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ABSTRACT. This paper presents a reaction-diffusion system modeling interac-
tions of the intraguild predator and prey in an unstirred chemostat, in which
the predator can also compete with its prey for one single nutrient resource
that can be stored within individuals. Under suitable conditions, we first show
that there are at least three steady-state solutions for the full system, a trivial
steady-state solution with neither species present, and two semitrivial steady-
state solutions with just one of the species. Then we establish that coexis-
tence of the intraguild predator and prey can occur if both of the semitrivial
steady-state solutions are invasible by the missing species. Comparing with the
system without predation, our numerical simulations show that the introduc-
tion of predation in an ecosystem can enhance the coexistence of species. Our
mathematical arguments also work for the linear food chain model (top-down
predation), in which the top-down predator only feeds on the prey but does
not compete for nutrient resource with the prey. In our numerical studies, we
also do a comparison of intraguild predation and top-down predation.

1. Introduction. Competition between species for resources is an important issue
in ecology and has been extensively studied during recent decades. The simplest
versions of resource competition theory assumed a direct relationship between the
external concentration of nutrients and the population growth of species, leading
to the assumption of a constant quota of nutrient per individual, or equivalently,
a constant yield of individuals from consumption of a unit of nutrient [11]. In
fact, it was observed that quotas may vary. To include this fact, the dynamics of
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quota for a species is further assumed to be governed by an ordinary differential
equation, leading to another alternative system, variable-internal-stores models [7,
32]. The early theory of competition between competitors for one resource, with
or without internal storage, in a well-mixed habitat usually draws a conclusion
that the principle of competitive exclusion holds: only one competitor can survive
[11, 15, 32]. Without introduction of other mechanisms into the aforementioned
simple models in [15, 32], outcomes such as coexistence of competing populations,
or bistability ( outcomes that depend on initial conditions) can not occur.

The authors in [10] extended the previous model in [32] to combine competi-
tion for a single growth-limiting nutrient that is stored internally and competition
through the production of allelopathic toxins. The numerical studies in [10] did not
reveal any instances of coexistence. Instead, the outcomes of competitive exclusion
independent of initial conditions, and bistability (competitive exclusion dependent
on initial conditions) were observed in the model proposed by [10].

It was known that predation can be another important mechanism that poten-
tially influences the outcomes of competition (see, e.g., [1, 2, 3, 4, 5, 14, 27, 28, 31]).
Among those previous works, there is a specific phenomenon that predators con-
sume prey species but also compete against these prey species by consumption the
same resources. This phenomenon is sometimes referred to as “intraguild preda-
tion”. The authors in [36] found that Ochromonas, a mixotrophic organism, can
act as an intraguild predator that consumes Microcystis, an autotrophic prey, and
competes with them for ammonium (a nitrogen resource). Introducing the fact
of intraguild predation into the chemostat model (see [32]), the dynamics of the
chemostat experiments in [36] can be described by the following form:

48 = (R — R)D — fi(R,Q1)N1 — fo(R,Q2)Na,
@ = [ (Q1) — D] Ny — g(N1) Ny,

dﬁl = [1(R, Q1) — 11(Q1)Q1,

2 = [115(Q2) — D] N,

dfigf = f2(R, Q2) — p2(Q2)Q2 + g(N1)Q1,

R(0) >0, N;(0) >0, Qi(0) > Quin,i; 7 =1,2.

Here R and D stand for the nutrient supply concentration and dilution rate of the
chemostat, respectively. R(¢) represents the concentration of nutrient (ammonium)
at time t; Ni(t) and No(t) denote the population densities of autotrophic prey
organism (Microcystis) and mixotrophic chrysophyte (Ochromonas), respectively.
For i=1,2, Q;(t) represents the average amount of stored nutrient per cell of i-th
population at time t. p;(Q;) is the growth rate of species ¢ as a function of cell
quota Q;, fi(R,Q;) is the per capita nutrient uptake rate, per cell of species i as a
function of nutrient concentration R and cell quota @;, Qmin,; denotes the threshold
cell quota below which no growth of species i occurs. The function g(N7) is the
functional response of the mixotroph feeding on the autotroph; the term g(N;)Q1
describes the assimilation of nutrients from ingested prey. As in [36], we also assume
that both mortality rates of Ni(t) and No(t) were equal to the dilution rate (D) of
the chemostat.

Following [36], we assume that the predation rate, g(N; ), of the mixotroph feed-
ing on the autotroph follows a Holling type III functional response, that is, g(IN7)
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takes the form
b
gmale
Ny) = —F——,
g( 1) Kg + N{’
where gmax is the maximum ingestion rate, Ky is the half saturation constant, and b
is a parameter defining the curvature of the type III functional response. According
o [36], the specific growth rates of the autotroph and mixotroph take the forms
(see also [6])

b>1, (2)

_ Qmax,i - Qi
Qmax,i - Qmin,i
where Qmin,i < Qi < Qmax,ir Mmax,; 15 the maximum specific growth rate of species
i, and Qmax,; and Qmin,; are its maximum and minimum cell quotas, respectively.
The nutrient uptake rates of the species take the form (see [22]):
Gmax ZR Qmax i Qz .
fi(R,Q;) = ’ : 1=1,2 4
l( ’ l) Ki + R Qmaxgi - Qmin,i’ ’ ( )
where Qmin,i < Qi < Qmax,i, Gmax,; 15 the maximum nutrient uptake rate of species
i and K is its half-saturation constant for nutrient uptake.
Motivated by the examples in (3) and (4), we always assume that the functions
1i(Q;) and f;(R,Q;), i = 1,2, satisfy the following assumptions (see [17]):
(H1): there exists Qmin,; > 0 such that p;(Q;) is Lipschitz continuous for Q;
Qmin,i7 and ,U/i(Qmin,i) : 0. Moreover, M;(Qz) > 0 for a.e. Q’L > Qmin,i-
(H2): (1) fi(R,Q;) and w are Lipschitz continuous for R > 0 and Q; >

MZ(Ql) = Mmax,i(l )7 i=1,2. (3)

Y

Qmin,i;
(ii) % > 0, %&’Fi) < 0 and f;(R,Q;) > 0 for a.e. R > 0 and
Qi Z Qmin,i;
(iii) there exists Qp; € (Qmin,i, +00] such that
a 1 Ra i .
Ji(R,Q;) >0, % >0in (R, Q;) € Ry X [Quin,i, @Bi),

fi(R, Qi) =0 in {(R,Q:) € Ry X [Qmin,i, +00) : R=0or Q; > Qpi}-
(When Qp; = +oo, it is understood that f;(R,Q;) = 0 if and only if
R=0.)

The authors in [35] mathematically analyzed system (1). If Microcystis (the prey)
is a better competitor for ammonium (the limiting resource), then the mathematical
results in [35] reveal that coexistence of Ochromonas (the intraguild predator) and
Microcystis (the prey) is possible. This is consistent with the experimental results in
[36] as well as some existing intraguild predation theory. The purpose of this paper
is to extend system (1) to incorporate the factor that the habitat may be poorly
mixed, in which both the distributions of quotas in populations and the distributions
of populations and the nutrient over space should be considered. The unstirred
chemostat (see, e.g., [19, 25, 33, 37, 38]), the chemostat without mixing the vessel,
is a common laboratory apparatus which is usually regarded as a spatially variable
habitat in which nutrients and organisms are transported by diffusion. There have
been some works investigating the ecological models with variable quotas in spatially
variable habitats (see, e.g., [8, 9, 16, 17, 18]). It is worth pointing out that the
author in [8] (see also [17]) summarizes three possible approaches of modeling in
this direction. Here we will adopt the approach of extending system (1) into a
reaction-diffusion system (see, e.g. [8, 16]), which is more tractable mathematically
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among three existing approaches. Substituting U; = @1N; and Uy = Q32N> into
system (1), we arrive at the following model:

& — (R — R)D — fi(R, §+)N1 — f2(R, $*)Na,
5 = [un(§) = D] My - g(N) s,

L = [1(R, §)N1 — DUy — g(N1) ¢+ No,

dNy _ {

dt ,UQ( ) D:| Ny,

22 = fo(R, §#)Ny — DUs + g(N1) §+No,

R(0) >0, Ni(0) > 0, Ui(0) >0, i= 1,2,

Then we propose the following system of reaction-diffusion equations with internal
storage and predation in an unstirred chemostat:

G = d%E — fi(B RN — fo( B, )N,
Gor- = A%+ (FH) N1 — g(N1)Ne,
2
P = d5 5 + fI(R, GINy — g(N1) RN, (5)

Ox2
ONy _ 02N U.
8t2 deo2 + /’LQ(NZ )ZVQ7

o2 = d%;éz + fa(R, §#) N2 + g(N1) §+No,

for (x,t) € (0,1) x (0, 00) with boundary conditions

9k (0, 1) = <0>, 9B (1,t) + yR(1,t) =0, t>0,
= f(o,t)zo, Ni(1,¢) +yNy(1,8) =0, t>0, i=1,2, (6)
71(0,t) =0, 9%(1,¢) +4Us(1,t) =0, t>0, i=1,2,

and initial conditions

Ui(z,0) =U%(z) >0, 0<z<1,i= @

R(z,0) = R%(z) 2 0, Nj(z,0)=N(z) >0,
, 2.
Here the constants d and v represent the diffusion coefficient and the washout
constant, respectively.

The rest of this paper is organized as follows. In Section 2, the threshold dynamics
of the associated single population model is established in terms of the sign of the
principal eigenvalue of a nonlinear eigenvalue problem similar to the one in [17].
Furthermore, the uniqueness and global stability of the positive steady state can be
also investigated if it exists. Section 3 is devoted to the establishment of coexistence
of the intraguild predator (Ochromonas) and the prey (Microcystis). The simulation
results and biological interpretations are presented in Sections 4 and 5, respectively.

2. Single population model. In this section, we first consider the single pop-
ulation model. Mathematically, it simply means that we set (Ny,U;) = (0,0) or
(N3, Us) = (0,0) in equations (5)-(7). In order to simplify notations, all subscripts
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are dropped in the remaining equations and we consider

ZBT% = d%}%— f(f?}, U)N, z€(0,1), t>0,

o :daazx; +u(ﬁ)l1]\ﬂ ze(0,1), t >0,
gzdazz +{§R,£)N, xz € (0,1), t >0, ()
980,t) = —R©, ZB(1, 1) +yR(1,t) =0, t>0,

9w (0,t) = 22(1,t) +yw(l,t) =0, t>0, w=N, U,
w(x,O):wO(x)20,0<x<1, w=R, N, U.

By [21, Theorem 1 and Remark 1.1], we can show that system (8) admits a
unique noncontinuable solution, and the solutions to (8) remain non-negative on
their interval of existence if they are non-negative initially. The biologically relevant
domain for system (8) is given by

X = {(R,N,U) € C([0,1];R2) : there exists Q >0
such that QuinN(-) <U(-) < QN(-) in [0,1]}

with the usual maximum norm in C([0, 1];R?), denoted by || - ||. Substituting the
new variable O(z,t) = R(x,t) + U(z,t) into (8), it follows that

98 _ 428 z€(0,1), t>0,

29(0,t) = —R®, 22(1,t) +4O(1,t) =0, t>0.

By [19], we conclude that ©(x,t) satisfies

1+’Y_

tli}rn O(z,t) = z(x) := RO x) uniformly on [0, 1]. (9)

Inspired by [17], we define Q* to be the unique positive number so that
Q" =inf{@Q >0: f(2(x),Q) — w(Q)Q <0 in [0,1]}.

By the similar arguments in [17, Lemma 4.2], we can show the following results.
Lemma 2.1. Let (R(z,t), N(z,t),U(z,t)) be a solution of (8) fort € [0,7), with
initial data (R°, N°,U°) € X. Then
(i) it holds that
U(z,t)
in
z€[0,1] N(z,1)
(ii) there exists Q € [Q*,+o0) depending on ||R°|| and |[U°/N°|| such that
U(z,t)
sup
z€]0,1] N(.’L’,t)
Moreover, if T = +o00, then for each QQ > Q*, we have

> Qmin  forallt €[0,7).

<Q foralltel0,7).

limsup | sup (U(x,t) — QN(z,t))| <O0. (10)

t—oo | z€[0,1]
Furthermore, if ||N(-,t)|| is bounded uniformly int > 0, then (10) holds for Q = Q*.

Corollary 1. System (8) generates a semiflow in X in the sense that for each initial
data in X, system (8) admits a unique classical solution (R(-,t), N(-,t),U(-,t)) that
exists for allt > 0. Moreover, the solution satisfies (R(-,t), N(-,t),U(-,t)) € X for
allt > 0.
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In order to investigate the dynamics of system (8), we first consider the following
reduced system:

N _ g&N 1 ()N, x € (0,1), t >0,

+ f(2(z) = U, ¥)N, 2 €(0,1), t >0,
1,t) +yw(l,t) =0, t >0, w=N, U,
w(z,0) =w'(z) >0, 0<z <1, w=N, U.

(11)

The following nonlinear system will play an important role in the dynamics of (11):

BN_dE;’N
ot
%ﬂ{—d‘” f(z(@), L)N, 2 € (0,1), t >0, (12)

(Y)N, z€(0,1), t >0,
(x
)

9w (0,t) = 9(1,t
Let D = C°([0,1],R3) and
C={(N,U) €D : QuinN(z) <U(z) < Q"N(z) for z € [0,1]}.

It is clear that D and C are complete cones in the normed linear space C°([0, 1], R?)
and that D is both normal and solid. We say that (¢1,¢1) >p (f2,92) if and
only if (¢1,¢1) — (¢2,92) € IntD. Using the maximum principle, one can show
that system (12) generates a semiflow on C. Substituting N(z,t) = e*@(x), and
U(z,t) = eMyp(z) into (12), we obtain the associated nonlinear eigenvalue problem

Mp(@) = do/"(z) + p(5)d(x), @ € (0,1),
M) = dy" (@) + f(2(x), £5)d(x), @ € (0,1), (13)
w'(0) = w'(1) +yw(1) =0, w=¢, ¢

+yw(l,t) =0, t >0, w=N, U.

By the similar arguments as in Lemmas 5.1 and 7.1 in [17], we have the following
result.

Lemma 2.2. The eigenvalue problem (13) admits a principal eigenvalue \°(d)
corresponding to which there is a strongly positive eigenfunction (¢°(z), ¢°(z)) >p
(0,0) in C. Moreover, there is a dg > 0 such that

N(d)>0if0<d<dy, \d)=0ifd=dy, \°(d)<0ifd>dy.
The biologically relevant domain for system (11) takes the form:
Q= {(N,U) € C([0,1;R2) : U(-) < 2(-) and there exists Q > 0
such that QuminN () <U(-) < QN () in [0,1]}.

It is not hard to see that system (11) is strongly monotone (see [30]) in the interior
of Q, and it is strictly subhomogeneous ([39]). Then one can modify the arguments
in [16, 17] together with the eigenvalue problem (13) to show that following result
holds.

Lemma 2.3. Let (N(-,t),U(+,t)) be the solution of system (11) with initial condi-
tion (N°,U°) € Q.

(i) If 0 < d < dy, then system (11) admits a unique positive steady-state solution
(N*(-),U*(-)). Moreover, if the initial condition satisfies N° # 0, then

tli}rgo(N(@t), U(z,t)) = (N*(z),U*(x)) uniformly on [0,1].
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(i) If d > dy, then
lim (N (x,t),U(x,t)) = (0,0) uniformly on [0, 1].

t—o00
The following result is concerned with the dynamics of system (8):
Theorem 2.4. Let (R(-,t), N(-,t),U(-,t)) be the solution of system (8) with initial
condition (R°, N°,U?) € X.
(i) If 0 < d < dy, then system (8) admits a unique positive steady-state solution
(R*(z), N*(z),U*(x)) with R*(z)+U*(x) = z(z) on [0,1]. Moreover, if N° #
0, then

tl_i}rgo(R(:U,t)7 N(z,t),U(z,t)) = (R*(z), N*(x),U*(x)) uniformly for x € [0,1];

(ii) If d > do, then
tli}m (R(z,t), N(z,t),U(z,t)) = (2(x),0,0) uniformly for x € [0, 1].
oo
Proof. By Lemma 2.3 and the theory of chain transitive sets (see, e.g., [13] or [39]),
(i).

together with the similar arguments in [17, Theorem 7.1], one can prove Part (i)
Part (ii) can be proved by the same arguments as in [17, Theorem 2.2(i)]. O

3. Two-species model. This section is devoted to the investigation of the exis-
tence of coexistence solution for (5)-(7). By [21, Theorem 1 and Remark 1.1], we
can show that system (5)-(7) admits a unique noncontinuable solution, and the
solutions to (5)-(7) remain non-negative on their interval of existence if they are
non-negative initially. The biologically relevant domain for system (5)-(7) is given
by
Y = {(R,N1,Ui, Na,Us) € C([0,1];R%) : for i = 1,2, there exist Q; > 0
such that Qumin,iNi(-) < Ui(-) < QiN;(+) in [0,1]}.

3.1. Well-posedness. In this subsection, we further show the boundedness of tra-
jectories of system (5)-(7). Introducing the new variable

W(.’E,t) = R(:L’,t) + Ul(xat) + Ug(iﬂ,t) (14)
into (5)-(7), it follows from similar arguments as in (9) that W (z,t) satisfies
tlim W (z,t) = z(x) uniformly in z € [0, 1], (15)

where z(x) = R(O)(H'T” — ) on [0, 1] as mentioned before.
Inspired by [17], we define QF to be the unique positive number so that
Q: = inf{Qi >0: fZ(Z(.T),Ql) — /11(621)62z <0 in [0, 1]}, for i = 1,2, (16)
and we also define (Q3* to be the unique positive number so that
Qmin,l
Then, we have the following results concerning with the boundedness of trajectories
of system (5)-(7).

Lemma 3.1. Let (R(z,t), Ni(x,t),Ui(x,t), Na(z,t), Us(z, 1)) be a solution of (5)-
(7) for t € 0, 7), with initial data (R, NY,UY, N9, UY) € Y. Then

= inf{Q > 0 fol2(2).Q) — 12(Q)Q + g ( ) Q1 <0 (0.1}, (17)
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(i) it holds that

o Jil@:1)
z€l0,1] Ni(z,1)

= Qmm i fO’F allt € [OvT)a 1=1,2. (18)

(ii) there exists Q; € [Qmin.i, +00) depending on ||R°||, |[UY/N?||, and ||[US/NI|
such that

i at

sup (&0

<Q, foraltel0,7), i=1,2. 19
zefo,1) Ni(z, 1) 0.7) (19)

Moreover, if T = 400, then for each Q1 > QF (resp. Q2 > Q3*), we have

lim sup
t—o0

sup (Us(z,t) — QiNi(x,t))] <0, i=1 (resp. i =2). (20)

z€[0,1]

Furthermore, if ||[N1(-,t)|| (resp. ||N2(-,t)||) is bounded uniformly in t > 0, then
(20) holds fori =1 and Q1 = QF (resp. i =2 and Q2 = Q3*).

Proof. The following arguments are inspired by [17, 23]. For ¢ = 1,2, one can

rewrite
Uz, t)\ _ o (Ut
Mg <N7(IE, t)) - :U’z(Qmm,l) + gl(l'a t; Qmm,z) (NI(I, t) Qmm,z)

where

1 .
6@ = [ (s D+ 1-90:) d5>0. Q> Quinse (21)

U;
Let H; (LE, t) =U; (l’, t)_Qmin,i ( ) Then Hi\ V| = M (Qmin,i)"_gi (x7 t; Qmin,i)

It follows from the second and third equations in (5) that

2|
N
Z|=

agl - da Hl + [51(30 t len 1)Qm1nz + g(Nl)N ]Hl
=f (R h)Nl >0, forze[0,1], tE[O 7),
O (0,¢) = 2H1(1,¢) + yHy(1,t) =0, for t € [0,7),

where we used (6), fi > 0, and p;(Qmini) = 0. Using Hy(z,0) = Up(z) —

Qmin 1 NY(z) > 0 and maximum principle for linear parabolic equations, we con-
clude that Hy(-,t) > 0 in [0,1] for all ¢ € [0,7). This proves (18) when ¢ = 1.
Similarly, we see that H satisfies
8;{2 - daagz + 52 (.’E t' Qmin Z)Qmin 2H2
— f (R U?) Ny +g(N1) YNy >0, for z € [0,1),t € [0,7),
O (0,¢) = 22(1,¢) + yHa(1,t) = 0, for t € [0,7),

and hence, we can also prove (18) when i = 2.
Next, we show (19). Fix a solution (R, N1,U;, N2, Us) of (5)-(7) that exists up

to time 7 € (0,00]. By (14) and (15), there exists a number @, > supy | %O(I)
depending possibly on the initial data, such that

fi(R(x,1),Q,) — 1 (Q1)Q; <0 for x €[0,1], t €[0,7). (22)
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— 0
Similarly, there exists a number Q)5 > Supjo, 1) %%—8 depending possibly on the initial
’ 2
data, such that

f2(R(x,1),Qs) + g(Nl)%l1 —12(Q2)Q2 <0 forx €[0,1], te[0,7).  (23)

Then we rewrite

Fi (R0, oy ) = SR 0.@0 + 0@ (e~ Q).
where
i, t; Q1) = /01 gg;i <R(xt)sxg?) L —s)QZ—) ds<0,i=1,2. (24)
Also, we have
v (i) =@ e (G5 -@)
where & (x,t: Q;) is given in (21). Let H; := U; — Q,Ni, i = 1,2. Then H, satisfies
aa—ﬁxl(o,t) = 851 (1,t) + vHy(1,8) =0, forte[0,7), (25)

and H; satisfies the differential inequality

0H, B 0°H,
ot Ox?
U Ui\ = U —
=f (R, Ni) Ni— <Nll> QN — g(Nl)ﬁi]\& + g(N1)N2Qy

— (e tsQ) - 66 @00 - 15N (0 @)

Ny
+[f1(R, Q1) — 11 (Q1) Q1] N,
< Ei(z,t)Hy, forxel0,1], te[0,7),

where
E ol — = N
Ey(z,t) = 01(2, 1, Q) — & (2,4 Q1)Q) — g(N11)

and we have used (22). By the choice of @Q,, we have H;(x,0) < 0. Then the

comparison principle implies that Uy (x,t) — Q;Ni(z,t) = Hq(z,t) <0 for all z €

[0,1] and ¢ € [0, 7). This proves (19) with i = 1. Using (23), we see that H satisfies
OHo 0’Hy

e g« H
5 d FICRS Es(z,t)Ho, for xz €[0,1], t €[0,7),

Ny <0, forzxzel0,1], te]0,7),

where
EQ(xat) = ﬂQ(xvt;QZ) - gg(l‘,t;ég)ég < 07 for x € [07 1}7 te [077-)'

Since H also satisfies Hy(x,0) < 0 and the same boundary condition (25), we can
conclude that (19) holds when i = 2.

Finally, we prove (20). It follows from (16) and (17) that for each n > 0, there
exists an € > 0 such that for z € [0, 1],

S1(z(2) + €, QT + 1) — pa(Q1 +n)(Q1 + 1) <0, (26)

@) ) @+ <0. (27)
Qmin,l

fol(2) + €, Q3" +m) — ua (@3 + ) ;*+n>+g(
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By (14) and (15), we may assume without loss of generality (by translation in %)
that

R(z,t) < z(z)+e¢e forall x € 0,1], ¢ > 0. (28)
Let H{(z,t) = Ui(z,t) — (Q; + n)Ni(x,t). Observing that

i () = m (@i +0) + e tQ5+0) (RS - Qi +m).
fi (B, 0), §E8) = fu(R(@,0,Q1 + ) + (2, 6:Q1 +m) (R85 — (@1 +m) |
where &1 (x,t; Q7 +n) and 9 (x, t; Q7 +n) are defined in (21) and (24), respectively.
Then H{(z,t) satisfies the boundary condition (25) and the following differential
inequality
OH] 0?HY
ot 0x?
— 101 + )~ (o5 + (@1 +) - CGENl (T - @i )

Ny Ny
+LAR, QT +m) — pa(QF +n)(QF + n)| Ny
< El(z,t)H{, forxz€]0,1], t >0,

where
N
EY(x,t) = 91(2,; Q1+~ (a, 13 QT+77)(Q’{+17)—9(N11)

and we have used (26) and (28). Assume o satisfies
0<o01 <—E](z,t), Vael0,1], t €[0,00).
Let Hy(z,t) = Bie~ 7', where B; > 0 and B, > H}(x,0). Then

Ny <0, forxz €[0,1], t >0,

o0H O%H _ _ _
aTl —d &621 — E2,t)H, > —01Hy +01H, =0, for z €0,1], t >0,
0H,

oH, -
0,t) =0, —(1,2 Hy(1,t 0, t>0.
650(7) ’ax(7)+71(7)>7_
By comparison principle,
H(z,t) < Hy(x,t), for z€][0,1], t>0.

Using the fact that H,(z,t) — 0 uniformly in z € [0,1] as t — oo, we obtain

limsup{ sup [Ui(z,t) — (QF + 77)N1(x7t)]} <0, for all n > 0. (29)

t—o0 z€[0,1]

This proves that (20) holds for i = 1.
By (14), (15), (18) and (20) with ¢ = 1, we may assume without loss of generality
(by translation in t) that

Ny(z,t) < #(z) +¢€ and G

o Qmin,l Nl(xvt)
Let H)(z,t) = Us(z,t) — (Q3* + n)Na(x,t). Observing that
o (REE8) = 12(Q5" + ) + &ala i Q5" + ) (2 — (@5 + )

f2 (R, 0), &0 = fa(R(2,0), Q5" +n) + 02(2, Q5" + ) (F24 - (@5* +m)

<Qi+e forallzel0,1], t>0. (30)
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where & (x,t; Q3 +n) and Y2 (x, t; Q5 +n) are defined in (21) and (24), respectively.
Then Hj (xz,t) satisfies the boundary condition (25) and the following differential
inequality

OHY  OHJ
ot ox?
$k ok ok U $k
— Dol Q3 + ) — Ealars b Q5 4 ) (@5 + )] (NZ< : +n>) N
Uy

(R, Q3" + 1) — p2(Q3" +1)(Q5" + 1) + g(N1) ]V
< Ed(z,t)H), forz €]0,1], t >0,
where
Ef(z,t) = a2, t;) — &u(2, Q5" +n)(Q3" +n) <0,  forz €[0,1], £ >0,
and we have used (27), (28) and (30). Assume o9 satisfies
0< o9 <—E)(z,t), Vae0,1], t €[0,00).

Let Hy(x,t) = Boe™ 72! where By > 0 and By > HJ(x,0). Then we may once again
conclude by comparison with Ha(z,t) that

lim sup{ sup [Uz(z,t) — (Q3" + n)Ng(x,t)]} <0, for all p > 0. (31)
t—o0 z€[0,1]

This proves that (20) holds for i = 2.
The last statement follows by letting n N\, 0 in (29) and (31), which is possible if
[|IN; (-, t)]| is bounded uniformly in ¢. O

Corollary 2. System (5)-(7) generates a semiflow in Y in the sense that for each

initial condition in Y, system (5)-(7) admits a unique classical solution

(R 1), N1(58), Ur(:, ), Na(+, 1), Ua (- 1))
that exists for all t > 0. Moreover, the solution satisfies
(R(+,t), N1 (-, t), U1 (-, t), Na(+, t), Ua(-,t)) € Y
for allt > 0.

Proof. We first do extensions on the functions p; (U;/N;) N; and f;(R,U;/N;)N; in
the following way:

N 0 if N, =0,
pi (N, U) = U, . (32)
,uZ(Ni)Nl if N; > 0.
- 0 if N; =0,

Then it is easy to check that ;(V;,U;) and ﬁ(R,Ni, U;) are Lipschitz continuous
in Y. Hence, we can proceed further as in the proof of Theorem 2.1(i) in [17] to
show that the conclusions hold. O
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3.2. Coexistence. For i = 1,2, we assume \(d) is the principal eigenvalue of (13)
with functions u = p; and f = f;. It follows from Lemma 2.2 that there is a unique
dop; >0 (i = 1,2) such that

A(d) > 0if0 < d<dog, No(d)=0ifd=doy, \N(d) <0ifd> do,.

For ¢ = 1,2, we note that the functions u; (U;/N;) N; and f;(R,U;/N;)N; can be
respectively extended to (32) and (33), if necessary. Hence, we conclude from
Theorem 2.4 that system (5)-(7) may admit the following trivial and semi-trivial
steady-state solutions:

(i) Trivial solution Fy(z) = (2(x),0,0,0,0) always exists;
(ii) Semi-trivial solution E;(x) = (R} (x), Ny (z), U (x),0,0) exists provided that
0<d< dO,l;
(iii) Semi-trivial solution Es(x) = (R3(x),0,0, N3 (z),Us(x)) exists provided that
0<d< d072.
Here, (R} (x), N} (z),U;(x)), i = 1,2, denotes the unique positive steady-state so-
lution of the single population system (8) with functions 4 = p; and f = f;. The
two species can coexist if a stable positive steady-state solution of (5)-(7) exists.
By Lemma 3.1 and Corollary 2, we may assume that

U, Y 5 Y
is the solution map associated with system (5)-(7). Let

Yo = {(RB°(-), NY(-), UL (), N3 (-),U3(-)) € Y : N{(-) # 0 and N3(-) # 0},
and
Yo =Y\Yo.

Due to the singularity in the ratio U;/N; at the case U; = N; = 0, we cannot
linearize system (5)-(7) at trivial and semi-trivial steady-state solutlons E;(z),i=
0,1,2. We next show that the instability of E;(z), i = 0,1, 2, can be determined by
the principal eigenvalue of the associated nonlinear eigenvalue problem.

The following result is concerned with the instability of Ey(x).

Lemma 3.2. Assume that 0 < d < dp;1 or 0 <d < doga. Then Ey(-) is a uniform
weak repeller for Yo in the sense that there exists a g > 0 such that

limsup [, (P°) = Eo(-)| = b (34)
—00

for all PO := (R°(-), N{(-),U2(-), N9(-), US(-)) € Y.

Proof. We first consider the case where 0 < d < dp 2. Then it follows from Lemma
2.2 that AJ(d) > 0. Hence, there exists a sufficiently small ¢y > 0 such that A\$° > 0,
where A5 is the principal eigenvalue of

Ap(x) = do" () + pa §§§>¢< ), @ € (0,1),
Np(x) = de" (x) + [fo(2(x), 55) — eo]é(@), = € (0,1),
w'(0) = w'(1) +yw(1) =0, w = ¢, ¢.

By the continuity, there exists a §g > 0 such that

F(ROS2) > B0 52 = . Y IRC) = 0] < 0. (3)
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Suppose by contradiction that (34) is not true. Then there exists P° € Y such
that
limsup ||, (P°) — Eo(-)[| < o

t—o0
Thus, there exists a tg > 0 such that
IR 1) = 2()]| < do, ¥Vt = to, (36)
and
[(N2(-,2), U2(:,)) = (0,0) || < o, V' ¢ = to. (37)

From (35), (36), and the last two equations in (5), we have

ot Ox2
o2 > da;fg" + [fa(2(x), %) —€0] N2, 7 € (0,1), t > to, (38)

52(0,) = 32(1,1) +yw(L,t) = 0, t > ty, w = Na, Us.
Since P° € Yy, it is not hard to show that Na(-,t9) > 0 and Us(-,tp) > 0, and
hence, there exists an ag > 0 such that
(NQ('atO)a U2('at0)) > (‘10¢80(')a00§080('))7 (39)

where (¢g° (), o (z)) is the strongly positive eigenfunction associated with A5°.
Let

s > d62N2 +,U/2(%)N27 HAES (07 1)7 t> th

(N (,1), U(a, 1)) = (aoe™ 7650 (), apes' )y (a)).
Then (Ny(z,t),Uy(x,t)) satisfies the following system

2
B = A% + pa(F2)N,, @ € (0,1), 12 o,

d 9* »

G2 = A%t + [fo(2(x), ) — o] Ny, @ € (0,1), ¢ > to, (40)
52(0,1) = G2(Lt) +yw(l,t) =0, t > to, w= Ny, Uy,

(No (-5 t0), Us(+5 t0)) = (a0dy’ (), aoq’ (+))-
From (38), (39), (40), and the comparison principle, it follows that for ¢ > tg and
z € [0, 1], we have
(Na(, ), Va2, ) > (N, (2,1), Up(z, 1)) = (a0e™ 7650 (2), ageXs" 1) o (a)).

Since A5 > 0, it follows that lim; oo (N2(+,t), Ua(, t)) is unbounded, contradicting
(37). This contradiction proves the results for the case 0 < d < dg 2.

The arguments for the case 0 < d < dy,; will be similar to Lemma 3.6, and we
omit the details. Thus, we completes the proof of this lemma. O

In order to discuss the instability of F;(z), we consider the following nonlinear
system

0N = %02 4 iy (L2)Ny, z € (0,1), ¢ >0,
Wz = A% 52 + fo(Ri(2), 32N> + g(NF (@) g No, € (0,1), £>0,  (41)
99 (0,t) = Z2(1,1) + yw(1,t) = 0, t > 0, w = Ny, Uy,
where (Rj(z), Ny (z), Ui (z)) is given in E;(z). Let D = C°([0, 1], R%) again and
Co = {(N2,Uz) € D : Quin2Na2(z) < Us(z) < Q3" Na(z) for z € [0,1]},
where @Q3* is given by(17). Using the facts that Rj(z) < z(z), Ni(z) < ﬂ (see

Qmin,1
Lemma 2.2 in [16]), and %1((?) < @3 (see Lemma 2.1), together with the maximum
1

principle, one can show that system (41) generates a semiflow on Cy. Substituting
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No(z,t) = eP2tpy(z), and Us(z,t) = e*2tpy(x) into (41), we obtain the associated
nonlinear eigenvalue problem
Aoga(x) = g () + pa( £ g;?)qsz(w), z €(0,1),
Aaps(w) = dgy (@) + Fo(Ri (1), 220 (a)
+9(N} (2) GrB da(2), @ € (0,1),
w'(0) = w'(1) + yw(l) =0, w = @2, pa.

By the similar arguments as in [17, Lemma 5.1], we have the following result.

2
2

(42)

Lemma 3.3. The eigenvalue problem (42) admits a principal eigenvalue A corre-
sponding to which there is a strongly positive eigenfunction (¢3(z), ¢9(z)) >p (0,0).

The following result indicates that the instability of Ej(x) can be determined by
the sign of AS.

Lemma 3.4. Assume 0 < d < do1 and A > 0. Then Ey(-) is a uniform weak
repeller for Yo in the sense that there exists a 6 > 0 such that

limsup || ¥ (P°) — Ey(-)|| > 8, for all P° € Y. (43)
t—o0

Proof. Since AY > 0, it follows that there exists a sufficiently small € > 0 such that
AS > 0, where AS is the principal eigenvalue of
Moo (x) = g () + pa (22 )ga(x), @ € (0,1),
Aopa() = degl () + [fa(R} (), £28) — dpa(x)
+Hg(N} (2) =5 — éa(2), x € (0,1),
w'(0) = w'(1) + yw(l) =0, w = @2, @a.
By the continuity, there exists a § > 0 such that

F(RO, 32 > R(RIC)L 32) — 6 ¥ RC) = RO <4, (44)

and

SN T > V@) ERD — e ¥ IV, U ) — (N O.UE ) <8 ()

Suppose by contradiction that (43) is not true. Then there exists P° € Yq such
that

limsup || ¥, (P°) — By ()| < 4.

t—o0

Thus, there exists a t; > 0 such that
IR(t) = RI()[ <& and [[(N1(-8), Ur (- 8)) = (NT(-), UT ()l <6, YVt = t1, (46)
and

From the last two equations of (5) together with (44), (45) and (46), we have
N2 > g8 Nz 1 py(L2 2)Ng, w € (0,1), t >t
82 > a5l + [f2(R*( ), &) — €[N,

ot
H(NT (@) § — e Na, @ € (0,1), ¢ > 1,

9w (0,t) = 22(1,t) +yw(1,t) =0, t > t;, w = Na, Us.

(48)




DYNAMICS OF A SYSTEM WITH INTRAGUILD PREDATION 15

Since P € Yy, it is not hard to show that Na(-,t;) > 0 and Us(-,¢;) > 0, and
hence, there exists an a; > 0 such that

(N2(+, 1), U2(+ t1)) = (a195(+), arp5(")), (49)
where (¢5(z), 5(
(Na(, ), Uz(z,1)) = (a1 5 (2), a1 2075 (2)).
Then (N (z,t), Us(x, t)) satisfies the following system

x)) is the strongly positive eigenfunction associated with A§. Let

Oé\;;z _d8 N2 +M2(U2)N2’ S (O 1) tzth

s = a5 1 [1(Ri(w), %) - A,
Ho(NT (@) 5= = dNa, 2 € (0,1), ¢ > 4, (50)
90 (0,t) = 22(1,t) +yw(1,t) =0, t > t1, w = Na, Uy,
(Na(-,t1), Uz (- t1)) = (a165 () ar g5 (-))-
From (48), (49), (50), and the comparison principle, it follows that for ¢ > ¢; and
x € ]0,1], we have
(Na(x,1), Un(,t)) > (Na(2,1), Un(2, 1)) = (a1~ g5 (2), a1 5 ().

Since A§ > 0, it follows that lim;—, oo (N2(+, ), Ua(+,t)) is unbounded, contradicting
(47). This contradiction completes the proof of the lemma. O

Next, we study the instability of Es(z). For this purpose, we consider the fol-
lowing system

O = dZN 4y (BN, 2 € (0,1), >0,
o —dajg + fi(Rs(x), §5)N1, z € (0,1), £ >0, (51)
éah;g](oat) - (31;(1515) +7w(13t) = Ov t> Oa w = N17 Ula
where Rj(x) is given in E(z). Let D = C°([0,1],R%) and
Ci = {(Nl, Ul) eD: Qmin,lNl(x) < Ul(a:) < QTNI(Z') for x € [0, 1]},
where Q7 is given by (16). Using the fact that Rj(z) < z(x), together with the
maximum principle, one can show that system (51) generates a semiflow on C;.
Substituting Ny (x,t) = et (z), and Uy (z,t) = eMtpi(z) into (51), we obtain
the associated nonlinear eigenvalue problem
A (o) = dgl/ () + u1<$;(z§>¢1< ), z € (0,1),
Arpr () = def (2) + fi(R5(x), )1 (w), @ € (0,1), (52)
w'(0) = w'(1) +yw(1) = 0, w = ¢1, ¢1.

By the similar arguments as in [17, Lemma 5.1], we have the following result.

Lemma 3.5. The eigenvalue problem (52) admits a principal eigenvalue A9 corre-
sponding to which there is a strongly positive eigenfunction (¢9(z), ¢9(z)) >p (0,0).

The following result indicates that the instability of Es(x) can be determined by
the sign of AY.

Lemma 3.6. Assume 0 < d < doo and A > 0. Then Es(-) is a uniform weak
repeller for Yo in the sense that there exists a o > 0 such that

limsup || U (P°) — Ey(-)|| > o, for all P* € Y. (53)
t—o0
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Proof. Since A} > 0, there exists a sufficiently small p > 0 such that A} > 0, where
A7 is the principal eigenvalue of

Mg (@) = dof () + p (251 () — pen (), = € (0,1),
Arpr (@) = dol (@) + [[1(R5(x), 245) = plén (x) — pea(a), @ € (0,1),
w'(0) = w'(1) +yw(1) =0, w= o1, 1.

Using (2), it follows that

U
g(N1)Ny = C(Ny, N3)Ny, and g(Nl)Nl Ny = C(Ny, No)Uy, (54)

where C (N7, No) = %Ng, and b > 1. Note that

(N1(-);N2(-)=(0,N3(-)) (N1, N2) ( 5 ()

By the continuity, there exists a o > 0 such that

FiRO. 5 > A0, 35 = o, ¥ RO = B30 <o, (53)
and
0 < C(N1(-), N2(1)) < p, ¥ [[(N1(+), N2(+)) — (0, N3 ()| < o (56)

From (54) and (56), it follows that
U
g(N1)N2 < pNy and Q(Nl)ﬁllNz < pUL, ¥ [(N1(), N2 () = (0, Nz ()| < 0. (57)

Suppose by contradiction that (53) is not true. Then there exists P° € Y such
that

limsup || W (P°) — By ()| < o
t— o0

Thus, there exists a to > 0 such that
[R(-,t) = R5(-)[| <o and [[(Ni(-t), Na(-,t)) — (0, Ny ()| <o, ¥Vt >tz, (58)
and
[(N1(-, ), Ur(+,t)) = (0,0)|| < o, V t > to. (59)

In view of the second and third equations of system (5), together with (55), (57),
and (58), we have

oNL > g + (N1 = pN1, 2 € (0,1), t > t,
OaUtl > daaxUZI + [fl(RQ( )’ N1) - p]Nl - pUlv LS (Ov 1)7 t 2> 1o, (60)
9w (0,t) = 22(1,¢) + yw(1,t) =0, t > to, w = Ny, Uy.

Since P° € Yy, it is not hard to show that Ni(-,t2) > 0 and U;(-,t2) > 0, and

hence, there exists an as > 0 such that

(N1(,t2), Ui (-, t2)) > (a2 (+), a2’ (), (61)
where (¢7(z), ¢7(z)) is the strongly positive eigenfunction associated with Af. Let

(N1, 1), Ur(,1)) = (aze™ 60 (), aze™ 724 ().
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Then (Ny(z,t), Uy (x,t)) satisfies the following system

oM _ g&N m(%)m — pNy, z € (0,1), t > to,

O = d%% + [A(R3(@), §) = pINy — pUh, 2 € (0,1), > 15,
?9—7;(0715) = g—;’(l,t) +yw(l,t) =0, t >ty, w= Ny, Uy,
(N1(,t2), U (s t2)) = (267 (), a27 ().

From (60)-(62), and the comparison principle, it follows that for t > t5 and = € [0, 1],

we have

(Nl(xvt)le(x7t)) > (Nl(x7t)a Ul(x7t)) = (aQeA[f(titQ)d)ﬁl)(x)vaQeAT(titZ)spfl)(x))'

Since A} > 0, it follows that lim;_, oo (N1 (-, t), U1 (-, t)) is unbounded, contradicting
(59). This contradiction completes the proof of the lemma. O

(62)

Now we are in a position to show that if both of the semitrivial steady states
exist and both of them are uniform weak repellers, then both of the intraguild prey
and predator can coexist.

Theorem 3.7. Assume 0 < d < min{dp1,do2} and A} > 0 for i = 1,2. Then

system (5)-(7) is uniformly persistent with respect to (Yo,0Y¢) in the sense that
there is a constant n > 0 such that every solution

(R('7t);N1('>t)7Ul('7t)7N2('7t)vU2('7t))
of (5)-(7) with (R(-,0),N1(+,0),U;1(-,0), Na(+,0),Uz2(-,0)) € Yq satisfying
litrgglfNi(~,t) >n, Vi=12. (63)

Furthermore, system (5)-(7) admits at least one (componentwise) positive steady-
state solution (R(-), N1(-),U1(-), Na(+), Ua(+)).

Proof. Recall that ¥, : Y — Y is the solution maps associated with system (5)-
(7). By the strong maximum principle and the Hopf boundary lemma (see [29]), it
follows that for any P°(-) := (R°(-), NY(:),UY(-), NY(-),U9(-)) € Yq, we have

Ni(2,t, P°(:)) >0, V2 €[0,1], t >0, i = 1,2,

that is, ¥, Yg C Y for all ¢ > 0.
Let My := {P° € Y, : U, P° € 0Y,,V t > 0}, and w(P°) be the omega limit
set of the orbit OT(P%) := {U,PY : t > 0}. We claim that

w(¥)) ={Eo()} U{EL()} U{EL ()}, V ¢ € My.

Indeed, for any given ¢ € My, we have ()1 € 9Y, Vit > 0, that is, N1(-,¢,4) =0
or Na(-,t,9) =0, for all t > 0. In the case where Ny(+,¢,9) = 0 for all ¢ > 0, it
follows from Lemma 3.1 and Corollary 2 that Uy (-, ¢,%¢) = 0 for all ¢ > 0. Thus,
(R(-,t, ), Na(-, t,v), Ua(+, t,1))) satisfies system (8) with functions p = ug and f =
f2. By Theorem 2.4, we can conclude that either tllrgo(R(~,t),N2(-,t), Us(-,1)) =
(R5(-), N5(-),Us (")) or tli}rrolo(R(-,t), Nao(+,t),Us(+,t)) = (2(+),0,0). In the case where
Ni(+y70,%) #Z 0 for some 79 > 0, it follows from the maximum principle that
Ni(t,9) > 0 for all ¢ > 79. This implies that Na(-,¢,¢) = 0, for all ¢ > 7o,
and hence, Us(+,t, %) = 0. Thus, we see that (R(-,t,%), N1(-, t,v), U1(+,t,1)) satis-
fies system (8) with functions p = py and f = f; for all ¢ > 79. Using Theorem 2.4
again, it follows that either tlirglo(R(~,t),N1(~,t), Ui(-,t)) = (Ry(4), Ny (), Uy () or
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tlim (R(-,t), N1(+,t),U1(-,t)) = (2(+),0,0). These discussions complete the proof of
—00
the above claim.

Define a continuous function p : Y — [0, 00) by

p(d)) = mll’l{ min ¢2($), min ¢4((E)}, v ¢ = (¢17 ¢>2, ¢37¢43 ¢5) €Y.
2€[0,1] z€[0,1]

)

By the maximum principle and the Hopf boundary lemma (see [29]), we see that
p1(0,00) C Y and p has the property that if p(¢) > 0 or ¢ € Y with p(¢) =0,
then p(¥(t)¢) > 0, V ¢t > 0. That is, p is a generalized distance function for the
semiflow ¥(t) : Y — Y (see, e.g., [34]).

By Lemma 3.1 and Corollary 2, the semiflow ¥; : Y — Y is point dissipative.
Obviously, ¥; : Y — Y is compact, V ¢ > 0. By [12, Theorem 3.4.8], it follows that
VU, :Y — Y, t >0, admits a global compact attractor. By Lemmas 3.2, 3.4 and
3.6, it follows that {E;} is isolated in Y and W*({E;}) N p~1(0,00) = ), where
W#({E;}) is the stable set of {E;}, Vi = 0,1,2 (see [34]). Further, it is easy to
see that no subsets of {Eo(-)} U {E1(-)} U {E2(-)} forms a cycle in Y. By [34,
Theorem 3], it follows that there exists an 1 > 0 such that

min >n, VoeYy.
%M)p(w) n, Vo €Yo

This implies that (63) holds.

By [20, Theorem 3.7 and Remark 3.10], it follows that ¥; : Yo — Y, admits a
global attractor Ag. It then follows from [20, Theorem 4.7] that ¥; admits a steady-
state solution (R(-), N1(+), Ui (-), Na(-), Ua(-)) € Yg, and hence, N;(-) >0, i = 1,2.
Using Lemma 3.1, it is easy to conclude that U;(-) > 0, i = 1,2. By the maximum
principle and the Hopf boundary lemma (see [29]), we can further show that R(-) >
0. Thus, (R(-), N1(-),U1(-), N2(+),Uz(+)) is a positive steady state solution of (5)-
(7). O

Finally, we consider another interesting case where the semi-trivial solution F; (z)
exists but Es(x) does not exist. That is, the intraguild prey can survive in the
absence of predator, but the intraguild predator can not survive in the absence
of prey. Then one can use similar arguments as in Theorem 3.7 to show that
coexistence for system (5)-(7) is also possible provided that FEj(z) is a uniform
weak repeller.

Theorem 3.8. Assume 0 < dpa < d < do1 and A > 0. Then system (5)-(7) is
uniformly persistent with respect to (Yo,0Y ) in the sense that there is a constant
0 > 0 such that every solution (R(-,t), N1(-,t),U1(:,t), Na(-,t),Us(-,t)) of (5)-(7)
with (R(-,0), N1(-,0),U1(-,0), Nao(+,0),Us(-,0)) € Yq satisfying

liminf N;(-,t) > o, Vi=1,2.
t—o00

Furthermore, system (5)-(7) admits at least one (componentwise) positive steady-
state solution (R(-), N1(-),U1(-), Na(+), Ua(+)).

4. Numerical simulations. In this section, we present some results of our numer-
ical simulations performed with Matlab. Numerical simulations of system (5)-(7)
were implemented using Eq. (2) for the predation rate g(Ni), Eq. (3) for the
specific growth rate p;(Q;), and Eq. (4) for uptake rate f;(R,Q;).

The predator-prey interaction in system (5)-(7) is usually referred to “intraguild
predation”, in which Ochromonas (N3) can act as an intraguild predator that con-
sumes Microcystis (N1) and competes with N7 for ammonium (a nitrogen resource).
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In contrast to intraguild predation, there is an alternative predator-prey inter-
action, “top-down predation”, when grown on nitrate (rather than ammonium).
In the top-down predation, Ochromonas acts as a top-down predator in a linear
food chain but does not compete for nitrate with Microcystis. In our numerical
simulations of system (5)-(7), we always take the maximum nutrient uptake rate
Gmax2 = 24.0 x 10~ molcell ' day ™" to simulate that the intraguild prey suf-
fered from both competition and predation by the intraguild predator (intraguild
predation), and we take amax,2 = 0mol cell ' day ™' to simulate that the prey suf-
fered from top-down predation only (top-down predation). Varying the values of
RO d, and guax, respectively, we can discuss the effects of the nutrient supply
concentration (R(?)), the diffusion rate (d), and the maximum prey ingestion rate
(gmax) on the intraguild predation (dmaxo = 24.0 x 10714 mol cell ™! dayfl) and
top-down predation (dmax,2 = 0mol cell ™! day_l). The rest of the biological pa-
rameters are given in Table 4.1, which are similar to those used by the authors in
[36]. Our numerical studies also confirm one of the predictions in [36] that prey
abundances are suppressed much more strongly by intraguild predation than by the
usual predator-prey interaction of a linear food chain.

TABLE 1. Common parameters used in intraguild predation and
top-down predation.

Quantity Value Quantity Value
v 10day ' Gmax,1 | 12.0 x 10~ mol cell " day '
K, 9.0 x 10" mol17! K, 6.5 x 10" mol17!
Hmax,1 0.7 day71 Hmax,2 2.2 day71
Quing | 2.6 x 10" molcell T | Quino 1.0 x 10~ ¥ mol cell
Quaxa1 | 95 x 10" ™ molcell ' | Quax.o 32.0 x 10~ B molcell !
b 2.37 Ky 4.0 x 108 cells1~1!

4.1. Effect of nutrient supply. At first, we focus on the effect of the nutri-
ent supply (R() in intraguild predation versus top-down predation. We put
d = 0.12day ™!, gmax = 53 cellscell * day ™!, and the other parameters are giv-
en in Table 4.1. Varying the nutrient supply concentration R(®), we observe that
enrichment of the shared nutrient reduces the abundance of the intraguild prey (see
Fig. 4.2 (A)). More precisely, the abundance of the intraguild predator increas-
es with the increasing of R(®), and the intraguild prey declined in density with
increasing enrichment (see Fig. 4.1 (A, C) and Fig. 4.2 (A)). Moreover, the in-
traguild prey was suppressed to near extinction although the intraguild prey is the
superior competitor for the shared resource (see Fig. 4.2 (A)).

For top-down predation, we observe the increase of the abundances of two species
in the low level of enrichment. Enrichment of the shared nutrient eventually causes
no obvious change in the abundances of two species in top-down predation (see Fig.
4.1 (B, D) and Fig. 4.2 (B)). Moreover, in contrast to the top-down predation,
the numerical results indicate strong dominance by the intraguild predator and low
intraguild prey abundance with the enrichment of the nutrient (see Fig. 4.2).

4.2. Effect of diffusion. To investigate the effect of the diffusion (d), we put
R® =20 x 10" mol1l™ !, gmax = 53 cellscell ' day !, and the other parameters
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FIGURE 1. The effects of the nutrient supply concentration
R©: (A, C) Intraguild predation with (max,2 24.0 x
10~ molcell *day™*, and (B, D) top-down predation with
(max,2 = Omolcell ' day™'. R® =1.5%x 1075 moll~! in (A, B),
and R =25 x 107> moll~! in (C, D).
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FIGURE 2. Bifurcation diagrams of positive steady state solutions
to (5)-(7) with the bifurcation parameter R(®) ranging from 0.5 x
1075 to 2.0 x 107" mol171. (A) Intraguild predation with amax 2 =
24.0 x 10~ molcell ' day ', and (B) top-down predation with

Gmax,2 = 0mol cell™! day_l.

are given in Table 4.1. Varying the diffusion rate d, we observe that the abundance
of the intraguild predator increases with the decreasing of d, and the intraguild
prey declines in density with the decreasing of d (see Fig. 4.3 (A, C, E)). Similar
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phenomena are observed in the population abundances of the two species for top-
down predation (see Fig. 4.3 (B, D, F)).

In contrast to the top-down predation, the numerical results indicate that prey
abundances are suppressed much more strongly by intraguild predation than by the
classic predator-prey interaction of a linear food chain through grazing (see Fig.
4.3). Moreover, coexistence is more likely in systems with intraguild predation (see
Fig. 4.3 (E, F)).

4.3. Effect of prey ingestion. To investigate the effect of the maximum ingestion
rate (gmax), we put d = 0.12day™ ", R = 2.0 x 10"°moll~', and the other
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FIGURE 4. Bifurcation diagrams of positive steady state solution-
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24.0 x 10~ mol cell " day ', and (B) top-down predation with

Gmax,2 = Omol cell * day .

parameters are given in Table 4.1. For top-down predation, numerical simulations
indicate that there is a unique critical value of the maximum ingestion rate g ... such
that the top predator can coexist with the intermediate prey provided gmax > gmax
(see Fig. 4.4 (B)). Moreover, the intermediate prey is always dominated.

For intraguild predation, numerical simulations indicate that there exists two
critical values gmax,1 < Gmax,2. If the maximum ingestion rate gmax > Gmax.1,
then the intraguild predator can invade successfully and coexist with the intraguild
prey. Moreover, the gradual increase of the maximum ingestion rate may cause a
gradual reduction in the abundance of intraguild prey. Increasing gmax gradually,
we observe that the dominance of the intraguild predator and the intraguild prey
can be switched at some critical value gmax,2 (see Fig. 4.4 (A)). We also observed
that gy .« > Gmax,1, Which means coexistence is more likely for the system with
intraguild predation.

5. Discussion. This study proposed and analyzed a reaction-diffusion system (see
(5)-(7)) modeling predator-prey interactions of mixotrophic plankton species and its
autotrophic prey in an unstirred chemostat, in which the predator can also compete
with its prey for one single nutrient resource that can be stored within individuals.
Due to the singularity arising in the ratio of U;/N; with (U;, N;) = (0,0), i = 1,2,
it is worth noting that we cannot do linearization and bifurcation at the trivial
or semitrivial steady states. This makes mathematical analysis more difficult and
challenging.

Investigating the extinction/persistence of a single species is a preliminary step
before we study the coexistence of two species. The dynamics of single species is
governed by system (8), which is the same to the single population model proposed
n [16]. The mathematical arguments in [16] only work when some specific param-
eters are relatively large or small, and results of extinction/persistence is left open
for intermediate parameter values. In Theorem 2.4, we show that the threshold
dynamics of system (8) is determined by the principal eigenvalue of the nonlinear
eigenvalue problem (13), A\°, which is similar to the one studied in [17] (see also
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[24]). We note that the eigenvalue \° is affected by the physical transport charac-
teristics of chemostat (i.e. the diffusivity d or the washout constant 7), the uptake
rate, and the growth rate.

If both of the intraguild predator and intraguild prey can persist as a single
species, then Theorem 2.4 guarantees that system (5)-(7) admits at least three
steady states, that is a trivial steady state, and two semitrivial steady states. The
trivial steady-state solution of (5)-(7), labeled Ey(x), corresponds to the absence
of both species. One of the semi-trivial steady-state solutions of (5)-(7), labeled
E1(z), corresponds to the presence of the intraguild prey and the absence of the
intraguild predator. The other semi-trivial steady-state solution of (5)-(7), labeled
Es(x), corresponds to the presence of the intraguild predator and the absence of
the intraguild prey. In Lemma 3.4, we show that the semitrivial steady state F;(z)
is invasible by the missing intraguild predator if A > 0, where AY is the principal
eigenvalue of system (42). Thus, the invasibility of E;(z) depends on the physical
transport characteristics of chemostat, the uptake rate of the intraguild predator,
the growth rate of the intraguild predator, and the predation rate. In Lemma 3.6, we
show that the semitrivial steady state Fy(x) is invasible by the missing intraguild
prey if AY > 0, where AY is the principal eigenvalue of system (52). Thus, the
invasibility of F5(z) depends on the physical transport characteristics of chemostat,
the uptake rate of the intraguild prey, and the growth rate of the intraguild prey.
When both of the semitrivial steady states are invasible by the missing competitor,
we theoretically prove that there is at least one positive steady states representing
coexistence of the intraguild predator and the intraguild prey (Theorem 3.7). We
also study another interesting case where the intraguild prey can persist as a single
species, while the intraguild predator cannot survive as a single species. For this
case, we can also show that coexistence of system (5)-(7) is possible when the
semitrivial steady state Ej(x) is invasible by the missing intraguild predator (see
Theorem 3.8). We perform numerical studies which can confirm our analytical
results. Finally, we point out that the local stability of the semi-trivial solutions
Es(z) (resp. Eq(z)) have been rigorously discussed in the Appendix section of [26].
It was shown that Fa(z) (resp. Ej(z)) is locally asymptotically stable if A} < 0
(resp. A9 < 0), and the possibility of bistability for system (5)-(7) was studied by
the authors in [26].

If we put g(N1) = 0 in system (5)-(7) (i.e., we put gmax = 0 in (2)), then system
(5)-(7) will become the system without predation investigated in [16]. The authors
in [16] used another mathematical approach to show that coexistence is possible for
the system without predation, however, our simulation indicates that coexistence
only occurs for a narrow range of parameter values in their system. Further, our
numerical simulations also confirm that intraguild predation can promote the di-
versity of species in a community (5)-(7). This observation is similar to the spatial
homogeneous system (1). In Fig. 4.4 (A), we found that the prey (NN1) can persist,
but the predator (Ns) will die out if the mechanism of predation is removed (i.e.,
gmax = 0). Increasing the value of gmax, we observed that the intraguild predator
and the intraguild prey can coexist when gmax belongs to a specific interval.

Besides intraguild predation, top-down predation is another significant predator-
prey interaction. When the nitrogen resource (R) is nitrate rather than ammonium,
Ochromonas acts as a top-down predator in a linear food chain but does not compete
for nitrate with Microcystis (the prey) [36]. Mathematically, the governing system

of top-down predation is the one with the substitution fs(R, %) = 0 into system
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(5)-(7). We note that the analysis of the model with top-down predation is similar to
those presented in this paper. In Section 4, we also numerically compare intraguild
predation with top-down predation. Our simulation studies indicate that population
densities of prey are suppressed much more strongly by intraguild predation than
by top-down predation. Those results are parallel to the intraguild predation theory
for the spatial homogeneous system (1), which is indeed one of the main predictions
in [36].
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