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CONCENTRATION PHENOMENA IN A NONLOCAL
QUASI-LINEAR PROBLEM MODELLING
PHYTOPLANKTON I: EXISTENCE*

YIHONG DU AND SZE-BI HSU#

Abstract. We study the positive steady state of a quasi-linear reaction-diffusion system in
one space dimension introduced by Klausmeier and Litchman for the modelling of the distributions
of phytoplankton biomass and its nutrient. The system has nonlocal dependence on the biomass
function, and it has a biomass-dependent drifting term describing the active movement of the biomass
towards the location of the optimal growth condition. We obtain complete descriptions of the profile
of the solutions when the coefficient of the drifting term is large, rigorously proving the numerically
observed phenomenon of concentration of biomass for this model. Our theoretical results reveal four
critical numbers for the model not observed before and offer several further insights into the problem
being modelled. This is Part I of a two-part series, where we obtain nearly optimal existence and
nonexistence results. The asymptotic profile of the solutions is studied in the separate Part II.
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1. Introduction. In this paper, we study the problem

—[diug + oc(z)uly = [g(x) — mlu, 0<z <1,
—daVze = —g(z)u, 0<x<1,
diug 4+ oc(x)u =0, z=0,1,
v2(0) =0, vg(1) = Blvo —v(1)],

(1.1)

where dy, do, 0, m, vy, and 0 are positive constants,
g9(z) = f(min{av(z), w(z)}), [f(s)

and
w(z) = wp exp {— Aoz — A/ u(s)ds} ,
0

with «a,r, K7, wg, A, and Ag positive constants. We note that the right-hand sides
of the differential equations in (1.1) depend on the unknown functions u and v in
a nonlocal manner. Moreover, the positive function ¢(x) is determined by u and v
in a rather unconventional way to be explained below. We are interested in positive
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1420 YIHONG DU AND SZE-BI HSU

solutions of (1.1), namely v > 0 and v > 0 in [0,1]. From (1.1) it is easy to see that
for any such solution, v is an increasing function. Clearly w is a decreasing function.
The function ¢(x) is defined by

r — X

) = e —al

where ¢ > 0 is a small constant and x¢ € [0, 1] is the intersection point of the functions
au(z) and w(z) whenever such an intersection occurs in [0,1]; if cu(x) and v(x) do
not intersect, then xo = 0 if av > w on [0,1], and 2o = 1 if aw < w on [0,1]. In other
words, x¢ is given by the following description:

min{av(x), w(x)} = aw(z) Vz € [0,29); min{av(z), w(z)} = w(zr) Y € (20, 1].

This unconventional dependence of ¢ on the unknown solution (u,v) makes (1.1) a
very special quasi-linear problem.

Such a system arises in the mathematical modelling of phytoplankton in a one-
dimensional water column, where u(z) represents the distribution of phytoplankton
biomass, v(z) stands for the distribution of nutrient, and  denotes the depth in the
water column, with = 0 at the surface and z = 1 at the bottom. The term oc(z)
is used to describe the active movement of the biomass towards the spatial location
with the optimal growth condition. Klausmeier and Litchman [KL] propose using this
model to study the concentration phenomenon widely observed for phytoplankton in
lakes and oceans. Their numerical analysis in [KL] demonstrates that for large o,
the biomass function u(z) concentrates at a certain level © = x, while the nutrient
function v(x) is close to a piecewise linear function. They then treat u as a constant
multiple of the d-function concentrating at x, and propose a game theoretical model
to determine the location of ..

In this paper, we rigorously prove the existence of such a concentration phe-
nomenon and obtain accurate formulas for the determination of z, and the total
biomass. Our theoretical results offer several further insights into the model besides
those obtained through numerical analysis in [KL]; for example, we show the existence
of four critical values vy < vi < v* < v** for vy (the nutrient level at the sediment),
such that

(i) z. = 0 when vy > v*, z, € (0,1) when vy € (vs,v*), and ., = 1 when

vg < Vs

(ii) the total biomass increases with vg in the range v, < vy < v**, but it stays

constant for vy > v** or vy < v. (and with vy above a certain level so that
the biomass can survive).
It turns out that the game theoretical model of [KL] is a simplified version of our
equations governing x, and the total phytoplankton biomass for the case v, < vy < v*.
A more detailed description of these results is given in the introduction of Part II,
with their biological interpretations given in section 4 there.

To explain this model more precisely, we start by a brief description of the back-
ground and motivation of this research. Phytoplankton, the generic name of mi-
croorganisms living in lakes and oceans, is the basis of the aquatic food chain. Its
importance for the proper functioning of the aquatic ecosystem has long been recog-
nized, and its behavior has been widely studied. The distribution of phytoplankton
in lakes and oceans is highly heterogeneous. To better understand this property of
the phytoplankton, various mathematical models have been proposed and numeri-
cally analyzed; see, for example, [EATSH, KL, PT, PTHS, HTKS]. However, little
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A QUASI-LINEAR PROBLEM MODELLING PHYTOPLANKTON I 1421

rigorous mathematical analysis is available. In [YN], an ordinary differential equation
model for the vertical distributions of phytoplankton is theoretically analyzed; see
also [IT, BFH, BFHK] for earlier related research. It is our hope that the current
paper may induce further rigorous mathematical research in this direction and that
the techniques developed here may find more applications.

We now describe the model in more detail. In poorly mixed water columns, it
has been observed that algae can be heterogeneously distributed, with thin layers
of biomass on the surface, at depth, or on the sediment surface; examples for each
of these cases can be found in [KL]. To model these phenomena, [KL] proposes a
reaction-diffusion-taxis model of phytoplankton, nutrients, and light, based on the
principle of light and nutrient competition. They use the following system to describe
the distribution of phytoplankton in a one-dimensional water column, with depth
represented by 0 < z < zp; z = 0 at the surface and z = z;, at the bottom:

be = Dpb.. + [v(g9)b]. + [¢° — m]b, 0<2z<2,t>0,
Ry = DRR.. —bg°/Y +emb/Y, 0<z<2,t>0,
Dbb2+y(gg)b:05 ZZO,Zb,t>O,

U2 R(1,0) = 0. Rl 20) = hRuw — R(L )], £ 0,

I(t,z) = Lip exp (— / [ab(t, s) + abg]ds), 0<z<zp,t>0,
0

where a, apg, h, Dy, Dg, m, I;n, Ry, and Y are positive constants, € € [0, 1), v(s) is
an odd decreasing function that approaches vy,,, > 0 as s — —o0, and

g°(t,2) = min{f1(I(t, 2)), fr(R(t, 2))},

with
s

fI(S)ZTrKIa

fR(S)Z r, Kr, Kp > 0.

s
" s+ Kp ’

In (1.2), b(t,z) denotes the distribution of the phytoplankton biomass, R(t, z)
represents the nutrient distribution, and (¢, z) stands for the distribution of light.
The constant I;;, is the light distribution at the surface, and, by the Lambert—Beer
law, light at depth z is given by

I(t2) = Loy exp < - /O “lab(t, s) + abg]ds>,

where a and apg are, respectively, the phytoplankton and background attenuation
coefficients. In this model, it is assumed that the change in phytoplankton biomass
at depth z results from three processes: growth, loss, and movement. The functions
fr(I) and fr(R) are the phytoplankton growth rate when only one of the resources
I and R is limited (the other being regarded as sufficient). By Liebig’s law of the
minimum for essential resources, the gross phytoplankton growth rate is given by
g°(t,z) = min{fr(I(t,2)), fr(R(t,2))}. Biomass is lost at density-dependent rate
m, representing respiration, death, and grazing. D, is the passive diffusion rate of
the biomass, while [v(g?)b]. describes active movement of the biomass towards a
spatial location (i.e., depth) with a better growth condition. The no-flux boundary
condition for b means that no phytoplankton enters or leaves the water column at
z =0 and z = 2. The equation for R is based on the assumption that nutrients in
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1422 YIHONG DU AND SZE-BI HSU

the water column are mixed with eddy diffusion with diffusion coefficient Dy and are
consumed by phytoplankton at the rate —bg’/Y, and the term emb/Y means that
€ proportion of the nutrients in dead phytoplankton is immediately recycled. Here
Y describes the yield of phytoplankton biomass per unit nutrient consumed. The
boundary condition for R means that nutrients do not leave or enter the top of the
water column but are supplied at the bottom, with nutrients in the sediments fixed
at constant concentration R;,, which diffuse across the sediment-water interface at a
rate proportional to the concentration difference across the interface; the parameter
h describes the permeability of the interface.

In [KL], taking ¢ = 0 and v(s) = vo(s) := —Vmaasgn(s) (where sgn(s) is the sign
function, which equals 1, —1, or 0 according to whether s > 0, s < 0, or s = 0),
the equilibrium distributions of b, R, and I are calculated numerically for various
parameter values (see Table 1 and Figure 1 in [KL]). The numerical simulation in [KL]
shows that as v, increases, the biomass distribution concentrates at a certain depth
z = z*. Further, based on intuition and formal analysis, a game theoretical approach
is proposed in [KL], which can be used to calculate z*. Though the connection between
(1.2) and the simplified game theoretical approach is not rigorously established, the
predictions deduced from the game theoretical model agree well with the numerical
results based on (1.2); see details in [KL].

In this paper, we theoretically analyze the equilibrium solutions of (1.2). So
b=0b(z), R = R(2), and I = I(z). Naturally, only positive solutions are of interest
to us.

As in [KL], we assume that e = 0. We denote f(s) =rs/(s+Ky) and o = K;/KRp.
Then

fi(s)=f(s), [fr(s) = flas).
Since f’(s) > 0 we find that
9°(2) = min{f(I(2)), f(aR(z)} = f(min{I(z), aR(2)}).

Clearly I(z) is a decreasing function. Since DrR” = bg’/Y > 0 and R'(0) = 0,
we find that R'(z) > 0 for z € (0, zp]. Therefore R(z) is increasing, and we can always
find a unique zg € [0, 2] such that

9°(2) = f(aR(2)) ¥z € [0,20), ¢°(2) = f(I(2)) ¥z € (20, 2]-

Evidently zp depends on I and R, and zp = 0 if aR(z) > I(2) on [0, z], and zp = 2
when aR(z) < I(z) on [0, ).
In view of the above discussions for g°(z), we see that

VO(gg(z)) = _VmazSgn(gg(z)) = ~Vmaz V2 € [0, 20),
VO(gg(z)) = _VmazSgn(gg(z)) = Vmaz V2 € (20, 2p]-

In this paper, we use a continuous approximation of the above step function used in
[KL]; namely, we take

Z— 20
v(92(2)) = v (2) = Ty

It is easily seen that vs (2) — vo(g2(2)) as & — 0. We stress again that v5 depends
on I and R through the definition of zj.
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Next we normalize the functions in (1.2) by

u(z) =b(zx)/Y, wv(x) = R(zpx), w(x)=1I(zz), 0<z<1,

and define
dl = Zng, d2 = Z?DR, 0 = Vmax<b, 0= 5//Zb7
A=aznY, Ao=apz, B=hz,vo= R, wo=Ip.
We denote
T — X9 20
c(z) =chu(®) = ————, x9=—.
(2) = cow(@) 0+ |z — o] o7 %

Then after some simple calculations we find that the steady-state version of (1.2)
becomes (1.1), or, written in a more comprehensive form,

—[diug + oc(z)ul, = [f (min{av, w}) — m]u, 0<x <,
—davyy = — f(min{ow, w})u, 0<x <1,
d1uz(0) + oc(0)u(0) = drug (1) + oc(1)u(l) =0,

v,(0) =0, wvy(1) = Blvg —v(1)],

w(a:):woexp[—on—A/ u(s)ds:|, 0<z<l1.
0

Let us note that from the equation for u and the strong maximum principle, if u
is nonnegative on [0, 1], then it is either identically 0 or positive everywhere in [0, 1].
It is also easy to see that whenever u is positive, 0 < v < vg in [0, 1].

Since this paper is very long, and the techniques used in the first half of the paper
are rather different from those in the second half, we divide it into two separate parts.
Part I here is mainly concerned with the existence and nonexistence problem, and
Part II studies the asymptotic behavior of the positive solutions as ¢ — oo.

In section 2, treating m as a parameter, we make use of a bifurcation argument
to obtain two critical numbers 0 < m, < m* such that (1.3) has no positive solution
when m > m* and it has at least one positive solution when 0 < m < m,. We also
show that as m (the death rate of the biomass) decreases to 0, the biomass blows
up everywhere; the exact limiting profiles of the biomass function and the nutrient
function as m — 0 are also obtained. In section 3, we show that as ¢ — oo, m, and
m* converge to the same limit f(min{awvg,wo}). This demonstrates that our existence
and nonexistence results are sharp for large o.

The asymptotic behavior of the positive solutions when ¢ — oo is investigated
separately in Part II (see [DH]), where we fix 0 < m < f(min{awvg, wo}) and study
the asymptotic behavior of a positive solution (u,,v,) of (1.3) with ¢ = g,, — 0.

2. Existence and nonexistence results. The function ¢(z) appearing in (1.3)
plays a very important role in our analysis. From the definition of ¢(z) = ¢y, (x) we
find that it is well defined if v(x) is increasing in [0, 1] and w(z) is decreasing in [0, 1],
and

r — X
§+ |z — xo|’

c(x)
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1424 YIHONG DU AND SZE-BI HSU

where zy € [0, 1] is uniquely determined by the following:
min{av(z), w(z)} = av(z) Vo € [0,20); min{av(z),w(x)} = w(z) Yz € (z0,1].

It is easily seen that for the definition of ¢, 4, (), the requirement that v is increasing
and w is decreasing can be relaxed; we can allow one (but not both) of the following:

(i) v is nondecreasing, (ii) w is nonincreasing.

Let us also observe that c(z) is a C* function, with ¢/(x) = §(6 + |z — zo|) 2.

With this in mind, we find that (u,v,w) = (0, v, wx) solves (1.3), where w.(z) =
woe~ 4% We will call this the trivial solution. To find nontrivial solutions, we now
treat m as a parameter and look for special values of m so that positive solutions
of (1.3) may bifurcate from this trivial solution. If m, > 0 is such a value, then
there exist m,, — my and (uy, vy, wy,) solving (1.3) with m = m,, such that u, > 0,
vy, > 0, and u,, — 0, v, — vg, and w,, — w, and in C[0,1] as n — oco. Now v, ()
is increasing and wy, () is decreasing for = € [0, 1]; therefore ¢, ., () is well defined.
Moreover, it is easily checked that ¢, w, — Cuw. i C([0,1]) as n — co. To simplify
the notation, we write ¢ (z) = ¢y, w, (z) and ®(z) = cyy w, (¥). Therefore u,, satisfies

—ldyul, + oc™(z)uy) = [f (min{av,, w,}) — myJu, in (0,1),
dyul, + oc™(x)u, =0 for x =0, 1.

Here and in what follows, we use the notation v’ = u,, etc. To determine the value
of m,, we first deduce a useful equation from the equation for u,. So we define
@y, = Up /|| tn]|co- Then we have

(2.1) —(d1@, + oc™iy)" + My iy, = f(min{av,, w, }i, in (0,1),
' dia), + oc™, =0 for z =0, 1.

Since the right-hand side of the first equation in (2.1) and {@,} are both bounded in
L*([0,1]), and since my, ¢, (c¢™)" are bounded in L*°([0, 1]), we can use standard LP
theory for elliptic operators (see [GT]) to conclude that {@,} is a bounded sequence
in W27([0,1]) for any p > 1. By the Sobolev embedding theorem, we see that {d,,}
is compact in C1([0,1]). By passing to a subsequence, we may assume that i, — 4
in C1([0,1]), and then we easily see that @ satisfies (in the weak sense)

(2.2) { —(d1 @ + 0c®0) + mui = f(min{avo,ws})a in (0,1),

di1t’ +oc?i =0 forz =0, 1.

Since @ > 0 and ||4]lo = 1, we necessarily have, by applying the strong maximum
principle to (2.2), that @ > 0. This implies that —m. is the principal eigenvalue of
the problem

(2.3) { —(dyu’ + oc®u)’ — f(min{awvg, w, })u = Au  in (0,1),

diu’' 4+ ocPu =0 for z =0, 1.
One easily checks that 0 is the first eigenvalue of the problem

—(d1u' + oc®u) = A in (0,1),
diu' 4+ ocPu =0 for x =0, 1.
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Since — f(min{awg, w.}) < 0, by the characterization of the first eigenvalues (see, for
example, Theorems 2.4 and 2.8 of [D]), the first eigenvalue of (2.3) is less than 0, and
hence m, > 0. On the other hand, if (u,v,w) is a positive solution to (1.3), then
rewriting the equation for u in the form

—(dyu' + ocu) — f(min{ov,w})u = —mu  in (0,1),
div' +ocu=0 forz =0,1,

we find that —m is the first eigenvalue of the problem

—(d1u' 4+ ocu) — f(min{ov, w})u=Au in (0,1),
div' +ocu=0 for x = 0,1,

which we denote by Ai(c,v,w). Clearly v < vp and w < w, in (0,1). It follows that
—f(min{av, w}) > — f(min{awvg, ws }) in (0,1) and hence

(2.4) A1(e, v,w) > Ai(e, v, wy).

In this notation, clearly —m. = A;(c”, vo, ws). Since c(x) = (x—x0)/(5+ |z —20|)
is determined completely by x, it is convenient to introduce the notation

T — X9

Cpp = —2 20
O 5+ |z — zo]

and

m* =— inf A (Cgy,v0,ws).

CEQG[O,I]

It is easy to show that m* is achieved by some zy € [0,1], and m* > m,. Moreover,
from the above discussion, we have the following result.
PROPOSITION 2.1. If (1.3) has a positive solution, then necessarily m < m*.
We will show that (1.3) has a positive solution for every 0 < m < m... Before that
we briefly discuss some further simple estimates for the values of m so that (1.3) has
a positive solution. So suppose that (1.3) has a positive solution (u,v,w). Integrating
the equation for u over [0, 1], we obtain

1
/ [f(min{auw}) —m|udzx = 0.
0
Since u > 0, [f(min{ow,w}) — m] must change sign over (0,1), and therefore

I[gl)ilr]lf(min{av(x),w(x)}) <m < r[réjaﬁ(f(min{av(x),w(x)}).

It follows that

(2.5) f(minfav(0), w(1)}) < m < f(min{avo, wo}).
From a similar consideration, we have

(2.6) m*,m. € (f(minfave, w,(1)}), f(min{avo, wo})).

We now use a global bifurcation argument to show that (1.3) has a positive
solution for every m € (0,m.,). First, we transform (1.3) into an abstract nonlinear
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equation. Due to its unconventional nature, we cannot use a simple inverse operator
trick to do this. In fact, to cope with the rather implicit dependence of ¢, ., on
(v, w), in the following, we have to choose the function spaces for the abstract setting
very carefully and then analyze the properties of the abstract operator mostly by
definitions.

Fix v € (0,1) and set

K = {¢ € C*([0,1]) : ¢ is nondecreasing in [0, 1]},
P:={¢ e C'([0,1]) : ¢ is nonnegative in [0, 1]}.

Clearly they are closed convex sets in C17([0, 1]), and, moreover, P is a positive cone.
For given (u,v) € P x K and m > 0, we define

w = wp exp [—Aoa: —A/ u(s)ds],
0

c(z) = cpw(x), vy =max{v,0}
and will use the solutions of the following problems to define an abstract operator

T(m,u,v) such that T'(m,u,v) = (u,v) for (u,v) € P x K if and only if (u,v) is a
nonnegative solution of (1.3). So we consider the problems

(2.7) {—<d1¢'+ac¢>'+<m+1>¢=f<min{av+,w}>u+u, 0<z<l,

di1¢' + oce =0, xz=0,1,
and
(2.8) —dot)" = — f(min{avy, whu, O0<z<1,
' $'(0) =0, (1) = Blvo — ¢(1)].

Clearly (2.7) has a unique solution ¢, and it is nonnegative. Let ((z) = vo — ¥ (z).
Then (2.8) becomes

—do¢" = f(min{avy,whu, 0<zx <1,
(29) { C0) =0, ¢(1)+8C(1) = 0.

It is easily seen that (2.9) has a unique solution ¢, and it is nonnegative. Moreover,
from ¢’ < 0, and ¢'(0) = 0 we deduce that ¢ is nonincreasing. Hence 1 is nonde-
creasing and ¥ (z) < vg in [0,1]. Thus the solution operator (¢,v) = T'(m,u,v) is
well defined for (u,v) € P x K and m > 0, and T(m, -,-) maps P x K into itself.

We show next that 7" is continuous. Suppose that (m.,, un,v,) € [0,00) X P x K,
mp — m, and (un, v,) — (u,v) in CHY([0,1]) x C17([0,1]). Then it is easily checked
that ¢ := ¢y, 1, — € = Cpu in CH([0,1]). Denote (¢n,¥n) = T (M, un,vy,) and
Cn = v9 — Y. We have

(2.10)

—(d19), + 0" Pp) + (mp + 1)y, = f(min{a(vy) 4, wn Pup +un, 0<x <1,
di @), + oc ¢, =0, z=0,1,
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and

(2.11) C(0)=0, C,(1)+B¢.(1)=0.

Applying standard L? theory to both (2.10) and (2.11), we find that {¢, } and {¢,} are
bounded in W?2?([0,1]) for all p > 1. Hence they are precompact in C17([0, 1]). This
implies that by passing to a subsequence, ¢,, — ¢ and v, — ¥ in C+7([0,1]). More-
over, letting n — oo in (2.10) and (2.11) we find that necessarily (¢, ¥) = T (m, u,v).
Therefore the entire original sequence converges with limit (¢,1). This proves the
continuity of 7.

We further show that 7" is compact. Suppose that {(m,, tn, vs)} C [0,00) x Px K
is bounded. Then along some subsequence ny, (uy,,v,) converges in the C1([0,1]) x
C1([0,1]) norm to some (u,v), and, by passing to a further subsequence, we may
assume that m,, — m. We may now repeat the arguments in the above continuity
proof to conclude that T'(my,, un, , Vs, ) — T(m,u,v) in C7([0,1]). Therefore T is
a compact operator on [0,00) X P x K.

Suppose that m > 0 and (u,v) € P x K satisfies (u,v) = T(m,u,v). We claim
that v > 0 in [0,1]. Otherwise, due to the monotonicity of v there exists zo € (0, 1]
such that v < 0 in [0,2¢) and v > 0 in (zg, 1]. Therefore, by (2.8),

{ —doG = f(min{a(on) 1, wn}un, 0<z <1,

—v" = 01n (0, z0).

Since v’(0) = 0, we deduce that v'(z) = 0in (0, z¢), and hence v is a negative constant
in (0,z0), say v = —c. This is possible only if o = 1 (otherwise, v is discontinuous
at © = xg since v > 0 in (xo, 1]), but then from v'(1) = Blug — v(1)] we deduce that
—c = vy > 0, a contradiction. Therefore we must have v > 0 in [0, 1], as claimed.
Thus (u,v) is a nonnegative solution of (1.3) if and only if (u,v) € P x K and
T(m,u,v) = (u,v).

In order to apply the global bifurcation theory to the operator equation

(u,v) = T(m,u,v) =0,

we now calculate the Fréchet derivative of T with respect to (u,v) at (m,0,vp), in
the convex set P x K of C*7([0,1]) x C*7([0,1]), where m > 0. From (2.7) and (2.8)
we easily see that T'(m,0,v9) = (0,vp). For (u,v) € C([0,1]) x C([0,1]), we define
(&,m) = Lin(u,v) to be the unique solution of the following linear problems:

519 —(d1&" + o) + (m +1)€ = f(min{ave, wsHu+u, 0<z <1,
(2.12) di& + o€ =0, z=0,1,

—dan" = — f(min{ove, wi }u, 0<z <1,
2.13
213 { 70) =0, /(1) +fn(1) =0,

where ¢® and w, are defined as at the beginning of this section.
Suppose (tn, vn) — (0,v9) in P x K. Denote

((bna"/)n) = T(m, unavn) and (Tna Hn) = Lm(umvn - UO)-
We want to show that

(2.14) 1(én, ¥on) = (0,00) = (7n, )| = o({[ (tin, v = w0)]),
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where |[|(u, v)|| = max{||ul], ||[v[|}, and [[u| = [u||c1.7([0,1)- This would imply that the
Fréchet derivative of T with respect to (u,v) at (m,0,vp), in the convex set P x K,
is the linear operator L,,.

Suppose (un,vn) — (0,7v9) in P x K. Without loss of generality we assume

that u, # 0. We define w, and ¢" = ¢,, , as before, and let qZA)n = on/||tnll,
@ = up/||tun|. Then

(2.15)
—(di @, + o™ hn) + (m + 1)pn = fmin{o(vy) ¢, Wy in + Gy, 0 <z <1,
d1¢, 4+ oc"$, =0, xz=0,1.

Since the right-hand side of the first equation in (2.15) is bounded in L*([0,1]),
much as before we deduce from the LP theory and the Sobolev imbedding theorem
that there exists some positive constant C' independent of n such that

Iénll < C ¥ >1.

We now define ®,, = (¢, — 7,)/||unl|, and from the equations for ¢,, and 7,, we
obtain

(2.16) { ~(da @, + 0 ) + (m+ 1)@ = fu, 0<w <1,
L, + 0P, — g, .
where
f = [f(min{a(vn)+, w, }) — f(min{ave, w,})in + [o(c” — )n)’
and

gn = (& = ).

It is easy to check that f, converges to 0 in L*°([0,1]), and g, converges to 0 in
C1([0,1]). Since (m + 1) > 1, we may apply the LP estimate to (2.16) to conclude
that ||®,|| — 0 as n — oo. Hence

[én = 7all = olllunl)-

Define ¥,, = [(vo — ¥n) + 60]/||un|. Then from the equations for ), and 6,, we
deduce that

—do ¥ = [f(min{a(vy) 4+, wn}) — f(min{avg, wi})]d,, 0<z <1,
(2.17) { v (0)=0, T (1)+p57T,(1)=0.

Since the right-hand side of the first equation in (2.17) converges to 0 in L*([0, 1]), we
can apply the LP theory to (2.17) to conclude that | ¥,| — 0 as n — oo. Therefore

[9n — vo = Onll = o([[un)-

Thus we have

1(@ns ) = (0,00) = (7w, On) || = O([| (un, v = wo) )
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Summarizing the above discussions, we have the following result.

PROPOSITION 2.2. The operator T : [0,00) X P x K — P x K is completely
continuous, and it is Fréchet differentiable at (m,0,vo) with respect to (u,v) in the
convex set P x K, with deriwative operator L,,. Moreover, (u,v) = T (m,u,v) implies
that v € P; (u,v) is a nonnegative solution of (1.3) if and only if (u,v) = T(m,u,v).

We are now ready to prove the main result of this section.

THEOREM 2.3. For every m € (0,m,), problem (1.3) has at least one positive
solution. Moreover, if m,, decreases to 0 and (un,vy) is a positive solution of (1.3) with
m = my, then u, — oo uniformly in [0,1] and there exists a unique T € (0, #)
(determined by (2.27) below) such that

o5 .
T 1+E) TeT T v (x) - rr g —T(14 7Y
un o0

0

uniformly in [0,1]. Furthermore, for each m € (0,m.), there is a positive solu-
tion (m,u,v) lying on the global bifurcation branch, T = {(m,u,v)} C (0,00) x
C17(10,1]) x CH7([0,1]), bifurcating from the trivial solution branch T := {(m, 0, vo) :
m € (—o00,00)} at m = m,.

Proof. Since the proof is rather long, we divide it into several steps.

Step 1: Existence of an unbounded global solution branch.

We observe that 1 is an eigenvalue of L,,, with eigenvector (¢1,11) satisfying
¢1 > 0 and 11 < 0. Indeed, ¢ > 0 is a principal eigenfunction of (2.3) with
A = —m,, and 1 is the unique solution of (2.13) with u = ¢;, and hence 1 < 0.
In order to apply the abstract global bifurcation theory in positive cones, we define
S :]0,00) x Px (—K) — P x (—K) by

S(m7 U, f) = (¢7 C) if and Only if T(m7 U, Vo — 6) = (¢) Vo — C)

Then from the properties of T" we find that S is completely continuous. Moreover,
if we denote by DS(m,0,0) the Fréchet derivative of S with respect to (u,§) in
P x (—K) at (u,&) = (0,0), then 1 is an eigenvalue of DS(m.,0,0) with eigenvector
(¢1, —101), where ¢1 and 1)1 are as given above. Let us denote by Py the nonnegative
functions in (—K). Clearly Py, is a cone in C*7([0,1]), and hence P x Py is a cone
in C*7([0,1]) x C17(]0,1]). Moreover, it is easy to check through the definition of T’
that S(m,-,-) maps P x Py into itself, and 1 is the only eigenvalue of DS(m.,0,0)
with an eigenvector in P x Py, and for any m > 0, m # m,, 1 is not an eigenvalue of
DS(m,0,0) corresponding to an eigenvector in P x Py. These properties allow us to
apply Corollary 18.4 of [A] to conclude that there exists a global unbounded branch
of solutions of (u,¢) = S(m,u,() in R' x (P x Py \ {(0,0)}). We denote this global

branch by I = {(m, u, )} and define
I = {(m,u,vo —¢) : (m,u,() € T}.

Clearly T is a global branch of solutions to (u,v) = T(m,u,v) with v > 0 and

v =19 —( < vg. We claim that u # 0. Otherwise, u = 0 and we deduce that v =

vo—( = vg. Hence ¢ = 0, contradicting the fact that (m,u,() € R' x (Px P,\{(0,0)}).

Hence u > 0 and u # 0. It then follows from Proposition 2.2 that vg — ¢ > 0. But

u # 0 implies that vg — ¢ # 0, and hence (u, vy — {) is a positive solution of (1.3).

Thus we have proved that I' is an unbounded branch of positive solutions of (1.3).
Step 2: We show that the m-range of I' covers (0, m.).
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If (m,u,v) € T, then from Proposition 2.1 and (2.5) we deduce that 0 < m < m*.
Therefore we can find a sequence (my,, un,v,) € I' such that m,, — mg € [0, m*] and
[(tn, vn)|| — oo. Note that ¢y, w, = Cy, for some x, € [0,1] uniquely determined
by v, and w,. By passing to a subsequence we may assume that x, — zg € [0, 1].
Then it is easily seen that C,, — Cy, in C'([0,1]). We necessarily have, by pass-
ing to a subsequence, that ||unllcc — o0, for otherwise from the equation for wu,
we can deduce that ||uy|| is bounded, which in turn implies that ||v,|| is bounded,
contradicting our assumption that ||(un,v,)|| — 0o. Therefore we may assume that
|tnlloo — oo. Denote d, = upn/||tn]lcoc. Then we can use the LP estimate to the
equation for 4, to deduce that {,} is precompact in C*7([0,1]). Hence we may as-
sume that 4, — 4 in C*7([0,1]). Since 0 < f(min{av,,w,}) < f(ws), we may
assume that f(min{awv,,w,}) converges to fo weakly in L2(]0,1]). Clearly we also
have 0 < fp < f(ws). Passing to the weak limit in the equation for 4, we deduce
that 4 is a weak solution of

(2.18) { —(d1t' 4+ 0Chytt) = (fo —mo)a, 0<w<1,

di@ + oCpytt = 0, z=0,1.

Since @ > 0 and ||d||cc = 1, we can apply the Harnack inequality and the strong
maximum principle to (2.18) to conclude that & > 0 in [0,1]. This implies that
Up = ||tn]|colin, — 00 uniformly in [0, 1]. Therefore w,, — 0 uniformly on any compact
subset of (0,1]. This implies that fo = 0, and hence we deduce from (2.18) that —mg
is the first eigenvalue of

(2.19) { —(div' +0Chyu) =du, 0<z <1,

diu’ + 0Crou =0, z=0,1.

Hence mg = 0 and

This implies that the entire original sequence {m,, } converges to 0. By the connected-
ness of ', we can conclude that for every m € (0,m.), (1.3) has at least one positive
solution lying on I'. Moreover, when z,, — xg, we have

U, o [*
Tan] ﬁexp[—d—l/o Cmo(s)ds].

Step 3: The limiting profile of uy,.

We will show in a moment that g = 0 and hence the entire original sequence
tn/||[un oo converges in C7([0,1]) to exp [ = & [ Co(s)ds].

Let ¢, = vo — v,,. Then

—doC! = f(min{awvy, wy Pup, 0<z <1,
(220) { G0) =0, ¢(1)+BGu(1) = 0.

We have

0 < f(min{awn, wp })un < f(wy(z))un ().
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Moreover,
flwn(x))un(z) < (r/Kr)wn(z)un(z)
= (r/Kp)eAore AT un )y, ()

< Gl J§ 0 | ().

Since 4, — @ > 0 uniformly in [0, 1], there exist ¢;,c2 > 0 such that ¢; < @, < co
and hence

gn 1= CefAHunHoo Jo ﬁ”(S)dsnun||Ooa7l(x)

< Cege~Aclunllcom ||y || .

One easily sees from the above inequality that g, — 0 uniformly in compact subsets
of (0,1]. It follows that

fn = f(min{aw,, w, })u, — 0

uniformly in compact subsets of (0, 1].
We can now prove that zo = 0. Otherwise, ¢ € (0, 1] and thus z,, > x¢/2 for all
large n. Since v, (z) is increasing in x, and awv, (z) < wy,(x) in [0, z,), it follows that

f(min{owvy, wy }un, < flav,(20/2))un < f(wn(xo/2))uy, in [0, 20/2].
By our earlier estimates for g,, we find that
Flwn(20/2))un < Cc2efAC1HunHoo(wo/2)||un||oo =0.

Hence f,, — 0 uniformly in [0, 1], which implies, by (2.20), that ¢, — 0 in C*7([0, 1]).
In particular, ¢, — 0 uniformly in [0, 1]; but this leads to a contradiction:

Vo — Cn = vn < wp/a < wp(ro/2)/a — 0 uniformly in [z0/2, z,].
Hence xg = 0. Therefore we have
(2.21) Zn — 0 and uy, /||unllcc — @o,

where

T\ 4o

Step 4: The limiting profile of vy,.

Since v, > 0 we have 0 < ¢, < vg. Moreover, due to (2.20) and the fact that
frn — 0 uniformly in compact subsets of (0, 1], we can use standard elliptic regularity
theory and a diagonal process to find a subsequence of {(,}, still denoted by (,, such
that ¢, — ¢ in C([¢, 1]) for every € € (0,1), and ( satisfies

—d2¢" =01in (0,1], ¢'(1)+B¢(1) =0, 0<¢ <.

It follows that
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C(x) =7(14 7' — z) for some 7 > 0 to be determined below.

On the other hand, ¢, can be explicitly expressed as

Colz) =dyt(1+ 571 — / fn(s)ds +dy / (x — s)fn(s)ds.
Since
1
| Auleds = d266,0) € 0. dasun()]

and f, — 0 uniformly on any compact subset of (0, 1], one easily sees that

/ (e~ ) ful)ds — 0

uniformly for z € [0, 1]. Thus

1 €
(2:22) 7= BC(1) = lim BG(1) = 5" lim [ p(ds = a5 tim [, (s)as

for any € € (0, 1).

Since vy, () is monotone increasing in « and v,/ (x) > 0, by an elementary argument
we see that the fact that v, — vo — ¢ in C*([¢, 1]) for every e € (0,1) implies that
v, — Vo — ¢ uniformly in [0, 1].

We now show that 7 > 0. Suppose 7 = 0. Then (,, — 0 and hence v,, — vy in
C1([0,1]). Therefore, due to

wp(0) = wo and w,, — 0 uniformly in [¢, 1] V small € > 0,
when wy > avg, we have 0 < x,, < 1 for all large n, and
wp(zn) = avy(z,) — avy as n — oo;
if wy < awg, then x, = 0 and wy,(z,) = wo for all large n; if wy = vy, then either
0 <z, <1 and wy(z,) = av,(xy,), or z, = 0 and w,(x,) = wp; in either case we

can conclude that w, (z,) — wy as n — oco.
Summarizing, we find that we always have

—A01ne—AfSC" U (8)ds

woe = Wy (T,) — 0o := min{wg, avg}.

Since z,, — 0 and @, — ¢g, we have e~ 40%» =1 4 o(1), and

| a1t = lualle [ n(5)ds = s loirno )11 + (1) = 1 oiral1 + 01
0 0

Here o(1) denotes a generic sequence converging to 0 as n — oo. This implies that
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woe ™ Alnllocn gy
Hence

g1 Wo
(2.23) [lunlloo®n — 70 := A7 In (Uo )

Since we now assume that 7 = 0, by (2.22) we must have lim,,_ fOE frn(x)dx = 0.
On the other hand, making use of x,, — 0, ||t ||co®n — To, @n — ¢Po, and ¢o(0) = 1,
we have, for all large n and small e,

/06 fa(@)de = /I £ (wn () un (z)dz

$0(0)
2

l|wnoodz

> /m f (woe‘Ae eXp[—A||Un||oo2¢0(0)$])

_ /lnunnooe f(woe_AEe_sz) (%)dy

Un || ooTn

L Aot

0

This contradiction shows that we must have 7 > 0.

In order to find the asymptotic limit of the entire sequence {v,}, we need to
determine the value of 7. Recall that by passing to a subsequence, v, — vg — (
uniformly in [0, 1]. Since z,, — 0, we have either

Wn () = oy (2,) — afvg — C(0)] = afvg — (1 4+ 371 := &,

which is the case when &, < wq, or wy,(z,) — wo when & > wy. By the expression
of wy(z,), as before, we deduce that

(2.24) woeAlulwen i minfuo, &}, [Jun oot — or 1= A~V In (wo/Ey).
For fixed € € (0, 1), we have
/O " fole)da = /O " fa@)dr + /m " Flwn(@))un(x)de
It is easy to check that, in every possible case, we have
/Ozn fa(@)de = f(Er)90(0)1 + o(1)]|[unlsctn = f(Er)o-[L + 0(1)].

Since we already know that f(wy,(z))un(x) — 0 uniformly on any compact subset of
(0,1], we find that, for any fixed €; € (0,¢) and all large n,
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(2.25)

/ " F(wn (@) un(@)da

n

_ / " F (wnl)) un (@) + 0n(1)

n

:/ f(woeonwefAme “"(S)ds)un(x)dx—l—on(l)

€1
= [l + o (e Al O 00 g, oy (01 + o0, (D) + 0, (1)

n

— 140, (1)] / F (woe= Al ll=n©)) oy |, (0)de + 0n(1)

Tn

EIH'L"nHaoﬁn(O) A
= [1—|—o€1(1)]/” f(woe_ y)dy—l—on(l)

Un ” oo lin (O)In

=1+ 0, (1)] [/ f(woe™4Y)dy + on(l)] + 0,(1),
where 0,(1) — 0 as n — oo for fixed €1, and o, (1) — 0 as ¢ — 0 uniformly in n.
For arbitrary e¢; € (0,¢), we first let n — oo and then let ¢ — 0, and we obtain from
(2.25) that

nhHIgo ‘ f(wn(2)) uy (z)d = /Oof(woe*Ay)dy.
Therefore n T
(2.26) nhjr;O 06 fulz)dz = f(&)or + /00 Fwoe™4Y)dy.
Making use of (2.24) and (2.26), we can rewrite (2?22) as
(2.27) dot = f(woe 7)o, + /OO f(woe_Ay)dy.

It can be easily checked that the function

F(0) == f(woe 4%)0 + /OO f(woe_Ay)dy

0
satisfies F'(0) < 0 and hence it is decreasing in [0, 00), with

F(0) = /OOO f(woe™ ) dy = %m <%}KI) F(00) = 0.

From the definition of o, we find that 7 — o, is nondecreasing, with

Wo

A ' ln | —— 1y = 00.
00 n (min{wo,avo})’ Ovo/(14B-1) = X

Therefore

T — F(0,) is nonincreasing in [0,vo/(1+ 1)) with F(aq) > 0, F(0,,/1+5-1)) = 0.
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This implies that (2.27) has a unique solution 7 € (0,v0/(1 + 37!). Thus,
vp — v — 7(1 + 871 — ) uniformly in [0, 1],

with 7 uniquely determined by (2.27). Since 7 > 0 is uniquely determined, the above
convergence is true for the entire original sequence {v,,}.
The proof is complete. d

3. The limit of m, and m™ as 0 — oo. In order to investigate the asymptotic
behavior of the positive solutions of (1.3) as ¢ — oo, we need to first understand the
limits of m, and m* as 0 — oo. To stress their dependence on o, we write m. = m. (o)
and m* = m*(o). Let us recall that (2.6) holds; that is, m.(c) and m* (o) are always
between the positive numbers f(min{avg,w«(1)}) and f(min{avg,we}). We now
prove the following result.

THEOREM 3.1.

(3.1) lim m. (o) = lim m*(¢) = f(min{awvg, we}).

o—00 o—00

Proof. Since

my (o) <m*(o) < f(min{avy, wp}),

we need only show that

lim m. (o) = f(min{avg, wo}).

g—00

Moreover, it suffices to prove this along an arbitrary sequence of positive numbers
increasing to co. Let {o,} be such a sequence, and denote m, = m.(o,). By
definition, there exists w, > 0 in [0, 1] such that

(3.2) { —ldyul, + 0pc® (x)un) = [f(min{awy, wi}) — mplu, in (0,1),

diul, + onc®(z)un, =0 for x =0, 1.
To simplify the notation, we will write

fo(x) = f(min{av, w.(z)}).
Moreover, we define xf; by
T — T
(x) = Cyz (x) = W—Oxol

If af =1, ie., avg < wy(x) in [0,1] and hence fo(x) = f(awp), then clearly

my, = f(avg) = f(min{awvg, wo}).

So (3.1) holds trivially in this case.

Suppose from now on that = € [0,1). Therefore fy(z) is a constant in [0, zj) and
is decreasing in [z, 1]. As before, integrating the first equation of (3.2) we find that
(fo(x) —my) must change sign in (0, 1), and therefore there exists a unique z,, € (0, 1)
such that fo(x) > m,, in [0,2,), and fo(z) < m, in (z,,1].

By (2.6), {m,} is a bounded sequence, and, by passing to a subsequence, we may
assume that

M, — mo < f(min{(ave, wo}) = fole).
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To determine the value of mg, we use several steps.
Step 1: Change of variables.
Let

Clearly
di¢l, + 0ncdn =0, ¢n(xf) =1, 0< ¢p(z)<1in[0,1],

and ¢, — 0 uniformly on compact subsets of [0, 1]\ {z§}.
Define

Un () = un(2)/Pn(2)-
Then (3.2) becomes

{ —(d1ont}) = [fo(x) — mn]dntbn  in (0,1),

3.3
(3:3) P, =0 for z =0, 1.

Define

§n(r) = 0;1/2/0 (bnl(S) ds.

Then &, is an increasing function in [0, 1], with &,(0) = 0 and
1

1

Let 1y, : [0,y,] — [0,1] be the inverse function of &, (), and define
Un(y) = ¥n(mn(y)) = tn(z).

From (3.3) a simple calculation shows that

~U, = dy ondn (0 () [fo(na(y) = ma)Un — in (0, 40),
Uy, (0) = Uy (yn) = 0.

dxr — oo as n — 00.

(3.4)

Step 2: Estimates of 0,¢2(0n(y)). .
For our later estimates, we need to analyze the function ¢, (y) := d,¢2 (1. (y)).
To this end, for some 7 > 0 small to be determined later, we define ¢, and A,, by

i =6ala), o= [ =,
0 T ¢n($)

so that
Into,T =&z £ A), zpE£A, =n,(0n £0,7).

We will show that ¢, (y) behaves like a d-function concentrating at y = §,. For
definiteness, we assume that x§ > 0; the case 2§ = 0 can be treated by a simple
modification of the arguments below. Then it is easily seen that as n — oo,

Qn—>OO, yn_gn_)OO7 A, — 0.
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r—

Using %(z) = Wiim’ we can easily check that, for any given small € > 0, there

exists g = dp(€) > 0 small so that, when |z — z§| < do,

(3.5) exp[—;—glm—xa)?] < dula) <exp | - LD (a2

Therefore, for all large n,

o/ = / dx
o (bn(ﬂf)

A
» on(l —€) 2}
> exp | ———2z° |dx
B ~/(1—E)An P |: 20d;

o AZ(1 e>3]

>6Anexp[ 95
1

It follows that 0,A%2 — oo, and

o A2
) _n—n ) < T—1/2
(3.6) exp ( 254, > < Apo] ,

and

AZ(1—¢)3
1/2A OnBy < e lgl-T
O n €XP |: 2(5d1 :| =€ 9

which gives

1 2 (]- - 6)3 2 -1 _1—71
Z < .
<2> In(c,AZ) + 55d; oAz <lIn (e o )
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Since In(0,A2) = 0(0,A2), and
In(e 'o}"™) = (1 —7)Ino, +o(lno,),
the last inequality above implies that

(3.7) o, A% < C.lnoy,

for some C, > 0 and all large n.
As a consequence of (3.5), (3.6), and (3.7) we have

én(gn + U;T) = Un(bi(fvg + An)

< opexp [— %Ai]
1

<o, [A2 02771}(1*6)
< [Ce In Un](l—e)0111+2(r—1)(1—e)
— 0 asn — oo,

provided that 7 is chosen in the interval (0,1/2) and € > 0 is small enough.
From the property of ¢, (x), we see that the above estimates imply that
(3.8) Baly) — 0 uniformly in [0,y \ [§n — 07, G + 077,

and for any M > 0,

YntM Gntoy "
[ ¢n(y)dy=/ én(y)dy + o(1)
Y

n—M Jn—0n"

77n('.0n+‘77:‘r)
- / 062 (2)€) (2)dz + o(1)
n.

n(@niU;T)

xo+An,
= [ oiou@)dn + o)

*

o—An

= 20)/? /An exp < - on” 1+ o(l)])daj +o(1)

2

— 2+ o(1)] / " (— W)d +o(1)

00 332
=2 - 1).
/0 exp< 26d1>dx+o( )

In other words, for any M > 0,

gn“l’M - oo x2
(3.9) lim dn(y)dy = ¢ := 2/ exp < — )dm.
0

n—oo Gn—M 26d1

Step 3: The limiting profile of Up(y).
We now define

Un(y) = Un(y + Un — 1)/Un(gn - 1)7
fn = dilén(y +9n — 1) [fO(nn(y + Un — 1)) - mn]
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Clearly U, (0) = 1, and by (3.4) we have

{ _U;L/ = fnUn in (]- - Qnayn + 1- gn)a

(3.10) X ' R A
Uh(1=9n) = U} (yn +1—9n) = 0.

From (3.8) we see that
fu(y) — 0 uniformly in [1 — §,,1— 0, T JU[L 4057, Y + 1 — G).

Since U,(0) = 1, the boundedness of f,, over [I — §j,,1 — 0;,7] allows us to apply the
Harnack inequality to conclude that U, has a bound C independent of n over any
bounded interval J C [1 — §n,1 — 0,,7] with 0 € J. We can now apply to (3.10) the
LP theory, the Sobolev imbedding theorem, and a standard diagonal argument, to
obtain a subsequence of {0n}, still denoted by U, such that U, — U in C(J) for
any bounded interval J C (—o0, 1), and U satisfies

(3.11) U”=01in (—o00,1), U(0) =1.
Since U is nonnegative in (—o0,1), we deduce from (3.11) that
U(y)=1+ay, ac[-1,0].

Now consider the sequence {Un(Q)} We claim that this is a bounded sequence.
Indeed, from our earlier observation for the sign of [fo(x) — my], we know that the
right-hand side of the first equation in (3.4) changes sign from positive to negative
when y increases across g, := &, (x, ). It follows that U/ (y) changes sign from negative
to positive as y increases across g,. Since U;,(0) = U,,(y,) = 0, we find that U}, <0
in [0,y,] and hence U, (y) is nonincreasing in y, which implies that Un(y) is non-
increasing in y and hence 0 < U,(2) < U,(0) = 1. We can now use the fact that
fn — 0 uniformly in [1+0,, " S Ynt1— Jn], as above, to conclude that, subject to passing
to a further subsequence, U, — U, in C'(J) for any bounded interval .J C (1,00),
and U, satisfies

U'=0, 0<U,<1in(1,00).
Therefore U, must be a constant, say U, =b.

Using (3.9) we find that f, is a bounded sequence in L'([0,2]). By (3.10), we
have

U’ (y) / fuly y)dy Vy €10,2].

Since U’ (0) — U’(0) = a and 0 < U,(y) < U,(0) = 1, the above identity implies
that |U’ (y)| < C for some C > 0 and all n > 1 and y € [0,2]. Therefore {U,(y)}
is equicontinuous in [0,2]. It follows that U/, must be a continuous extension of U.
Therefore b =1+ a.

Step 4: We show that mo = f(xf).

We are now ready to determine the value of mg by using our estimates for ¢n and
U,.. We note that (3.8) and (3.9) imply that, for large n, ¢, (y + §n — 1) behaves like
the d-function concentrating at y = 1. We now use these properties of ¢, and (3.10)
to obtain

07 (2 / Ful0)0n(w)dy — @ — [fo(zg) — mo](1 + a)eo
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But since U, is a constant function over (1, 00), we have U/, (2) — U/(2) = 0. Therefore

a = [fo(zg) — mo](1 + a)co.

The right-hand side of the above identity is nonnegative, but a < 0. Therefore we
must have a = 0 and mg = fo(zf). This implies that the entire original sequence
{my} converges to fo(x{). Hence (3.1) holds, and the proof is complete. O

If we fix m such that 0 < m < f(min{avg,wp}) and let o,, be an increasing
sequence of positive numbers converging to oo, then by Theorems 2.3 and 3.1, for all
large n, (1.3) with ¢ = o, has at least one positive solution. Suppose that (uy,vy,)
is such a solution. We will analyze the behavior of (un,v,) as n — oo. This will be
done in Part II; see [DH].
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