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ANALYSIS OF A MODEL OF TWO COMPETITORS IN A CHEMOSTAT
WITH AN EXTERNAL INHIBITOR*

S. B. HSUT AND P. WALTMAN®

Abstract. A model of the chemostat with an external nutrient and an external inhibitor is considered.
A preliminary analysis reduces the problem to a three-dimensional competitive system. The theory of
monotone flows is applied to obtain several global results. Global results fail when questions of multiple
limit cycles cannot be answered. An example of an attracting limit cycle is given.

The chemostat with inhibitor can model competition between two populations of microorganisms,
where one strain is resistant to an antibiotic or competition in detoxification, a system where one strain can
take up the pollutant while the other is inhibited by it.

Key words. chemostat, inhibitor, contaminant, monotone dynamical system

AMS(MOS) subject classifications. 34C35, 92A17

1. Introduction. In a recent paper, Lenski and Hattingh [ LH] considered a model
for competition for a limiting resource in a chemostat between two populations in the
presence of an inhibitor for one of the populations. An example might be two types
of microorganisms, one of which is resistant to an agent also being input into the
chemostat. The agent diminishes the growth rate of one population but is taken up by
the other without ill effect. An example of such an agent is the nalidixic acid used in
the experiments of Hansen and Hubbell [HH] to alter the growth rate of a strain of
E. coli. The relevance to antibiotic-resistant or pesticide-resistant organisms is obvious.
It is important to know when the resistant strain can out-compete the susceptible strain.
A similar problem results with the desirability of the outcome reversed in a waste
treatment or a detoxification problem. One strain can ‘“detoxify” the environment,
making it habitable to both.

The model (presented in § 2) is essentially that of [LH]. By numerical computation,
a variety of possible outcomes were shown, seven in all. Their approach was to fix the
basic parameters and vary the input concentrations of the limiting nutrient and the
inhibitor. Stability considerations were all local. Our approach is more mathematical.
We attempt to find relationships among the parameters that classify the behavior types
in a standardized (chemostat) environment. In many cases, we are able to give global
results—precise theorems and proofs—that classify the possible behavior in terms of
the parameters. To do this, it is convenient to scale out the influx concentrations,
creating a standard (or relative) environment and deal with a reduced parameter set.
We use the mathematical tools from nonlinear differential equations, particularly the
theory of monotone dynamical systems, to construct a rigorous analysis of the behavior
of solutions of the relevant nonlinear differential equations.

Finally, we note that we have found an interesting, additional outcome not listed
in [LH]—the case of oscillatory coexistence. The system need not reach an equilibrium
state for both competitors to survive.

2. The model. The model is that of a standard chemostat with two competitors,
with the added feature that an inhibitor (toxicant) is also input from an external source.
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For basic results on the chemostat, see the survey articles [FS], [JM], [HET], [V],
[WHH], and [W2]. One population is sensitive to the inhibitor, but the other takes it
up without ill effect. The nutrient (and inhibitor) uptake and conversion (in the case
of nutrient) is assumed to follow Michaelis-Menten dynamics. The results are probably
valid for general monotone dynamics, but we were interested in providing explicit
results, in terms of the measurable parameters, in hopes that such guidance might spur
experimental effort, especially to demonstrate the oscillatory case.

Let S(t) denote the nutrient concentration at time ¢ in the culture vessel; x;(t),
x,(t), the concentration of the competitors; and p(t), the concentration of the inhibitor
(or toxicant or pollutant). The equations of the model take the form [LH]

S m,x,S
S'=(SO_g D_mlxl _myx,
($© =)D~ f (p)~ 2R
m,S
wi=x (51 -),
m,S
o 55P),
(2.1) 5
"= (p©_ pyp —2X2P
p'=(p”-p) K+p’

$(0)=0, x(0)>0, p(0)=0, i=1,2.

8@ is the input concentration of the nutrient, and p‘® is the input concentration of
the inhibitor, both of which are assumed to be constant. D is the dilution rate of the
chemostat. S, p®, and D are under the control of the experimenter. m;, a;, i=1,2
are the maximal growth rates of the competitors (without an inhibitor) and the
Michaelis-Menten (or half saturation) constants, respectively. These parameters, inher-
ent properties of the organism, are measurable in the laboratory. 8 and K play similar
roles for the pollutant, § being the uptake by x,, and K being a half saturation
parameter. The function f(p) represents the degree of inhibition of p on the growth
rate (or uptake rate) of x;.

To reduce the number of parameters and to provide a standard environment so
that comparisons can be made in terms of the parameters of the competing populations,
the equations will be scaled. First, scale the units of concentration of S, x,, x, by the
input concentration S‘”. This includes the parameters a;, i =1,2. (We have already
tacitly scaled out the yield parameters that scale the conversion of nutrient to organism.)
Then scale time by the dilution rate (it has units 1/time). This reduces D to 1 and
replaces m; by m;/D, i=1,2, and 8 by 8/ D. Finally, scale p by p'”, which has the
effect of scaling p'® to 1. In [LH], f(p)=e *; so this would be written as
exp (—Ap” p/ p” =exp (—A'p). If we make these changes and then, returning to the
“old” names (for eample, using m; as the new ‘“maximal growth rate,” the ‘“old
m,/ D), system (2.1) takes the form

m;x;S m,x,S
S’:l—S—— —_——
a1+Sf(p) a,+S’
m,S
"‘="'<alisf(”)“>’

x’—x( m,S —1>
(2.2) 2N\ a+ S ’
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0x,p
K+p’

S(0)=0, x(0)>0, i=1,2, p(0)=0.

p'=1-p-

It is system (2.2) that will be investigated here. The reader is cautioned that the
parameters have changed their meaning. They are to be viewed relative to the “‘standard
environment” of S =1, p®=1, r= D t (the new nondimensional “time”). They are
to be computed from the measured parameters and the operating parameters of the
chemostat.

Concerning the function f(p), we assume that (i) f(p)=0, f(0)=1, and
(ii) f'(p)<0, p>0. The function used in [LH] has these properties.

3. Preliminary analysis. In this section, model (2.2) is further simplified by noting
that all trajectories of (2.2) are asymptotic to a particular set in R>. This will make it
sufficient to investigate a reduced set of equations. Moreover, certain cases are uninter-
esting in the current setting. These are identified, the behavior of trajectories analyzed,
and the parameters restricted to exclude them in the remainder of the analysis. These
results are global.

LetX=1-S—x,—x,.ThenX' =—8"—x{—x,=—-1+S+x,+x,=—3. System (2.2)
may then be replaced by

m(1—-2—x,—x,) )
= -1
xl(a,+l—2—x1—x2f(p) ’

' (mz(l_z_)ﬁ_xz) >
X2—XZ _1 9

at+tl—-3X—x,—x,

(3.1)

’ X2 P
=1-p-o6—=2L
P p K+p

Clearly, lim,_ ., 2(t) = 0. Hence the solutions in the omega limit set of (3.1) must satisfy

Mo (OENEX) )y,

1+a,—x,;

' _ my(1—x;—X,)
X5=X| ——mmmmm-1,

3.2) 1+a,—x,—x,
’ x2p
=l-p—6—"
p p K+p’

x(0)>0, i=1,2, p(0)=0, x,(0)+x,(0)<1.

More directly, we could also apply the theory of asymptotically autonomous systems.
See [H], [M], and, for a detailed application, [HHW]. System (3.2) is competitive
[Hi1], [S1], and we will make use of that theory when the need arises. Let

a, a,

’ A2= .
m;—1 m,—1

3.3) A=

These are the usual parameters for the chemostat and would determine the outcome
if the inhibitor p were not present. The form of (3.2) guarantees thatif x;(0)>0,i=1, 2,
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then x;()>0 for ¢ >0. Moreover, p’|,_o=1>0; so, if p(0)=0, p(¢)>0 for t>0. x,(¢)

and x,(t) satisfy
. éxl(w_ 1>,
1+a,—x;—x,

xé§x2<mz(1—x1—xz)_l>,

1+a2—x1—x2

(3.4)

so that an application of Kamke’s theorem, [C, p. 29] and the knowledge of the behavior
of trajectories in the chemostat equations [HHW], [HSU], [W1] establishes the follow-
ing proposition.

PropPosITION 3.1. If m;=1 orif \;=1, lim,, x;(t)=0, i=1 or 2.

This simply states the biologically intuitive fact that if one of the competitors
could not survive in the simple chemostat, that competitor will not survive in the
chemostat with an inhibitor. Thus we may assume that m;>1 and 0<A; <1, i=1,2.

LemMA 3.2. There exists a number y>0 such that p(t) = vy for t sufficiently large.

Proof. Suppose liminf,_, p(t) =0. If p(t) decreased to zero monotonically, then
there would be a point ¢, such that for ¢t>t,, p(t)+8p(t)/(K +p(t))<1. For such
values, p'(t) >0, which contradicts p(t) decreasing. Hence there exists a set of points
t,, t, > 0, such that p'(t,) =0 and p(¢,)~> 0 as t, - co. For such values of ¢,,

0 2\ tn
0=1-p(s,) - D2

o,
>1=p(ty) s
>0

for n large. This establishes the lemma.
THEOREM 3.3. If 0<A,=A, <1, then

lim,,oox,(£) =0, lim,ox,(t)=1—A,=x%, lim,.p(t)=pF<1,
where p% is the positive root of the quadratic
(3.5) (1-p)(K+p)—8(1=A;)p=0.

Proof. (The reason for labeling it p¥ will become clear in § 4). p¥ <1 follows from
the fact that p(¢) satisfies

(3.6) p'<l-p

and the basic comparison theorem for differential inequalities. In view of Lemma 3.2,
inequalities (3.4) can be replaced by

X! §x1<m1(1 —x,— %) f () _ 1)

1+a,—x,—x,

Xl =x (mz(l_xl_xz)_1>
2= 1+a2_x1_x2 ’

for t sufficiently large. This system of inequalities can be compared to the equations
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for the chemostat with A, and A, as parameters, where
— 4
my f(y)—1

so that the first component of the comparison system tends to zero as ¢ tends to infinity.
Hence so does x,(t).
Thus, for the remainder of this paper, we may assume that

(3.7) mi>1, l=1,2; 0<A1<A2<1

=A< A

Y

to make the problem interesting. Note also that this provides the boundedness of
solutions. The results in this section provide conditions for one or both of the com-
petitors to wash out of the chemostat. To avoid “unlikely” cases, we tacitly assume
that all rest points and periodic orbits are hyperbolic, i.e., that their stability is
determined by their linearization.

4. The rest point set. As noted above, system (3.2) is competitive in the sense of
Hirsch [Hi2]. This has a number of implications for the analysis. Foremost among
these is that a type of Poincaré-Bendixson theory holds [S2], and the structure of
attractors is severely limited [S1], [S2], [SW]. The only possible omega limit sets are
those of a two-dimensional system, specifically a rest point, a periodic orbit, or a finite
set of rest points connected by trajectories. Moreover, if there is a periodic orbit, it
must have a rest point “inside,” where “inside” is defined in terms of an order; see
[S2] or [SW]. This has the consequence that when there is no interior rest point, there
cannot be a periodic orbit in the open positive octant, and hence the limit is on the
boundary. Thus the existence of an interior rest point is crucial for coexistence. These
matters are discussed in more detail in § 5, where some global results are presented.
In this section, we concentrate on the existence and local stability of the rest point
set. The following result will be helpful in the analysis below.

Lemma 4.1 (Butler-McGehee lemma [FW, Lemma A1]). If p is a hyperbolic rest
point of (3.2) and is in the omega limit set w of a trajectory v, then either o ={p} or
there exist points q,, q, in o, different from p, with g,.c M*(p), g M~ (p). (M™ and
M~ denote the stable and unstable manifolds of p.)

See [BW], [BFW], and [DRS] for generalizations of this lemma.

There are three potential rest points on the boundary, which we label E,=(0, 0, 1),
E, =(x¥,0,1), and E,=(0, x¥, p¥). These correspond to one or both competitors
becoming extinct.

E, always exists. E, exists with x¥=1—2, and p¥ the root of (3.5) if 0<A,<1,
which is contained in our basic assumption (3.7). The existence of E, is a bit more
delicate. In keeping with the definitions in (3.3), define Ao=a,/(m,f(1)—1). The
inequality 0<A,<1 corresponds to the survivability of the first population in a
chemostat under maximal levels of the inhibitor. Easy computations show that E, =
(1—=2AX,0, 1) will exist if A,> 0 and will have positive coordinates and be asymptotically
stable in the x; — p plane if 0<A,<1. If 1— A, is negative, E, is not meaningful, nor
is it accessible from the given initial conditions since the x,-p plane is an invariant
set. The stability of either E, or E, will depend on comparisons between the subscripted
A’s. The local stability of each rest point depends on the eigenvalues of the linearization
around those points. The Jacobian matrix for the linearization of (3.2) takes the form

my; My; My
(4.1) J=|my my 0
0 ms, Mz
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At E,,
1
m, f( )_1 0 0
1+a,
J= 0 ™1 0
1+a,
)
0 -—— -1
1+K

The eigenvalues are the diagonal elements. One eigenvalue is —1, and the eigenvector
lies along the p axis. This corresponds to the growth of the inhibitor to its limiting
value in the absence of a consumer. The set {(0, 0, p)|p>0} is invariant and is part of
the stable manifold of E,. m,, =(m,/(1+a,)) —1 is positive since A, < 1. Similarly, the
remaining diagonal term my, is positive if 0<A,<1, and negative otherwise. When
this eigenvalue is negative, the stable manifold of E, is the entire (x, —p) plane.

Remark 4.2. When A,> 0, no trajectory of (3.2) has E, as an omega limit point.

At E;, my, = 0; since m,; = m,; =0, the eigenvalues are just the diagonal elements
of J. Thus

_mlal(l“/\o) (my—1)(Ao—A»)

= 1) = 2
M1 (al+/\0)2 f() M2 a+ Ay

If 0<Ay<A,<1, then E, is asymptotically stable. This reflects the fact that x,, in the
presence of the maximal inhibitor concentration, is still a better competition than x,.
If Ao> A,, E, is unstable and, of course, if A,> 1, E, does not exist.

LEMMA 4.3. If A¢> A,, then any solution of (3.2) satisfies liminf,_ . x,(¢)>0.

Proof. Suppose that Lemma 4.3 is not true. Then some trajectory I" has an omega
limit point in the (x, — p) plane. Moreover, the initial conditions preclude that I' is on
the stable manifold of E,. Thus, by the Butler-McGehee lemma (Lemma 4.1), the
omega limit set of I' must contain a point of the stable manifold of E, and hence the
entire trajectory through that point. To remain bounded, such a trajectory must connect
to E,. We have already noted in Remark 4.2 that this is not possible.

At E,, m;, = m3=m,; =0, so again the eigenvalues are just the following diagonal
elements:

_ m1)\2f(P)2k) -1
f"l a1+)\2 s

_ _mzaz(l —A)
Ha (a2+A2)2 ’
# (K+p$)*

Clearly, u, and w3 are negative, so E, always has a two-dimensional stable manifold.
@1 <0 is equivalent to

.. S
m,f(p¥)—1

The local behavior of the rest point set on the boundary is summarized in Table 4.1,
where 0<A; <A,<1 is assumed.

— ¥

Az
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TABLE 4.1
Exists Stability
E, always 1- or 2-dimensional stable manifold
E, 0<Ay<1 asymptotically stable if 0<Ay<A,
E, A, <1 asymptotically stable if 0<A,<A*

The more interesting case is that of an interior rest point. As noted above, the
competitiveness of the system and a type of Poincaré-Bendixson theorem require its
existence for coexistence to be possible. Let E, = (x¥., x¥., p¥) denote the coordinates
of a possible interior rest point. First, it must be the case that

(4.2) l_xlc_X2c:)l2

for this is the only nontrivial zero of the derivative of x,. Using this, we set the derivative
of x, equal to zero to find that

miA,
—==2f(p)=1
)
or that we need (a,+A,)/m;A, to be in the range of f(p). It it is, then
+A
(4.3) p’f=f‘<—a‘ )

mA,

Since f is monotone, this number is unique. Given p¥, then x¥ can be determined
from setting p'(¢) equal to zero, yielding

x3.p¥
|- pr_2ePe
Pe g i px
or
1-p*)Y(K +p¥
(4.4) xp, = Lmp)KHpe)

op?

This number is unique since p¥ is unique. If x¥, < 1—A,, then x¥, is uniquely determined
from (4.2) as

(4.5) xfo=1-x% -2,

Since 1—A,=x¥, it follows that if x3. exists, then x¥. <x¥. This is the biologically
expected statement that x, will do less well in the coexistent steady state than in the
steady state where it is the sole survivor. This is true if and only if

o = (1-pH)(K +PZ")<(1 - p¥)(K +p¥) _
% dp op¥

and hence, in view of the monotonicity of the expression in p, if and only if p¥ <p¥.
From (4.3) we have that this is equivalent to

x3

a,+A,
miA,

or to the instability of (E,). See Table 4.1, where the value of A* has been substituted
to obtain (4.6). Thus we have the following result.

(4.6) f(p3)>
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PrOPOSITION 4.4. If (a,+A,)/myA, is in the range of f(p), then a necessary
condition for the existence of an interior equilibrium for (3.2) is that E, exist and be
unstable.

We see below that the interior equilibrium may exist even if E; does not. Before
considering the stability of E,, it remains to investigate whether (4.3) is feasible, to
investigate whether (a;+A,)/ m;A, is in the range of f(p).

If 0<Ay<A,, then x, is a better competitor than x, even at the maximal level of
the inhibitor. A simple consequence of the definition of A, is that (1) > (a,; +A,)/myA,
in this case or that there is no value of p¥, 0=p¥ =1, which satisfies (4.3). Hence
Ao= A, is a necessary condition for (a; + A,)/ m A, to be in the range of f(p), 0=p=1.
It is also sufficient since f(0)=1. Hence that Proposition 4.4 can be improved to
Ao= A,> A* is necessary and sufficient for the existence of E..

There remains the question of the stability of E.. The matrix J in (4.1) takes the
form

m;a, p* m,a, p¥ m;A %
( +A2)2f( ) lc ( +)\2)2f( ) lc 1_}_)\ lcf (pc)
ms,a, m,a,
J= NN *c T N2 >|(c 0
(a4 1,7 (a4 1,7
0 __op? _BKx¥.
| K +p¥ (K +p? )2 |

By expanding the determinant of J in the last row, we see that it is negative or that
the dimension of the stable manifold is one or three.

If 6 <1, the Gersgorin theory [LT, pp. 371, 376] immediately gives two roots with
negative real parts—and hence three such roots—so we easily have that E_ is asymptoti-
cally stable if 6 <1.

The characteristic roots of J satisfy

5I()‘:)ch alx;kc A2 X3¢
,u,3+,u,2 1+ 2
(K+p¥)® (aitA)A;, (ay+Ay)A,
O0Kx3, a,x¥, X3
4.7) +,u<l+ )(
(K+P ) (a;+A)A; (ay+A3)A;
’ * F) %
_f (pc) a, Pc x;kcx;kczo-

f(p¥) (a;+ )M, K +p¥
Since f'(p) <0, the constant term is positive, so the Routh-Hurwitz criterion [C, p. 158]
states that E_, will be asymptotically stable if and only if

(1 5I<x>2kc alx;kc a2x20 )( 6Kx>2kc )
5) (K+p¥)? (a1 tA)hy (ar+A)A, (K +p¥)?
‘ ( alxlc a2x2c > f(P ) a, 6pc x x
(a1 +A)A, (ay+A)A, f(PZk) (ay+A)A, K+Pc tetaer

5. Dynamics without an interior rest point. If E_ is not to exist, the inequality

(5.1) Ao A, > A%

must be violated. Recall that we are assuming that 0 < A; <A, <1 and, moreover, that
Ao>A* holds by definition of these quantities and the monotonicity of f(p). There
are two possible outcomes depending on the way inequality (5.1) is violated.

Since system (3.2) is competitive, the possible dynamics are limited. Two results
are of interest here [Hil], [Hi2], [S2].
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THEOREM 5.1 (See [S2, Thm. 2.2]). Let L be a compact omega limit set of an
irreducible competitive system in R>. If L contains no equilibria, then L is a closed orbit.

THEOREM 5.2 (See [S2, Thm. 2.4]). If y is a periodic orbit of an irreducible competitive
system, then there exists at least one equilibrium in the “interior” of y.

The term interior needs to be interpreted. It is the bounded component of the set

K=(y+R}) N(y-RY)S,

where R3 is the positive cone in R, and the superscript ¢ denotes complement. See
[S2] for more details. Since m,s, m,,, ms, are nonzero in the interior of R, (4.1) is
an irreducible matrix, so these results apply to system (3.2) there. We only make use
of the following consequence in this section.

Remark 5.3. If E, does not exist, all omega limit sets liec on the boundary of R?.

Since two-dimensional competitive dynamical systems have no periodic orbits, all
omega limit sets contain equilibria. Moreover, there is at most one rest point in the
interior of the p —x; and the p—x, (planar) faces. These observations will make the
previously determined local stability results global.

THEOREM 5.4. If 0<A,<A,<A*, then

lim, e x;(£) =0, lim,,o X,(t)=x%, lim,,. p(t)=p%.

Proof. Ay>0 is implied by A*> 0. If A,> 1, then the only viable rest point is E,
(Remark 4.2, Table 4.1), and it is locally asymptotically stable. If A, <1, then E, exists
but is unstable and is not an omega limit point of a trajectory of (3.2). In either case,
Remark 5.3 completes the proof.

THEOREM 5.5. If 0<Ay,<A, and A*<),, then

lim, e x,(£) =x¥, lim,ex(2)=0, lim,., p(t)=1.

Proof. E, is locally asymptotically stable and E, is unstable. Remarks 4.2 and 5.3
complete the proof.

Since A*> A, always holds, the above two theorems complete the asymptotic
description of the dynamics under the basic hypothesis 0 <A; <A, <1 when there is

no interior rest point. Note that § 3 describes the cases where these inequalities do not
hold.

6. Dynamics with an interior rest point. It was shown in § 4 that a necessary
condition for the existence of the interior equilibrium point E, was that E, be unstable.
Ostensibly, there are three cases depending on E;:

(i) E, exists and is asymptotically stable,

(ii) E, exists and is unstable,

(iii) E, does not exist.

Case (i) does not occur, however, since (see Table 4.1) E; being asymptotically stable
requires that A, <A,, and E, being unstable requires A, = A*. However, from (4.3),

a,+A
*) — 1 2
f(pd) T,
or
a, a,

Az A07

mf(pH) 1 mf(1)—1
since 0< p¥ <p¥<1 and f is decreasing. This contradicts A,> A,. Hence, we need to
only consider cases (ii) and (iii).
The n-dimensional system x' = f(x) is said to be uniformly persistent if there exists
a y>0 such that

liminf, ., x;(£)= y
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for i=1,2,-- -, n This subject has been extensively investigated in generality in the
literature [FW], [BW], [BFW], [HW]; see [W3] for a brief survey or [HS] for a more
complete exposition. The basic requirements are a dissipative semidynamical system,
which leaves the boundary of the space invariant. Conditions are then imposed on the
invariant sets on the boundary. In the simple case of (3.2), the sufficient conditions
would be that the stable manifolds of the rest points on the boundary do not intersect
the interior of the positive cone and that there is no cycle on the boundary, that is, a
set of rest points and connecting orbits in the boundary that start and terminate at the
same rest point.

THEOREM 6.1. If case (ii) or (iii) holds, then there exists a y>0 such that every
solution of (3.2) satisfies

liminf,, . x,(t) = v, liminf, . x,(t) = ¥.
Proof. To use the above-mentioned theorems on persistence, first, it is necessary to

have a system of equations defined on an open region with a boundary. We use, instead
of (3.2),

x1=x1(g1(x;+x) f(p)—1),

(6.1) x5=X(gx(x;+x,) — 1),
=1 x> p
p=l—-p— >
K +|pl|
where
(1—
M, Oéuél’ .
g(u)=<1+a;,—u i=1,2.
0, u>1,

Since the only initial conditions of interest are with p(0)=0, x;(0)>0, x,(0)+
x,(0) <1, solutions of these initial conditions are, for t = 0, solutions of (6.1). The open
region is the wedge x,>0, i=1,2 whose boundaries are the x; —p and x,—p planes
in R®, given by x,=0, x, =0 and x, =0, x,=0. The system is dissipative since in the
extended region x; +x,> 1, (x;(2) + x,(t))" = —(x,(¢) + x,(¢)) and in the extended region
p <0, p'(t) =1. In cases (ii) or (iii), no portion of the stable manifolds of E,, E,, and
E, intersect the interior of the wedge.

Moreover, since there is only one rest point interior to each of the x;,—p and
x,—p faces and an unstable rest point on the p axis whose stable manifold is the p
axis, there are no connecting orbits to form a cycle. Hence, by Theorem 4.1 of [HW],
(6.1) is uniformly persistent, and the theorem is established. (We could also use [BW],
since the flow is on a locally compact space; using [HW], however, avoids the
unpleasantness of trying to show the existence of backward orbits.)

For a three-dimensional competitive, uniformly persistent system with one interior
rest point and with the positive cone invariant, a complete analysis of the possible
limit sets was given in [SW]. However, system (3.2) does not fall directly within the
scope of those results because it does not have an invariant positive cone and has
difficulties for negative p. While negative p is biologically unmeaningful, (3.2) makes
sense for negative p but is not a competitive system there. Rather than try to re-do
[SW] for this particular case, we proceed to gather what information we can and refer
the reader to [SW], especially Fig. 4.1, for intuitive purposes. Since system (3.2) is not
competitive for p <0, the “cone” depicted in this figure extends “into’’ the noncompeti-
tive region and does not terminate at a rest point as shown.

Theorem 6.1 guarantees the coexistence of both the x; and x, populations.
However, it does not give the global asymptotic behavior. The further analysis of the
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system is complicated by the possibility of multiple limit cycles. Since this is a common
difficulty in general two-dimension systems, it is not surprising that this presents
difficulties in the analysis of three-dimension competitive systems.

THEOREM 6.2. Suppose that system (3.2) has no limit cycles. Then E, is globally
asymptotically stable.

Concentration
0.7+

0.6

DAY

0.

n + 2
+ -+

+ + Time
40 60 80 100

F1G. 6.1 Plot of 100 timesteps in the case of oscillatory coexistence. Parameters are a,=.5, a,=3.5,
m,;=5.0, m,=6.0, 6§=50., K=.1, n=5.0.

Proof. In view of Theorem 6.1, the omega limit set of any trajectory cannot be
on the boundary x; =0 or x,=0. Away from the boundary, the system is irreducible.
Since there are no limit cycles, all trajectories must tend to E, by Theorem 5.1.

CoNJECTURE. In case (ii), system (3.2) has no limit cycles.

We note that since we are assuming hyperbolicity, there must be at least two limit
cycles for the conjecture to fail. Because of the assumed stability of E,, there must be
an unstable limit cycle with E, in its “interior ” However, since the system is dissipative,
there must be an asymptotically stable limit cycle as well.

THEOREM 6.3. Letf(p) =e ™ in (3.2) and let case (iii) hold. Then for n sufficiently
large, there exists a ,>0 and a K,, such that for 6> 6, and K < K,, (3.2) has an
attracting limit cycle.

Note that this behavior is not among those catalogued in [LH]. Figure 6.1 shows
the time course for an example of this type of behavior. Figure 6.2 shows the limit
cycle plotted in phase space.

Proof. The theorem follows if E. is unstable. To show this, we must show that
(4.8) is violated. In the case under consideration, —f"(p)/f(p)=1n.

Define ¢ by ¢ =1n (m;A,/(a;+A,)), and note that ¢ = np¥*. It follows that

1 "‘P:k =1 _f_ —_ M
n n
Note that when 7 is fixed, p¥ is fixed. From the definition of x%, (see (4.4)), it follows
that

SKx%, K 1-p¥ K n

(6.2) o= i rd | il |
(K+p?)* K+po pe K+p:/\c

for any choice of n and the corresponding p¥. Fix 7 satisfying

a;(1—A,) )( a;(1-2,) + 1><2(az+/\2))‘2>
(a;+2A2)A2/ \(a;+A2)A, (1-21y)a,

n>c+2<3+
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X

FI1G. 6.2. Plot in E* of the limit cycle given in Fig. 6.1.

and (m,/(a,+1)) e”" <1. Let K, be so small that the expression in (6.2) is less than
1. To show that (4.8) is violated, we estimate both sides. Note that, since xf. =
1-A,—x%, lims,o x5 =0 and lims_. x¥.=1—A,. Hence, for & sufficiently large,
a>x¥./(a,+A)A, <1 and 1-21,>x¥.>(1—A,)/2. The right-hand side of (4.8) is
boundzd below by
a,
2(ay+ 1),

The left-hand side of (4.8) has three factors, which we denote by F,, F,, F;, respectively.
By the discussion above, for & sufficiently large,

al(] 2)) 1(1 2)
<(3+ , F,<2, Fo<———"241.
< (a,+A)A g @ A,

(1=25)(n—c).

It follows that

(n—cla, (1-1,)

(ax+A)A, 2 7

which contradicts (4.8). Hence E, is unstable (with a two-dimensional unstable mani-

fold). Choose a trajectory not on the stable manifold of E.. By Theorem 5.1, its omega
limit set must be a periodic orbit. By hyperbolicity, there must be an attracting orbit.

F,F,F, <

7. Discussion. This paper has considered competition for a single limiting nutrient
in a simple chemostat with an inhibitor input in the feed bottle. The asymptotic behavior
of this multidimensional model has been determined as a function of the basic
parameters of the system. The results obtained are global in nature, except for the
possibility of multiple limit cycles. The theory of dynamical systems played an important
role in the analysis. Such classification theorems eliminate the need for exhaustive
computer studies to determine the operating region of the chemostat.

The most unanticipated result was the presence of a stable limit cycle. Figures 6.1
and 6.2 illustrate this case. Figure 6.1 gives the time course, while Fig. 6.2 shows the
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limit cycle in the three-dimensional phase space. The theorem shows the possibility
of limit cycles, but it is not known whether the parameters fall within the range of
interest to biologists. Are there organisms that can coexist in this way? This result
suggests a laboratory experiment that would be particularly important in the case of
strains of competing bacteria where one is resistant to an antibiotic.
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