Mathematical Models of
Molecular Evolution



Terminology

DNA(deoxyribonucleic acid): A(Adenine), G(Guanine),
C(Cytosine), T(Thymine)
v" Double helix
v A=T, C=G

Genome (£ #148): the set that contains all
chromosomes of a single species

— Humangenome = {22% % 4 ¢ #8 + 2ix} 4 ¢ 48}

Molecular evolution (% =+ /& *)

Phylogeny (i& it #£1): evolutionary tree
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1 tgctgagaaa acatcaagctg tgtttctcct tccccaaag acacttcgca geccctcttg

61 ggatccagcg cagcgcaagg taagccagat gectctgetg ttgeectecc tgtgggectg
121 ctctcctcac gecggecccc acctgggceca cctgtggeac ctgecaggag getgagcetge
181 aaaccccaat gaggggcagg tgctcccgga gacctgcettc ccacacgcecc atcgttetge
241 ccccggcttt gagttcteee aggceccctct gtgcacccect ccctagcagg aacatgecgt
301 ctgccccctt gagcetttgca aggtctcggt gataatagga aggtctttge cttgcaggga
361 gaatgagtca tccgtgetee ctccgagggg gattctggag tccacagtaa ttgcagggct
421 gacactctgc cctgcaccgg gcgecccagc teetececcac cteectecte cateectgtc
481 tccggctatt aagacggggc gctcaggggc ctgtaactgg ggaaggtata cccgecctgce
541 agaggtggac cctgtctgtt ttgatttctg ttccatgtcc aaggcaggac atgaccctgt
601 tttggaatgc tgatttatgg attttccagg ccactgtgcc ccagatacaa ttttctctga

661 cattaagaat acgtagagaa ctaaatgcat tttcttctta aaaaaaaaaa aaaccaaaaa
721 aaaaaaaaaa aaaccaaaaa actgtactta ataagatcca tgcctataag acaaaggaac
781 acctcttgtc atatatgtgg gacctcgggc agegtgtgaa agtttacttg cagtttgcag
841 taaaatgaca aagctaacac ctggcgtgga caatcttacc tagctatgct ctccaaaatg
901 tattttttct aatctgggca acaatggtgc catctcggtt cactgcaacc tcecgettccc

961 aggttcaagc gattctccgg cctcagectc ccaagtagcet gggaggacag gcacccgeca
1021 tgatgcccgg ttaatttttg tatttttagc agagatgggt tttcgccatg ttggecaggce
1081 tggtctcgaa ctcctgacct caggtgatcc gectgecttg gectcccaaa gtgetgggat
1141 gacaggcgtg agccaccgeg cccagecagg aatctatgca tttgectttg aatattagec
1201 tccactgccec catcagcaaa aggcaaaaca ggttaccagc ctccecgecac ccctgaagaa
1261 taattgtgaa aaaatgtgga attagcaaca tgttggcagg atttttgctg aggttataag
1321 ccacttcctt catctgggtc tgagcttttt tgtattcggt cttaccattc gttggttctg
1381 tagttcatgt ttcaaaaatg cagcctcaga gactgcaagc cgctgagtca aatacaaata
1441 gatttttaaa gtgtatttat tttaaacaaa aaataaaatc acacataaga taaaacaaaa
1501 cgaaactgac tttatacagt aaaataaacg atgcctgggc acagtggctc acgcctgtca
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Figure 1.2 (a) Schematic structure of a typical eukaryotic protein-coding genc.
Note that, by convention, the 5" end is at the left. Rectangles denote exons; a white
area in a rectangle denotes a transcribed but untranslated region, while a shaded
area denotes a translated region. * denotes the site of the poly(A)-addition signal
AATAAL (b) Schematic structure of an induced prokaryotic operon. Genes A and B
are protein—coding genes and are transcribed into a single messenger RN A . The
repressor gene encodes a repressor protein, which binds to the operator and
prevents the transcription of the structural genes by blocking the moverment of the
RNA polymerase. The operator is a DNA region with at least 10 bases, which mayv
overlap the transcribed region of the genes in the operon. By binding to an inducer
(a small molecule), the repressor is converted to a form that cannot bind to the
operator. Then RNA polymerase can initiate the transcription of the genes A and B

in the operon (see Lewin 1994). In both (a) and (), the regions are not drawn
according to scale. From Li and Graur {19913,
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Figl..!re 1.4 The localization of the
vertical bars represent the
exons and introns are drawn to scale. The t
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Li and Craur (1991,
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- human factor-1X gene. The
eight exons. Only the trans g ”

cribed region is shown., The
uta_l. length of the exons is 1,386
ngth of introns of 29,954 Nnulceotides. Froam

From Wen-Hsiung Li. 1997. Molecular Evolution



(2) AAGGCAAACCTACTGGTCTTATGT Original sequence
() AAGGCAAATCTACTGGTCTTATGT

(<) AAGGCAAACCTACTC‘.E‘TCTTATGT
ACCTTA deletion of a sequence

(d) AAGGCAACTGGTCTTATGT
Insertion of a sequence

(e) AALGLOAAACCTACTAAAGCGGTCTTATGT

i ——
(f) AAGCCTTTCCC TACTGGTCTTATGT

Figure 1.11 Tvpes of mutations. {a) Original sequence; (b} a transition from C
tor T: (<) a transversion from G to C; {(d) a deletion of the sequence ACCTA; (e) an

insertion of the sequence AAAGC; (f) an inversion of 5'—GCAAAC—3" to
5 —GTITGC—3". From Li and Graur (1991 ).

Original sequence

{a) e Cys e Ly= Ala Lew Val Leu Leu Thr
ATA TGT ATA AAC CCA CTGC CTC CTG TTA ACA

ATA TGT ATA AAG GCA CTGC GCTA CTC TTA ACA

Ite Cys e Ly=s Ala L Val Leu Leu Thr

by lle Cys lle Lvs Ala Asn Val Leu Leu Thr
ATA TGT ATA AAGC GCA AAC GTC CTG TTA ACA
ATA TOT ATA AAC GCA AAC TTC CTG TTA ACA

e Cws e Lys Ala Asn Phe Leu Larus Thr

{cy e Cys Me Lys Ala Asn Val Leu Lewu Thr

ATA TCT ATA AAGC GCA AAC GTC CTC TTA ACA

ATA TGOGT ATA TAGC GCAAACGCTCCTGTTAACA
e Cys lle Ter - nonsense

Figure 1.12 Tyvpes of point mutations in a coding region: (a) synonyvmous, (b) mis-
sense, and (¢) nonsense. From Li and Graur (1991,
10

From Wen-Hsiung Li. 1997. Molecular Evolution



(a) Lys Ala Leu Val Leu Leu Thr Ile Cys Ile Ter
AAG GCA CTG GIC CTG TTA ACA ATA TGT ATA TAA TACCATCGCAATAGGG

G

AAG GCA CTG TCC TGT TAA CAATATGTATATAATACCATCGCAATAGCC
Lys Ala Leu Phe Cys Ter

(b) Lys Ala Asn Val Leu Leu Thr [le Cys lle Ter
AAG GCA AAC TGTC CTG TTA ACA ATA TGT ATA TAA TACCATCGCAATAGGG

G

AAG GCA AAC GGT CCT GTT AAC AAT ATG TAT ATA ATA CCA TCG CAA TAG GG
Lys Ala Asn Gly Pro Val Asn Asn Met Tyr Dle Tle Pro Ser Gln Ter

Figure 1.16 Examples of frameshifts in reading frames caused by deletion or inser-
tion. (a) A deletion of a G causes premature termination and (b) an insertion of G
obliterates a stop codon. From Li and Graur (1991).

11

From Wen-Hsiung Li. 1997. Molecular Evolution



How to reconstruct molecular phylogenetic tree?

Sequence selection and alignment: to determine site-by-site homologies
and to detect DNA or amino acid differences

example:
CTTGACT—-AGA
CT——ACTGTGA

Build a mathematical model describing the evolution in time of the
sequences

— estimation of the genetic distance between two homologous sequences

— measured by the expected number of nucleotide substitutions per site
that have occurred on the evolutionary lineages between them and
their most recent common ancestor

— Such distances may be represented as branch lengths in a
phylogenetic tree

Apply an appropriate statistical method to find the tree topology and branch
lengths that best describe the sequences’ phylogenetic relationships

interpretation of results "



Nucleotide substitution models
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Outline

« Background

e Evolutionary distance --- nucleotide substitution
rates

— Non-coding sequence
— Protein-coding sequence

« Human Genome Project
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DNA & RNA

* DNA (A(Adenine), G(Guanine),
C(Cytosine), T(Thymine))
v A=T, C=G
v Double helix

« RNA (A, G, C, U(Uracll))

15
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Figure 1.1 Complementary base pairing by means of hvdrogen bonds (dotted
lines) between (a) thymine and adenine (weak bond), and (b) cvtosine and guanine

(strong bond). (B, phosphate; (S), sugar. From Li and Graur (1991).

From Wen-Hsiung Li. 1997. Molecular Evolution

16



Estimation for Nucleotide Substitution
Rates --- Noncoding Sequence
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O Evolutionary Changes in Nucleotide Sequences

® Number of nucleotide substitutions between sequences

— Two homologous DNA sequences that descended from an ancestral sequence

ACTGAACGTAACGC

ZEIN

A

C C—A Single substitution

T T

G G

ﬁ*C —T—G ﬁ Sequential substitutions
8—>G 8—>A Coincidental substitutions
X-’A X*A Parallel substitutions
é—’C—'T é—>T Convergent substitutions
G G

C C—T—>C Back substitution

Sequence 1 Sequence 2

JiSequenceZ AATGAAAGAATCGC

NN
sequencel ACTGGAGGAATCGC 18




Mathematical Model

e K=N/L, N =# of nucleotide substitutions,
L = the length of DNA sequence

« Jukes-Cantor’s one-parameter model (1969)
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[EBiERL one-parameter model » AGCT i Ffiff i3 %gjﬁ’[g%gﬁ%z R (2)
ALE) BG CHyT k- {RLg™ Iy - 7S IS

Pijy = i [T POl (nucleotide) — RHIAARL i > 7 At t ) I&ﬁ;@@ j ks
s

“&iﬁ@ i j=A>G-C>T>

RS PTRT) R

1 3 _
Piiy) =Z+Ze ot (4)
PP i
1 1
Riico ZZ_ZG 4ot (5)

A (4) AT (B) J‘}E'Héfﬁfi Jukes-Cantor’s one-parameter model » &7 ' H|
e flESERR]
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Kimura’s two-parameter model (1980)
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2 PR RSL ATCG 5 BIP 180T 1284 ek » 2048 M AL~ [ 495 4 JOSli - my = 3
[ffE oL (nucleotide) — HHAREL i+ 7%~ (i generation i@ j [iofak - £f Kimura's

two-parameter model < Z >

_1—0(—2,8 Jéj Yij o
M — p 1-a-2p8 a Yij
B a 1-a-2p Yij

a B B 1-a-24]

=y I,Fﬁ’I&J Pey = #I’[ah’j'f’gfﬁ@g@ﬁ (nucleotide) A t E?jﬁﬂl"érlg’ﬁ%ﬂﬁi} k Flfjﬁ&}fsgm:‘iiﬁﬁg k=
A>T CANG = JkEf | ERIEN P =(Pays Pryr Pe Pow) = =7 FIER TP s
Kimura’s two-parameter model A= kL

P(t+1) = P(t)M (6)

PSS PO 5 P )L U (6) - BRETHRRE - B T

1.1 —-4p 1 —2(a+p)t
iy =—+—€ +—€
pll(t) 4 4 2

AR T=ATCOAL Geffy py ALV S0 B R 9L (nucleotide) -

[5] F’}ﬂ i TEADE R EGRRL § o
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# MR I Jukes-Cantor’s one-parameter model 71 Kimura’s two-parameter model -
TEH] [’ﬁl?fﬁxj £ DNA 53| o t55 — i b fgf (per nucleotide) ¢ 5§ & % P xFv &
(substitution) AYEFE! F “Jﬂ“jﬁi_lﬁlﬁ K fifi o ZHFEss 1(t) = [y DNA 55 A i
t s T [ S L P RLRLAT RIS A o IBUS — TR 0 R R RIS SRR R
A
L®) = (Pangy)” + (Par)” + (Pacy)” + (Pacey)” (7)
f545< Jukes-Cantor’s one-parameter model - =5 K L 7H=" (4) 1 (5) ﬁ T Bl EE]
1(t) —%+ je‘s"“ (8)
grErE o WS- W E - BRERL T > CHY G I > Equation (8) [Tk T Y « “UiERL
w (8) F A TR O fl— AR R RLIPE- fﬁ'@%ﬁlﬂﬁtﬁfm < AT YN ES PR Kimura's
two-parameter model |7 (7) = PIFS T EE]
1.1 1 aaepyr

It)==+=e +>e
()44 2

RRAY > (9) ORISR Ll BHIAAIERLPN - iRl kLA I -

(9)
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fEL Equation (8) » 25 ("1 I # EIFq % DNA 7 5~ (i < 6 ff T [l P L
p=1-1(t) - 57 >
3, e
p=—(01-e7") (10)
4
i+ Jukes-Cantor’s one-parameter model [ > o flLjggEl 2V [~ (nucleotide substitution) fv3
[—k“;ﬁ*‘ \Jk C ’ dIH I “J’JQ( I d b - )Lﬁ
o Bl 3ot pla— fi’”l’&ﬁiﬁﬁﬁﬂﬂ t iz Tﬁ?ﬁ% LpIRIVICEUREE o PERTS (FRLAY
[ DNA 3] e Et o 550 |25 P 1 E] K = 2(3at) © PRI 75 (10) =925 [ 1
3 4p

K=-()Ih1-— 11
( 4) ( 2 (11)
iﬁ[’ﬁlﬁ'ﬂﬁ— Jukes-Cantor’s one-parameter model fEaELtipy > H J?F["‘:{‘[%rx]xj % DNA 53]V i 15

5[ TR DRIV SR B pRLP IS (PHEEEEAORY 1 DNA S -

—TTE

Il

S L) S P BT R p= DAL R L AL DNA TR iy D AL
P DNA IV ) & DG LR IR0 « L ECARY K OB B Grgrar i

V(K)=p(-p)/[LA-4p/3)°]

(Kimura and Ohta 1972) - I'] FhIAS4EC Jukes-Cantor’s one-parameter model FrffEagl iy Ko i -
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N RLASEE Kimura’s two-parameter model » 5 {1 I FEELT K i 2 2V RL
1 1
K ==In(a)+~=In(b 12
5 In(@) + 7 In(b) (12)
gt a=1/1-2P-Q) - b=1/1-2Q) » P A1 Q 7iHlkLfy % DNA 7-5[ L/ i transitional
A1 transversional fuz EIAUESF (proportions) o K A A ! [FERhLyT (11T

V(K) =[a’P +c*Q—(aP +¢cQ)*]/L

&iﬁ%ﬂ c=(a+b)/2 (Kimura1980) -
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Markov models

At any single site, the model works with probabilities

P, (T) = the probability that base i will have changed to base j after a time T,

The subscripts i and j take the values 1,...,4 to represent the nucleotides A, T, C, G for
DNA sequences and 1,...,20 for amino acid sequences.

Given a stochastic variable X(t) describing the evolution through time t of a site in one

sequence, the Markov assumption asserts that P, (T) = Pr[X(s+T) =] | X(s) =1i] is

independent of s>0.

28



The probabilities of transition from one base to another, P;;(T), can be written as a
matrix P(T), and then we can write

P(T+dT) = P(T)( + QdT)

where dT represents a small time, and 1 is the identity matrix. The matrix Q is known
as the instantaneous rate matrix and has off-diagonal entries Qj;; equal to the rates of
replacement of i by j. (The diagonal entries, Q;j, are defined by a mathematical
requirement that the row sums are all zero.) This equation is solved to give

P(T)=e™ =1+TQ + (T(g!)z + (Tg!)s +oe

Spectral decomposition (also termed diagonalization) of Q allows us to calculate the
matrix P(T):

P(T)=U -diag {e"",., e*"}.U !

where the matrix U contains the eigenvectors of Q, the A, are the eigenvalues of Q
and diag{} denotes the diagonal matrix of the elements contained in the braces. The
components P;j(T) can be written as

Pij (T) = z Cijke/1kT

k

where the sum is over k = 1,...,4 for DNA sequences and over k = 1,...,20 for amino
acids; cjjk is a function of U and U™. Note that T and Q are confounded; TQ =
(T/r(rQ) for any r = 0 (e.g., half the time at twice the rate has the same result).
Therefore, absolute times T typically cannot be used, and in practice, time is scaled to
units of expected substitutions per site.

29



Simple Models of Molecular Evolution

o Zuckerkandl and Pauling (1965) proposed the theory of
a molecular clock

— the rate of molecular evolution is approximately constant over
time for all the proteins in all lineages

o Jukes and Cantor (1969) proposed a stochastic model
for DNA substitution in which all nucleotide substitutions
occur at an equal rate

30



Jukes-Cantor’s one-parameter model (1969)

 Jukes and Cantor (1969) described above is defined by Q; =& for all I, ] =
1,...,4; i# j meaning that each base is substituted by any other at equal rate

» A consequence of this model is that the base frequencies (=) are all
assumed equal to 0.25

31



Reasons for more complicated models

« Mutation rates affected by many factors
— chromosomal position (Sharp et al. 1989)
— G + C content (Wolfe 1991)
— nearest neighbor bases (Blake et al. 1992)

e transitions occur more frequently than transversions
(Brown and Simpson 1982)

— often twice as frequently, but the ratio can be much
higher

32



Kimura’s two-parameter model (1980)

« Kimura (1980) proposed a two-parameter model that
considered the difference in transition and transversion
rates

\;‘ . ) /_////1' B ﬁ o
=, \:‘\\\ /"// o - > Q _ B . o E'
:;;-C.,\{ B [ «— E' o ’ E'
| p ; P \..\ . o B ﬁ. 1
v s g NN
i C N r (the order of the bases for columns and rows are A, T, C, G)
1 1 1 1
e K==In( )+ = In( )

2 '1-2P-Q° 4 '1-20
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More models

Felsenstein (1981) proposed a model in which the
rate of substitution to a nucleotide depends only on
the equilibrium frequency of that nucleotide

| W W WG|
W4 BT BTG
LTy KTy ° Wi
[WTy WTp W
Blaisdell (1985) introduced an asymmetry for some
reciprocal changes

Q=

34



Models of nucleotide substitution

onge A T C G
a. Two-parameter model (Kimura 1980)

A I—er—203 5] A o

T & 1—x—203 o B

JE r 1—r—213 B

G o [5} B l—oe—23
b. Four-parameter model {Blaizsdell 1985)

A I—or—27y ¥ ¥ o

T & 1—e—28 i &

e a o 1—3—28 a

= s Y ¥ 1—f—2y

Six-parameter model (Kimura 1981a)

s 1—2a— Y o o
T ] 1—-2o—0 r fi
[ B J&] 1—28—= £
= i [ £ 1—23—-&
d. Nine-parameter model
Py 1— e — g h— g0 s B2 T ety
T =2alh 1—gah—8co—8ch: St Scte
- Za1 gy £ 1—gati—~gr0r guba e:f3a
G T Al er¥a 2-8: l—gat—gv¥e—8ch:

e, General model

- 1—er a— o s— e £¥qa oy g
T X3y 1 — XKz {Xay L F %] {5 T
o iy [ I =g — 3 — iy oy
3 CX47 (o 43 l— g — O — s

917, Original nucleotide; S, substitute nucleotide.



Human Genome Project
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A %5 F1H8 2+ 4 (Human Genome Project)

- A T4 (genome):fc & K - B EATF %S A w

PSS I o/ ’ 2

. iiﬁz%r]gg Q¥ H AR + 2154 R (2 B— iE,

24%)
CATIMEE R AN, ER, R, AR B HESR

Genomics: A 7 z FIR cp idhfele & Bk
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lﬁ «u? lﬂ %f,fr.ﬁ

- i B % (genetic disease)
>R AT ST A
- B F A oik i B4

a Y S
A SRR R S
T A

. @ffuiﬁfg‘%‘fl %%ES.E ;F'ﬂ’ﬁ

e F o anf B8
> DNAZ_A
e AT F LA

woif 3 F

I 1/2 efs g €4
=

174 =% ¢

\:x
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# 73 ;7] (gene prediction)

L #geDNAR Z = e 3 1307 Bak s > 7 H

v rﬁ)g 3% {«ﬁ ¥4 7 e T

o 4riw Ip P

> 15 R

»BLAST (Best Local Alignment Search Tool)

>t A gade-E BLeanDNAR 7). coding region
with Ka/Ks <<1
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A 3 28 F#c P

« 1990# 102 1p » d £ R Jf‘][‘]’g‘\{%?ﬂl l’m’f?i‘l”ﬂfé’? AR -2
£ £ ¢ (Wellcome Trust) & et sg A 71483 %
(Human Genome Project) & s & ® - 373" % d

“E NN E SR S ARG F] —4—'-)318'@‘].’]?\

ta

A

\\\ﬂy i

+ % B F 7LCraig Venter 21998 & #7£] = eh § &=
2 & (Celera Genomics)

2001 E 17 £ s A A KT 3-4F B AT

B HEETFOF I BATG LR
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PR AR A B
. %8885&)83; About ~100 bacterial genomes(= ) 0.5-9 Mb; hundreds to
o 1996 April — Yeast (Saccharomyces cerevisiae;fz* ) 12 Mb, 5,500 genes
e 1998 Dec. -Worm (Caenorhabditis elegans; 4w &) 97 Mb, 19,000 genes
e 2000 March - Fly (Drosophila melanogaster; % #)137Mb, 13,500 genes

e 2000 Dec. - Mustard (Arabidopsis thaliana;f® £ i@ %)125 Mb, 25,498
genes

e 2000 June — Human (Homo sapiens) 1st rough draft

e« 2001 Feb 15/16 — Human, “working draft” 4 z 3000 Mb, 35,000~40,000
genes

e 2005 Sep 1 (Nature) — Chimpanzee 2. 2%

BT TS FR
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Application of the similarity

ML enk 5 E g
FILEA L PR T RSP ot FEP S A
ﬁi v A /g, N ;gr/\ ﬁ_
> 2 2 52 (chimpanzee)fr + B ~ JBJB 5 - %riﬁff G\
L ﬁﬁi’ﬁtl500§ﬁ’éf’)}%b ST LY s
B
« LA
AR EEEL AT00 £ 5 A s AL, Rk
> A Fpfe 2 R R caDNAFR 71 2 B ergp 10 & B >+ 95%
ZEE: AP I A AEY
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