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Abstract In this paper, we investigate a periodically pulsed bio-reactor model of a flowing
water habitat with a hydraulic storage zone in which no flow occurs. The full system can be
reduced to a limiting system based on a conservation principle. Then we obtain sufficient
conditions in terms of principal eigenvalues for the persistence of single population and the
coexistence of two competing populations for the limiting system by appealing to the theory
of monotone dynamical systems. Finally, we use the theory of chain transitive sets to lift the
dynamics of the limiting system to the full system.
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1 Introduction

The chemostat is a basic piece of laboratory apparatus, yet it plays an important role in most
theoretical studies of microbial growth and competition [17]. Although it provides a simple
model for many microbial habitats, the assumption of idealized mixing may be doubtful.
Natural environments are usually spatially inhomogeneous and several models have been
introduced where the habitat is not well mixed. For the unstirred chemostat, the authors in
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[6] removed the “well-mixed” hypothesis and considered a system of reaction-diffusion equa-
tions. Basically, the flow enters at one boundary supplying nutrient resource(s), and exits at
another, removing nutrients and organisms, while diffusion transports organisms and nutrient
across the habitat domain. A different environment for microbial growth and competition is
the flow reactor model with advection [1,2,9,16]. Let us briefly introduce the flow reactor
model of microbial competition for a nutrient in a riverine reservoir occupying a simple
channel of longitudinally invariant cross-section that was formulated by Kung and Baltzis in
[9]. The channel is assumed to have constant cross-sectional area A and length L, yielding
volume V. A flow of water enters at the upstream end (x = 0), with discharge F (dimensions
length3 / time). An equal flow exits at the downstream end (x = L), which is assumed to
be a dam. Based on this flow, a dilution rate D (dimensions time™!) is defined as F /V.The
advective flow within the channel is set to maintain water balance, by transporting water
with a net velocity v = DL. The microbial populations N;,i = 1,2 compete for nutrient
R. The competition is purely exploitative in the sense that organisms simply consume the
nutrient, thereby making it unavailable for its competitor. A flow of medium in the channel
with velocity v in the direction of increasing x brings fresh nutrient at a a time-independent
constant concentration into the reactor at x = 0 and carries medium, unutilized nutrient
and organisms out of the reactor at x = L. Nutrient and organisms are assumed to diffuse
throughout the channel with the same diffusivity §.

However, if we consider the periodic time dependence in the nutrient concentration to
account for seasonal or daily changes, then the model will become more realistic. The authors
in [18] assume that the nutrient concentration in the medium is maintained at the periodically
varying concentration RO¢ 4+ 1v) = RO(1) at the up stream end of the channel (x = 0).
These assumptions above lead to the following parabolic systems:

R _GOR IR RN - arfs(RON

ar % ox2 Vax q1.71 1—=q92)2 2

AN, 9ZN, N

— =3 —y— R)N 1.1
o 52~V ay + f1(R)Ny, (L.1)

INy  0°N> N,
?=6W_vg+f2(R)Nz’ O<X<L, t>0

with boundary conditions

oR )
VR(,1) —6—(0,1) = vR™ (1),
dx
JIN;
VN (0,1) = §—=(0,1) =0, (1.2)
X
JR IN;
—(L,t)y=—(L,H)=0, i=12,
ox ox

and initial conditions

R(x,00 = R'(x) = 0,
Ni(x,00=N’(x) >0, O<x<L, i=12, (1.3)

where ¢; is the constant nutrient quota for species i; R (r) satisfies

RO e C*Ry,R), RO(1) > 0but RV() = 0on R, := [0, 00),
R® (t+1)= R® (1), for some real number 7 > 0. (1.4)
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The nonlinear functions f;(R) describes the nutrient uptake rate and the growth rate of the
organisms N; at nutrient concentration R. We assume that these functions satisfy

fi@ =0, f/(R)y>0, f; e c?i=1,2.
A usual example is the Monod function

Mmax,iR

The aim of this paper is to generalize (1.1)—(1.3) by adding a hydraulic storage zone in
which there is no spatial transport. Models with hydraulic storage zones partition the cross-
section of a channel into a flowing zone of area A, and a static zone of area Ag. Exchange of
nutrient and populations between the flowing and storage zones occurs by Fickian diffusion
with rate o (time™!). Although nutrient concentration and population densities vary with
location x in both the flowing channel and the storage zone, advective and diffusive transport
occur only in the flowing zone, not the storage zone. Suppose R(x, t), N;(x, t) denote nutrient
concentration and population densities in the flowing channel; Rg(x, t), Ny, ; denote nutrient
concentration and population densities in the storage zone. Then the governing equations are

dR  3’R R
o =052 TV, RN — @ a(R)N2 +a(Rs — R),
ANy Ny AN,

— =9 —y— Nsi1—N R)N;,
Py oz Vo + a (N, D+ f1i(R)N
AN, 92N, N>
—— =0——F —v—— +alNs2— N2) + fa(R) N2, (1.5)
ot 0x 0x
JRg A
—— = —a—(Rs — R) —q1 /1(Rs)Ns,1 — q2 [2(Rs)Ns.2,
ot Ags
WNS1 _ e (Nsy = N+ fi(Rs)N
= —0— — N
Py a5 (Ns1 1 1(Rs)Ns,1
N, A
5 = o (Nsa = No) + fa(Rs)Ns2, 0 <x < L. 1>0
s

with boundary conditions

IR
VR(O.1) = 85(0.1) = vRO (1),
X

aN;

VN; (0, 1) — 8—2(0,1) = 0, (1.6)
ox

R aN; ,

— (L, = (L,ty=0, i=1,2,

ox ox

and initial conditions

R(x,0) = R°(x) > 0, Ni(x,0)=N’(x) >0, 0 <x < L,
Rs(x,0) = R§(x) > 0, Ng;(x,0) =Ny, (x) =0, i =1,2, (1.7)
where RO (7) satisfies (1.4). We should point out that the authors in [4] considered the system
(1.5)=(1.7) under the assumption R (r) = RO,

One of the main technical difficulties in our analysis is the lack of compactness of solu-
tion maps of the model system. This is because some equations have no diffusion terms.
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To overcome these problems, we first prove that the solution maps associated with a lin-
earized system around the trivial (or semi-trivial) solution are k-contractions, where « is
the Kuratowski measure of noncompactness (see, e.g., [3]). By a generalized Krein-Rutman
Theorem, we can show that the principal eigenvalue of the associated eigenvalue problems
exists, and hence, the stability of those trivial (or semi-trivial) solutions can be determined.
Next, we prove the solution maps associated with our systems are asymptotically compact
on any bounded set and then conclude that the associated Poincaré map is k-contracting and
admits a global attractor under some appropriate conditions by using the results in [10].

The organization of the paper is as follows. In Sect. 2, we study the well-posedness and the
conservation principle for system (1.5)—(1.7). Due to this conservation law, (1.5)—(1.7) can
be reduced to a limiting system which generates a monotone dynamical system. In Sect. 3,
we consider the single population growth in the limiting system. We show that when the
trivial solution is asymptotically stable, then the single population will be washed out; when
the trivial solution is unstable, there is a unique periodic positive solution which attracts all
solutions with nonzero initial data. Section 4 is devoted to the study of the limiting system
of the two competing species model. We prove the existence of a positive periodic solution
(i.e., a periodic coexistence state) if each species can invade the semi-trivial periodic state
established by the other species. In Sect. 5, we lift the dynamics of the limiting system to the
full system by using the theory of internal chain transitive sets.

2 The Conservation Principle

This section is devoted to the study of the well-posedness of the initial-boundary-value prob-
lem (1.5)—(1.7) and the conservation principle. Let X+ = C([0, L], Rg) be the positive
cone in the Banach space X = C([0, L], R6) with the usual supremum norm. In order
to simplify notations, we set u9 = R,u; = Nj,up = Na,u3 = Rg,us = Ng |, us =
Nso and w = (ug, uy, uz, u3, us, us). We assume that the initial data in (1.7) satisfying
(ug, u?, ug, ug, ug, “(5)) = (R, N?, Nzo, Rg, Ngl, Ng’z) e X . For the local existence and
positivity of solutions in the space X, we appeal to the theory developed in [11] where
existence and uniqueness and positivity are treated simultaneously (taking delay as zero).
The idea is to view the system (1.5)—(1.7) as the abstract ordinary differential equation in X+
and the so-called mild solutions can be obtained for any given initial data. More precisely,

uo(t) = V(t, 0)ud + [3 To(t — 5)Bo(u(s))ds,
ui(t) = T + [o Ti(t — s)Bi(u(s))ds, i = 1,2, (2.1)
ui(t) = ud + [ Bi(u(s))ds, i =3,4,5,

where T; (¢) is the positive, non-expansive, analytic semigroup on C ([0, L], R) (see, e.g., [16,
Chap. 7]) such that u = Tl-(t)u?, i =0, 1,2, satisfies the linear initial value problem

%—‘;:8%—\)3—;, t>0,0<x <L,
vu(0,1) — 8240, 1) = §“(L,1) =0, t > 0, 2.2)

u(x,0) =ud(x), i =0,1,2.

V(t,s),t > s,is the family of affine operators on C ([0, L], R) (see, e.g., [13, Chap. 5]) such
that u = V(t, s)ug satisfies the linear system with nonhomogeneous, periodic boundary
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conditions, with start time s, given by

ad‘t‘ 58“—vgz,t>s 0<x <L,
vu(0,1) — 8240, 1) =vRO @), 4(L.1) =0, t > 5, (2.3)

u(x,s) = uo(x).

Since ROt + 1) = RO (1), it follows that
Vit+t,s+1t)=V(,s), VIt >s.

The nonlinear operator B; : C([0, L], Ry) — C([0, L], R) is defined by
Bo(u) = —q1 f1(uo)ui — g2 f2(uo)uz + a(u3 — uo),
Bi(w) = a(ug —uy) + fr(uo)uy,
By(w) = a(us — u2) + f2(uo)uz,
B3(w) = —a 4 (u3 — uo) — q1 fi3)us — g2 fo(u3)us,
By(u) = —a - (us — u1) + fi(u3)ua,
Bs(u) = —a4-(us — u2) + for(uz)us.

2.4)

By standard maximum principle arguments (see, e.g., [16, Chap. 7]), it follows
that V(¢,s)C([0,L],Ry) c C(0,L],Ry), V¢t > s and T;(t)C([0,L],R;) C
C([0,L],Ry), Yt > 0. The operator V and semi-group 7Ty are related to [11, Eq. (1.9)]
by setting B(x,t) = vRO(r). Since f;(0) = 0, it follows that B;(u) > 0 whenever

i =0,Y0 <i <5, and hence, B := (Bo, B1, B2, B3, B4, Bs) is quasipositive (see,
e.g., [11, Remark 1.1]). By [11, Theorem 1 and Remark 1.1], we have the following results:

Lemma 2.1 The system (1.5)—(1.7) has a unique noncontinuable solution and the solutions
to (1.5)—(1.7) remain non-negative on their interval of existence if they are non-negative
initially.

In the followings, we demonstrate that (1.5)—(1.7) have mass conservation in the flow and
storage zones. Let
W(x,t) = R(x,t) +q1Ni(x,t) + g2Na(x, t) and
Ws(x,t) = Rg(x,1) +qi1Ns,1(x, 1) + q2Ns 2(x, 1). (2.5)
Then W (x, t) and Wg(x, t) satisfy the following coupled differential equations
oW W oW

=——5 —v—0o Wsg —aW,
at x? vax tals —a
Wy A A
—:—a—WS—i—a W,0<x<L,t>0 (2.6)
at As Ag

with boundary conditions
AW
VWO, = 8-=(0,1) = RO ), (L 1) =0, (2.7)
X
and initial conditions
W(x,0) = WO(x), Ws(x,0) = Wg(x). (2.8)

Note that (1.5)—(1.7) reduces to (2.6)—(2.8) for W = R and Wg = Rg when N; = Ns; =
0,i =1,2.
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We first consider the following auxiliary system which will be used in our discussions
later:

au tU AU

=8—s —v— +aUs —aU,
ar = Caxr Vax TOYsTe
aU
a—IS:—A—SUs—i—a—U 0O<x<L,t>0 (2.9)
with boundary conditions
U
vU(0, 1) —5 (o 1)=0, —(L,1) =0, (2.10)
ax
and initial conditions
U(x,0) = U%x), Us(x,0) = Ud(x). (2.11)

It is easy to see that the system (2.9)—(2.11) is a linear and cooperative system. According to
[16, pp. 147-148], the eigenvalue problem

Ap(x) =8¢ (x) —vp'(x), 0 <x < L,
ve (0) — 8¢’ (0) = ¢'(L) =0,

has a principal eigenvalue, denoted by A, with an associated eigenvector ¢° > 0, and

E)U 3U_M
=34 dx

(2.12)

2% < 0. This implies that U = 0 is globally asymptotically stable for 2
subject to (2.10).

Substituting U (x, 1) = e* ¢ (x) and Us(x, t) = e’ ¢(x), we obtain the associated eigen-
value problem

Ap(x) = 89" (x) — ve'(x) — ad(x) + ap(x),
hp(x) = —afop(0) +aq-d(x), 0 <x <L, (2.13)
Vg (0) — 8¢'(0) = ¢'(L) = 0.

Let 7 (¢) be the solution semigroup generated by (2.9)—(2.11) on C ([0, L], R?). Itis easy
to see that 7 (¢) is a strongly positive operator for each t > 0. By the similar arguments
as in the proof of Lemma 3.3 (see also [8]), we can prove that for each ¢ > 0, 7 (¢) is an
k-contraction on C ([0, L], Rz) in the sense that

(THB) < e 55"k (B),

for any bounded subset B of C ([0, L], R?), where « is the Kuratowski measure of non-
compactness in the Banach space C ([0, L], R?). By the proof of [16, Theorem 7.6.1] and a
generalized Krein-Rutman Theorem (see [12] or [8, Lemma 2.2]), it follows that the problem
(2.13) has a principal eigenvalue, denoted by A*, with an associated eigenvector (¢*, ¢*) >
0. Further, for each ¢t > 0, the spectrum radius of 7 (), r(7 (¢)), is the principal eigenvalue
of 7 (t), and hence,

r(T(t) =", Yi>0. (2.14)
Lemma 2.2 Let A* be the principal eigenvalue of (2.13). Then
1 aA aA
Vo= —a— == 20— ——2 430
5 [( = )+ \/ ( o ) + As:|

and hence \* < 0.
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Proof Our proof is essentially the same as that of [19, Lemma 3.1]. For the sake of complete-
ness, we provide its details below. Suppose that A* and (¢*, ¢*) > 0 are the eigenvalue-
eigenvector pair corresponding to (2.13). From the second equation of (2.13), it follows
that

ar®

—ag*(x) + ap*(x) = —mqb*(x).

From the first equation of (2.13), it follows that

(2.15)

W+ m)fp (x) = (S(b*”(x) vp*(x), 0 <x <L,
vg*(0) — 8¢* (0) = ¢* (L) =

Since ¢*(x) > 01in (0, L), it deduces that A0 = 1* + = and hence, A* is a real

+(ozA/As)’
zero of the quadratic equation
2 aA 0 oA
PR =r+|—+a—2")A—-21"—=0. (2.16)
As Ags

It remains to show that 1* is the maximum root of Eq. (2. 15) Suppose that X is a given
zero of (2.15). Obviously, P(—%2) = —M < 0and then A+ 43 £ 0.By (2.16), it follows
that 201 + “A) = A0+ ‘“‘) +oc] that is, AO =1+ Note that (A2, ¢0(x)) satisfies

A
aA ¢%(x). Hence, X is an eigenvalue of (2.13) with eigenfunction

D(A
AG Ag

(2.12). Let ¢%(x) =

oA
(@°(x), ¢°(x)). Thus, A < A* since A* is the principal eigenvalue of (2.13). Then A* is the
maximum root of (2.15), and hence

1 A A
x*zz[(xo—a—iswr/(ko—a—)2+4AOO‘ }

As
Since Y < 0, the above equality implies that 1* < 0. O

By Lemma 2.2 and (2.14), it follows that r(7 (¢)) < 1 for each ¢+ > 0. This implies
that (0, 0) is globally asymptotically stable for (2.9)—(2.11), and hence, (0, 0) is the unique
steady-state solution for (2.9)—(2.11).

Lemma 2.3 The system (2.6)—(2.8) admit a unique positive t-periodic solution
(W*(x, 1), Wi(x, 1)) > 0 and for any (Wo(x), Wos(x)) € C([0, L], R2), the unique mild
solution (W (x,t), Ws(x, 1)) of (2.6)—(2.8) with

(W(x,0), Ws(x,0)) = (Wo(x), Wos(x))
satisfies
tl_i)n;o((W(x, 1), Ws(x, 1)) — (W*(x, 1), Wi(x, 1)) = (0, 0) uniformly for x € [0, L].
(2.17)
Proof Let

Ux,t) = W(x, 1) — RO@), Us(x,t) = Ws(x, 1).
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Then U (x, t) and Us(x, t) satisfy the following coupled differential equations
U _ U 3

— =80—5 —Vv— Us —aU + R (1),
at dx2 vax taUs —aU+ Ri(@)

oUs A A

W:_ A—Us—l—a U+ Ry(1t),0<x<L,t>0 (2.18)

with boundary conditions
vU (0, t)—(S—(O 1) =0, (L 1) =0, (2.19)
and initial conditions
Ux,0) = U(x), Us(x,0) = Ud(x), (2.20)
where Ry (1) = R0 _aRO M), Ry(1) = SARO (1),

The boundary condition (2.19) is homogeneous and we rewrite (2.18)—(2.20) as an abstract
system of ordinary differential equations in C([0, L], R?) given by

d Uy U R (¢)
E(US)—A(US)+(R2(t)),t>O, (2.21)

uoy) (U
(US(O)) = (Ufs(x))’ 222)

where A is the closure in C ([0, L]) x C([0, L]) of
2
A0 — 838? - v% —a o
ar —ar ’
Ag Ag

D(A% = (U°, UD) e C*((0, L),R*) n €' ([0, L], R?) : A° (

with initial condition

with domain
UO

2
Ug) e C([0, L], R?),

vU°(0) — 8(U°) (0) = (U (L) = 0}.
For any (U°, U?) € C([0, L], R?), the mild solution of (2.18)~(2.20) is express as

U B 1(5)
(Us(t)) T(t)( ) / T )( & (S)) (2.23)

where 7 (¢) is the analytic semigroup generated by A in C ([0, L], R2), thatis, 7 (¢) is the solu-
tion semigroup generated by (2.9)—(2. 11) It is easy to see that (U(t), Us(t)) is a t-periodic
solution of (2.21) if and only if o, vl ¢) = (U(0), Us(0)) and

(1—7(r>)( ) / T(r - )(ﬁ‘ﬁs;) (2.24)

By Lemma 2.2 and (2.14), it follows that ¥ (7 (7)) = "™ < 1. This implies that I — 7 (1)
is invertible, and hence, (2.21) admits a unique t-periodic solution (U*(x, 1), U;‘(x, 1)).

@ Springer



J Dyn Diff Equat

Let V(x,t) = U(x,t) — U*(x,t) and Vs(x, t) = Us(x,t) — Ug(x, ). Then

d (V@) V() )

a4 - 22

dt(VS(t)) A(Vs(t) 120, (2:25)
with initial condition.

By [13, Theorem 4.4.3], there exist M > 0 and § > O such that | 7(#) |<
Me™%, t > 0. Hence Jim (V(1), Vs()) = (0,0) uniformly in C([0, L], R?), that
is, lim (V(x,1), Vs(x,t)) = (0,0) uniformly for x € [0, L]. Then lim (U(x,t) —

t—00 1—00
Ux,0)*, Vs(x,t) — V{(x, 1)) = (0, 0) uniformly for x € [0, L].

Set W*(x,t) = U*(x,t) + RO(r) and Wi(x,t) = Ui(x,1),x € [0,L], and t > 0.
It then follows that (W*(x, 1), W;f (x, 1)) is a T-periodic solution of (2.6)—(2.8). Moreover,
for any (W°(-), Wi(-)) € C([0, L], R?), the unique mild solution (W (x, 1), Ws(x, 1)) of
(2.6)—(2.8) with (W (-, 0), Ws(-, 0)) = (WO(.), Wg(-)) satisfies (2.17).

From [11, Theorem 1 and Remark 1.1], for any (WO, Wg(~)) e C([0, L], Rﬁ_), the
unique solution (W (x, t), Ws(x, 1)) of (2.6)—(2.8) with (W (-, 0), Ws(-, 0)=(W°(-), Wg(-))
satisfying

W(x,t) >0, Ws(x,t)) >0, x €[0,L], t >0.
It remains to show that
W*(x,1) >0, Wg(x,1) >0, x €[0,L], t >0.
For any given t > 0, by (2.17), we have

nli)nolo[(W(x, t+nt), Ws(x,t +nt)) — (W(x, 1), Wi (x,1))] = (0,0),

uniformly for x € [0, L]. Then W*(x,t) = lim W(x,t + nt) > 0 and Wi(x,t) =
n—0o0

lim Wg(x,t+nt) > Ouniformly forx € [0, L]. Itis easy to see that RO (1) > 0, for some

n—0o0

to > 0. By the boundary condition of U*(x, ) atx = 0, it follows that U* (-, 1) =— R (19).
Thus, W*(-, o) = U*(-, 10) + R (1) # 0.
We first show that W*(x,¢) > 0, x € [0, L], t > ty. Suppose that W* (%, f) = 0, for
some £ € [0, L], > 1. By the first equation of (2.6), it follows that
AW BPWr W

_ 5 _ —aW* = —aW* <0 226
or 02 TV x ¢ *Ws = (2.26)

If X € (0, L), then the strong maximum principle ([14, Chap. 3, Theorem 7]) implies that
W*(x,t) = Oonx e [0,L] and 7 > fy, which is impossible because W*(-, 1y) = O.
Assume that £ = 0, that is, W*(0,7) = 0. Then by [14, Chap. 3, Theorem 3], it fol-
lows that W} (0, f) > 0, that is, vVW*(0, 1) — WO, ) < 0, contradicting (2.7). Assume
X = L. By a similar argument, it follows that W*(L, f) < 0, contradicting (2.7) again.
Thus, W*(x,t) > 0, x € [0, L], t > ty. By the t-periodicity of W*(x, -), it follows that
W*(x,t) >0, x €[0,L], t >0.

Next, we show that Wg(x,t) > 0, x € [0, L], ¢t > 0. Suppose that W;()E, ) = 0, for
some ¥ € [0, L], > 0. By the second equation of (2.6), it follows that

oWs
ot

- A - A - A -
x,t) = —a—Ws&x,t) +a—Wx,t) =a—W(x,t) > 0. (2.27)
Ag Ag As
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Thus, WE(X,7 —8) < WE(X, 1) = 0if § > 0 is sufficiently small. The above inequal-
ity contradicts that W; (x,t) > 0 uniformly for x € [0, L], + > 0. This completes our
proof. O

By Lemma 2.1, together with the relation (2.5) and Lemma 2.3, it is easy to see that the
following result hold.

Lemma 2.4 Any solution of the system (1.5)—(1.7) exists globally on [0, 00). Moreover,
solutions are ultimately bounded and uniformly bounded.

Finally, we see from the relation (2.5) and Lemma 2.3 that the limiting systems of (1.5)—
(1.7) take the forms:

N, 92N, N,

=8—— —v—— +aNs1— N+ filW*(x,1) — g1 N1 — q2N2) Ny,
ot 0x 0x
aNS,l A *
rvanli _aTS(NS’l — N+ filWg(x,t) —q1Ns;1 —q2Ns2)Ns. 1, (2.28)
IN, 92N, IN, "
— =07 —v_—— +alNs2 = N2) + (W' (x,1) —qiN1 — q2N2) N2,
at 0x 0x
ONs 2

A
5 = _aTS(NS’Z — No) + fo(W5(x,1) —q1Ns,1 —q2Ns2)Ns2,

in (0, L) x (0, 00), with boundary conditions
aN; dN; .
vN;(0,t) —6——(0,1) =0, —(L,1) =0, i=1,2, (2.29)
ox ax
and initial conditions
Ni(x,0) = N)(x) 20, N5;(x,0) =N{,(x) =0, 0<x<L,i=12 1(2.30)
From the biological view of point, the feasible domain D(#) for (2.28)—(2.30) should be

D(t) = {(N1, Ns.1, N2, Ns2) € C([0, LI, RY) : 1 N1 () + 2N (1) < W* (-, 1),
q1Ns1(:) +g2Ns2(-) < Wi(, D)} (2.31)

In the followings, we show that the set D(¢) is positively invariant for the solution maps
associated with (2.28)—(2.30).

Lemma 2.5 For any ¢ := (¢1, P2, 93, ¢4) € D(0), system (2.28)—(2.30) has a unique
mild solution (Ni(-,t), Ns,1(-,t), Na(-,1), Ns2(-,1)) € D(t), Yt > 0, whenever
(N1(+,0), Ng.1(-, 0), N2(-, 0), N5 2(+, 0)) = ¢.

Proof Our proof is similar to that of Lemma 3.1. We will give the proof of Lemma 3.1 in
details, so we skip the proof here. O
3 Single Species Growth

In this section, we investigate the single population model. Mathematically, it means that we

set (N1, Ns,1) = (0,0) or (N2, Ng2) = (0, 0) in the model system (1.5)—(1.7). In order to
simplify notations, we drop all subscripts in the remaining equations and then consider
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R _ (R _ OR F(R)N +a(Rs — R)
ot Coxz Vax 1 s
2
% - a% - v% +a(Ns — N)+ F(R)N.
ORs — o (Rs— R) — qf (Rs)Ns. 3.1)
Jat Ag
dNg

at

with boundary conditions

A
= —aT(Ns—N)+f(Rs)N5, O<x<L,t>0,
S

oR ) oR
vR(,1) —5—(0,t) = vR™(t), —(L,t) =0,
0x 0x
IN IN
vN(©,t) —6§—(0,t) = —(L,t) =0, t >0, (3.2)
0x 0x

and initial conditions
R(x,0) = R°x) >0, Nx,00=N°x)>0,0<x <L,
Rs(x,0) = R}(x) >0, Ns(x,0) = N2(x) >0, 3.3)

where RO (7) satisfies (1.4). By similar arguments as in Sect. 2, it follows that the limiting
system of (3.1)—(3.3) takes the following form:

AN PN N .

—— =8 —v_—+aNs— N)+ f(W*(x,1) —gN)N,
ot 0x dx

dNg

ot

with boundary conditions

A
= —a——(Ns—N) + f(Wg(x,1) —gNg)Ns,0 <x <L, t >0, (34)
S

oN ON
vN(0,t) —8—(0,t) =0, —(L,1) =0, t > 0, (3.5)
ax dax
and initial conditions
N(x,0) = N°x) > 0, Ns(x,0) = NJ(x) >0, 0<x<L. (3.6)
From the biological view of point, the feasible domain A (¢) for (3.4)—(3.6) should be
A(t) = {(N,Ns) € C([0, L1, R}) : gN(-) < W*(-. 1), gNs(-) < Wi(.0)).  (37)
Next, we prove some basic properties of the set A(z).

Lemma 3.1 For any ¢ := (¢1, ¢2) € A(0), system (3.4)—(3.6) has a unique mild solution
(N(,t), Ns(-, 1)) with (N(-,0), Ns(-,0)) = ¢ and (N(-, t), Ns(-, 1)) € A1), Yt > 0.

Proof Let T (t) be the semigroup generated by

ot 9x2

ﬂzaﬂ—v%—aN, O<x<L,t>0,
vN(©0,1) — 82,1 =0, 2L, 1) =0,

g A
and Ts(t)py = e aAS[qﬁz. From the system (3.4)—-(3.6) with the initial condition
(N(x,0), Ng(x,0)) = ¢, we have

N(,1,0) = T0¢1 + fo Tt = O)aNs(-,0) + f(W*(-,6) — gN(-, 0)N(, 6)1d6,
Ns(1,¢) = Ts(¢a + Jo Ts(t — 9)[%1\’(-,9) + f(W5(-,0) —gNs(-, 0))Ns (-, 0)]d6.
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It follows that (3.4)—(3.6) can be written as the following integral equation

t

u@®) =T@)e + / T(t —6)B(9, -, u(0))do, (3.8)
0

where

_(N® (T 0
u() = (Ns(t))’T(t)_( 0 Ts<r>)’

and for any v := (v, v5) € A(t), B(t, -, v) is defined by
(B, V) _ [ avs+ F(t. - v)
B, v) = (Bz(z, -,v>) = (a/;‘sv + Gt )
with F(1,-,v) = f(W*(,1) — qu)vand G(t, -, v5) = f(WE(, 1) — quy)vs.
We first show that B(z, -, v) is quasi-monotone on A(t) in the sense that

Jim, %d(v — w4 h(B(t, -, V) — B(t, -, w)); C([0, L], R2)) = 0,

forallv := (v, vy), W= (w, wy) € A(t) withw(x) < v(x), x € [0, L]. By the mean-value
theorem and the fact that v, w € A(?), it is easy to see that there is a constant § > 0 such
that B(t, -,v) — B(t, -, w) =

Ft,-,v)—F(, -, w)+ a(vy, — wy) - —5(v —w) +a(vy — wy)
(G([, S vs) — G, -, wy) —|—aAAS(v — w)) - (—5(1)5 — wy) +aAAS(v — w)) ’

Hence, for any 7 > 0 satisfying 7§ < 1, it follows that

(1 = 8h) (v — w) + ha(vs — wy) ) -0

(v—w)+h(B(t,-,v)— B(t, -, w)) > ((1 — Sh)(vs — wy) +h01AAS(U —w)

Thus, [11, Corallary 5] and the discussions above complete the proof. O

By Lemma 3.1, we can define solution maps ¥; : A(0) — A(¢) associated with (3.4)—
(3.6) by

W, (P) = (N(, 1, P), Ns(-, 1, P)), YP := (N°(-), NO(-)) € A(0), 1 >0. (3.9

Note that WV, : A(0) — A(tr) = A(0) is the Poincaré map associated with (3.4)—(3.6).
For convenience, we let

YT = A0), Yo = YT\{(0,0)}, 9Yp := YT\ Yy = {(0, 0)}.

Since one equation in (3.4)—(3.6) has no diffusion term, its solution map W, is not compact.
Due to the lack of compactness, we need to impose the following condition:

A
aA— > f(Wi(x, 1), Vx €[0,L], r>0. (3.10)
N
Remark 3.1 As in [4, Remark 3.3], if the Monod function f(R) := ’Ig‘:%g satisfies
A
HMmax <01A7S, (3.11)
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then it follows that

Wsx, 1) A
< Mmax < &—,

Wex, 1)) = — o
S S(x ) MmaxKM_i_W;(x,[) Ag

that is, (3.10) holds. We note that condition (3.11) means that the cross-section of the storage
zone is small or the exchange rate is large.

Recall that the Kuratowski measure of noncompactness (see [3]), «, is defined by
k(B) := inf{r : B has a finite cover of diameter < r}, (3.12)

for any bounded set B. We set x (B) = oo whenever B is unbounded. It is easy to see that B
is precompact(i.e., B is compact) if and only if ¥ (B) = 0.

Lemma 3.2 Ler (3.10) hold. Then V; is k-contracting in the sense that
lim «(¥’B) =0
n—o0
for any bounded set B C Y.
Proof For the sake of convenience, we let (1, v) := (N, Ng) and rewrite (3.4)—(3.6) as

. a2 p
%—'t‘ :d% - vg—’; +m(t, x,u,v),

& =g(t.x,u,v), x€(0,L),t>0, (3.13)
vu(0, 1) —d24(0,1) =0, %(L,1) =0,

u,0) = ¢1(),v(:, 0) = ¢2(),

where m(t, x, u,v) =a( —u) + fF(W*(x, 1) — qu)u and g(¢, x, u, v) = —ozAAS(v —u)+

f(W;(x, t) — qu)v. For any ¢ (-) = (¢1 (), ¢2(-)) € Y, the solution maps associated with
system (3.13) are defined by

Wi (@) = (U, 1,¢),v(,1,9), Vo YT, 1 >0.
Define
A={(t x,u,v) e Ri :x €[0,L], qu < W*(x,1), gqv < Wi(x, ).
From (3.10), it is easy to see that there exists a real number » > 0 such that

ag(t,x,u,v) -

3 <—r<0, V({, x,u,v) €A. (3.14)
v

By (3.14) and the same arguments as in Lemma 4.1, it then follows that W, is
k-contracting. O

Theorem 3.1 W, admits a global attractor on YT provided that (3.10) holds.
Proof By Lemma 3.2, it follows that W, is « -contracting on Y +. Further, Lemma 2.4 implies
that W, is point dissipative on Y+ and that the positive orbits of bounded subsets of ¥+ for

W, are bounded. By Theorem 2.6 in [10], W, has a global attractor that attracts each bounded
setin Y. O
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Note that (0, 0) is a solution of (3.4)—(3.6). Linearizing system (3.4)—(3.6) at (0, 0), we
have

(3.15)

dez — ”ax +a(Ng — N)+ f(W*(x, )N,
dgfé = —a4-(Ns = N)+ f(Wi(x,1)Ns, 0 <x < L, >0,
with boundary conditions (3.5) and initial conditions (3.6).

Substituting N (x, t) = e * ¢ (x, t) and Ns(x,t) = e # ¢ (x, t), we obtain the associ-
ated eigenvalue problem

=058 il a2 = g0+ SOV D)1+ . 120, x € O.L)
% = —af (¢ — o0+ FOWEG, D)a+ uga. > 0, x € (0, L),

b1 (0.1) — 8210, 1) = 2L, 1) =0, 1 > 0,

@1, ¢ are t-periodic in ¢.

(3.16)

Lemma 3.3 Ler (3.10) hold. Then the eigenvalue problem (3.16) has a principal eigenvalue,
denoted by p*, with an associated eigenvector ¢* = (¢7, ¢35) > 0.

Proof Let (u, v) := (N, Nys) and rewrite (3.15) as

L dg%‘ — V% + Eq(t,x,u,v),

W= —r(x, Hv+ Ex(w), x € (0,L),1 >0,
vu(0,1) —d540,1) =0, 4(L,1) =0
u(x, 0) = ¢1(x), v(x, 0) = d2(x),

where E1(¢, x,u,v) = a(v —u) + fF(W*(x,t)u, E2(u) = aAASu and r(x, 1) = ozAAS —
f(Wg(x,1)). By (3.10), it follows that

3.17)

r(x,t) >ro, Yx €[0,L], t >0, and rg is a positive number. (3.18)

Let C := C([0, L], R?). For every initial value functions ¢ = (¢1, ¢2) € C, one may use
the comparison theorem to show that the solution (u(x, t, ¢), v(x, t, ¢)) € C, V¢ > 0. Thus,
the linear semigroup I1, : C — C associated with the linear system (3.17) is defined by

i (9) = (ux,1,¢),v(x,1,¢)), Vo € C, 1 = 0.

We first show that for each ¢ > 0, I, is an k-contraction on C in the sense that « (I1; B) <
e~ 0" (B) for any bounded set B in C, where « is the Kuratowski measure of noncompactness
as defined in (3.12).

Let 77 (¢) be the analytic semigroup on C([0, L], R) generated by

ou 9%u ou

o Yo Vox

subject to the above boundary condition and T (f)gs = e~ Jo "D, v, € C([0, L], R).
Obviously, T'(t) = (T1(t), T>(t)) is a linear semigroup on C.
Define a linear operator

L()¢ = (0, Ta(t)¢2), Vo = (¢1.¢2) € C, (3.19)

and a nonlinear operator

Q)¢ = (u(-.1,9), / Tyt —s)Ex(u(-, s, ))ds), Vo = (o1, ¢2) € C,
0
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where
t
M(', z, ¢) = Tl(t)¢)] +/T] (t - S)E](S, ) u(" S, ¢)7 v(.Vsi ¢))ds'
0

It is easy to see that
i (¢) = L) + Q(1)p, Vo € C, 1 = 0.
By (3.18) and (3.19), it follows that

= Jo rémydn —rot
||L(f)¢||< lle™ Jo 452||Ssup lle <f>2||< “rot

sup < <
pec 2l peC ol pec ol
and hence ||L(#)| < e 0!,
By the boundedness of I1; and the compactness of 77 (¢) for ¢t > 0, it follows that Q(¢) :
C — C is compact for each ¢ > 0. For any bounded set B in C, there holds k (Q(t)B) = 0
since Q(t)B is precompact, and consequently,

k(I B) < k(L(1)B) +«(Q(1)B) < |IL(1)|k(B) < e "'k(B), Y1 > 0.

)

Thus, T, is an «-contraction on C with a contracting function e "0,
From the discussions above, it is easy to see that the Poincaré map I1; generated by (3.17)
is k-condensing in the sense that

k(IT; B) < k(B), for any bounded set B in C with x(B) > 0.

Note that (3.17) is a cooperative system. By a generalized Krein-Rutman Theorem (see [12]
or [8, Lemma 2.2]) and [5, Chap. II.14], it then follows that (3.16) has a principal eigenvalue,
denoted by p*, with an associated eigenvector ¢* = (¢}, ¢5) > 0. O

Theorem 3.2 Assume that (3.10) holds. For any P := (N°(), N2()) € Y*, let
(N(x,t), Ns(x, 1)) be the solution of (3.4)—(3.6). Then the following statements are valid.

(1) If u* > 0, then t1~l>lgo I (N(x,1), Ns(x,1)) |loo= 0 uniformly for x € [0, L];

(2) If u* < 0, then (3.4)—(3.6) admit a unique positive t-periodic solution
(N*(x, 1), Ni(x,t)) and for any (NO(), Ng(-)) € Yo, we have

tl_l)rgo | (N(x,t), Ns(x,1)) — (N*(x, 1), N§(x,1)) lloo= 0, uniformly for x € [0, L].

Proof In the case where u* > 0, it follows that tlim | (v(x,t, P),vs(x,t, P)) |loo= 0
—00

uniformly for x € [0, L],Y P € Y+, where (v(x, t, P), vs(x, t, P)) is the unique solution
of (3.15) with (v(x, 0, P), vs(x, 0, P)) = P.For convenience, we rewrite the reaction terms
in (3.4) as follows:

(3.20)

F(t,x,N, Ns) = ( a(Ng — N) + f(W*(x,t) —gN)N )

—a 4L (Ns — N) + f(W§(x, 1) — gNs)Ns

It is easy to see that F(¢, x,ON,ONs) > OF(t,x, N,Ns), VO <6 <1, (N,Ns) e Y.
Clearly, the solution (N (x, ¢, P), Ns(x, t, P)) of (3.4)—(3.6) satisfies

IN < 882N N +a(Ns — N) + f(W*(x,t))N

— — —Vv— +ta« — X, ,

at ~ " ox  ax S

ONg

A
W5—aA—(Ns—N)—i—f(W;(x,t))Ns,O<x<L, t >0, (3.21)
S
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thatis, (N(x, t, P), Ns(x,t, P)) < (v(x,t, P), vs(x, t, P)). Thus, we have

tlim | (N(x,t, P), Ns(x, 1, P)) lloo= O uniformly for x € [0, L],V P € Y.
— 00

For the case where u* < 0, we first prove the following claim.
Claim. Zero is a uniform weak repeller for (3.4)—(3.6) in the sense that there exists § > 0 such
that limsup || W,(P) ||> 8,V P := (N°(-), N9()) € Y. Indeed, let u, be the principal
—00

eigenvalue of

W1 — 5248 oy — ) +(f (W* (. ) —€)d1+ur, 1 >0, x € (0, L),
%2 = —a 4 (g2 — ¢) + (FWE(x, 1) — g2 + g, t > 0, x € (0, L)
V1 (0, 1) — 82210, 1) = (L, 1) = 0, t > 0,

@1, ¢ are T-periodic in ¢,

(3.22)

with a positive eigenfunction ¢} (x, 1) = (97, ¢5.) > 0. Since lin}) e = ™, we can fix a
€—>

sufficiently small number € > 0 such that u < 0. It is easy to see that
lim f(W*(x,1) —gN) = f(W*(x,1)) and lim f(Wg(x,1) —gNs) = f(W5(x,1)),
N—0 Ng—0
uniformly for x € [0, L] and ¢ > 0. Thus, we can choose ¢ > 0 such that
fW*(x,1) —gN) > f(W*(x,1)) —€ and f(WS(x,1) —gNs) > f(Wg(x,1)) —€,
forany x € [0, L], > 0, and (N, Ns) € [0, §¢] x [0, 8¢].
Suppose, by contradiction, there exists Py € Yo such that lim sup || V;(Pp) ||< 8, thus,

—>0o0

there exists f9p > O such that | W;(Py) ||< 8,V t > to. It then follows that W, (Py) =
(N(x,t, Py), Ns(x,t, Pp)) satisfy

8N>5—82N— 78N+ Ns — N)+ [f(W*(x, 1)) —€IN

Sz 85 — v a(Ns = N) + [F(W(x.0) - eIV,

dNg A *

o 2 —a—(Ns — N) + [f (Wg(x,1)) — €]Ns, (3.23)
t Ag

forany 0 < x < L, t > fo. Note that (N€, N§) := e Ml ¥ (x, 1) is a solution of

IN€ 9ZN€ INE

Py :(SW—VW‘FO((Ng—N)+[f(W*(X,l))—€]N€,

aN; A € € * €

G = e (NS = N+ [ (Wi, 0) —eIN§.0 <x < L. 1> 0. (324)
N

with boundary conditions (3.5). Since W, (Py) = (N (x, 19, Po), Ns(x, to, Py)) > 0 for all
x € [0, L], there exists a > 0 such that

W, (Po) = agi(x, ty) for all x € [0, L].
By the comparison theorem, it follows that
Wi (Po) = agpf (x, tg)e <"~ V1 =19, x € [0, L].

Since e < 0, we see that W, (Py) is unbounded, a contradiction.
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By the claim above, W, is weakly uniformly persistent with respect to (Yy, dYp). Since
W, admits a global attractor on YT, it follows from [20, Theorem 1.3.3] that W, is uni-
formly persistent with respect to (Yp, dYp) in the sense that there exists n > 0 such that
liminf | W, (P) =z 1,V P € Yo.

Note that W, is k-contracting, point dissipative and uniformly persistent. It follows from
[10, Theorem 3.8] that W, : Yo — Yo admits a global attractor Ag. It is easy to see that
W, is strongly monotone, and strictly subhomogeneous in the sense that W, (6N, ONg) >
OV, (N, Ns), Y(N,Ng) > 0, 0 € (0,1). Since Ag C Yy and Ag = V;(Ag), we further
have Ag C Int(C([0, L], Ri)). It then follows from [20, Theorem 2.3.2] with K = A that
W has a fixed point e >> 0 such that Ag = {e}. This implies that e is globally attractive for
W, in Yy. Consequently, the statement (2) holds for solutions of (3.4)—(3.6). m]

Remark 3.2 By Theorem 3.2 and the method of chain transitive sets, as illustrated in Sect. 5,
we can also obtain a threshold type result on the global dynamics of the single species model
(3.1)—(3.3).

4 Two Species Competition

In this section, we study the global dynamics of the limiting system (2.28)—(2.30). Let
At(a(x, 1), b(x, 1)) be the principal eigenvalue of the following eigenvalue problem:

W =520 3 Loy —g)+atDp+ip, 1> 0, x€0,L),

| 9x2
W —ad( — @)+ bx.OY + Ay, >0, x € (0, L),
ve(0,1) —852(0,1) = 3¢(L.1) =0, t > 0,

ox ax
@, ¥ are T-periodic in 7.

4.1)

Theorem 3.2 can be applied to either of the two systems obtained from (2.28)—(2.30) by
setting one of the two ordered pairs (N1, Ng 1) or (N2, Ns2) to be (0, 0). Let

ui =MW, 0), W (x, 1)) and w3 == A1 ((W*(x, 1)), (W5 (x,1))).
4.2)

Then we conclude that the system (2.28)—(2.30) has the following results:

(i) Trivial solution 0:= (0, 0,0, 0) always exists;

(ii) Semi-trivial solution (N (x, 1), N;‘y] (x,1),0,0) exists provided that u} < 0;
(iii) ~Semi-trivial solution (0, 0, N3 (x, t), N§ ,(x, t)) exists provided that u3 < 0;
(iv) There may be additional t-periodic solutions as well and these must be positive.

Here, (N} (x, 1), N;l.(x, t)) denotes the unique positive t-periodic solution of (3.4)—(3.6)
resulting from putting f = f; and ¢ = ¢;. The two organisms can coexist if a positive
T-periodic solution exists.

Recall that D(t) is the feasible domain for (2.28)—(2.30) and it is defined in (2.31). From
Lemma 2.5, we may define the solution maps ®; : D(0) — D(¢) associated with (2.28)—
(2.30) by

®;(P) = (N1(-,t, P), Ng 1(-,t, P), Na(-, t, P), Ns2(:, 1, P)), Yt > 0, 4.3)

where P := (N{(-), N{ (), N3 (), N§,() € D(0).
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LetK = C([0, L], R%) x (—C([0, L], R%)) and denote its induced order by <. Thus, the
solution map &, is monotone [16] with respect to the partial order <g . Note that &, : D(0) —
D(t) = D(0) and for the Poincaré map S := &, we have §"(P) = ®,.(P),Vn € Z.

For convenience, let YT = D(0), Yo := {(Ny, Ns.1, N2, Ns2) € Yt : (N, Ns.1) #
(0, 0) and (N2, Ns) # (0,0)} and 3Yp := Y\ Y.

Since two equations in (2.28)—(2.30) have no diffusion terms, its solution maps are not
compact. So we require the following conditions in this section:

A
aA— > fi(Wi(x, 1)), Vx €[0,L], t >0, i =1,2. 4.4
N

For convenience, we let (u;, v;) := (N;, Ns;), i = 1,2, and define
mi(t,x, up,uz, v, v2) = a; —u;) + fi(W*(x, 1) —qruy — qoua)u;, i=1,2,
and
A " .
gi(t, x,uy, uz, vy, v12) = _aTS(Ui —uj) + filWg(x, 1) —qivr — qaua)v;, i=1,2.

Then (2.28)—(2.30) can be rewritten as

(’)ui

Ju: 92u;

Sh=dSd —vgl dmit x,un, up, v, 02),

dv;

%:gi(h-xaulvl'tZa UI,UZ)y xE(O,L),t>0, (45)

v (0,1) —d340,1) = 0, %(L,1) =0
ui(x,0) =i, vi(x,0) =, i =1,2.

Letu := (u1, up) and v := (v, v2), and define

D={(t,x,u,v) € R : x € [0, L], qius + qauz < W*(x, 1), q1v1 + q2va < Wi(x,1)}.

A

With the assumption (4.4), it is easy to see that whenever o gy

exists a constant » > 0 such that

is sufficiently large, there

ag(t, x, u,
x! [W] X < —rxTx, VX e RZ, (t,x,u,v) €D, (4.6)
v

where g(¢, x,u, v) 1= (g1(t, x, u1, uz, v1, v2), g2(f, X, U1, U2, v1, vV2)).

Remark 4.1 As in [4, Remark 3.3], we choose f;(R) = ,’é:‘iﬂ‘rlfe and assume that

1 |:qu ) Mmax, 1 + q1 ) Mmax,2

o— > max,i + =
e q  Kyu @ Kup

We, Vi=1,2, 47
As ) :| N 4.7)

where Wz = MaXyxe[0,L], r[0,7] Wg‘ (x, t). It then follows that (4.7) implies (4.4) and (4.6).
Biologically, two conditions in (4.7) mean that the cross-section of the storage zone is suffi-
ciently small or the exchange rate is sufficiently large.

Lemma 4.1 Ler (4.4) and (4.6) hold. Then the map @ is k-contracting in the sense that
lim «(®?(B)) =0
n—0o0

for any bounded set B C YT, where « is the Kuratowski measure of noncompactness as
defined in (3.12).
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Proof Let B be a given bounded subset in Y. We first show that ®; is asymptotically com-
pact on B in the sense that for any sequences ¢, € B and t, — 00, there exist subsequences
¢n, and t,, — oo such that d>,”k (¢n,) converges in C([0, L], ]R“) as k — oo. Note that the
family of functions {®;, (¢,)(x)},>1 is uniformly bounded on [0, L] for all n > 1. In view
of the Arzela-Ascoli theorem, it suffices to prove that {®;, (¢,)(x)},>1 is equicontinuous in
x € [0, L] foralln > 1.

Let (u,(x,1), v, (x,1)) = ®;(@,)(x), Yo, € YT, t >0, x € [0, L]. For simplicity,
we define u,, (x,t) := w,(x,t + ;) and Vv, (x, 1) := v,(x,t +1,),¥Vt > —t,, x € [0, L].
Clearly, (u,(x,0),V,(x,0)) = @, (¢,)(x), YVn > 1, x € [0, L]. Note that u, (x, ) and
V, (x, t) are uniformly bounded, Vn > 1, x € [0, L], t > 0 (see also Lemma 2.4).

Foreachi = 1,2, we define f;(s) = Oforall s < 0 so that f;(s) is a continuous function
on R, and hence, g(¢, x, u, v) is a continuous function on Ry x [0, L] x R4, By a direct
computation, we see that for all t > —1,, x, y € [0, L], there holds

ar_ _ _ i
=@ ) =T )T Tl ) =9 0.0)]

d
=2 alx, 1) = Vu(y, )" - 57 (Ve D) = Va3, 1)

=2V, D) = Va(y, )" -
(80 + tn, X, Wy (x, 1), Vi (X, 1) — & + 1y, 3, Wn (3, 1), Vu (3, D)] - (4.8)
In the case where W¢ (y, £ +1,) < W{(x,t+1,), wehave (t +1,, x, Uy (x, 1), Vs (y, 1)) € D,
and hence,
(8 + t, %, Wy (x, 1), ¥ (x, 1) — & + L, Y, Wa (3, 1), Vu (v, 1))]
= [8( + tn, X, Wy (x, 1), Vi (x, 1)) — (1 4 L, X, Wy (x, 1), Vi (v, 1) ]

+ [g(t +tl’la x7ﬁl’l(~x7 t)vvi’l(yﬂ t)) - g(t +t}’l7 y7ﬁn()’7 t)7vn(y7 Z‘))] .
1
_ / 3g(t + t}% x»ﬁn(x’ t)avn(y’ t) + U(Vn(x7 t) _Vn(y7 t))d

P) n |- [Valx, 1) = Vu(y, )]
v

0
+ [g([ +tl’ls x7ﬁl’l(x7 t)7vl’l(y7 t)) - g([ +tn7 y7ﬁn()” t)vvl’l(y7 t))] . (49)
Set

h,,(l‘,x, y) = ”g(t +tnax7ﬁn(-x7 t)7vn(y7 t)) - g(t +tn7 Y» ﬁl’l(y7 t)7 VI’l(y7 t))”'

It then follows from (4.6), (4.8) and (4.9) that there exists a real number M > 0 such that
9 _ _ _ _
Ellvn(x, 0 = Va (. OI? < =27V (X, ) = Vu (0. DI + Mhy (2, x,y).  (4.10)
In the case where W;(y, t+1t,) > Wg‘(x, t+t,),wehave (t+t,, y, U, (v, 1), Vy(x, 1)) € D.
By exchanging the positions of x and y in (4.9) and (4.10), we then obtain

J _ _ _ _

o ¥n G, 1) =V, DIF < =2r[[Va(x, 1) — Va3, OII* + Mhy(t, y, %), (4.11)
Define H, (t, x, y) := h,(t, x,y) + hy(t, y, x). It then follows from (4.10) and (4.11) that

J _ _ _ _

S I¥n (6,0 =V, DI < =27 Vu(x, 1) = Vu (v, OI> + MHy (2, x,y)  (4.12)

forallt > —1,, x, y € [0, L].
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By the constant variation formula and the comparison argument, we obtain

t
92 (x, 1) = V0, DI < e XNV, (x, 8) = Va3, ) I? + M / e = [0, x, y)do,
N

(4.13)

forallt > s > —t,. Letting t = 0 and s = —1, in (4.13), we further have
0
1V, (x, 0) = Vi (3, 0) 1% < ™|V, (x, —1) = Vu (v, —t)|I* + M / e H, (0, x, y)do,
2
and hence,
0
IV (1) = Va(p, )17 < €2 [V, (x, 0) = vu (3, 0)12 +M/e2f9Hn(0,x,y>d0,
o

(4.14)

forallm > 1,x, y € [0, L].

Note that (u,(x,0),v,(x,0)) = ¢, and ¢, € B, foralln > 1 and x € [0, L], and
that {u, (x, t,)},>1 is equicontinuous on [0, L] for all n > 1. Thus, it suffices to prove that
{vn(x, t;)}n>1 1s equicontinuous on [0, L] for all n > 1 in the sense that for any € > 0, there
exists § > 0 such that

IVi(x, 1) = va(y, )l <€, YVn>1,Vx,y €[0, L]with | x —y |< 4.

Suppose, by contradiction, that there exist an €9 > 0,ny — 00, x;, yx € [0, L] with
| Xk — i |< ¢ such that ||V, (Xk, tn,) — Vi Ok tn) | = €0, Yk = 1. Letting x = xi, y = yx
and n = ny in (4.14), we then obtain

2 : 2
€ = lim sup ”Vnk (xk, tnk) — Vny k., tnk)”

k—o00
0
< M -limsup / ¢ H,, (0, xi, yi)d6. (4.15)
k— o0 p
i

Note that for each 8 < 0, there exists a large integer ngp > 0 such that the sequence of
functions {u,(x, 8) = u,(x, 0 + t,)},>n, is equicontinuous on [0, L], and that g(¢, x, u, v)
is uniformly continuous in (¢, x, u, v) € [0, co) x [0, L] x H, where H is any given compact
subset of ]Ri. Since limy_ oo Wy, (xk, €) — Uy, (vi, ) || = 0, it follows that for any given
0 <0, we have limg_, oo Hy, (0, x¢, yx) = 0. Using Fatou’s lemma in (4.15), we then obtain

k—o00

0
e&<M-. / ¢*? lim sup H,, (0, xx, yr)do = 0,
—00

a contradiction. Consequently, ®; is asymptotically compact on B.
Now we consider the omega limit set of B for the Poincaré map S := ®, on YT, which
is defined as

w(B)={peYT: klim S™ (@) = ¢ for some sequences ¢x € B and ny — 00}.
—00
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From what we proved for @, and the fact that $" = &,;, Vn > 0, we easily see that S”
is asymptotically compact on B in the sense that for any sequences ¢ € B and ny — oo,
there exist subsequences, which we label as ¢ and ny — oo, such that S"* (¢x) converges
in C([0, L], R*) as k — oo. It then follows that w(B) is a nonempty, compact, and invari-
ant set for S in Y+, and w(B) attracts B (see, e.g., the proof of [15, Lemma 23.1 (2)] for
continuous-time semiflows). In view of [10, Lemma 2.1 (b)], we have

k(S"(B)) < k(w(B)) + §(S"(B), w(B)) = §(S"(B), w(B)) — 0 as n — oc.
This completes the proof. O

Recall that A1 (a(x, t), b(x, t)) is the principal eigenvalue of the eigenvalue problem (4.1).
By the similar arguments as in Lemma 3.3, it follows that

i =M (LW (x, 1) — N (x, 1), (W (x, 1) —qiNg | (x, 1)) exists, (4.16)
with an associated eigenfunction
(@7 (x, 1), ¥y (x, 1) > 0. (4.17)
Similarly,
5 =M (W (x, 1) — 2N3 (x, 1)), filWg(x, 1) — @2 Ng 5 (x, 1)) exists, (4.18)
with an associated eigenfunction
(@5 (x, ), Y3 (x, 1)) > 0. (4.19)
For Py, P, € Y* with P; «g P», we define type—K order intervals
[P, P2lk ={P €Y' : Pl <x P <k P2},
and
[P, Pallk ={P €Y' : P <k P <k Pa).
Let w(P) be the omega limit set of P for the map S := ®;.
Theorem 4.1 Let (4.4) and (4.6) hold. Then ®; admits a global attractor on Y.

Proof By Lemma 4.1, it follows that ® is x-contracting on Y*. By Lemma 2.4, it follows
that & is point dissipative on Y and positive orbits of bounded subsets of YT for S = @,
are bounded. By [10, Theorem 2.6], @, has a global attractor that attracts each bounded set
in Y. ]

Let Ej=(Nj(x,0), N§,(x,0),0,0), Ey = (0,0, N3 (x,0), N ,(x,0)) and 0= (0,0,
0,0).

Theorem 4.2 Let (4.4) and (4.6) hold, and assume that u < 0 and n? <0, i =1,2. Then
system (2.28)—(2.30) admits two positive T-periodic solutions

E_()C, [) = (ﬂ](x’ t)v ﬂ&](xa [)sﬁz(xa [),NS’Q()C, [))’
E+(X, t) = (Nl(xv t)vﬁs,l(xr t)! ﬂz(xv t)! ﬂsqz(x! t))v (420)

such that E=(-,t) <g ET(-,t) forallt > 0, and for any P € Yg, the solution ®;(P) of
(2.28)—(2.30) satisfies

lim d(®/(P).[E™ (1), E*(,0lk) =0.
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Furthermore, for any compact internal chain transitive set T of the Poincaré map S with
T¢ {10, (E1). (E2)} we have T < [E=(,0), E¥ (., 0)Ix.

Proof It is easy to see that the stability of the semi-trivial solution Ej(x,?) :=
(NY(x, 1), N;l(x, 1),0,0) for (2.28)-(2.30) is determined by the sign of nj. More pre-
cisely, Eq(x, t) is unstable if ] < 0. Similarly, E>(x, ¢) := (0,0, N3 (x, 1), N;’z(x, 1)) is
unstable if n; < 0. By the theory of abstract competitive systems (see, e.g., [7, Theorem
A and Corollary 1]), it follows that (2.28)—(2.30) admits two positive t-periodic solution
E~(x,t) and E*(x,t) with E~(x,t) <x ET(x,t) for x € [0, L], > 0 such that the
dynamics of (2.28)—(2.30) stated in the Theorem 4.2 holds.

Recall that § = ®, : Y™ — Y7 is the Poincaré map associated with (2.28)—(2.30).
Thus, lim,_ 00 d(S*(P), [E~(-,0), ET(-,0)]g) = 0,VP € Yo. Hence, S : Y* — YTis
uniformly persistent with respect to Yo. By [10, Theorem 3.7], it follows that § : Yo — Yo
has a global attractor Ag. Clearly, Ay C [E~(-,0), ET(-,0)]x. By [20, Theorem 1.3.1 and
Remark 1.3.1], it then follows that there exists ¢ > 0 such that for any compact internal

chain transitive set T of S with 7 ¢ [{()}, {E1), {Ez}}, we have inf pez d(P, 9Y0) > o.
This implies that Z C Y, and hence, Z C Ag. Thus, Z C [E~ (-, 0), ET(-, 0)]k. O

5 Dynamics of the Full System

In this section, we discuss the global dynamics of the full system (1.5)—(1.7). Rewrite (1.5)—
(1.7) as

N, 32N, N

=0—— —v—— +alNs1— N+ filW —qNi — ¢2N2) Ny,
at ox ox
dNs 1 A
rrani —a*(Ns.J — Np) + filWs —q1Ns,1 — q2Ns2)Ns. 1,
AN, 82N2 N>
——— =0———5 —v——+a(Ns2 — N2) + 2(W — q1 N1 — q2N2) N2,
at Bx dx
dNs 2
rraa _aTS(NS’Z — N2) + f2(Ws —q1Ns,1 —q2Ns2)Ns 2, (CRY)
oW 882W oW W W
— =6—5 —v— +aWsg—aW,
at dx? ax S
oWy A W + A W,
ows _ _ 2 o
at AS S Ag

in (0, L) x (0, 00), with boundary conditions
vN(Ot)—S (0 t) =0, (Lt)—01_12
a ©)
vW(0,1) —5—(0,1) = vR™ (1), —(L, 1) =0, (5.2)
ox dax

and nonnegative initial functions, where W (x, t) and Wg(x, t) are defined as in (2.5).
Let

= {(N1, Ns.1, N2, Ns.2, W, Ws) € C([0, L], RS ) CI1N1()+612N2() <W(Q),
‘IINSJ(') + CIZNS,z(') < Ws() on [0, L1},
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and

%o = {(N1, Ns,1, N2, Nso, W, Wg) € X : (N1, Ns,1) # (0,0) and (N2, Ng2) # (0, 0)}.
Lemma 5.1 If P € %, then the solution of (5.1)~(5.2) through P satisfies
(N1(-, 1, P), Ns.1(-,1, P), Ny (-, t, P), Nsa(-,t, P), W(-, 1, P), Ws(-,1, P)) € £, V1 > 0.

Proof Let R(x,t) = W(x,t) — (q1N1(x,t) + ga2Na(x,1)) and Rg(x,t) = Ws(x,t) —
(q1Ns,1(x, 1) + q2Nsa(x,1)). Then (R(x,1), Ni(x,1), Ns1(x, 1), Rs(x, 1), Nao(x, 1),
Nga(x,t)) satisfies (1.5)—(1.7). By Lemma 2.1, it follows that

(R(x,t, P), N\(x,1, P), Ns.1(x, 1, P), Rs(x, , P), Na(x, 1, P), Nsa(x,t, P)) > 0,
VYt > 0.

This completes our proof. O

Let ® ¢ 1 X — X be the solution maps associated with (5.1)—(5.2). We denote the Poincaré
map

S:¥ - TbyS=ad,. (5.3)

Then 5"(15) = &)m(ﬁ), Vn € Z4. For any Pex,let J)(I;) be the omega limit set of P for
S. Then we have the following observation.

Lemma 5.2 Let (4.4) and (4.6) hold. Then for any Pex oP)isa nonempty, compact
and invariant set for S.

Proof It suffices to prove that the forward orbit S"(P)is asymptotically compact in the sense
that for any sequence ny — 00, there exists a subsequence, which we label as ny — oo,
such that S‘”k(f)) converges in C([0, L], R®) as k — oo. Let (u, v) = (uj, uz, v1, v2) =
(N1, N2, Ns,1, Ns 2) and

(u(x, 1), vix,t), W(x, t), Wg(x,1)) := &D,(ﬁ)(x), Vt>0, xel0,L].
By Lemma 2.3, we have

Am (Wx, 1), Ws(x, 1) — (W*(x, 1), W5 (x, 1)) = (0,0) (5.4)

uniformly for x € [0, L]. Note that for any given sequence f, — 00, the sequence of func-
tions {(u(x, t,), v(x, t,), W(x, t,), Ws(x, 1,))}»>1 is uniformly bounded on [0, L] for all
n > 1. Further, {u(x, t,)},>1 and {(W(x, t,), Ws(x, t,))},>1 are equicontinuous on [0, L]
foralln > 1.1Itis easy to see that (u(x, t), v(x, t)) satisfies (4.5) with m; (¢, x, uy, us, vy, v2)
and g; (¢, x, uy, uz, v1, v2) replaced, respectively, by

mi(t, x,uy, uz, vy, v2) = a(v; —u;) + fi(W(x,t) — qruy — qaua)u;, i = 1,2,

A A .

&i(t, x,up, uz, vy, v2) = —aAfS(vi —ui) + fiWs(x, 1) — qivi — qaua)vi, i =1,2.
Letg(t, x,u,v) = (g1(¢, x, uy, uz, vi, v2), g2(t, x, uy, uz, vy, v2)). Using the same contin-

uous extensions of f1(s) and f>(s) onto R as in the proof of Lemma 4.1, we then see from
(5.4) that

lim (7, x,u, v) — g(t, x,u,v)[ =0, (5.5)
—00
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uniformly for (x,u,v) € [0, L] x H, where H is any given compact subset of Ri and
g(t, x,u, v) is defined as in Sect.4. By (4.4), (4.6) and (5.4), it follows that there exist two
positive numbers a and #y such that

T [ag(t5x7u7 V)

5 i|x < —ax'x, VxeR?, (t,x,u,v) €W, (5.6)
v

where
W= {(t,x,u,v) € RS 11> 19, x € [0, L], qru1 + qaus < W(x, 1), q1v1 + qova < Ws(x, 1)}

By using (5.4), (5.5) and (5.6), and a slight modification of the proof in Lemma 4.1, we can
show that the sequence {v(x, #;)},>1 18 equlcontlnuous on [0, L] forall n > 1. Thus, d>,(P)
is asymptotically compact, and hence, so is §" (P). O

Now we are ready to prove the main result of this section.

Theorem 5.1 Let (4.4) and (4.6) hold, and assume that i} < O and n} <0, i =1,2. Then
system (5.1)—(5.2) admits at least one positive T-periodic solutions. Moreover, if

®,(P) := (Ni(,t, P), Ns.1(-, 1, P), Na(-, 1, P), Nsa(-, 1, P), W(-, 1, P), Ws(-, 1, P))
is the solution of (5.1)—(5.2) through Pe X0, then

lim d ((Nl(-, t, P), N5, 1(-.t, P), Na(-, 1, P), Ns2(-, 1, P)), [E” (-, 1), ET(., t)]K) =0,
11— 00

and

tl—l)IgO ((W(7 t)’ WS('! t)) - (W*(7 t)v W;(v t))) = (Oa 0)

Proof Let P € ¥ be given, and let & := &(P). It is easy to see from Theorem 4.2 that
(ET(x, 1), W*(x, 1), Wi(x, 1)) and (E™ (x, 1), W*(x, 1), W{(x, 1)) are positive T-periodic
solutions of system (5.1)—(5.2). By Lemma 2.3, we further have

Jim (W, 1), Ws(x, 1) = (WH(x, 1), Wy (x, 1)) = (0,0)

uniformly for x € [0, L]. It then follows that for any PY ¢ C ([0, L], RrR* 1) with
(PO, WO, WO) € @, there holds (WP, WO) = (W*(-,0), Wi(-,0)). Thus, there exists a
set Z C C([0, L], ]Ri) such that ® = Z x {(W*(-, 0), Wg(-, 0))}.

Since ¥ is closed, it follows from Lemma 5.1 that @ C X. For any given
(N1, Ns,1, N2, Ns2) € Z, we have (N, Ns.1, Nao, Ns2, W*(-, 0), W;f(, 0) € w C X
By the definition of ¥, it follows that (N, Ns.1, Na, Ns2) € D(0) := Y*. Thus, Z C Y*.

By Lemma 5.2 and [20, Lemma 1.2.1'], @ is a compact, invariant and internal chain tran-
sitive set for S = . Moreover, if P € C([0, L], R“) with (P, WO, WO) € @, there
holds

S1s (PO, WO, W = (S(PY), W*(-,0), Wi, 0)),

where S (PO) =&, (PO) is Poincaré map associated with (2.28)—(2.30) on Y. It then follows
that Z is a compact, invariant and internal chain transitive set for § = ®, : YT — YT,

By Theorem 4.2, if we can prove Z ¢ {{6}, {E1}, {Ez}}, then we must have Z C
[E~(-,0), ET(-,0)]k, and hence,

& CE™(x,0), ET(x,0)]k x {(W*(x,0), W&(x,0))},
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which implies that solutions of (5.1)—(5.2) have the asymptotic behavior as stated in the
theorem. So it remains to prove that 7 ¢ { {6}, {E1}, {Ez}}. We only prove the claim that

T # {E} since other two claims can be proved in a similar way. Suppose, by contradiction,
that Z = {E}, then

B(P) = (Nf(-,0), N& ,(-,0),0,0, W (., 0), Wi (-, 0)) := E.
Thus, we have limn%oo(.g’)"(};) =E, or equivalently,

[/ (P) — (N{ (-, 1), N§ 1 (- 1),0,0, W*(-, 1), Wi (-, )] = 0.

lim
1—00

Since nt := Ay (fz(W*(x, D) = qiNF (e, D), LOWEE 1) — NG r))) < 0, it follows
that there exists a sufficiently small € > 0 such that ([5, Lemmal5.7])

ni =i (LW (x, 1) — qiNY(x, 1)) —€, fo(W5(x,1) —qiN§ (x,1)) —€) <O0.
There also exists ng = no(€) > 0 such that

W, ) —qiNi(x,1) —g2N2(x, 1)) > fr(W*(x, 1) — q Ny (x, 1)) —€,
fH(Ws(x,1) —qiNs1(x, 1) = q2Ns2(x, 1)) > fa(Wg(x, 1) — qi1Ng | (x,1)) — €,

forall x € [0, L] and ¢t > ngt. Therefore, we obtain

N, 32N> AN,
- = 5 — Vv +aNs2—No)+ o(W(x, 1) —qiN1 — q2N2) N2,
ot 0x 0x
92N, N,
> 8- —vo = +aNs2 — No)+ [f2(W*(x, 1) — qi N (x. 1)) — €] Na,
ONs2 A
5 = _aTS(NS’Z — N2) + fo(Ws(x,1) —q1Ns,1 — q2Ns2)Ns 2, 5.7

A
> _WTS(NS,Z — N2) + [2(Wg(x, 1) —qi1Ng ) — €]Ns 2,

for all x € [0,L] and ¢t > ngt. Let (¢c(x, 1), ¥e(x, 1)) > 0 be the eigenfunction corre-
sponding to 7, that is,

[ - a2
e =500 — v 4 a(Ye — p) + [L(WH@. 1) — i NF(x. 1) — €] ge + 0S¢
e = 0 (e — 00 + [ WG 0 0) = qINE (1) — €] e + nf e,

t>0, xe (L), (5.8)
Ve (0, 1) — 830, 1) = %(L,1) =0, £ > 0,

©e, VY are T-periodic in 7.
L

Since P € X, it follows that (N2(+,0), Ns2(-, 0)) # (0, 0), and hence,
(N2(-, 1), Ns2(-, 1)) > 0, V¢ > 0.

In particular, N> (-, not) > 0and Ng (-, ngt) > 0in X. Thus, there exists p := p(e€, E1) >
0 such that N2(-,no7) > p@e(-,not) = p@e(-,0) and Ns2(-,not) > pve(, not) =
pYe (-, 0). By the comparison theorem, it follows that

Na(-, 1) = pe Mg (-, 1) and Ns2(-, 1) = pe e (-, 1), Vi > not.
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In particular,

Ny(-,nt) > pe """ g (-,nt) and Nso(-, nt) > pe """y (-, nt), Vn > ng,

that is,

Na(-,nt) > pe " (-, 0) and Ng 2(-, nt) > pe 1" e (-, 0), ¥n > no,

which contradicts that lim,—, oo (N2(-, n7), N5 2(-, nt)) = (0, 0). O

Acknowledgment Xiao-Qiang Zhao would like to thank the National Center for Theoretical Science,
National Tsing-Hua University, Taiwan for its financial support and kind hospitality during his visit there.
Sze-Bi Hsu and Feng-Bin Wang were partially supported by National Council of Science, Republic of China.
Xiao-Qiang Zhao was supported in part by the NSERC of Canada and the MITACS of Canada.

References

Ballyk, M., Dung, L.E., Jones, D.A., Smith, H.L.: Effects of random motility on microbial growth and
competition in a flow reactor. SIAM J. Appl. Math. 59, 573-596 (1998)

Baxley, J.V., Robinson, S.B.: Coexistence in the unstirred chemostat. Appl. Math. Comput. 89,
41-65 (1998)

Deimling, K.: Nonlinear Functional Analysis. Springer, Berlin (1988)

Grover, J.P.,, Hsu, S.-B., Wang, F.-B.: Competition and coexistence in flowing habitats with a hydraulic
storage zone. Math. Biosci. 222, 42-52 (2009)

Hess, P.: Periodic-Parabolic Boundary Value Problem and Positivity, Pitman Res. Notes Math., 247,
Longman Scientific and Technical (1991)

Hsu, S.B., Waltman, P.: On a system of reaction-diffusion equations arising from competition in an
unsirred chemostat. STAM J. Appl. Math. 53, 1026-1044 (1993)

Hsu, S.B., Smith, H.L., Waltman, P.: Competitive exclusion and coexistence for competitive system on
ordered Banach space. Trans. Am. Math. Soc. 348, 4083-4094 (1996)

. Jiang, J., Liang, X., Zhao, X.-Q.: Saddle point behavior for monotone semiflows and reaction-diffusion

models. J. Differ. Equ. 313-330 (2004)

. Kung, C.M,, Baltzis, B.: The growth of pure and simple microbial competitors in a moving distributed

medium. Math. Biosci. 111, 295-313 (1992)

. Magal, P., Zhao, X.-Q.: Global attractors and steady states for uniformly persistent dynamical sys-

tems. SIAM. J. Math. Anal. 37, 251-275 (2005)

. Martin, R., Smith, H.L.: Abstract functional differential equations and reaction-diffusion systems. Trans.

Am. Math. Soc. 321, 1-44 (1990)

. Nussbaum, R.D.: Eigenvectors of nonlinear positive operator and the linear Krein-Rutman theorem. In:

Fadell, E., Fournier, G. (eds.) Fixed Point Theory, Lecture Notes in Mathematics, vol. 886, pp. 309-331.
Springer, New York/Berlin (1981)

. Pazy, A.: Semigroups of linear operators and application to partial differential equations. Springer,

New York (1983)

. Protter, M.H., Weinberger, H.F.: Maximum Principles in Differential Equations. Springer, New York

(1984)

. Sell, G.R., You, Y.: Dynamics of Evolutionary Equations. Springer, New York (2002)
. Smith, H.L.: Monotone Dynamical Systems: An Introduction to the Theory of Competitive and Cooper-

ative Systems, Math. Surveys Monogr 41, American Mathematical Society Providence, RI (1995)

. Smith, H.L., Waltman, P.E.: The Theory of the Chemostat. Cambridge University Press, Cambridge

(1995)

. Smith, H.L., Zhao, X.-Q.: Dynamics of a periodically pulsed bio-reactor model. J. Differ. Equ. 155,

368-404 (1999)

. Zhang, F,, Zhao, X.-Q.: Asymptotic behaviour of a reaction-diffusion model with a quiescent stage. Proc.

R. Soc. A 463, 1029-1043 (2007)

. Zhao, X.-Q.: Dynamical Systems in Population Biology. Springer, New York (2003)

@ Springer



	Dynamics of a Periodically Pulsed Bio-Reactor Model With a Hydraulic Storage Zone
	Abstract
	1 Introduction
	2 The Conservation Principle
	3 Single Species Growth
	4 Two Species Competition
	5 Dynamics of the Full System
	Acknowledgment
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


