HETEROCLINIC CYCLES IN THE CHEMOSTAT MODELS AND
THE WINNERLESS COMPETITION PRINCIPLE

SZE-BI HSU AND LIH-ING W. ROEGER

ABSTRACT. We consider a chemostat model of n species of microorganisms
competing for k essential, growth-limiting nutrients. Sufficient conditions for
the model to possess stable heteroclinic cycles in the limit sets in this model
are given. We construct stable heteroclinic cycles that connect the equilibria
in the following manner: £y — E2 — E3 — -+ — E;, — Fj in which E;’s are
the one-species equilibria. Therefore the competition among the n species for
k resources is a winnerless competition. Our results show that three essential
nutrients may support any finite number of species and competitive exclusion
principle does not hold in the model.

1. INTRODUCTION

The chemostat model is a basic model in ecology that describes when two or
more populations compete for the same resources, such as a common food supply
or a growth-limiting nutrient. It can represent the competition in a simple lake, or
as a model of wastewater treatment process [17]. The general chemostat model for
n species competing for k growth-limiting nutrients is as the following [9, 10, 11]:

Nll(t) = Ni(t)(,ui(Rl, RQ, ey Rk) - D),

(1) Rj(t) = D(R) — R;(t)) = > cjipti( R, R, ..., Rp) N,
i=1
N;(0) >0,R;(0) >0, i=1,2,...,n, j=1,2,...,k.

N;(t) denotes the density of species ¢ at time ¢, and R;(¢) denotes the concentration
of nutrient j at time ¢; p; (R, ..., Ry) is the specific growth rate of species ¢ as a
function of the nutrients R;’s; D is the flow rate of the chemostat; R? is the supply
concentration of nutrient j; and cj; is the content of nutrient j in species i¢. The
individual death rates of populations are assumed to be insignificant compared
to the flow rate D, i.e., the maximal growth rate of each species, r;, exceeds the
washout rate D since otherwise it cannot survive. According to Liebig’s ”Law of
the minimum”, the specific growth rate of species i is determined by the nutrient
that is the most limiting, that is

(2) ,LLi(Rl, RQ, ey Rk) = min(fu(Rl), fgi(Rg), ey fki(Rk));
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where f;;(R;) is the growth rate of the species ¢ when nutrient R; is limiting. The
function f;; : Ry — Ry is assumed to be continuously differentiable and satisfies:

f3i(0) =0 and fj’-i(R) >0 for R > 0.

For example, we may choose
(3) fji(Rj):I%,i:1,2,...,n,j:1,2,...,k,
which is called the Monod or Michaelis-Menten kinetics for resource up-take.

For each species 7 and each resource j, there is a break-even concentration Aj;
defined as

fii(\ji) = D.
The break-even concentration Aj; is the subsistence concentration of each resource
when species i is growth-limited by resource j alone. By the definition of function
fji» we then have fj;(xz) < D if x < Aj;; and fj;(x) > D if « > Aj;. In the numerical
example we show later, we assume Monod or Michaelis-Menten kinetics for resource
up-take. Then the break-even concentration of species ¢ on resource R; is
_ DKj;
Ao = F1D) = =

For model (1), if we form the linear combinations of the variables, we obtain the

following equation

i(Rj(t)Jri;CﬁNi(t)) _ D<Rg — R;(t) iﬁ;cﬁNi(t)).

Solving this leads to

Ri(t) + 3 ¢jiNi(t) = R? + O(exp(—Dt)).
i=1
Therefore, the polygonal set

{(R1,..., Rk, N1,...,Np,) € Rl_f_n 'R +chiNi = R(J), ji=1,...,k}
i=1
is an invariant and global attracting set for (1). The restriction of (1) to the
polygonal set is given by

(4) Nj(t) = Ni(t) [ui(N1, N2, ..., Ny) — DI,

where
pi(N1, No, ..., Ny)

= i (R(f — > eyNi(), RS = eo;Ny(t),. .., R = ijNj(t)>
j=1 j=1 j=1
on the set
I'= {(Nl,NQ,...,Nn) € Ri : ch1N1 S R;)’] = 1’,I€}
i=1
The resources may be easily recovered from the equations

R;(t) = R? - chiNi(t)7j =1,...,k.
i=1
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Huisman and Weissing [9, 10, 11] had used the consumer-resource model (1) to
explain biodiversity. They showed by numerical simulations that three or more
resources can generate sustained oscillations or even chaotic dynamics of species
abundances. For three resources, there are periodic oscillations and the results
are verified by Li [12]. When there are five species, chaotic dynamics may occur.
Moreover, they showed that three resources can support nine species and five re-
sources can support twelve species. Competitive exclusion principle states that at
most k species coexist in the competition for k resources. Based on the observation
by Huisman and Weissing, the competitive exclusion principle no longer holds for
three or more resources in the consumer-resource model (1).

In this manuscript, we find the conditions for the existence of stable heteroclinic
cycles of model (1) and use this to extend Huisman and Weissing’s results so that
three resources can support any finite species in the way that all species coexist in
the form of stable heteroclinic cycle. A heteroclinic contour consists of finitely many
saddle equilibria and finitely many heteroclinic orbits connecting these equilibria.
The significance of stable heteroclinic cycle is two-fold. First, it is a potential limit
set for the dynamics of the system. Second, it is possible to envision the bifurcation
of a very long-period periodic orbit from such a cycle [13].

Before we go into details, we introduce the theorem we will apply. The following
theorem states the conditions of existence and stability of heteroclinic contours for
the canonical Lotka-Volterra model

N
(5) a; =a; [1— ai—i—Zpijaj ,1=1,2,...,n.
J#i

This theorem will be generalized to model (1). For the Lotka-Volterra model
(5), let’s denote by A; the equilibrium with only species i exists, i.e. A; =
(0,0,...,0,1,0,...,0). Assume that there is a heteroclinic orbit I'; connecting
the points A; and A;41, 1 =1,2,...,n and A,,+1 = A;. The following result tells
us that the contour or the heteroclinic cycle I' = U ;I'; U A; can be an attractor.

THEOREM 1. [2, Afraimovich et al.] For the Lotka-Volterra competition system
(5), assume that fori=1,2,...,n,

pri > 1, fork#i+1, and pit1,; <1,

Piit1 < 2,
(6) Pryiv1 < Piiv1, for k #i,i+2,
- 1—p; i+1>
v=TT( - i =Pui) 5,
E < 1= pit1,i

(here i +1 =1 if i = n). Then there is a neighborhood U of the contour T’ such
that for any initial condition a = (al,a3,...,a) in U with a > 0, one has

dist(a(t),T) — 0 as t — oo where a(t) is the orbit going through a°.

The assumptions in Theorem 1 utilized eigenvalues of the Jacobian matrices at
A; for i = 1,2...,n. The results can also be applied to the resource-consumer
system (1) and its limiting equations (4). For system (1), consider the limiting
equations (4). Denote by F; the equilibrium with only species ¢ exists, i.e.
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E; =(0,0,...,0,N},0,...,0). Then the eigenvalues of the Jacobian matrix evalu-
ated at F; are

(7) P {Nj(Ei) — D, for j #1,

ij = « O (Er) S
N =55, for j =i.

Note that o;; is always less than zero. Assume that there is a heteroclinic orbit
I'; connecting the points E; and E;y1, i = 1,2,...,n and E,4+; = E;. Following
Theorem 1, the following result tells us that the contour I' = U}_;I'; U E; can be
an attractor for the consumer-resource model (1).

Corollary 1. For the resource-consumer competition system (1), assume that for
1=1,2,...,n

(8a) o <0, fork#i+1, and 0;,41 > 0,
(8b) Tit1,k < Oit1yi, fork # 4,0+ 2,
- Oit1,i
8c V= -— | > 1
(8<) g ( Um‘+1)
(here i+1 = 1 if i = n). Then there is a neighborhood U of the contour T
such that for any initial condition a® = (a$,a3,...,a2) in U with a? > 0, one has

dist(a(t),T') — 0 as t — oo where a(t) is the orbit going through a®.

We will apply Corollary 1 to construct more concrete heteroclinic cycles for the
resource-consumer chemostat model (1). This manuscript is organized as follows.
In Section 2, the three resources three-species case is reviewed and studied. We
show in details how we construct a heteroclinic cycle by embedding the break-even
concentrations into the system. In Section 3, We show that the heteroclinic cycle for
two-resource n-species case cannot exist. Three resources and more and n species
case is presented in Section 4. In Section 5, discussion and possible further work
are presented.

2. THREE RESOURCES AND THREE SPECIES

For the consumer-resource model (1), when there are three resources and three
species, n = k = 3, Li [12] had done an extended study on the special case when
the break-even concentrations of the three species N1, Ny, and N3 related to the
three resources S, R, and @ satisfy the following condition:

As3 < Aga < Ag1 < SY,
(9) Ar1 < Ar3 < AR2 <R0,

/\QQ < /\Q1 < )\Q3 < QO,
where Nj is limited by @, N is limited by S, and Nj is limited by R. The hy-
pothesis (9) also tell us that among all three species N3 is the strongest competitor
for resource S and is the weakest competitor for resource @); Ny is the strongest
competitor for resource ) and the weakest competitor for resource R; and Nj is
the strongest competitor for resource R and the weakest competitor for resource .S.
Hence, the competition for resources is in a cyclic fashion.

Let the saddle value v be defined as
0130210

(10) L, — 013021032
031012023
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Li [12] had proved the following results.

THEOREM 2. ([12]) Consider the consumer-resource model (1) whenn =k = 3
and its three resources S, R, and Q. If the break-even concentrations satisfy (9) and
the saddle value v < 1, then the heteroclinic cycle E1(Q) — E2(S) — E3(R) — Ey
is unstable and there exists a (stable) periodic solution.

The notation E1(Q) — E2(S) — E3(R) — E; will be used throughout the whole
manuscript. It expresses that the heteroclinic cycle is in the order of Fy — Fy —
E5 — E;. By adding the resources in the notation, e.g., E1(Q), E2(S), and E3(R),
we simply add extra information for this cycle that N; is limited by resource @
near the equilibrium F7, Ns is limited by resource S near the equilibrium Fs, and
N3 is limited by resource R near the equilibrium FEj.

By Corollary 1, we obtain stable condition for the heteroclinic cycle. The results
follow.

Corollary 2. Consider the consumer-resource model (1) when n =k = 3 and its
three resources S, R, and Q. If the break-even concentrations satisfy (9) and the
saddle value v > 1, and furthermore, if

o, <0, fork#i+1, and 0,41 > 0,
(11) .
Oit+1,k < Oit1,is fO’f‘ k 7é 2,1+ 2,

(here i+1 =1 if i = 3) then the heteroclinic cycle E1(Q) — E2(S) — E3(R) — E;
is (locally) stable.

There are other ways to produce heteroclinic cycles or periodic solutions. For
example, if the break-even concentrations satisfy the following conditions:

As1 < Agz2 < Ass,
(12) Ar1 < Ar3 < ARz,
)\QQ < )\Qg < )‘Qla
then we maybe able to find the following heteroclinic cycle
Ei(Q) — E2(R) — E3(R) — Ey

and a periodic solution depending on the saddle value v. In addition, we found that
if the break-even concentrations for resource S stay fixed in the order A\g; < Ags <
Ass, then there are possibly 36 ways to have heteroclinic cycle in the following order
E1—>E2—>E3—>E1.

Figure 1 shows an example of a heteroclinic cycle among three species.

3. THREE RESOURCES AND FOUR SPECIES

When there are three resources and four species, k = 3 and n = 4, it is possible
to have this heteroclinic cycle £y — Es — FE3 — E4, — FE;. There are many
different ways depending on the limiting resources on each species. We may embed
the break-even concentrations of the fourth species into the known order (9). By
doing this, we are able to find at least 14 cases in which the stable heteroclinic
loop £y — Ey — E3 — E, — FEj exists. In the following theorem we give one
example that the embedding method will work when the order of the break-even
concentrations for the first three species follow the one in the previous section,
(9); and the break-even concentrations for species four, Ags4, Ags, and Ag4, are
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FIGURE 1. A heteroclinic cycle among three species.

embedded into the the previous order. The resulting stable heteroclinic cycle is
stated in the following theorem.

THEOREM 3. For the case of three resources S, R, and Q and four species, if
the break-even concentrations of the four species on the three resources satisfy the

following:
Asz < Agz < < Ast,
(13) < Ar1 < Ars < Agg,
AQ2 < Ag1 < < Ags-

Then the assumption (8a) in Corollary can be satisfied. Furthermore, if the eigen-
values defined as in (7) satisfy (8b) and (8c), i.e.,

013 < 014, 024 < 021, 031 < 032, and 042 < 043

and 0210320430
21032043014
= ———>1.
012023034041

then we have a stable heteroclinic loop in the following order
E1(Q) — E2(S) — E3(R) — E4(Q) — Er.
Figure 2 shows an example of a heteroclinic cycle among four species.

Proof. We will apply Corollary 1 in our proof. We show that if assumption (13) is
satisfied, then all conditions in Corollary 1, (8a), (8b), and (8c¢) are also satisfied so
that a stable heteroclinic orbit £y — Ey — E3 — E4 — FE7 exists.

Each of the single-species equilibria Ey = (N7,0,0,0), E; = (0, N5,0,0), F5 =
(0,0,N3,0), and E4 = (0,0,0, NJ) must have only one-dimensional unstable mani-
fold. In other words, there is only one positive eigenvalue for each Jacobian matrix
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FIGURE 2. A heteroclinic cycle among four species.

evaluated at Iy, Ey, E3, or Ey. The eigenvalues o;; of each equilibrium are defined
as in (7). They must satisfy g12 > 0, 023 > 0, 034 > 0, and 041 > 0, and 0;; < 0
for ij # 12,23, 34, and 41.

If E1 = (N7,0,0,0) is a steady state at which Nj is limited by @, then the @
value at Fy is

(14) Q1 = Aqr-
Then Nj can be found to be

Ny =(Q" = Aq1)/cqu
and the other two corresponding nutrient values are

St =8%—cg; Ny and R} = R — cp1 N7
In order for E; to be a steady state, i.e., u1 (ST, R}, Q%) — D = 0, we need to have
(15) ST > Ag1 and R} > Ap1.
The Jacobian matrix of (1) when k£ =3 and n =4 at E} is given by
—Nifoicr —Nifgicqe —Nifgicas —Nifgicea

_ 0 012 0 0
J(E) = 0 0 013 0 ’
0 0 0 014

where fé)l = fézl(Q’{) and

We would like to have o152 > 0, 013 < 0, and 014 < 0. In order for o5 > 0, we need
to have

(16) ST > As2, R > ARz, and QF > A@a;
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for 013 < 0, we need to have

(17) ST < )\53,RT < )\337 or QT < )\Q3;
and for 014 < 0, we need to have
(18) ST < )\54,RT < /\R47 or QT < >\Q4.

Neither conditions (14)—(18) contradict the assumption (13). We may also con-
clude from (14)-(18) that

ST > Ag; and RT > ARo.
That is

SO — A RY — )\
Sl>ci d R2>Cﬂ

19 _— and —— .
(19) Q°—Xg1 ~ cor Q°—Xg1 ~ cor

‘We also obtain that

013 = f@3(Q7) — D and 014 = fa(Q]) — D.

If E5 = (0,N5,0,0) is a steady state at which Ny is limited by S, then S value
at Fo is

(20) S5 = Aga.
Then Ny can be found to be
N = (8 — \g2)/cs2
and the other two corresponding nutrient values are
Ry = R® — croN; and Q5 = Q° — cgaN5.
In order for Ey to be a steady state, i.e., p2(S5, RS, Q35) — D = 0, we need to have

(21) R; > Ao and Q; > )\Qg.
The Jacobian matrix of (1) when k = 3 and n = 4 at Es is given by
021 0 0 0
J(Ey) = —N3 fgocs1 —N3 foacsa —N3 fgocss  —N3 faocsa
? 0 0 023 0 ’
0 0 0 024

where f&, = f&,(S5) and
025 = N‘J(S;aszQ;) -D= mln(fS](S;)vfR](R;)anJ(Qz)) -D, j=134.

We would like to have 091 < 0, 093 > 0, and 094 < 0. In order for o9; < 0, we need
to have

(22) S5 < Ag1, R5 < Api, or Q5 < Agi;
for 23 > 0, we need to have

(23) S5 > Assz, R5 > Ars, and Q5 > Ags;
and for o94 < 0, we need to have

(24) S5 < Aga, R5 < Apa, or Q5 < Aga.

Neither conditions (20)—(24) contradict the assumption (13). We may also con-
clude from (20)—(24) that

R; > Agr3 and Q; > >\Q3.
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That is

0— X\ O— A
(25) R~ s > 2 and 9 ~Ags > fQ2

SO — As2 (=D S0 — As2 Cs2 .
‘We also obtain that

091 = fgq(S;) - D and 094 = fs4(S;) —D.

If E5 = (0,0,N3,0) is a steady state at which N3 is limited by R, then the R
value at Fj3 is

(26) R% = Ags.
Then N3 can be found to be
N3 = (R® = Ar3)/crs
and the other two corresponding nutrient values are
S5 =85% — cg3N; and Q3 = Q° — cgsN;.
In order for Es5 to be a steady state, i.e., pu3(S5, RS, Q%) — D = 0, we need to have

(27) S; > Ag3 and Q§ > )\Q3.
The Jacobian matrix of (1) when k =3 and n = 4 at Ej3 is given by
031 0 0
0 032 0
J(E3) = % * * *
(E3) —N3frscr1  —N3fracre —N3frscrs —N3fracra
0 0 0 034

where fry = fr3(R3) and
o3j = 11;(S3, B3, Q3) — D = min(fs;(53), frj(R3), f@;(@3)) = D, j=1,2,4.

We would like to have 031 < 0, 032 < 0, and o34 > 0. In order for o3; < 0, we need
to have

(28) S3 < As1, R3 < Ari, or Q3 < Ag1;
for 032 < 0, we need to have

(29) S3 < As2, R3 < ARa, or Q3 < Ag2;
and for o34 > 0, we need to have

(30) S3 > Aga, R3 > Apa, and Q3 > Aga.

Neither conditions (26)—(30) contradict the assumption (13). We may also con-
clude from (26)—(30) that

Ag1 > S;: > Ags and Q; > )\Q3.
That is
SO —Xs1_csz SO — s Q% — Xos _ cqs
31 _ <= d > ==,
(1) RO—Ams cms RO —dms 0 RO—Aps  cms

We also obtain

o31 = f51(53) — D and 032 = fra(R3) — D-
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If £, = (0,0,0,N}) is a steady state at which Ny is limited by @, then the @
value at Fy is

(32) Q1 = \qa-
Then Nj can be found to be
Ni = (Q° = Aga)/cqu
and the other two corresponding nutrient values are
Sy = 8" —cg4Nj and R} = R — cryN;.
In order for E4 to be a steady state, i.e., us(Sy, R;, Q%) — D = 0, we need to have
(33) S5 > Asq and R} > Apy.

The Jacobian matrix of (1) when k = 3 and n =4 at Ej is given by

041 0 0
_ 0 0492 0
J(E4) B 0 0 043 ’

=Nifoscor —Nifoacqe —NifGaces —NifGicoa
where fég4 = fég4(QZ) and
o4j = pj(Si, Ry, Q1) — D = min(fs;(Sk), fri(RL), f;(Q1) — D, j=1,2,3.

We would like to have o417 > 0, 042 < 0, and 043 < 0. In order for o4; > 0, we need
to have

(34) Si > Ag1, Ry > Agi, and Q) > Ag1;
for 049 < 0, we need to have

(35) St < As2, Ri < Apa, or Q1 < Ag2;
and for o453 < 0, we need to have

(36) S < Ass, Rj < Ags, or Q1 < Ags.

Neither conditions (32)—(36) contrast to the assumption (13). We may also
conclude from (32)—(36) that

SZ > Ag1 and Ago > RZ > ARi.
That is
SO — X RO — )\ RO — )\
0731>Cﬂ and07m>cﬁ>07m.
Q% —Xos  cou Q¥ —Xgs = cgs QY — A
We can also obtain that

042 = fro(R}) — D and o043 = fs(Q}) — D.

So far, the four conditions (19), (25), (31), and (37) verify the first assumption
(8a) in Corollary 1. With the further assumptions (8b) and (8¢), we can then apply
Corollary 1. The proof is complete. O

(37)
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4. Two RESOURCES AND 1 SPECIES

For the consumer-resource model (1), when there are two nutrients and two
species in a continuous culture, Hsu et al. [5] had shown that the competition
outcomes are similar to the Lotka-Volterra two-species competition models. When
there are more than two species, Li and Smith [13] showed that competitive ex-
clusion principle holds for the case of 3 species and all of the cases for n > 3
species except for the following case when their break-even concentrations satisfy
the following:

As1 < Ag2 < Agz < -+ < Agp,

38
( ) /\Rn<)\R,n71 < -+ < Ap2 < ARi-

We have additional results for the two-resource n-species case in the following the-
orem.

THEOREM 4. Consider the limiting system (4) of the chemostat model with n
species competing for two essential nutrients S and R. Assume that the break-even
concentrations satisfy (38). Then there exists no heteroclinic cycle.

Proof. We only need to show that the assumption (8a) in Corollary 1 cannot be
satisfied. The theorem is proved by contradiction.

Suppose there is a heteroclinic cycle connecting all single species equilibria F;’s.
Without loss of generality we may start the cycle from E;. Let I';; denote the
heteroclinic orbit connecting the two points F; and E;. We can summarize the
proof as follows: the heteroclinic orbits I'12,I'93,..., and I';,_2 ,—1 can be found,
but I',,; does not exist. The cycle is broken between F,, and F;. Therefore, there
is no heteroclinic cycle.

The proof consists of three parts: (i) if there is a heteroclinic orbit I'f g1,

k=1,2,...,n—1, then species k is limited by resource R, (ii) there is no heteroclinic
orbit T'y,, where k 4+ 1 < m < n, and (iii) there is no heteroclinic orbit T'.
Claim 1: If there is a heteroclinic orbit I'y x4+1, K = 1,2,...,n — 1, then species

k is limited by the resource R.

If Ny, is limited by S, then S} = Agx and R} > Ag. To guarantee the hetero-
clinic orbit connecting Ej, to E}y1, the k+1st eigenvalue oy, 141 of the Jacobian ma-
trix evaluated at Ej, is positive which implies S}, > Ag x+1 and R} > Ag 41, & con-
tradiction to the assumption (38) that says S} = Asx, < Aggt1. If Ny is R-limited,
then SZ > >\S,k and RZ = /\R,k~ Since )\RZ < )\R,k—l < )\Ryk_Q < -+ < Ar2 < AR1,
we have

Ok k—1 < 0, Ok k—2 < 0,...,0’]9’2 < 0, and Ok,1 < 0.

Si can be chosen in this way Agri1 < S < As k42 < Asp43 < -+ < Ag,n so that
Ok k+2 < 0, Ok,k+3 < 0,..., and Okn < 0. Since SZ > A57k+1 and RZ = )\R,k >
)\R’k+1, we obtain Ok k+1 > 0.

Claim 2: There is no heteroclinic orbit connecting Fy, to E,, where k+1 < m < n.

If Nj is S-limited, then S} = Ag i and R} > Ar k. 0k,m > 0 implies S} > Ag
and R} > Agm, a contradiction to (38) which says S; = Agx < Agm. If N is
R—limited, then SZ > >\S,k and RZ = )\R,ka then Ok, k+1 < 0 implies Sz < /\S,k+1 or
R} < AR k+1, both are impossible due to (38).

Claim 3: There is no heteroclinic orbit connecting F, to E.
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If N, is R-limited, then R} = Ar, and S}, > Ag . If 01 > 0 then S} > As
and R} > Ar1, a contradiction. If N, is S-limited, then R} > Ar , and S} = Ag 5.
If 0,2 < 0 then S < Ag2 or R}, < Ag,2, a contradiction.

So far, the possible heteroclinic orbit is F1(R) — E3(R) — -+ — E,_1(R) —
FE,, but since F,, — F; is impossible. We have proved that there is no heteroclinic
loop under the assumption (38). O

5. THREE OR MORE RESOURCES AND 7 SPECIES

The following theorem says that three resources can support any finite number
of species, which greatly improve the results by Huisman and Weissing [9, 10, 11].
THEOREM 5. Three resources S, R, and @ and n species N1, Na, ..., N,.

Ast < Ag2 < Agg < -+ < Agp,
(39) ARl < Arn < A2 <Az <+ < Agpn-1,
)\Q’nfl < )\Qn < )\Q’n72 << )\Qg < )\Qh
Then the assumption (8a) in Corollary 1 can be satisfied. Furthermore, if the

eigenvalues defined as in (7) satisfy (8b) and (8c), then we have the following
stable heteroclinic loop:

Ei(Q) — E2(Q) — -+ = En2(Q) — En—1(R) — En(S) — Eu.
Proof. We only need to verify the following four cases: (i) Ex(Q) — Egt1, k =
1,...,n—3, (i) E,-2(Q) — E,_1, (iii) E,—1(R) — E,, and (iv) E,(S) — E;.
(i) Ex(Q) — Egt1: Since Ny is limited by @, we have Q; = Agx. Choose S}
and R} such that
As k1 < SL < Ask+2,
AR k41 < Ry < AR kt2-
The Jacobian matrix evaluated at E, = (0,0,---,N/,0,---,0) has along the di-
agonal the eigenvalues oy; for j = 1,2,...,n. The ecigenvalues are defined as in

(7).
In order to have Ej, — Ej41 we need to have oy; < 0 for ¢ # k+1 and o x+1 > 0.
For oy j+1 > 0, we need to have

SZ > )\S,k+1a RZ > /\R,k+17 and QZ > >‘Q7k+1'

This can be done by the way we choose S}, R} and Q.
In order to have o; <0, 7 # k, k + 1, we need

S,: < )\Qi or RZ < AR; or QZ < )‘Qi~
Since

QZ < /\Q,kfl < )\Q}}cfg < < )\Ql,
we have op; < 0fori=1,2,...,k— 1. Since

Sk < Ask+2 <Ask+z <00 < Agn,

we have oy; < 0 for i = k+2,k+ 3,...,n. Then the eigenvalues of the Jacobian
matrix at Ey, satisfy op k1 > 0 and o; < 0 for i # k4 1.
(i) En—2(Q) — E,_1: Since N,_o is limited by @ we have Q}_5 = Agn—2.
Choose S} _, and R}, _, such that
)\S,n—l < S:L—Q < )\Sm
AR,n—l < R:L_2~
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Since S} _5 < Agn we have g,_2, < 0. Since Q;,_5 = Agn-2 < Ag; for i =
1,2,...,n — 3 we have 0,,_2; < 0. Then we have 0,,_1,,—2 > 0 and 0,,_2; < 0 for
i1#n—1,n—2.
(ii) Ep—1(R) — Ep: N,_1 is limited by R, so R} _; = Agn—1. Choose S;_;
and @}, _; such that
Asn < S;,l,
)\Qn < Q:—l < )\Qm_g.
Since Q;,_; < Ag; for i #n — 1,n, we have 0,—1,; < 0. Then we have o1, > 0
and op_1,; <0 for i #n,n—1.
(iv) En(S) — E;: N, is limited by S so S¥ = Ag,. Choose R} and Q7 so that

/\Rn < R;kl < )\Rg,

Ag1 < Q.
Since R;, < Apz < Aps < -+ < Arn—1, we have op,; < 0 for n # 1,n. Then we
have 0,1 > 0 and o,; < 0 for ¢ # 1, n. O

The previous results can be extended to m + 3 resources and n species.
THEOREM 6. If there are m + 3 resources S,R,Q, Py, ..., P,, and n species
Ny, Na, ..., Ny, then under the following conditions

As1 < Ag2 < Agz < -+ < Agp,

ARl < Arn < Ar2 < Arz <+ < ARpn—1,

)\mel < >\Qn < )\Q,n,Q << )\QQ < )\Qla
)\pj71 < )\pj72 < /\pj,g < < )\Pj77l7j =1,2,...,m,

(40)

Then the assumption (8a) in Corollary can be satisfied. Furthermore, if the eigen-
values defined as in (7) satisfy (8b) and (8¢c), then we have the following stable
heteroclinic loop:

E(Q) — E2(Q) — -+ — Ep2(Q) = Ep1(R) — En(S) — E1.

Proof. We only need to verify the following four cases: (i) Ex(Q) — Fiy1, k =
1,....,n—3, (i) Bn_2(Q) = En_1, (iii) En_1(R) — Ey,, and (iv) En(S) — Ei.
(i) Ex(Q) — Eg41: Since N is limited by @, we have Q} = Agr. Choose S,
Ry, and P;,w 7 =1,...,m such that
Ask+1 < 5L < Askt2,
AR k41 < Ry < ARky2,
)\p_th& < P;:k < )\Pj,k+2~
Similar to the arguments before, the eigenvalues of the Jacobian matrix at FEj
satisfy op p+1 > 0,04 <0, i #k+ 1.
(i) En—2(Q) — E,_1: Since N,_o is limited by Q we have Q) _5 = Ag.n—2.
Choose S;,_o, R, _o, and P}, 5, j=1,...,m such that
>\S,n71 < 5:172 < )\Sn;
)‘R,nfl < R;—Qa
)‘Pj,n—l < P;,n—Q < >\Pj,n-

Then we have 0,,_1,n-2 >0, 0p—2,; <0, i #Fn—1,n—2.
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(i) En_1(R) — En: N,_1 is limited by R, so R}_; = Agn—1. Choose S}_;,
R _q, and P! j=1,...,m such that they satisfy

,n—1»
*
)\Sn < Sn_17

Agn < Q-1 < A@n—2,
)\Pj,n < Pj*

n—1-

Since @Q;,_; < Ags for ¢ # n — 1,n, we have 0,_1,; < 0. Then we have op,—1, >
0, -1, <0, i #n,n—1
(iv) En(S) — Eq: N, is limited by S, S* = Agpn, and choose S}, R, and Pl
j=1,...,m satisfying
Arn < R:; < ARo,

>\Q1 < Q:u
/\Pj,l < Pj*n

Since R} < Ar2 < Ar3 < -+ < Apn—1, we have 0,,; < 0 for n # 1,n. Then we
have 0,1 > 0, op; <0, for ¢ £ 1, n. O

6. DISCUSSION

In this paper we consider the possibility of constructing a stable heteroclinic
loop of one-species equlibria for n species competing for k essential resources in a
chemostat. The significance of the construction is two- fold. First, it is a potential
limit set for the dynamics of the system. Second, it is possible to envision the
bifurcation of a very long-period periodic orbit from such a cycle. Thus the existence
of the loop may indicate the coexistence state of n species in oscillation form. In [13]
Li and Smith conjectured the competitive exclusion principle holds for n species,
n > 2, competing for two essential resources. In Theorem 4 we prove that there
exists no heteroclinic loop for this case. Thus it may give a clue for the future proof
of the conjecture. For the case of three essential resources, we construct a stable
heteroclinic loop of four species in Theorem 3, thus we extend the result of the
paper [12] from three species to four species. Furthermore in Theorem 5 we prove
that for three essential resources we are able to construct a stable heteroclinic loop
for any finite number of species. Thus our analytic result improves the results of
Huisman and Weissing in [9, 10, 11] which are numerical. In fact in Theorem 6,
the result can be extended to case of any finite number of species competing for k
resources, k > 3.
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