(Co/2) = Arw) g
0

Co
— Co_l f Tou— ATy maX{CO/Q,y})dy

1
f woe—Aoz* — AT, max{Cy/2, Coy}) dy,

0
0 (2.9) is proved. (2.8) and (2.10) clearly follow from (2.13), (2.14) and (2.18). O

We now consider the case x, = 0. By passing to a subsequence, we have two subcases:
(al) a, := = —o2 %2, — —o0, (a2) a, — a. € (—0o0,0].

Lemma 2.4. In subcase (al), all the conclusions in Lemmas 2.2 and 2.3 hold. In subcase

(a2), {1n} has a subsequence, still denoted by itself, such that 7, — 1. > 0. Moreover, T,
and a, must satisfy

1
(2.19) m :/ f(woe‘AT* maX{C(a*),[C’o/Q-&-C’(a*)]y})dy)
0
and
(2.20) a(vo - %m[CO/Q + C(an)](1+ 5—1)) = wpeATC@) if g, <0,
2

(2.21) a(vo - %m((JO/Z)(l + 5—1)) > wo if a, =0,

2
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where

0 2
Cl(ax) :—/ exp [ — 2d15}dy.

Furthermore, by possibly passing to a further subsequence, u, — 0 in C([e, 1]), Ve € (0,1),

Tn 1
(2.22) lim Up(x)dr = C(ay), lim Up(x)dr = Cy/2 4+ C(ay),
and
(2.23) () — vy — %m[C’o/Q +C0(a)](1+ 87" —2)
2

uniformly in [0, 1].

Proof. In subcase (al), we may repeat the arguments used for the case z, € (0,1) above
to see that all the conclusions there (with x, replaced by 0) remain valid; the proofs carry
over with minor modifications.

Consider now subcase (a2). In this case, we may use interior and boundary L” estimates
and the Sobolev imbedding theorem to conclude that, by passing to a subsequence, Hf/n —
V||C1([QH7M]) — 0 for all M > 0, where V satisfies, instead of (2.3),

-, 2di6 — - 7
_d V" = Lzyv’ 0 <V <1in (ay,o00),
(224) ~ a4d,1,5 ~ ¥
V' (a) + 55V (a.) =0, V(y) =1, V(y") = 0.

Note that as before V is decreasing in [(2d16)"/?,00). This and (2.24) imply that V
converges to 0 as y — oo. Moreover, an elementary consideration shows that

V()| V(y) < Cre @

for some C},Cs > 0 and all y > 0.

We will show that y* = 0 and V is again the unique solution of (2.3) with y* = 0, namely
Vo. Since Vj and |Vj| are bounded from above by a function of the form Cye~“2¥ we can
multiply the first equation in (2.24) by Vj, integrate over [y*,00) and use integration by
parts to deduce

[VVy = V'V

o0
° = 0.
Yy

It follows that V{(y*) = 0, which implies that y* = 0. Therefore, by the uniqueness of
initial value problems of the ordinary differential equations, we deduce V = V. Let us
note that a direct calculation shows

diVy (y) + %Vo(y) = 0 for every y € (—00, ).

Therefore (2.24) does not introduce any restriction for a,.
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Since now o4/ *x, — —a,, instead of (2.6), we have
Tp 1
(2.25) lim Up(x)dr = C(ay), lim Up(x)dr = Cy/2 + C(ay),

where
y? 2

0 0
C(ay) ::/a exp[ 4d15]VO( )dy:/a exp[—;il(s}dy.

We proceed as in the case =, € (0,1) and have two possibilities for 7, as before. We

show that in the current case, we still cannot have 7,, — co. Arguing indirectly, we assume
that 7,, — oo.
Then in the case a, < 0, we have C'(a,) > 0 and hence

wn(l,n) < wpe — Aty [§T n (s)ds _, 0.

It follows that
||fn||00 = fn($7L) = f(wn<xn)) — 0,

and .
/ fntpdr — 0.
0
If a, =0, then C(a,) =0 and

/ Fo@)in(@)de = | F(wn(@))in(@)dz + o(1)

Tn

1

[frn Un (s)ds]
= / f(woe™ ™) dy + o(1)
0

Therefore we always have
1
/ frtindx — 0 as n — oo.
0

As before, we may integrate the equation for u, to obtain

1
/ [fu(z) — m]i,dx = 0.
0
Letting n — oo and using the above estimate we deduce

a contradiction to our assumption that m > 0. Therefore we cannot have 7,, — oo.
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Thus we can only have the case 7,, — 7,. Then much as before we deduce u,, — 0 in

C([e, 1]) for all € € (0, 1), and

G = €= (n/d2)(1+ 57" — )

in C([0,1]) N C([¢, 1]), Ve € (0,1). If 7. = 0, we can deduce as before that m = fo(z}), a
contradiction to our initial assumption on m. Therefore 7, > 0.

If a, = 0, we first choose y,, € (z,,1) such that y, — 0 and f Uy (x)dx — 0, and then
we have

/0 f@)an @)z = [ fwn(@))in(@)dz + o(1)

Tn

Yn Tn ~ T ~
— / f(woe—on—ATn Jo ™ n(s)ds—Amy fa:n un(s)ds)andl_ + 0(1>
i L
_ / f(w()e_ATn fxn un(S)ds)andI + 0(1)
:1?711 N
_ / f(woefATn f:z;n Un(S)ds)andx + 0(1)

Co/2
= / f(’UJOe—AT*y)dy + 0(1)
0
If a, <0, then z,, > 0 and w,(z,) = av,(z,). From

?Jn(l’n) — Vo — C(O)

and

—Agxn—ATn fg" Undx —A7C(ax)

wp(x,) = woe — woe

we obtain
Oé[UO . C(O)] _ woefAT*C(a*).

Moreover, similar to the above,

| h@i) - y"f(wn<x>>an<x>dx+o<1>

In

Yn
— / f(w()e ATn fo )ds ATnf Un S)ds)undx + 0<1)

Co/2
:/ f(woe_AT*O(“*)_AT*y)dy+0(1),
0
and
/ fu(z)ty (x)dz / flav, () Uy, (x)dx

= f(afvo — ¢(0)])C(a.) + o(1)
= C(a,) f (woe™ ™)) + o(1).
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Therefore we always have

1 Co/2+C (ax)

(2.26) / Friipdr — / f(woefAT* max{C(a*),y})dy'

0 0
We may now use

1
/ [fn(z) — m]i,dx =0
0
to obtain
CO/2+C(G,*)
miCo/2+ Cla) = [ (1A mC@ ) gy
0

Therefore

1
m = / f (wpe AT max{Cla) [Co/24Clalu) gy,
0

and (2.19) is proved.
We thus obtain

1
Ny = Ty lim frtindr = 1.m[Cy/2 + C(as)].

n—oo 0

Therefore,

V() = vg — (= vg — gm[Cg/Q +C(a)](1+ 571 —2)

2
uniformly in [0, 1], that is, (2.23) holds.

Let us note that (2.22) was already proved in (2.25). So it remains to prove (2.20) and
(2.21). If a, <0, then z,, > 0 and we necessarily have av,(x,) = w,(z,). Recall that

Wy (z,) — woe_AT*C(“*), Un(25) — vo — €(0).

Hence

Oé(“o - %m[CO/Q + C(a.)](1+ B_l)> = woe ATC(@),
2

If a, = 0, then x,, = 0 is possible and so we have av,(x,) > w,(x,) in general, and

instead of the above identity we should have

oz(vo - ;—Zm(Cg/2)(1 + ﬂ_l)> > wy.

Thus (2.20) and (2.21) are established. The proof is now complete. d

Finally we consider the case z, = 1. By passing to a subsequence, we have two subcases:

(b1) by, = oa/*(1 = 2,,) — 00, (b2) b, — by € [0, 00).
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Lemma 2.5. In subcase (bl), all the conclusions in Lemmas 2.2 and 2.3 holds. In subcase
(b2), {7} has a subsequence, still denoted by itself, such that 7, — 7. > 0. Moreover, T,
and b, must satisfy

1

(2.27) m :/ f(woe—Ao—Ar* max{Co/2,[Co/2+C~'(b*)}y})dy

0
and
(2.28) oz<v0 — dT—*ﬁ[O()/Q + é(b*)]) = woe*Ao*A-r*Co/Z Zf b* > 07

2
(2.29) a(vo - i(00/2)> < wgeAomATC0/2 yf b=,
dof3

where

b. 2
A Y
C(by) := — dy = C(=b,).
)= [ exp[ - ]y = C(-b)
Furthermore, by possibly passing to a further subsequence, u, — 0 in C([0,1 — €|) for

every € € (0,1),

1 1
(2.30) lim [ dn(z)de=C(b,), lim [ d,(z)dz = Cy/2+ C(b,),
n—oo Tn, n—oo 0
(2.31) vn() = v — ¢ = vy — —=[Co/2 + O(b.)]
dy3

uniformly in [0, 1].

Proof. In subcase (bl), we may repeat the arguments used in Lemmas 2.2 and 2.3 for the
case x, € (0,1) to see that all the conclusions there (with x, replaced by 1) remain valid,;
the proofs only need minor modifications.

We now consider subcase (b2). Then instead of (2.3) we have

., 2d16 —y? - -
V" = 1—yV, 0<V <1lin (—00,b.),
(2.32) b Adio
V'(b) + <V (b,) =0, V(y*) =1, V'(y*) = 0.

20
Note that as before V is increasing in (—oo, —(2d16)"/?]. This and (2.32) imply that V
converges to 0 as y — —oo. Moreover, an elementary consideration shows that

V' ()], V(y) < Cre @M

for some C},Cs > 0 and all y < 0.
As in the case for (2.24), we can similarly show that y* = 0 and V = Vj, the unique
solution of (2.3) with y* = 0. Moreover, (2.32) introduces no restriction for b.
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Since o/ *(

1 —z,) — b, instead of (2.6), we have
1 1
lim [ ,(z)de=C(b,), lim [ a,(z)dz = Cy/2+ C(b,),

n—00 n—00
Tn 0

where

This establishes (2.30).

We proceed as in the case z, € (0,1) and have two possibilities for 7,, as before. We
show that in the current case, we still cannot have 7,, — co. Arguing indirectly, we assume
that 7,, — oo.

Since [ G dz — Co/2, we have

—Ar, foz” Uin(s)ds

Wy (2,) < wpe — 0.

It follows that
[ falloo = fu(@n) < fwn(zn)) — 0,

and )
/ frtndr — 0.
0

As before, we may integrate the equation for u, to obtain

1
/ [fn(z) — m]ta,dx = 0.

0
Letting n — oo and using the above estimate we deduce
—m|[Cy/2 + C(b.)] = 0,

a contradiction to our assumption that m > 0. Therefore we cannot have 7,, — oo.

Thus we can only have the case 7, — 7,. Then much as before we deduce u,, — 0 in
C([0,1 — ¢]) for each € € (0,1) and ¢, — ¢ in C([0,1]) N C*([0,1 — €]), Ve € (0, 1), with ¢
satisfying

¢"=0in[0,1), =01in [0,1).

Hence ( is a constant. To determine its value, we use

1
—dy(' (1) = / Tnfniindr — 7,[Co/2 + C(b,)]
0
and
G + (1) =0

to deduce
Th ~
_d_2[00/2 + C(b.)] + B¢ =0,
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and hence

(2.33) ¢ =

dQﬁ[Co/Q‘FC( )]

If 7, =0, then ¢ = 0 and hence v,, — vy uniformly in [0, 1] and

—Agz— A1y, [ Undx —Aox

wy(x) = wee — wpe

uniformly in [0, 1]. Then we can deduce as before that m = fy(zf), a contradiction to our
initial assumption on m. Therefore 7, > 0.

We have
/ fu(@)tin(z)dz / fav, (), (x)ds

= (Co/2) f(alvo = €)) + o(1).
If b, = 0, then

If b, > 0, then z,, > 0 and w,(z,) = av,(z,). From

Ta -
Un () = vo — (= [Co/2 + C(b)]
do 3
and
W () = woe—A0Tn =A™ S amdz o= Ao—ATiCo/2
we obtain
(2.34) a(vo [CO/Q + C’( )}) woeonfAT*Co/Q.
do 3
Moreover,

/ i@ = [ (w0 2) ()

1
Ty ~ o x o~ ~
_ / f(woeonfoTn fo Ui (s)ds— ATy, fzn un(s)ds)undl,
Tn

C(b)
:/ f(woeonfAT*CoﬂfAny)dy_|_0(1)'
0

Therefore, whether b, = 0 or b, > 0, we always have

1 Co/2+C
@) [ f@ied - [ (g Ao—Ammax{Co/20) gy,
0 0
We may now use

[ ) = miude =0,
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to obtain
5 Co/2+C(bs)
m[Co/Q + C(b*)] = / f(woeon*AT* max{Co/2,y})dy’
0

which gives (2.27).
Note that if b, = 0, then z,, = 1 is possible and we only have w,(z,) > av(z,), so
instead of (2.27), we should have

a(vo - i[C’O/Q + é(b*)]) < woe Ao A™C0/2,

d23
Thus we have established (2.28) and (2.29). Clearly (2.31) follows from (2.33) and the
fact that v, — vy — ¢ uniformly in [0, 1]. The proof is complete. 0

3. LIMITING PROFILE OF THE POSITIVE SOLUTIONS

We are now ready to state and prove our main results. We will show that the limiting
equations obtained in the previous section uniquely determine x, and 7,, and the value
of vy determines which set of limiting equations should be used for calculating x, and 7,.
In this way, the asymptotic behavior of the positive solutions is completely determined.

Let us recall that m is fixed such that

(3.1) 0 <m < f(min{awg, we}),

and 0, — o0 is a sequence of positive numbers. Therefore by Theorems 1.1 and 1.2,
problem (1.1) with o = ¢,, has a positive solution (u,,v,) for all large n. Recall that
Co > 0 is given in (2.6), which is completely determined by ¢ and d;. Due to (3.1) there
exists a unique 75 > 0 such that

1
(32) m = / f (woe*AT{f max{Co/Q,C’oy}) dy
0
Let us then define
(3.3) v*(m) = %e‘ATSCO/Q + ;—OmC’O(l + ﬁ_l).
2

Let v(m) > 0 be uniquely determined by

m = f(aw(m)).

By (3.1), we always have vy > v(m).
When m < f(wpe™4°), we can find a unique 7; > 0 such that

1
(34) m = / f(woeonfATl* max{Co/Q,Coy})dy_
0
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We now define
10 g=0-ariCo/2 | T—l*mC’oﬂ_l if m < f(wpe™0),
(3.5) ve(m):=¢ « do
v(m) if f(woe™) <m < f(wp).

It is easily seen that v,.(m) is continuous.
As we will see below, to completely determine the asymptotic profile of (uy,,v,), it is

necessary to distinguish the cases vy € [v.(m),v*(m)], vo > v*(m), and vy < v.(m).
Theorem 3.1. Suppose that vy > v(m) and

(3.6) ve(m) < wvg < v*(m).

Then the system (2.8) and (2.9), namely

woe Ao —A(Co/2) — afvg — Zl_—*mC'o(l + 07— 2],
2

1
m = / f(woe—Aoa:*—AT* max{Co/Q,Coy})dy’
0
has a unique solution pair (z.,T.) satisfying x. € [0,1] and 7. > 0. Moreover,

1
u, — 0 in C([0,1] \ [z+ — €, 24 + €]), Ve > 0, / updr — 7,.Cy,
0

Un () — vy — Zl-—*mCo(l + 87! — max{x, z,}) uniformly in [0,1].
2

Furthermore, . = 0 if vg = v*(m), x, € (0,1) if v.(m) < vog < v*(m), x. = 1 if
Vg = vi(m).

Proof. Using the notations of the previous section, by passing to a subsequence, x,, — x, €
[0, 1]. By possibly passing to a further subsequence, the behavior of (u,,v,) as n — oo is
then determined by Lemmas 2.2, 2.3, 2.4 and 2.5, according to whether x, € (0,1), z, =0
or z, = 1. In the last two cases we have to further distinguish whether it is subcase (al)
or (a2), and subcase (bl) or (b2), respectively.

If we can show that z, and 7, are uniquely determined by the value of vy, then the
corresponding results in the previous section would hold not only for a subsequence, but
for the entire original sequence, and hence the behavior of (u,,v,) as n — oo would be
completely determined.

The rather long proof below is broken into several steps.

Step 1. Subcases (a2) and (b2) do not happen.
Firstly we observe that subcase (a2) does not happen. Indeed, if this case happens,
then since C'(a.) < Cp/2, as explained below, we see from a careful comparison of (2.19)
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and (3.2) that
T > 75, TC(ay) < 75C/2, 1.[Co/2 + C(as)] > 15 Co.

In the comparison, we can deduce these inequalities one at a time, in the above order,
and the previous inequalities are used for obtaining the next inequality. For example, to
deduce 7.C(a.) < 175Cy/2 from 7. > 77, we observe that 7.C(a,) > 75Cy/2 and 7, > 7
would imply

1. max{C(a.), [Co/2 4+ C(a)ly} > max{riCo/2,[1.Co/2 + 15Co/2]y}
> 75 max{Cy/2, Coy},
with strict inequality holding in the last step for y € [1/2, 1], which is impossible when
one compares (2.19) with (3.2).

It then follows from (2.20) and (2.21) that vy > v*(m), contradicting (3.6).
Similarly, if subcase (b2) happens, then from (2.27) we deduce

7. > 7 and 7,[Co/2 4+ C(b,)] < 1:C,,

which imply, by (2.28) and (2.29) that vy < v.(m), again contradicting (3.6). Therefore
subcase (b2) cannot happen.

Thus, by our discussion in the previous section, we are in the cases where (2.8) and (2.9)
hold. To show that (2.8) and (2.9) have a unique solution (z.,7.) satisfying z, € [0, 1]
and 7, > 0, we establish below a procedure to uniquely find x, and 7,. In the discussion
below, we will treat vy > 0 as a varying parameter.

Step 2. A procedure to solve (2.8) and (2.9).
It is useful to use the new variable

A= A()ZE* + AT*C()/2

Then
Ty = ()\ - AT*O()/Q)/A(),

and (2.8) can be rewritten as

Wo _\_ T 1 A ARG)2
ae = dsz’O(l—i—ﬁ —a >,
or
mC’o _1 Wo _
— 7 [(1 Ay — A 2)Ty| =vg — —e 7.
dngT[( + 87 A0 — A+ A(Co/2)7.] = vo e
We now consider the quadratic equation of 7:
C
(3.7) PO L1 4 B7Y) Ag — A+ A(Co/2)7] = g — 2
dQAO [0



A NONLOCAL QUASILINEAR PROBLEM MODELLING PHYTOPLANKTON II 21

For each vy > 0, let Ag(vg) denote the minimal nonnegative A such that vy — %e”‘ > 0.
Clearly

(3.8) Ao(vo) = 0 if vg > wp/a, Ag(vp) is decreasing in (0, w/a, limo Ao(vg) = o0.
vo—

For each vy > 0 and A > A\g(vp), the quadratic equation (3.7) has a maximal zero, which
we denote by 7(A,vg). It is easily seen that 7(\,v9) > 0 and

Mo(vo) — Ag(1 + ﬁ—l)}
ACy/2 ’

(3.9) when vy < wp/a, T(Ao(v9), vo) = max {0,

(3.10)  7(A,wp) is increasing in A and in vy, lim,,—. 7(A, v9) = 0o for fixed A > 0.

Since \g(wp/a) = 0, by (3.9), 7(Ao(wo/), wp/a) = 0. Let us consider the continuous
function

1
M(UQ) _ / f(woe—)\o(vo)—AT(Ao(vo),vo) max{O,Coy—Co/2})dy.
0

The above observation shows that M (wg/a) = f(wy) > m. By (3.8), we have M (vy) — 0
as vp — 0. By (3.10), we deduce M (vg) — 0 as vyg — oo. Hence from the continuity of
M (vg) we can find vy, and vy, such that

0 < Vpnin < Wo/ ¢ < Uz < 00,

M(UO) >m vUO S (Uminvvmax)a M(Umzn) - M(Umax) =m.

Now for each vy € (Vmin, Vmaz)s

1
m</ f(woef)\o(vo)fA‘r()\g(vo),vo)maX{O,ngfCo/Q})dy'
0

This and the monotonicity of 7(A,vp) in A imply that for such vy we can find a unique
A = Ai(v9) > Ao(vp) such that

1
m = / f(woef/\*fAT()\*,vg) maX{O,COnyo/Q})dy.
0

Clearly vy — A (vp) is continuous and

)\*(Umin + O) = AO(Umin)a )\*(Umax - O) = )\O(Umaz)-
So we may define
)\*(Umm) - )\O(Umin)a )\*(Umaa}) - )\O(Umaac)~

We claim that the function T'(vg) := 7(A(vg), vo) is increasing in [Umin, Vmaz|. Other-
wise, we can find v,,;, < 51 < 8o < Vpae such that T'(sy) > T'(sy). Since

1 1
/ f (woef)\* (s1)—AT(s1) maX{O,Coy*CO/Q}) _ / f (woef)\*(sg)fAT(SQ) max{O7COych/2}) ’
0 0
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T(s1) > T(s9) implies that A, (s1) < Ai(s2), which implies, by the monotonicity of 7(\, vg),
T(Sl) = T()\*(Sl), 81> < 7'()\*(82), 52) = T(SQ).

This contradiction proves the claimed monotonicity of T'(vg).

We show next that T'(Vmaez) > 7. Since Vpmae > wo/c, we have A\o(Upq,) = 0 and hence

1
m = M(’Umax) — / f(woe*AT(O,’Umaz)maX{O,Coy*CO/Q})dy'
0

By (3.2),

1
m = / f(woe—Ara‘Coﬂ—ATg max{O,Coy—Co/Q})dy.
0
Comparing the above two expressions we obtain 7(0, Ve, ) > 7. Hence

T(Umam> = T<)\*(Umaaﬁ); Umaz) = T()\O<Umam)7 Umax) = 7—(07 Umax) > 7—57

as we wanted.

We now consider T(vpin). We have two different cases: m < f(wpe ) and m >
f(woe=40). Consider first the case m < f(wpe=°). We show that T'(v:,) < 77 in this
case. Since Ay (Umin) = Ao(Umin) We have

T(Umzn) = T(Ao(vmin), Umin)-

Hence, by (3.9),

T (Vpnin) = max {0, Ao(Umin) — Ao(1 +571) }

ACo/2
If 2o(tmin) AT < 0, then T'(vyys,) = 0 < 77 If 2wl AsB ) 0 hen
A min) ~ A 1 -
(i) = 202 AT
ACy/2
and hence

:/ f woe A0 (Umnin ) — AT(vmm)maX{O,Coy—Co/2})dy

o(1+8~1H)— AT(vmm)Co/ZfAT(vmm)max{O,ConyO/Q})dy

= / f(woe o(1+87 1)~ AT(vmm)maX{Co/ZCoy})dy_
0
Comparing this with (3.4), we find that T'(vy,) < 77
With the above properties of T'(vg), we can uniquely determine v, and v* with v,,;, <
Uy < U < Uppae Such that
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We claim that v* = v* m) and v, = v,(m). Indeed, from

m = woe A (0*)—AT (v )max{O,ConyO/Q}) d

0

Y

and T'(v*) = 7§, we easily see by comparing with (3.2) that \.(v*) = 77 ACy/2. Hence
0 =T (V") = 7(A(v7),0") = T(77 ACy/2,07).

By the definition of 7(\, vp), the above identity means that 7 = 7§ solves (3.7) with
A =T15ACy/2 and vy = v*. Therefore we may compare with (3.3) to deduce v* = v*(m).
Similarly, we can show that v, = v.(m).

Since T is monotone, for each vy € [v.(m),v*(m)], T(vy) € [, 7]]. Hence we can
compare (3.2) and (3.4) with

1
m:/ f(woe—k*(vo)—AT(vo)max{O,C’oy—Co/2})dy
0

to find that, for such vy, we necessarily have
AT(U())C()/Q S /\*(’Uo) S A() + AT(’U())C(]/2,

otherwise we would arrive at contradictions to T'(vg) € [rf,7¢]. This implies that there

exists a unique =, € [0,1] such that
)\*<U0) = Aol’* -+ AT(U[))C()/Q

Let 7. = T'(vp); we find that (z., 7.) solves (2.8) and (2.9).
We next consider the case m > f(wpe™). In this case, v,(m) = v(m); moreover, we
show that

T (Umin) =0, Vmin = v(m).
Indeed, from
T (Umin) = T(A(VUmin), Vmin) = 7(Ao(Vmin), Vmin)
we obtain
m = /1 f(woef/\o(vmm)fA‘r(/\o(vmm),vmm)max{O,ConyO/Q})dy
0

S f(woe_)\o(vmin)).
It follows that Ag(vmin) < Ag < Ao(1+ 571). By (3.9), we deduce 7(Ao(Vimin), Vmin) = 0,
that is, T (Vi) = 0. This gives

1
m = / f(woe_ko(vmin))dy — f(woeAO(vmin))'
0

Hence

O{y(m) — woe_AO(Umin)'
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On the other hand, since v,,;, < wo/«, by the definition of the function A,

Upnin, — @e—)\o(vmm) —0.
Therefore we have v,,;, = v(m).

We can now conclude that there exists a unique v* € (Umin, Umaz ), such that T'(v*) =
75. We may then prove v* = v*(m) as before. Since T' is monotone, for each vy €
(ve(m),v*(m)] = (v(m),v*(m)], T(vy) € (0,75]. Hence we can compare (3.2) and m >
f(woe=40) with (3.1) to deduce

AT('U())C()/Q < )\*(Uo) < AO + AT(UQ)C()/Q,
and there exists a unique z, € [0, 1) such that
)\*(’Uo) = A()l'* + AT(U())C()/Q

Let 7. = T'(v); we find that (x.,7,) solves (2.8) and (2.9).

The above discussion shows that when (3.6) holds, (2.8) and (2.9) has at least one
solution (z.,T.) satisfying z, € [0,1] and 7. > 0, and such a solution can be found by
following the above given procedure.

Step 3. Uniqueness of (z.,T.) and completion of the proof.

We next show that when (3.6) holds, (2.8) and (2.9) has a unique solution (z.,T.)
satisfying x, € [0,1] and 7. > 0. So let (z.,7.) be an arbitrary solution of (2.8) and
(2.9) with vy € [vi(m),v*(m)] N (v(m),v*(m)] and z, € [0,1], 7. > 0. Then 7. must
be the maximal zero of (3.7) with A = Agz, + A7.Cy/2 > 0; this is the case because
vy — %e_’\ > (0 and thus the two zeros of (3.7) are of opposite sign. Therefore, using our
earlier notations,

T = T(A,v9), A > Ao(vo).
Then (2.9) yields

1

m = f(woe—AO;v*—AT* max{Co/Q,Coy})dy

J
/1 f(woef)\fAT()\,vo) max{0,00y7€0/2})dy.

0
Since vy € [vi(m),v*(m)] N (v(m),v*(M)] C (Vmins Vmaz), in view of the above identity,
our definition of \,(vg) implies that A = A.(vg) and hence 7(\,vg) = T(vp), that is
T = 7(\,v9) = T'(vp). This implies that the solution pair (x,,7.) is the same as the one
obtained through our above introduced procedure for solving (2.8) and (2.9). Hence there
is a unique solution.

With 7, and x, uniquely determined now, it is easily seen that our conclusions for wu,,
and v,, follow from Lemmas 2.2, 2.3, 2.4 and 2.5.



A NONLOCAL QUASILINEAR PROBLEM MODELLING PHYTOPLANKTON II 25

Moreover, from the above given procedure for finding (x,, 7.), we easily see that x, = 0
if vg =v*(m), z, € (0,1) if v.(m) < vy <V*(M), . = 1 if vy = va(M).
The proof of the theorem is now complete. O

Next we consider the case that vy > v*(m). Let 0 < Ay < A° be uniquely determined
by

1
(3.11) m = f(woe ) = / f(woe_A’\Oy)dy.
0
For each A € [0, \g], we can find a unique I' = I'(\) such that
1
(3.12) m :/ f(woe_AmaX{)\’Fy})dy'
0

Moreover, it is easily seen that A — I'(\) is a continuous decreasing function with
['(X) = Ao, T(0) = \°.
Therefore we can find a unique A € (0, \g) such that
[(\2) = 2)°.
Comparing with (3.2) we find that actually
(3.13) M = 75Co/2.

We define

AN = %e—/ﬂ + %j)m(l + 7.

Clearly A(A) is a decreasing function on [0, Ag] with
A0 2\
AO) = 204 Tom(1 4 871, A = DN (14 5.
« ds « ds

Due to (3.13), we find that

Theorem 3.2. Suppose that

(3.14) vg > v (m) = A\Y).

If vg < A(0) and \* € (0,\0) is uniquely determined by vy = A(X\*), then
un, — 0 in C([e, 1]), Ve € (0,1), /01 updr — T(N¥),

I'(\)

dy
If vg > A(0), then the above conclusions hold with \* = 0.

Up () — vg — m(1+ B~ — x) uniformly in [0,1].
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Proof. We first show that case (a2) happens. Let us start by observing that none of the
cases leading to (2.8) and (2.9) can happen. Indeed, in these cases, (x,,7.) solves (2.8)
and (2.9) with z, € [0,1] and 7. > 0. As in Step 3 of the proof of Theorem 3.1, denoting
A = Agz, + A1.Cy/2, we must have 7, = 7(A\,vg) and A > Ag(vg). Then (2.9) gives

1
m = / f(woe—A—AT()\,vg) max{O,Coy—C’o/Q})dy.
0

Since vy > v*(m), we have either
Vo > Upaz OF Vg € (V*(M), Unmag)-

If vo € (v*(Mm), Vmaz] € (Vmin, Umaz), then the above identity implies that A = A, (vp) and
hence (A, vg) = T'(vg). From vy > v*(m) we now deduce 7, = T'(vy) > 75 and hence we
can compare (2.9) with (3.2) to deduce z, < 0, a contradiction.

If vo > Vpmaz, then by the monotonicity of 7(-,-), we deduce

T(Av0) > T(\, Vmaz) > 7(0, Vmag)-

Therefore, recalling Ay (Vmaz) = Ao(Vmax) = 0, we obtain

1
m :/ f(woef)\fAT()\,vo)max{O,Coyfco/Q}dy

0
1

</ f(woe_AT(Ovvmar)maX{07Coy—Co/2}dy
0

=m

again a contradiction. Therefore none of the cases that lead to (2.8) and (2.9) can happen.
This implies that either (a2) or (b2) happens.
Next we show that case (b2) cannot happen. Otherwise, by (2.27) we obtain

m < f(wee ™).
Hence 71 > 0 is defined. Moreover, comparing (2.27) with (3.4) we obtain
7. > 71, 7[Co/2 4 C(b,)] < 11 Co,

which imply, by (2.28) and (2.29) that vy < v.(m) < v*(m), contradicting (3.14).
Therefore we necessarily have case (a2). We now introduce the notations

A=1.C(a,), T = 7.[Co/2 + C(a,)].
From (2.19), (2.20) and (2.21) we find that

1
(315) m :/ f(woe—Amax{/\,Fy}>dy’
0

T
(3.16) v > LA 4 (1 4+ 57,
[0 d2
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with equality holding if a, < 0.

Suppose now vy > A(0). We claim that in this case we have A = 0 and hence, by
(3.15), I' = T'(0) = A% Suppose for the sake of contradiction that A > 0. From (3.15)
and (3.11) we easily see that A < Ag. Now C(a,) > 0 and hence a, < 0. Thus equality
in (3.16) holds. By (3.15) we deduce I' = T'(\) and hence it follows from (3.16) that
vo = A(N\) < A(0), contradicting our assumption on vy above. Hence in this case, we have
A = 0 and thus

Clas) =0, 7. =1(0)/(Co/2).

Next we suppose that v*(m) < vy < A(0). From (3.15) we deduce I' = I'(\) for some
A € [0, Ag]. We must have A > 0 for otherwise, from (3.15) and (3.16) we deduce I' = I'(0)
and vy > A(0), contradicting our current assumption on vy. Therefore A > 0 and hence
a. < 0, implying that equality in (3.16) holds. Recalling I' = I'(\), we thus obtain
vo = A(A), and A = A\*. It follows that 7. and a, in Lemma 2.4 are uniquely determined
by

7.C(a,) = N, 7.[Co/2+ C(as)] = T'(X"),

namely
L) — _
* — TN Ja * — C ! )\* * ).
The rest of the proof now follows from Lemma 2.4. O

We now consider the remaining case that v(m) < vy < vi(m), which can happen only
if m < f(wee ). Suppose that \g, A, A and T'()\) are as in Theorem 3.2 but with
wy there replaced by wee . and we denote them by Ao, A%, A2 and T'(\), respectively.

Define -
I'(A)

Wo _ Ag—Ax -1
A(N) i= —e 0 .
(A):= —"e + g, e
Then A()) is a decreasing function over [0, \o] with
< ) T
A(0) = %B_AO + z—gmﬂ_l, AN = %G_AO_A’\Q + %mﬁ_l = v.(m).

Theorem 3.3. Suppose that m < f(woe™™°) and
(3.17) v(m) < vy < v.(m) = ANY).
if vo > A(0) and N\, € (0, ) is uniquely determined by vy = A(N,), then
1
u, — 0in C([0,1 — ¢€]), Ve € (0,1), / undz — T(N,),
0
INOW

dy
If u(m) < vy < A(0), then the above conclusions hold with A\, = 0.

Un () — vg — mB~" uniformly in [0,1].
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Proof. This is similar to that of Theorem 3.2. Here we can show that case (b2) must

happen, and then we use Lemma 2.5. We omit the details. U

Remark 3.4. We now compare our results with the game theoretical model in [KL], and

explain the predictions that our theoretical results offer for the phytoplankton problem

being modelled.

(i)

(i

(iii)

(iv)

Firstly we note that if we replace max{Cy/2, Coy} in (2.9) by Cy, then the system
of equations for (z,,7.) in Theorem 3.1 reduces to the game theoretical model of
[KL], namely equations (4) and (5) in [KL] with B = 7,Cj.

When vy > v*(m), from Theorem 3.2 and Step 1 of the proof of Theorems 3.1 we

see that as ¢ — oo the total biomass has limit
(A7) = 7.[Co/2 + Clas)] > 75 Cp.

If we have simply used (2.8) and (2.9) with z, = 0 to calculate the total biomass,
we would have obtained the incorrect limit 75Cy. Similarly, the limit of the total
biomass in the case of Theorem 3.3 is less than the value one would have obtained
by simply using (2.8) and (2.9) with z, = 1.
By Theorem 3.2, we find that when vy > v** := A(0), the limiting total biomass
is a constant function of vy, no longer increasing with vy, while it increases with
vg for vy € [v*(m), v**].
By Theorem 3.3, we find that if m < f(wee™4°), then v(m) < v.. = A(0) <
m.(m), and for vy € (v(m), v..], the limiting total biomass takes a constant value,
while it is increasing with vy for vy € (Vss, v4(m)].
In view of points (ii), (iii) and (iv) above, our Theorems 3.1, 3.2 and 3.3 pro-
vide several new insights to the model beside confirming the predictions obtained
through numerical simulation in [KL].

The important predictions in [KL] that are confirmed here are:

(1) Depth-regulating phytoplankton can form a thin layer in a poorly mixed water
column, as supported by widespread empirical evidences.

(2) The concentration of the limiting nutrient should be low and constant above
the phytoplankton layer and linearly increasing with depth below the layer.
The new predictions are:

(3) There are two critical levels for the nutrient concentration vy at the sediment:
Vs 1= vx(m) and v* := v*(m). The biomass layer reaches the surface when
vg = v*, and it stays at the surface for vy > v*; the layer reaches the bottom
when vy = vy, and it stays at the bottom when vy < v,.

(4) The total biomass increases with vy as vy varies between v, and v*; it keeps

increasing when v, increases over the critical level v* (so the biomass layer is
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at the surface) until it reaches a second critical level v**, when the biomass
reaches its maximum, say B,,q.; the total biomass stays at this maximal level
Biae for vg > v**.

(5) When the death rate of the biomass is relatively small (m < f(woe=4?)), the
total biomass keeps decreasing when vy decreases below v, (so the biomass
layer is at the bottom) until it reaches a second critical level v, where the
total biomass reaches a minimal positive level, say B,.;,; the total biomass
stays at this minimal level B,,;, for vy < w,, until vy reaches its minimal
possible level vy = v(m), then the phytoplankton biomass disappears.

(vi) We could fix vy and use a different parameter in the model, say the surface light
level wy, as a varying parameter to interpret the phenomena represented in items

(3), (4) and (5) above.
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