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CONCENTRATION PHENOMENA IN A NONLOCAL
QUASI-LINEAR PROBLEM MODELLING PHYTOPLANKTON II:
LIMITING PROFILE*

YIHONG DU AND SZE-BI HSU*

Abstract. This is Part II of our study on the positive steady state of a quasi-linear reaction-
diffusion system in one space dimension introduced by Klausmeier and Litchman for the modelling
of the distributions of phytoplankton biomass and its nutrient. In Part I, we proved nearly optimal
existence and nonexistence results. In Part II, we obtain complete descriptions of the profile of
the solutions when the coefficient of the drifting term is large, rigorously proving the numerically
observed phenomenon of concentration of biomass for this model. Moreover, we reveal four critical
numbers for the model and provide further insights to the problem being modelled.
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1. Introduction. We continue our investigation in [DH] on the problem

—[diug + oc(z)uly = [g(x) — mlu, 0<z <1,
—daUz = —g(z)u, O<z<l,
drug 4+ oc(x)u =0, z=0, 1,
v2(0) =0, v5(1) = Blvo — v(1)],

(1.1)

where dy, do, 0, m, vy, and 0 are positive constants,
g(z) = f(min{av(z),w(z)}),  f(s)

and
w(x) = wp exp {—on - A/ u(s)ds} ,
0

with «, r, Ky, wp, A, and Ag positive constants. We are interested in positive solutions
of (1.1), namely, v > 0 and v > 0 in [0,1]. From (1.1) it is easy to see that for any
such solution v is an increasing function. Clearly w is a decreasing function. The
function ¢(x) is defined by

Tr — X9
o(r) = 77—
0+ |z — o]
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1442 YIHONG DU AND SZE-BI HSU

where ¢ > 0 is a small constant and xo € [0, 1] is uniquely determined by the following
description:

min{ov(z), w(z)} = av(z) Vo €[0,20); min{av(z),w(z)} =w(z) Vz € (xo,1].

(Due to the monotonicity of v(x) and w(x), such g always exists.)

Problem (1.1) is a rescaled version of a model proposed by Klausmeier and Litch-
man in [KL] for the study of phytoplankton in a one-dimensional water column, where
u(x) represents the distribution of phytoplankton biomass, v(z) stands for the dis-
tribution of nutrient, and = denotes the depth in the water column, with x = 0
at the surface and © = 1 at the bottom. The term oc(x) is used to describe the
active movement of the biomass towards spatial location with optimal growth con-
dition. Klausmeier and Litchman [KL] use this system to model the concentration
phenomenon of phytoplankton in lakes and oceans, and the numerical analysis in [KL]
demonstrates that, for large o, the biomass function u(x) concentrates at a certain
level © = x,, while the nutrient function v(x) is close to a piecewise linear function.
They then treat u as a constant multiple of the J-function concentrating at x. and
propose a game theoretical model to determine the location of x,.. We refer the reader
to Part I [DH] for further details regarding the background of (1.1).

Here we rigorously prove the existence of such a concentration phenomenon and
obtain exact formulas for the determination of x, and the total biomass. In doing so,
we reveal the existence of four critical values vy, < v < v* < v** for vy (the nutrient
level at the sediment) such that

(i) z. = 0 when vo > v*, z, € (0,1) when vy € (vs,v*), and ., = 1 when

vg < Vs

(ii) the total biomass increases with vg in the range v.. < vo < v**, but stays

constant for vy > v** or vg < v, (but with vy above a certain level so that
the biomass can survive).

In order to give a more detailed description of these results, we first recall the
main results of Part I [DH], where we proved the following two theorems.

THEOREM 1.1. There exist 0 < m, < m* < oo such that (1.1) has a positive
solution for m € (0, my) and has no positive solution for m > m*.

The values of m, and m* depend on the parameters in (1.1). To stress their
dependence on o, we write m, = m. (o), m* = m*(o0).

THEOREM 1.2.

lim m. (o) = lim m*(¢) = f(min{awvg, we}).
g—00 g—00
To investigate the limiting profile of the positive solutions of (1.1) as o — oo, we
will fix m such that 0 < m < f(min{awvg, wp}) and let o,, be an increasing sequence of
positive numbers converging to oo. By Theorems 1.1 and 1.2, for all large n, (1.1) with
o = o, has at least one positive solution. Suppose that (u,,v,) is such a solution.
We will analyze the behavior of (uy,v,) as n — oco. This will be done in the following
two sections.
In section 2, we find all the possible limiting profiles that a subsequence of
{(tn,vy)} can have; in particular, we find the limiting equations governing these
possible limiting profiles. More precisely, let x,, € [0, 1] be uniquely determined by

{ min{awy, (x), wy ()

min{awy, (x), wy ()

avy(z)  for x € [0,xy),

wp(x)  for z € (z,,1],

} =
} =
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A QUASI-LINEAR PROBLEM MODELLING PHYTOPLANKTON II 1443
where
xr
wp,(z) = wo exp {—on - A/ un(s)ds} .
0
We consider the following possibilities:
(i) xn — z, € (0,1), (i) x,, — 0, (iii) @, — 1.

The cases (ii) and (iii) are each further divided into two subcases, namely, for case (ii),

(al) ot 2z, — o0, (a2) or*a, — a, € [0, 00);

for case (iii),
(b1) on/*(1 = 2) = 00,  (b2) ob/*(1 = 2,,) — by € [0, 00).

One easily sees that, subject to a subsequence, the above are all the possible behaviors
of the sequence {z, }. Eventually we will show in section 3 that the limit of the entire
sequence {x,} always exists and that this limit is completely determined by the value
of vy, which in turn allows us to completely determine the profiles of u,, and v, for
large n. But in order to prove these facts, we need to first find all the possible limiting
profiles of {(un,v,)} and the limiting equations that govern these profiles for each of
the above listed cases. The main results of section 2 are summarized below.

If case (i) occurs, we show (see Lemma 2.3) that as n — oo, subject to a subse-
quence, u, — 0 uniformly in [0, z. — €] U [z« + €, 1] for any small € > 0 and

1 oo
/ Up(z)dr — 1.Cy, Cy := / e~/ (20d1) g — v/ 20d T,
0 —00

Tx

p) mCo(1 + B! — max{z, x.})
2

Vp — Vg —
uniformly in [0, 1], where z, € (0,1) and 7. > 0 are determined by

woe 402 —AT(Co/2) — [vo - Zl-—*mCo(l + 87 =),
(1.2) ’

1
m = / f(woe_Aoz*_AT* max{Cg/Z,Coy})dy'
0

If case (ii)(al) occurs, we show (see Lemma 2.4) that the above conclusions hold
with z, = 0; in particular,

(1.3) woe AT = [Uo - ;_ZmOo(l +67h],
and

1
(1.4) m :/ f(woefA'r* max{Co/ZCoy})dy.

0

Since (1.4) uniquely determines 7, > 0, we can substitute this 7, into (1.3) to obtain
a special value for vy, say vy = v..
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1444 YIHONG DU AND SZE-BI HSU

Similarly, if case (iii)(b1) occurs, we can show (Lemma 2.5) that the conclusions
of case (i) hold except that x. = 1; in particular,

(1.5) woe A0 AT/ = o [Uo — EmCo(1+ 57" - 1)
2
and
1
(16) m = / f(woe_Ao_AT* max{Cg/Z,Coy})dy.
0

Analogously, 7. > 0 is uniquely determined by (1.6), and one can then use (1.5) to
obtain a special value for vy, say vy = v*.

If case (ii)(a2) occurs, we show (Lemma 2.4) that as n — oo, subject to a subse-
quence, u, — 0 uniformly in [e, 1] for any small € > 0,

1 oo
/ Up(x)dr — 1.C(ay), C(ay) = / 6_12/(2’5‘11)5133,
0 s

Up — U — Zl-—*mC'(a*)(l + 87 —2)
2

uniformly in [0, 1], where a, € [0,00) and 7, > 0 are determined by

1
(17) m :/ f(woe—An max{C(a*)—Co/Q,C(a*)y})dy7
0
and
(1.8) a(vo - ;—*mC(a*)(l + ﬁfl)) = woe ATC@)=Co/2L f g > 0,
2
(1.9) a <U0 - Zl——*m (%) (1+ ﬂl)) >wy if a. =0.
2

If case (iii)(b2) occurs, we show (Lemma 2.5) that as n — oo, subject to a
subsequence, 1, — 0 uniformly in [0,1 — €] for any small € > 0,

1 b 5
/ un(@)dz — 1 Cby),  C(b) = / e==/(250) g — (b,
0 —00

and

Un — Vo — ;_;ﬂ_lé(b*)v

where b, € [0,00) and 7, > 0 are determined by

1 ;
(1.10) m:/ f(woeonfAT* maX{Co/2,C(b*)y})dy
0
and
(1.11) @(UO - dT—*ﬁO(b*)) = woe AoATC/2if b >0,
2
Tx Co —Ag—AT.Co/2
(1.12) o Uo_dﬁ - < wge” HOTATERO if b, =0.
2
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A QUASI-LINEAR PROBLEM MODELLING PHYTOPLANKTON II 1445

In section 3, through careful analysis of the limiting equations (1.2)—(1.12), we
show that the entire sequence {x,,} always converges to a point z, € [0, 1], that exactly
one of the cases considered in section 2 occurs, and that in each case the limit of the
entire sequence in the conclusion exists. More precisely, if v, < vg < v* (recall that
v, and v* are defined above in cases (ii)(al) and (iii)(b1), respectively), then case (i)
must occur, and (1.2) uniquely determines z, and 7.. If vg = v,, then case (ii)(al)
occurs; if vg = v*, then case (iii)(b1l) occurs. If vy > v*, then case (ii)(a2) must
happen, and if vy < v, then case (iii)(b2) must happen. Moreover, our analysis on
the limiting total biomass lim,, o fol un (z)dz reveals two further critical values of vy,
Vs < Uy and v™* > v* such that this limiting total biomass is strictly increasing with
vg for vy in the range v. < vo < v** but remains constant (i.e., no longer changes
with vg) when vy > v** or when vy < v,.. See Theorems 3.1-3.3 for more accurate
descriptions of these results.

In section 4 we give biological interpretations of our main results and compare
our rigorous limiting equations with the game theoretical model of [KL].

Though the proofs are rather involved, they consist mainly of elementary mathe-
matical analysis; most of the proofs in section 2 and all of the arguments in section 3
can be understood with sound knowledge of calculus and real analysis.

2. The limiting equations. We will keep using the notation of Part I [DH]. It
turns out that the techniques used in the proof of Theorem 3.1 in Part I are not quite
suitable for our purpose here. We will introduce some different techniques.

Suppose that 0 < m < f(min{awvy, wo}) and o, (un, v, ) are as given in the intro-
duction above. Suppose ¢, w, (x) = Cy, (z), x,, € [0,1]. By passing to a subsequence
we may assume that z, — z. € [0,1]. Then
T — Tp

Cyp = ——
" 5+|x—xn|_>

Cy.

in C1([0,1]).
In order to obtain useful equations to determine the profiles of u, and v,, we
need to stretch the variable x appropriately. We define

o) =exo| -5 [ C. (5]

and
By a direct computation we obtain
{ —d1 V) 4+ 0, Dy (2) ¥, = [f(min{own, wy}) — m] ¥y, z € (0,1),
V!, + (0,/2)C,,, ¥, =0, x=0,1,
where

on(x — 2,)% — 2d16

Let us introduce the stretched variable y = o'/2(x — x,,) and define
Y

—1/2

Valy) == \I!n(a,jl/zy + xn), Cn(y) :== 0711/20% (U,jl/zy + xn) = ﬁ,
on "y

an = —0}1/295,1, b, = 071/2(1 —y),
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1446 YIHONG DU AND SZE-BI HSU

and
F,(y) := f(min{own(cr;l/zy + Zn), wn(cr;l/zy + a:n)})

Then

2

-2
-,V + L ff}g V,=o,* [Fa(y) —m] Vi, y € (an,bn),

(2.1) 4d1(0 4 on "7 yl)?

iV, +(1/2)CpVi =0, Y = ay, bn.

In the discussions below, we will consider the cases z, € (0,1), z. =0, and z, = 1
separately. ~

LEMMA 2.1. Suppose x, — x. € (0,1), and set Vi, (y) = Vi (y)/IVall Lo ([an.bn]) -
Then

Vi — Vo in C'(J) for any finite interval J C (—o0,00),
where Vp(y) = exp[—%] is the unique solution of

2d1(5 - y2

—d, V" =
! 4d, 52

V, 0<V <1, V() =1, V'(0)=0.

Proof. Since z, € (0,1), we have a,, - —oo and b,, — 0o as n — co. Let us note
that, for y € [an, —(2d16)'/? — ¢] with e > 0 sufficiently small and all large n, the first
equation in (2.1) implies that V,”(y) > 0. Since d1V, (ay) = —(1/2)Cyp(an)Vp(an) >
0, we deduce that V/(y) > 0 in (ay, —(2d16)'/? — €] for all large n. Hence V, is
increasing in this range. Similarly, we can see that V,,(y) is decreasing in the range
y € [(2d16)Y/? + €,b,] for all large n. Therefore maxV,, = V,,(y,) for some y, €
[—(2d10)'/? — €,(2d16)"/? + €], and Vi (y) = Vi(y)/Vi(yn). We may assume that
Yn — y* as n — oo. We now define

~ 2d,0 — y? -1
Faly) = ~1/2, o

Then V,(y,) = 1, and

—d\V' =FE,V,, 0<V,<1, ye (an,by),
(22) { 1Vn = Yy (CL )

Since {F},} is uniformly bounded over any bounded interval and 0 < V;, < 1, we may
apply the interior LP theory (see [GT]) to (2.2) and use the Sobolev imbedding theorem
and a standard diagonal argument to conclude that, by passing to a subsequence,
Vi, — V in C(J) for any bounded interval J, and V satisfies

24,6 — y? - § ~ -
20—y V, 0<V <1lin(—o0,00), V(y*) =1, V'(y*)=0.
4d, 62

(2.3) —d, V" =
By the monotonicity property of V,(y) observed earlier, we know that V() is nonde-
creasing in (—oo, —(2d10)'/?) and is nonincreasing in ((2d16)*/?,00). We can now
use (2.3) to conclude that V'(y) is positive and increasing in (—oo, —(2d;6)'/?),
reaching a positive maximum at y = —(2d;8)'/?; then is decreasing in (—(2d;6)'/?,
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A QUASI-LINEAR PROBLEM MODELLING PHYTOPLANKTON II 1447

(2d16)'/?), reaching a negative minimum at y = (2d;6)"/?; and for y > (2d16)"/?,
is increasing and stays negative. Therefore V'(y) has a unique zero at some yo €
(= (2d10)'/2,(2d16)/?), which is the unique maximum point of V. Thus yo = y*.
In other words, V(y) is increasing in (—oo,y*) and is decreasing in (y*,0). It then
follows from an elementary analysis that 1% decays to 0 as |y| — oo, and there exists

C1,C5 > 0 such that
V(y), V'(y)| < Cre @l vy € (—00,00).

We now multiply V(—y) to (2.3), integrate over [y*,c0), and then apply integration
by parts. Since V(—y) satisfies the differential equation in (2.3), we deduce

V(= )WV (y*) + V' (y")V(—y*) = 0.

It follows that V’(—y*) = 0. Since y* is the only zero of V', we must have y* = —y*,
that is, y* = 0. By the uniqueness theorem of initial value problems of ordinary
differential equations, we must have V =V, the unique solution of (2.3) with y* = 0.
A simple calculation confirms that the function exp[—#jé] solves the equation for Vj.
Hence, by uniqueness,

y?
Wly) = ——.
() = exp| - 5]
Since Vj is uniquely determined, it follows that the entire original sequence {V;}
converges to Vj. O y
Using the monotonicity of V;, and the fact that Vo(y) — 0 as |y| — oo, we see
that Lemma 2.1 implies

) O/l = V(2 = 0) oy =0 351 ox,
since for large n the function
U (2)/ ¥l oo — ‘/O(U}L/Q(m - xn))

is uniformly small at those values of x € [0, 1] such that or/ *(z — x,) stays bounded
(by Lemma 2.1), and, by the properties of V,, and Vj, the values of the function at
the remaining z € [0, 1] are also small.

We now denote W,,(z) = ¥,,(x)/||¥ |00 and consider the function

1/2
~ = On
lin (1) := 0228, ()0, (z) = (W)un

We will show that, for large n, @, behaves like the J-function concentrating at x..
Indeed, we have the following result.
LEMMA 2.2. For any given small € > 0, |x — x,| > € implies

2.5 0 < fin(z) < 0} 2exp|——" 2| S 0.
(2.5) < tp(x) < 0,/%exp 4(5+1)d1€ —
Moreover, when z, — z, € (0,1),

1

(2.6) lim Up(x)dx = Cy := / e~ /(20d) 4oy — \ [25dy 7.

—
n oo 0 — 00
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1448 YIHONG DU AND SZE-BI HSU

Proof. For any given small € > 0, there exists dp = dp(€) > 0 small so that, when
| — 2n| < do,

_ On - 2 _ Uﬂ(l - 6) _ 2
exp [ 104, (x —xp) ] < P,(z) <exp [ —isd, (x —xp) ]
For any = € [0, 1], we have
On 2 On 2
_ _ < < - .
x| 10d, &) | < @u@ s en] TS }

Since U,, < 1, for |x — x| > €, we have

- < 51/2 o On 2 .
Un(x) <o, exp[ 74(5_'_1”16}—»0

This proves (2.5). Moreover, we have

1 Tnte€
Up(x)dx = 01/2nx~nxx 0
/O @do = [ 00, (@), (w)dz + o)

Tp—e€

I
8
@
"
T
—
S
QU=
— [\
(o9
[ E—
=
—~
<
—
QU
<
_|_
S
—~
—
~—

o) yQ
= /mexp[—2d16]dy+ o(1).

Hence (2.6) holds. For later application, let us also note from the above argument
that

1 Tn
(2.7) lim Un(x)de = lim Up(x)dx = Cy/2. O

n— o0 n—oo
Ty 0

Denote 7, := ||\Iln||oocr;1/2. We find that
Un () = Tpln ().

LEMMA 2.3. Suppose that x,, — z. € (0,1). Then {7,} has a subsequence, still
denoted by itself, such that T, — T« > 0. Moreover, T, and x. must satisfy

(2.8) woe 407~ (/) — o { G147 — )
2
and
1
(29) m = / f(woeonw**AT* max{Co/2,C0y})dy.
0

Furthermore, by possibly passing to a further subsequence, u, — 0 in C([0,1]\ [z. —
€, T +€]), for all e > 0, and

(2.10) Up(x) — vo — Zl——*mCo(l + 87! — max{z,2.})
2
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uniformly in [0, 1].
Proof. By passing to a subsequence, we have two possible cases:

(i) 70— o0, (i) T — 7 €[0,00).

Step 1. Case (i) cannot happen.
Suppose 7, — 00; we are going to derive a contradiction. Denote

frn = f(min{av,, w,}).
Since

o~
W (mn) < wOe_ATn jo " un(s)ds,

and by (2.7)
/ Un(s)ds — Cp/2 > 0,
0

we easily see that wy(z,) — 0. It follows that

This implies that
1
/ frnindx — 0.
0

On the other hand, we may integrate the equation for u, to obtain

/ ) — mfundz =0,

which implies that

/Ol[fn(x) — m]ndz = 0.

Letting n — oo and using (2.6), we obtain

1
mCy = lim frnindx =0,

n—oo 0

1449

which contradicts our assumption that m > 0. Therefore case (i) cannot happen.

Step 2. The limiting profile of u,, and v,,.

We next consider case (ii), namely, 7, — 7« € [0,00). In this case, due to (2.5),

Uy = Tplyn — 0in C([0, 1]\ [z« — €, 2+ + €]), for all € > 0, and hence
(2.11) Tnfntn — 0 uniformly in [0,2. — €] U [z, +¢€,1] Ve > 0.
Let ¢, = vo — vp,. Then

(2.12) —da(y = Tofulin 0 (0,1),  G(0) =0, ¢, (1)+ BG(1) =0.
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1450 YIHONG DU AND SZE-BI HSU

Since v, > 0, we have ¢, < vg. Since 7, fnl, > 0, from (2.12) and the maximum
principle, we deduce that ¢, > 0. Hence we always have 0 < (,, < vg. Therefore we
can integrate (2.12) to obtain

1
M = Tn‘/o fnandir = d2[<ql1(0) - C;L(]-)] = d25<n(1) € [07d25vo]'

This implies that, by passing to a subsequence, we may assume that n, — 7, €
[07 dgﬁ’l}o] .
Moreover, using (2.11), (2.12), and 7,, — 7., we find that
{¢},} is a bounded sequence in L>([0, 1]),
¢ (x) — 0 uniformly in [0,z — €] Ve >0,
¢ () — —ns/dz uniformly in [z, +€,1] Ve > 0.
Since, moreover, 0 < ¢, < v, we conclude that {(,} is precompact in C([0,1]).
Hence, by passing to a subsequence, we may assume that ¢, — ¢ in C([0,1]).
On the other hand, we may apply the LP theory to (2.12) and the Sobolev imbed-

ding theorem to find a further subsequence, still denoted by ¢y, such that ¢, — f in
C1(J) for any compact interval J C [0, z.)U(z«, 1], and ¢ satisfies (in the weak sense)

—dy(" =0in [0,2,) U (zs,1],  {(0)=0,  ¢'(1)+pB¢(1) =0.

Clearly we must have CN = (. Moreover, our earlier analysis on (,, implies that ¢'(z) =0
in [0,z.) and ¢'(z) = —n./dz2 in (x4, 1]. These properties uniquely determine ¢:

(2.13) (@) = (n./d) (1 + B~ — max{z.,z}).

Step 3. 7 > 0.
Otherwise, 7. = 0 and hence 7, = 0. It follows that ( = 0 and v,, — vy uniformly
in [0, 1], and that

Agre—ATn Iy an(s)ds Aoz

wp, () = woe™ — wpe” 0% = w, ()
uniformly in [0,1]. This implies that
ze =2f and fu(z) — folx) := f(min{avy, w,}) uniformly in [0, 1].

We may now integrate the equation for w,, to obtain, as before,

1
/ [frn(z) — m]a,dz = 0.
0
Letting n — oo, we deduce
[fO(xS) - m]CO =0,

which contradicts our assumption that m < f(min{awve,wo}) = fo(z§). Hence 7. > 0.
Step 4. The equations for x, and .
We now set out to find the equations that determine x, and 7.. By (2.7),

7AownefA'rn fOZ" U, (s)ds 7Aow*efAT* (Co/2).

wp (x,) = wpe — wope
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On the other hand,
Wy (Tn) = avy(zn) — afve — ((z4)].
Thus we necessarily have
(2.14) woeAoT-~A™=(Co/2) — afvo — C(2.)] = afvo — (ne/d2) (14 571 — z,)].

Moreover, using (2.5), (2.7), and the fact that av, — a(vo — ¢) uniformly in [0, 1], we
deduce

(2.15) /0 " Flavn)iindz — (Co/2)f (avo — ac(z.)).
Using

o~
wn(x) _ woeonwefATn [ n(s)ds

and the property of 4, we obtain, for any small € > 0,

1
J
1 i ) A ~
N / f(woe™A0F AT Jg" An(S)ds—Arn [ @ ()ds) 7 1o

Tst€ .~
= / f(woe*A”*AT"(CDm)e_AT" Jon “"(S)ds)ﬂndx +0(1)

Tyt€ .~
= []_ + 06(1)]/ f(woeiAow**AT*(CD/2)6_AT77, jzn ’LLn(S)dS)ﬂndx + 0(1)

Tn

U2 in(s)ds]
=1+ 0e(1)] / f(woe_AOI*_AT*(CO/Q)e_AT"y)dy +0(1)
0

Co/2
o] [ (e ANy o)
0

where o.(1) represents a quantity that converges to 0 as ¢ — 0.
Thus

1 Co/2
(216) / f(wn)an(l’)dﬂ} — / f(woe—AOI*—AT*(CQ/Q)e—AT*y)dy
T 0

as n — oo.
Combining (2.15) and (2.16), we obtain

1
7Ny = lim Tn/ frnindx
0

217 e
=T [(CO/Z)f(owo — oz((a:*)) + / f(woe_Aoz*_AT*(CO/Q)e_AT*y)dy )
0

Moreover, we may integrate the equation for u, to obtain

/Ol[fn(x) — m]tndz = 0.
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Letting n — oo and using (2.15), (2.16), we obtain

Co/2
mCy = (00/2),]0(01110 _ OZC(QZ*)) +/ f(’UJ()E_AOz*_AT*(CO/Q)e_AT*y)dy-
0

This combined with (2.17) yields
(2.18) M = 7mCy

and combined with (2.14) gives
Co/2
m = (1/2) f(woe—Aoms~Am(Co/2)) 4 Co—l/ f (wpeAow— AT (Co/D) = Ay gy
. 0
_ 00—1/0 f (wpe Ao — AT max{Co/2.03) gy

1
_ / f(woe_Aoz*_AT* max{Cg/Z,Coy})dy;
0

thus (2.9) is proved. Equation (2.8) and (2.10) clearly follow from (2.13), (2.14), and
(2.18). d

We now consider the case z, = 0. By passing to a subsequence, we have two
subcases:

(al) ay, := o *a, — 00, (a2) an, — a. € ]0,00).

LEMMA 2.4. In subcase (al), all of the conclusions in Lemmas 2.2 and 2.3 hold.
In subcase (a2), {m,} has a subsequence, still denoted by itself, such that 7, — 7 > 0.
Moreover, T, and a, must satisfy

1
(2.19) m = / f(woefA'r* max{C(a*)7C0/2,C(a*)y})dy
0

and

(2.20) a(vo - ;—*mC(a*)(l + 5—1)) — woeAT[C@)=Co/2l e o S
2

(2.21) o <v0 —m <@> (1+ ﬂl)> >wy if ax =0,
dy 2

where

00 y2
C(ay) :2/ exp {— 2d15}dy'

—Qx

Furthermore, by possibly passing to a further subsequence, u, — 0 in C([¢,1]), for all
ee (0,1),

T 1
(2.22)  lim Up(x)de = C(ay) — Coy/2, lim Un(z)de = C(ay),
and
(2.23) vp(x) — vo — ZZ——*mC(a*)(l +87 —1)
2
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uniformly in [0, 1].

Proof. In subcase (al), we may repeat the arguments used for the case z, € (0,1)
above to see that all the conclusions there (with z, replaced by 0) remain valid; the
proofs carry over with minor modifications.

Consider now subcase (a2). In this case, we may use interior and boundary
LP estimates and the Sobolev imbedding theorem to conclude that, by passing to a
subsequence, ||V, — V||C1 (lan,m]) — 0 for all M > 0, where V satisfies, instead of
(2.3),

—dlf/”—mV
(2.24) 4d, 6
V' (~a,) — 2V (~a) =0, V(y*)=1, V'(y") =0.

0<V<1lin (=@, 00),

26

Note that as before V is decreasing in [(2d,6)'/2,00). This and (2.24) imply that V
converges to 0 as y — oco. Moreover, an elementary consideration shows that

V'(y)],V(y) < Cre= ¥

for some C1, Cy > 0, and all y > 0.

We will show that y* = 0 and V is again the unique solution of (2.3) with y* =0,
namely V. Since Vp and |Vj| are bounded from above by a function of the form
Cre= vl we can multiply the first equation in (2.24) by Vp, integrate over [y*, 00),
and use integration by parts to deduce

d[VVy = V'Vl[72 = 0.

It follows that V{(y*) = 0, which implies that y* = 0. Therefore, by the uniqueness of
initial value problems of the ordinary differential equations, we deduce V = V. Let
us note that a direct calculation shows

diVy(y) + %Vb(y) =0 for every y € (—o0,00).

Therefore (2.24) does not introduce any restriction for a..
1/2

Since now oy “x, — a., instead of (2.6), we have

T 1

(2.25)  lim Up(x)dx = C(ay) — Co/2, lim Un(z)dz = C(ay),

[e'e] y2 o0 y2
Cl(ax) :=/ eXp{—m]Vo( )dy=/ exp[—%}dy-

We proceed as in the case x, € (0,1) and have two possibilities for 7, as before.
We show that, in the current case, we still cannot have 7,, — co. Arguing indirectly,
we assume that 7, — oo.

Then in the case a, > 0, we have C(a.) — Cy/2 > 0, and hence

where

wn(fn) < wgpe — ATy [§7 Gn(s)ds _ 0.
It follows that
falloe = fal@n) = f(wn(zn)) — 0
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and

1
/ frnindx — 0.
0

If ax = 0, then C(as) — Co/2 =0 and

/O Fo(@)iin (2)dz = / (@) () o(1)

1
< / f(woefAT" I u"(s)ds)&ndx +0(1)

([, @n(s)ds] N
:/ f(woe* T"y)dy—i—o(l)
0

Therefore we always have

1
/ frnlndx — 0 as n — oo.
0

As before, we may integrate the equation for u,, to obtain

1
/ () — mliindz = 0.

0

Letting n — oo and using the above estimate, we deduce
—mC(ax) =0,
a contradiction to our assumption that m > 0. Therefore we cannot have 7, — oc.
Thus we can only have the case 7,, — 7. Then much as before we deduce u,, — 0
in C([e,1]) for all € € (0,1), and
o = = (e /d2)(L+ 7 — )

in C([0,1]) N CY([e,1]) for all € € (0,1). If 7. = 0, we can deduce as before that
m = fo(xg), a contradiction to our initial assumption on m. Therefore 7, > 0.

If a. = 0, we first choose y,, € (zn,1) such that y,, — 0 and fyln Up(z)dx — 0,
and then we have

/0 fo(@)in (@)dz = [ Fwn(@))in(@)dz + 0(1)

Tn

Yn Tn ~ z o~
= / f(woeonzfATn S an(s)ds—Ary [ un(s)ds)ﬂndx +o(1)

n

Yn o
= / f(woe_AT" Jon “"(S)ds)ﬂndx +0(1)

1 e -
= / f(woe_AT" Jam ""(S)ds)ﬁndx +o(1)

Co/2
= / f(woe*AT*y)dy—i—o(l).
0
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If a,. > 0, then z, > 0 and w,(z,) = av,(x,). From

'Un(xn) — Vo — C(O)
and

Oe—Aozn—ATn jO n g, dx Sw

Wy (Tn) = w Oe—AT*[C(a*)—CoN]

we obtain
aftio — ¢(0)] = woe™A™-[C(e)=Cor2]

Moreover, similar to the above,
1 Yn
[ @) = [ fwn(a))n@)do + of1)

Yn " ®n ~ o~
- / f(woe*ATn Jo™ Gn(s)ds—ATy, jln Un(s)ds)ﬁndx + 0(1)

Cos2
:/ f(’LU()B_AT*[C(a*)_CO/Q]_AT*y)dy—|—0(1),
0
and
/ " (@)t (2)dz = / " Flawn(@))iin (z)de
0 0

— f(alvo — C(O0)])[C(ax) — Co/2] + o(1)
= [C(ay) — Co/2) f (woe™A7C@)=Co/2) 4 o(1).

Therefore we always have

1 C(ax)
(2.26) / folndr — / f(woefAT* max{[C(a*)fCO/2],y})dy'
0 0

We may now use

1
/ [fn(2) = m]indz =0
0
to obtain
C(ax)
mc(a*) :/ f(’LU()eiAT* max{C(a*)fco/Zy})dy.
0
Therefore
1
m:/ f(woefA'r*max{C’(a*)*C’o/27C(a*)y})dy7
0

and (2.19) is proved.
We thus obtain
1
Ne = T lim fnlndx = 7.mC(ax).

n—oo 0
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Therefore,
vp(x) = v — ¢ =v9 — Zl-—*mC'(a*)(l + 47 —x)
2

uniformly in [0, 1]; that is, (2.23) holds.

Let us note that (2.22) was already proved in (2.25). So it remains to prove (2.20)
and (2.21). If a, > 0, then z,, > 0, and we necessarily have av, (z,) = w,(z,). Recall
that

wn(xn) _ woefAT*[C’(a*)*Co/ﬂ7 Un(xn) — vg — C(O)

Hence

a(vo - EmC(a*)(l + 5—1)) = woe A€ (ax)=Co/2]
do

If a, = 0, then z,, = 0 is possible, and so we have av,,(z,) > w,(z,) in general, and
instead of the above identity we should have

e <v0 - ;——Zm <%> (1+ ﬂl)) > wy.

Thus (2.20) and (2.21) are established. The proof is now complete. O
Finally we consider the case x, = 1. By passing to a subsequence, we have two
subcases:

(bl) b, := 0711/2(1 —T,) — 00, (b2) b, — by € [0, 0).

LEMMA 2.5. In subcase (bl), all of the conclusions in Lemmas 2.2 and 2.3 hold.
In subcase (b2), {7} has a subsequence, still denoted by itself, such that 7, — 7, > 0.
Moreover, T, and b, must satisfy

1 .
(2.27) m:/ f(woeonfAT* maX{Co/2,C(b*)y})dy
0
and
Tx A _ —Ag—AT.Co/2
(2.28) a(vo ~ 3 ﬁC(b*)) = wpe” 0 0 if by >0,
2
Tx Co —Ag—AT.Co/2
(2.29) « Uo_dﬁ - < wgpe” 0T AT=0 if by =0,
2
where

C(b.) = /b* exp [—%]dy = C(=bs).

— 00

Furthermore, by possibly passing to a further subsequence, u, — 0 in C([0,1 — ¢€]) for
every e € (0,1),

1 1
(2.30)  lim [ G (x)de = C(bs) — Co/2, lim [ dn(z)dz = C(b.),
n—oo Tn n—oo 0
Te =
2.31 n —vg—( =19 — C (b
(2.31) V() — vo — ¢ = o G (bs)
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uniformly in [0, 1].

Proof. In subcase (bl), we may repeat the arguments used in Lemmas 2.2 and 2.3
for the case z, € (0,1) to see that all the conclusions there (with z, replaced by 1)
remain valid; the proofs need only minor modifications.

We now consider subcase (b2). Then instead of (2.3) we have

- 2 — 2~ -
V" = %V, 0<V <1in (—00,b),
(2.32) ) !
V'(b) + 2—317(29*) =0, V(y)=1 V'(y)=0.

Note that as before V is increasing in (—oo, —(2d;8)'/2]. This and (2.32) imply that
V' converges to 0 as y — —oo. Moreover, an elementary consideration shows that

V'(y)], V(y) < Cre” 1Yl

for some C1, Cy > 0, and all y < 0. ~
As in the case for (2.24), we can similarly show that y* = 0 and V = 1, the
unique solution of (2.3) with y* = 0. Moreover, (2.32) introduces no restriction for b..

Since 0,11/2(1 — x,) — by, instead of (2.6), we have

1 1

lim U (z)dx = C(by) — Co/2, lim Un(x)dz = C(by),
n—oo T n—oo O

where

C(b.) = /b* eXp[—ia}Vo(y)dy = C(=ba).

— 00

This establishes (2.30).

We proceed as in the case x, € (0,1) and have two possibilities for 7, as before.
We show that in the current case, we still cannot have 7,, — co. Arguing indirectly,
we assume that 7, — oo.

Since fo‘r" tndr — Cy/2, we have

— ATy [§™ Gn(s)ds

wp,(z,) < woe — 0.

It follows that

[ falloo = fr(@n) < flwn(zn)) — 0,

and

1
/ frnindx — 0.
0

As before, we may integrate the equation for u,, to obtain

/Ol[fn(x) — m]i,dx = 0.

Letting n — oo and using the above estimate, we deduce
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a contradiction to our assumption that m > 0. Therefore we cannot have 7,, — oc.
Thus we can have only the case 7,, — 7. Then much as before we deduce u,, — 0
in C([0,1 — ¢]) for each € € (0,1) and ¢, — ¢ in C([0,1]) N C1([0,1 — €]), for all
€ (0,1), with ¢ satisfying

¢"=0in[0,1), ¢ =0in]0,1).

Hence ( is a constant. To determine its value, we use

1 ~
—doCl (1) = /0 Tn frlndr — 7,.C(by)

and

Ch(1) + BCa(1) =0
to deduce

~ 70+ BC=0,
and hence
(2.33) (= —=C(b).

dzﬁ
If 7. = 0, then ¢ = 0, and hence v,, — vy uniformly in [0, 1] and

—Aoz—ATy [ Undx —Aox

wp(x) = wpe — wge

uniformly in [0,1]. Then we can deduce as before that m = fo(zf), a contradiction
to our initial assumption on m. Therefore 7, > 0.

We have
/ frn(@)t, (x)dx —/ flavy, (x))ty, (x)dx

= (Co/2) f(e(vo = ¢)) + o(1).
If b, = 0, then

/ fn(@)ln (z)dz = o(1).

If b, > 0, then z, > 0 and wy,(z,) = av,(x,). From

T« =
Un\Tn) — Vg —( = C'(b.
(Tn) = vo — ¢ P (by)
and
wn(fn) _ woeonwan'rn Jom ande woe —Ao— AT*CO/2’
we obtain
Te =

2.34 ( ) — woe—Ao—AT.Co/2.
( ) @ d26 ( ) woe
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Moreover,
/fn(x)ﬂn(x)dx:/ [ (wn ()t (z)dx

1
— — Tn 5 _ z & ~
:/ f(woe Apx A'rnf0 Up (s)ds— Aty fmn un(s)ds)undx
Tn

C(bs)—Co/2
:/ f(woe—Ao—AT*CO/Q—AT*y)dy+0(1).
0
Therefore, whether b, = 0 or b, > 0, we always have
1 C(by)
(2.35) / fo (@) (x)dz — / £ (wpe—Ao—Ar max{Co/2.0}) gy,
0 0
We may now use
1
/ [fn(z) — m]i,dz =0
0
to obtain
- C(bx)
mC(b*) :/ f(woeonfAT* max{C’o/27y})dy7
0
which gives (2.27).

Note that if b, = 0, then x,, = 1 is possible, and we have only wy,(z,) > av(z,),
so instead of (2.27), we should have

a(UO - C'(b*)) < woe A0 ATC0/2,

dof3
Thus we have established (2.28) and (2.29). Clearly (2.31) follows from (2.33) and
the fact that v, — vg — ¢ uniformly in [0, 1]. The proof is complete. 0

3. Limiting profile of the positive solutions. We are now ready to state
and prove our main results. We will show that the limiting equations obtained in the
previous section uniquely determine z, and 7., and the value of vy determines which
set of limiting equations should be used for calculating x, and 7. In this way, the
asymptotic behavior of the positive solutions is completely determined.

Let us recall that m is fixed such that

(3.1) 0 <m < f(min{awvg,wo}),

and o, — o0 is a sequence of positive numbers. Therefore by Theorems 1.1 and 1.2,
problem (1.1) with ¢ = o, has a positive solution (u,,v,) for all large n. Recall that
Co > 0 is given in (2.6), which is completely determined by ¢ and d;. Due to (3.1)
there exists a unique 73 > 0 such that

1
(3.2) m :/ f(woe—Arg max{Co/2,Coy})dy'
0
Let us then define
(33) v* = U*(m) e %e*ATgCO/2 + ;_Omco(l + 571)'
2
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Let v(m) > 0 be uniquely determined by
m = f(ag(m)).

By (3.1), we always have vy > v(m).
When m < f(wpe~*°), we can find a unique 71 > 0 such that

1
(34) m = / f(woe*AO*ATl* maX{Co/27Coy})dy.
0

We now define

(3.5) vy = vi(m)

w . T .
L= Ao—ATICo/2 | d—lmCoﬁf1 if m < f(woe=40),
= « 2

v(m) if f(woe™0) <m < f(wo).

It is easily seen that v, (m) is continuous in m.
As we will see below, to completely determine the asymptotic profile of (uy,, vy,), it
is necessary to distinguish the cases vy € [v.(m), v*(m)], vo > v*(m), and vy < v4(M).
THEOREM 3.1. Suppose that vg > v(m) and

(3.6) ve(m) <wvg < v*(m).

Then the system (2.8) and (2.9), namely,

woe AT —AT(C0/2) — [vo - Zl-—*mCo(l +67 - %)] ;
2

1
m = / f(woeonw*fAT* max{Co/2,Coy})dy’
0

has a unique solution pair (x.,T) satisfying x. € [0,1] and 7. > 0. Moreover,
1
up, — 0in C([0,1]\ [z+ — €, 2. +€]) Ve>0, / updr — 7,.Cy,
0

vp () — vo — ;—*mCo(l + 7t —max{z,z.}) uniformly in [0,1].
2
Furthermore, x. =0 if vo = v*(m), z. € (0,1) if v.(m) < vy < v*(m), and x, =1 if
vo = v (m).

Proof. Using the notation of the previous section, by passing to a subsequence,
Tn — xx € [0,1]. By possibly passing to a further subsequence, the behavior of
(tn,vn) as m — oo is then determined by Lemmas 2.2, 2.3 (if z,. € (0,1)), Lemma 2.4
(if . = 0 and subcases (al) and (a2) occur), and Lemma 2.5 (if z, = 1 and sub-
cases (bl) and (b2) happen).

If we can show that x, and 7, are uniquely determined by the value of vy, then the
corresponding results in the previous section would hold not only for a subsequence,
but for the entire original sequence, and hence the behavior of (u,,v,) as n — oo
would be completely determined.

The rather long proof below is broken into several steps.
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Step 1. Subcases (a2) and (b2) do not happen
First we observe that subcase (a2) does not happen. Indeed, if this case occurs,

then since C'(ax) < Cy/2, we see (as explained below) from a careful comparison of
(2.19) and (3.2) that

T > 15, TClay) <75Co/2, 7[Co/2+ C(as)] > 75Co.

In the comparison, we can deduce these inequalities one at a time, in the above order,
and the previous inequalities are used for obtaining the next inequality. For example,
to deduce 7,.C(a.) < 75Ch/2 from 7. > 75, we observe that 7.C(a,) > 75Cy/2 and
T« > 75 would imply

T max{C(ax), [Co/2 + Clas)]y} > max{r3Co/2, [1:Co/2 + 15 Co /2]y }
> 75 max{Co /2, Coy}
with strict inequality holding in the last step for y € [1/2, 1], which is impossible when
one compares (2.19) with (3.2).

It then follows from (2.20) and (2.21) that vy > v*(m), contradicting (3.6).
Similarly, if subcase (b2) happens, then from (2.27) we deduce

7. >71F and 7.[Co/2 4+ C(b)] < 75 Co,

which imply, by (2.28) and (2.29), that vy < v.(m), again contradicting (3.6). There-
fore subcase (b2) cannot happen.

Thus, by our discussion in the previous section, we have the cases where (2.8)
and (2.9) hold. To show that (2.8) and (2.9) have a unique solution (z.,7.) satisfying
x, € [0,1] and 7, > 0, we establish a procedure to uniquely find z, and 7.. In the
discussion below, we will treat vg > 0 as a varying parameter.

Step 2. A procedure to solve (2.8) and (2.9).

It is useful to use the new variable

A= AQZIJ* =+ AT*C()/Z.
Then
Ty = (/\ - AT*00/2)/A0,

and (2.8) can be rewritten as

X — AT, 2
W0 X oy~ ey (14 -1 - 2 ATC0/2
o ds Ao
or
mCly Wo

Mn [(1 + 87 HAg— A+ A(Co/2)7*} — vy — ;e, '

We now consider the quadratic equation of 7:

mCo Wo )

(3.7) dzAOT[u + 67 Ay = A+ A(Co/D)7] = vo — —e

For each vy > 0, let Ag(vp) denote the minimal nonnegative A such that vy —
%e‘A > 0. Clearly

(3.8) Xo(vo) = 01if vg > wo/a, Ao(wvp) is decreasing in (0, wo/al, lim0 Ao(vp) = 0.
vo—
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For each vg > 0 and A > A\g(vg), the quadratic equation (3.7) has a maximal zero,
which we denote by 7(A,vg). It is easily seen that 7(\,vg) > 0 and

Ao(vg) — Ag(1+571) }
ACo /2 !

(3.9) when vg < wo/a, T(Ao(v0),v0) = max{O,

(3.10) 7(A,vp) is increasing in A and in vg,  lim 7(\, vg) = oo for fixed A > 0.

Vg —00

Since Ag(wo/a) = 0, by (3.9), 7(Ao(wo/), wo/c) = 0. Let us consider the con-
tinuous function

1
M(Uo) _ / f(woe—Ag('Ug)—AT()\()('UQ),'UQ) max{O,Coy—Cg/Z})dy'
0

The above observation shows that M(wo/a) = f(wg) > m. By (3.8), we have
M(vg) — 0 as vog — 0. By (3.10), we deduce M(vg) — 0 as vg — oo. Hence
from the continuity of M (vg) we can find vy and vi,q, such that

0 < Vmin < Wo/ @ < Vpaz < 00,

M(UO) >m v’UO S (Uminavmaw)a M(Umzn) = M(’Uma$) =m.

Now for each v € (Vmin, Vmaz),
1
m < / f(woe—)\o(vg)—AT(Ag(vo),Uo) maX{O,COYJ—CO/Q})dy.
0

This and the monotonicity of 7(\, vg) in A imply that for such vy we can find a unique
Ax = As(v9) > Ao(vo) such that

1
m = / f(woe—k*—AT(A*,vo) max{O,ng—Cg/Z})dy.
0

Clearly vg — Ay (vg) is continuous and
Ak (Umin 4+ 0) = Ao (Vmin ), A (Vmaz — 0) = Ao (Vmaz)-
So we may define
A (Vmin) = Ao(Vmin), A (Vmaz) = Ao (Vmaz)-

We claim that the function T'(vg) := 7(A«(vg), vo) is increasing in [Vmin, Vmaz)-
Otherwise, we can find vimin < $1 < S2 < Umae such that T'(s1) > T'(s2). Since

1 1
/ f(woe—k*(ﬂ)—AT(sﬂmaX{O,Coy—Co/Q}) _ / f(woe—)\*(52)—AT(52)max{(),COy—CD/Q})7
0 0

T(s1) > T(s2) implies that A.(s1) < A«(s2), which implies, by the monotonicity of
’7'(/\7 Uo),

T(Sl) = T(/\* (81), 81) < 7'()\>,< (82), 82) = T(Sg)

This contradiction proves the claimed monotonicity of T'(vo).
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We show next that T (vmag) > 7. Since vmas > wo/o, we have A\g(Vmaz) = 0
and hence

1
m = M('Umax) — / f(woefAT(Ommam)maX{O7Conyo/2})dy'
0
By (3.2),

1
m:/ f(woe—ATJCo/Q—ATJ max{O,Coy—Cg/Z})dy.
0

Comparing the above two expressions, we obtain 7(0, Vmaee) > 7§. Hence
T(Umaz) = T(A* ('Umaz)a Umaz) = T(AO(Umaz)a Umaz) = 7'(0, Umam) > T(Tv

as we wanted.

We now consider T(vmin). We have two different cases: m < f(wpe™4°) and
m > f(woe~A0). First consider the case m < f(wpe™ ). We show that T'(vnin) < 75
in this case. Since Ay (Vmin) = Ao(Umin) We have

T(Umin) - 7-()\0 (Umin)a Umin)-

Hence, by (3.9),

T(0in) = max{(), 20(Vmin) — Aol +577) }

ACy/2

A0 (Vmin)—A -t * A0 (Vmin)—A -
N If 2oltming AUEP ) < 0, then T(vin) = 0 < 7. If 2emin)ZAGUET ) 5 g,
en

Ao (Umin) — Ao(1 + 671)
ACo/2 !

T(Umzn) =

and hence

1
m / f(woe—kg(vmm)—AT(vmm)max{O,Coy—Co/Z})dy
0

1
£ (wpe=A0(+B™ ) AT (W) Co /2= AT (vini0) max{0.Coy=Co/2}) gy

I
S— >

1
f (w067A0(1+ﬁ_1)7AT(UM1") maX{Co/27Coy})dy.

Comparing this with (3.4), we find that T (vymin) < 77
With the above properties of T'(vg), we can uniquely determine v, and v* with
Umin < Vs < U* < Umae Such that

T(v*) =15, T(ve) =177

We claim that v* = v*(m) and v, = v.(m). Indeed, from

1
m :/ f(woe*)\*(v*)*AT(y*)max{O,Coy*C0/2})dy
0
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and T'(v*) = 75, we easily see by comparing with (3.2) that A\, (v*) = 75 ACy /2. Hence
5 = T0") = 7(A(v"),0") = 7(75 ACy /2, v").

By the definition of 7(A,vg), the above identity means that 7 = 7 solves (3.7) with
A = 173 ACy/2 and vy = v*. Therefore we may compare with (3.3) to deduce v* =
v*(m). Similarly, we can show that v, = v.(m).

Since T is monotone, for each vy € [vi(m),v*(m)], T(vo) € [17,75]. Hence we
can compare (3.2) and (3.4) with

1
m:/ f(woe—x*(uo)—AT(uo)max{o,coy—co/z})dy
0

to find that, for such vy, we necessarily have
AT(UO)OO/2 S /\* ('UO) S A() + AT('UO)CO/2;

otherwise we would arrive at contradictions to T'(vg) € [, 75]. This implies that
there exists a unique z, € [0, 1] such that

/\*(Uo) = Aopxy + AT(U())C()/Q

Let 7. = T'(vg); we find that (z.,7.) solves (2.8) and (2.9).
We next consider the case m > f(woe~°). In this case, v«(m) = v(m); moreover,
we show that

Indeed, from
T(vmin) = 7—()\* (’Umin)a Umin) = 7—()\0 (’Umin)a Umin)a
we obtain

1
m :/ f(woefko(vmm)*AT(Ao(vmm),vmm)maX{07Conyo/2})dy
0

< flwgeAo(min)),
It follows that Ao (vmin) < Ao < Ag(1+571). By (3.9), we deduce 7( Ao (Vimin)s Umin) =
0, that is, T'(Vsmin) = 0. This gives

1
m :/ f(woef)\o(vmm))dy — f(WQGAO(UmM)).
0

Hence

aw(m) = woe=roWmin),
On the other hand, since v, < wo/a, by the definition of the function A,
wo

Vpmin — — e 0Wmin) =
«

Therefore we have vy,in, = v(m).
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We can now conclude that there exists a unique v* € (Vmin, Umaz) Such that
T (v*) = 7§. We may then prove v* = v*(m) as before. Since T is monotone, for each
vo € (vi(m),v*(m)] = (v(m),v*(m)], T(vo) € (0,75]. Hence we can compare (3.2)
and m > f(wpe™°) with (3.1) to deduce

AT(’UQ)C()/2 < A (Uo) < Ag + AT(U())CQ/Q,
and there exists a unique z, € [0, 1) such that
As (’UQ) = Aoxy + AT(’U())O()/Q.

Let 7. = T'(vg); we find that (x.,7.) solves (2.8) and (2.9).

The above discussion shows that when (3.6) holds, (2.8) and (2.9) have at least
one solution (z., 7) satisfying z, € [0,1] and 7. > 0, and such a solution can be found
by following the above procedure.

Step 3. Uniqueness of (x,,7.) and completion of the proof.

We next show that when (3.6) holds, (2.8) and (2.9) have a unique solution (., )
satisfying z. € [0,1] and 7. > 0. So let (x4, 7.) be an arbitrary solution of (2.8) and
(2.9) with vg € [vi(m),v*(m)] N (v(m),v*(m)] and =, € [0,1], 7 > 0. Then 7, must
be the maximal zero of (3.7) with A = Apx. + A1.Cy/2 > 0; this is the case because
vg — e~ > 0, and thus the two zeros of (3.7) are of opposite sign. Therefore, using
our earlier notation,

T = T7(Av0), A > Ao(vo).
Then (2.9) yields

1
m = / f(woe—Agm*—An max{Co/Q,ng})dy
0

1
= / f(woe*)\fAT()\ﬂlo)max{07Coy—CO/2})dy.
0

Since vg € [v«(m), v*(m)]N(w(m), v*(M)] C (Vmin, Vmaz ), i view of the above identity,
our definition of A, (vg) implies that A = A, (vg) and hence 7(\, v9) = T'(vp); that is,
T« = 7(A\,vg) = T(vg). This implies that the solution pair (z.,7.) is the same as
the one obtained through our procedure introduced above for solving (2.8) and (2.9).
Hence there is a unique solution.

With 7, and x, uniquely determined now, it is easily seen that our conclusions
for u, and v, follow from Lemmas 2.2, 2.3, 2.4, and 2.5.

Moreover, from the above procedure for finding (., 7.), we easily see that z, =0
if vg =v*(m), z. € (0,1) if v, (M) < vy < v*(m), and z, = 1 if vy = v.(M).

The proof of the theorem is now complete. |

Next we consider the case that vg > v*(m). Let 0 < Ao < A be uniquely
determined by

1
(3.11) m = flwoe ) = /0 f(woe_A)‘Oy)dy-

For each A € [0, Ag], we can find a unique I" = I'(A\) such that

1
(312) m = / f(woe*AmaX{)\,Fy})dy.
0
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Moreover, it is easily seen that A — I'()\) is a continuous decreasing function with
(M) =Xo,  T(0) =)\
Therefore we can find a unique A2 € (0, \g) such that
[(\2) =2)Y.
Comparing with (3.2), we find that actually
(3.13) N = 75Co/2.
We define

A(N) == %eﬂ“ + %ma +67h).

Clearly A()) is a decreasing function on [0, Ag] with

0 o 2 0
A(0) = Lo /\—m(l + 67, AN = 20 —ant ﬁm(l +p7h.
« ds « ds

Due to (3.13), we find that

THEOREM 3.2. Suppose that
(3.14) vy > v*(m) = A\?).

If vg < A(0) and X* € (0,)\2) is uniquely determined by vo = A(\*), then

1
un, — 0 in C([e,1]) Ve € (0,1), / updr — T(A"),
0

vp () — vg — m(14 B~1 — x) uniformly in [0,1].

INONS!
do

If vg > A(0), then the above conclusions hold with \* = 0.

Proof. We first show that case (a2) happens. Let us start by observing that
the cases leading to (2.8) and (2.9) (namely, cases (i), (ii)(al), and (iii)(bl)) cannot
happen. Indeed, in these cases, (z.,7:) solves (2.8) and (2.9) with =, € [0,1] and
T« > 0. As in Step 3 of the proof of Theorem 3.1, denoting A = Aoz, + A7.Co/2, we
must have 7. = 7(\,v9) and A > Ag(vg). Then (2.9) gives

1
m:/ f(woe—)\—AT(A,vo)maX{O,Coy—CO/Q})dy.
0

Since vy > v*(m), we have either
Vo > Umaz  OF Vg € (0*(M), Vimagz)-

If vg € (v*(M), Umaz] C (Vmin, Vmagz ), then the above identity implies that A = A« (vo)
and hence 7(A,v9) = T'(vo). From vy > v*(m) we now deduce 7, = T'(vg) > 7, and
hence we can compare (2.9) with (3.2) to deduce z. < 0, a contradiction.
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If v > Vpmaa, then by the monotonicity of 7(,-), we deduce
T(Av0) > T(A Umaz) > 7(0, Vmaz)-

Therefore, recalling Ax(Vmaz) = Ao(Vmax) = 0, we obtain

1
m :/ f(woe—)\—AT(A,vo)max{O,Coy—CO/Q})dy
0

1
< / f(woe—A‘r(O,vmaz)maX{O,Coy—Co/Q})dy
0
= ’n’L7

again a contradiction. Therefore none of the cases that lead to (2.8) and (2.9) can
happen. This implies that either (a2) or (b2) happens.
Next we show that case (b2) cannot happen. Otherwise, by (2.27) we obtain

m < flwoe ).
Hence 77 > 0 is defined. Moreover, comparing (2.27) with (3.4), we obtain

Te > T, 7.C(by) < 71 Cy,

which imply, by (2.28) and (2.29), that vy < v.(m) < v*(m), contradicting (3.14).
Therefore we necessarily have case (a2). We now introduce the notation

A =T1[C(ax) — Cp/2], T =71.Clax).
From (2.19), (2.20), and (2.21) we find that

1
(3.15) m= / f(woefAmax{)va})dy’
0
r
(3.16) vo > DWe=AA 4 ~ 1+ 7Y,
« dQ

with equality holding if a. > 0.

Suppose now that vg > A(0). We claim that in this case we have A = 0 and
hence, by (3.15), T = I'(0) = A\°. Suppose for the sake of contradiction that A > 0.
From (3.15) and (3.11) we easily see that A < Ag. Now C(a.) — Cy/2 > 0, and hence
as > 0. Thus equality in (3.16) holds. By (3.15) we deduce I' = I'(\), and hence it
follows from (3.16) that vog = A(A) < A(0), contradicting our assumption on vy above.
Hence in this case, we have A = 0 and thus

Cla,) — Co/2 =0, 7. =T(0)/(Co/2).

Next we suppose that v*(m) < vg < A(0). From (3.15) we deduce T' = T'(\) for
some A € [0, A\g]. We must have A > 0 for otherwise, from (3.15) and (3.16), we deduce
I' =T'(0) and vy > A(0), contradicting our current assumption on vg. Therefore A > 0
and hence a, > 0, implying that equality in (3.16) holds. Recalling I' = T'(\), we thus
obtain vg = A(A) and A = A\*. It follows that 7. and a. in Lemma 2.4 are uniquely
determined by

m]Cla) — Co/2l = X, 7.C(ay) = T(\),
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namely,
L) —ax 1
* — TN Ta = A* * 2 .
T, 00/2 C ( /T + Co/ )
The rest of the proof now follows from Lemma 2.4. d

We now consider the remaining case that v(m) < vg < v.(m), which can happen
only if m < f(wpe™"°). Suppose that Ao, A\°, A2, and T'(\) are as in Theorem 3.2
but with wo there replaced by woe™4°, and we denote them by Ag, A%, A2, and I‘(/\)
respectively. Define

A(N) = L0 = Ao—Ax wmﬁ_l.
« d2
Then A()) is a decreasing function over [0, Ao] with
A(0) = @e_AO + &mﬂ_l A(S\O) = @e_AO_AS‘Q + &mﬁ_l = v.(m)
« dQ ’ * « dQ * '

THEOREM 3.3. Suppose that m < f(woe™4°) and
(3.17) v(m) < vy < va(m) = AN).

If vo > A(0) and M. € (0,A0) is uniquely determined by vo = A(N.), then

1
u, — 0 in C([0,1 — €]) Ve € (0,1), / Undr — T(\),
0

vp(x) — vy — mpB~ uniformly in [0,1].

()
do

If v(m) < vo < A(0), then the above conclusions hold with A\, = 0.

Proof. This is similar to the proof of Theorem 3.2. Here we can show that
case (b2) must happen, and then we use Lemma 2.5. We omit the details. |

Remark 3.4. Our results in this section reveal an interesting property for the
limiting total biomass lim,_ fol up(x)dx. First consider the case vi(m) < vy <
v*(m). By Theorem 3.1, in this case the above limit has value 7.Cy. By the proof
of Theorem 3.1, we know that 7. = T'(vo) with T'(vg) a strictly increasing function of
vo. Therefore the limit is strictly increasing with vg for vg € [v, (m) v*(m)].

If vg € (v*(m), A(0)), then by Theorem 3.2, lim, . fol Up (z)dz = I‘(/\*) =To
A~Y(vp). Since I'(+) and A(-) are both strictly decreasmg functions, FoA () is strictly
increasing, and hence the limit is strictly increasing with vy for vg € (v (m) A(0)).
However, by Theorem 3.2, this limit takes the same value I'(0) for all vy > A(0).

If vg € (A(0),v«(m)), then by Theorem 3.3, the limit takes value I‘( ) =To
A~ (v), which is strictly increasing in vg, but it takes the same value '(0) for all
o0 € (u(m), A(O)].

Therefore if we denote

Vi = Ui (M) := A(0), v** =0 (m) := A(0),

then lim,, o fo un(x)dz is strictly increasing with vy as v varies in the range v, <
vg < v**, but is constant for vy > v** or for vy € (V(M), Vi
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4. Biological interpretations. In this section we compare our results with the
game theoretical model in [KL] and explain the predictions that our theoretical results
offer for the phytoplankton problem being modelled.

Since u(x) and v(z) are, respectively, rescaled versions of the biomass function
b(z) and the nutrient function R(x) used in the original model of [KL] (see Part I for
details), we will interpret u(z) and v(x) as representing the (steady) distributions of
the biomass and nutrient at depth x of a water column with surface at x = 0 and
bottom at z = 1.

(i)

(iii)

(iv)

First we note that, if we replace max{Cy/2,Coy} in (2.9) by Co, then the
system of equations for (z,, ) in Theorem 3.1 reduces to the game theoretical
model of [KL], namely, equations (4) and (5) in [KL] with B = 7,.Cp. Thus the
game theoretical model of [KL] is a simplified version of the rigorous limiting
equations here. It captures the main properties of the limiting equations but
only in the case that v, < vy < v*.

When vg > v* = v*(m), from Theorem 3.2 and Step 1 of the proof of Theo-
rem 3.1, we see that as ¢ — oo the total biomass has limit

I(\) = 7.C(a) > 7 Co.

If we have simply used (2.8) and (2.9) with x, = 0 to calculate the total
biomass, we would have obtained the incorrect limit 75Cy. Similarly, the
limit of the total biomass in the case of Theorem 3.3 is less than the value
one would have obtained by simply using (2.8) and (2.9) with z, = 1.
Remark 3.4 shows that as ¢ — oo, the limit of the total biomass is strictly
increasing with vg in the range v, < vy < v**. It is interesting to notice that
the layer position of the biomass (in the limit) already reaches the surface at
vo = v* (l.e., . = 0 when vy = v,), but as the nutrient level at the sediment
vg increases past the critical value v*, though the layer remains at the surface,
the total biomass keeps increasing until vy reaches a second critical value v**,
where the total biomass reaches a maximum, and then remains at this value
even if vy is further increased. On the other hand, if vy is decreased to v,
the layer of the biomass lowers to the bottom (z, = 1), but as vy decreases
past v, though the layer remains at the bottom, the total biomass keeps
decreasing until vy reaches the critical value v.., where the total biomass
reaches its minimal value, and then remains at this minimal value until vy is
so low (vg < wv(m)) that the phytoplankton can no longer survive.

Our results support the important predictions in [KL] that depth-regulating
phytoplankton can form a thin layer in a poorly mixed water column and
that the concentration of the limiting nutrient should be low and constant
above the phytoplankton layer and linearly increasing with depth below the
layer. The predictions in item (iii) above seem to provide new insights to this
problem.

We could fix vy and use a different parameter in the model, say the surface
light level wy, as a varying parameter to interpret the phenomena represented
in items (i)—(iii) above.

Acknowledgment. Y. Du thanks NCTS for the hospitality during his visit,
when a major part of this paper was written.
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