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An important consideration in the nonlinear predator-prey problem of Lotka—
Volterra type is the determination of the period. This paper gives a general
expression for the period in terms of the given parameters in the Lotka—Volterra
system. We also discuss the qualitative behavior of the period related to the energy
level of the Lotka—Volterra system.

1. INTRODUCTION

In this paper we shall give a general expression for the period of the
periodic solutions of the following Lotka—Volterra predator—prey system:

dx

— =x(a — fy), (L.1)
dy _
dt —y(éx - y)’

X0)=x,>0,  y(0)=y,>0.

The Lotka—Volterra equations have been at the root of almost every
investigation into population dynamics for the last few decades. They predict
the existence of population cycles in which the period is an important
parameter. It is well known that (1.1) has a one-parameter family of periodic
solutions with the equilibrium (y/d, a/f) as center point. Volterra 3]
computed that for small disturbance of the equilibrium the period of such a
solution is T = 27m/\/ay. Grasman and Veling [2] gave an asymptotic
formula for the period which holds for large disturbances. Frame [I]
expressed the period 7" as power series. In this paper, we express the period T
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as the sum of two integrals and the practical computation of these integrals
must be aided by a numerical integration scheme. From the expression of
period T we determine the qualitative behavior of the period T related to the
energy level C, for the periodic orbit. The conclusion is that as a function of
C,. T(Cy) is a strictly increasing function on (0,00) with
time . T(Co) = +oo0.

2. SCALING

In this brief section we choose appropriate nondimensional variables.
Hereafter we will use bars over parameters and independent and dependent
variables to signify that they appeared in the original equations (1.1).
Parameters and independent and dependent variables without bars will be
used for the new nondimensional entities. Where no change is made in a
parameter or variable, no bars will appear. Thus we let

R~

w(f). a =

I

t=79.  x(t)= gi(ﬂa )=

h¢\
|

Xo==Xg» Yo =

=) O

»
~21 |

With this change (1.1) becomes

dx ~ x( ’
TR »h
(2.1}

dy
— = p(x — 1 .
ar 7=

x(0)=x,>0, y0)=y,>0.

3. MAIN RESULT

In this section we state and prove our main result. First we reduce (2.1) to
an equation of Van der Pol type. We denote - = d/dt. From (2.1) we have

y:a——';— and (3.1)

F=Xa—y)—xp=xa—y)—xpx—1)= ('i) —x(x—1) (““%)
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i.e.,

(i)z —X(x~1)+ax(x—1)=0. (3.2)

Next we simplify Eq. (3.2) by a transform x =e® or z=Inx. Then we
have ¥ = Ze?, ¥ = 7e* + (£)* e* and
F—Ze*—1)+a(e?—1)=0. (3.3)

Let w=2Z. Then we rewrite (3.3) into the following system of ordinary
differential equations:

i=w,
(3.4)
© W= (w—a)e — 1)
We may solve (3.4) by separation of variables, i.e.,
M dw= (e~ 1)dz (3.5)
w—a

With these transforms we are in a position to compute the period T of the
periodic solution of (2.1). First we note that the periodic orbit of (2.1) is
determined by the first integral

xé'—'l Yn_—a
2 dé+ | ——dyp=0C,,
1 é é 'Lz ’7 )7 ¢
where
xo £ — ] Yo —a
A el
or
y
x—-l~lnx+y—a—aln—a—=Co.
where

C0=x0—1——lnx0+y0—~a—a1n1a9.

Let Xpins Xmaxs With Xpin < Xmax» be the two roots of x — I —Inx = C,, i€,
the points (X,;,, @) and (x,,,, @) are the two extreme points of the periodic
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orbit of (2.1) on the left and the right, respectively. Now we compute the
“time” T, spent by the trajectory of (2.1) travelling from (x,;,,a) to
(Xmax» @)- Suppose at =0, x=x_,., y=a. Since z=Ilnx, w=7=%/x=
a—y and 0<y<ga, it follows that z=In(x,,), w=0 as =0 and
a>w>200n 0Lt T,. From (3.5) it follows that

W é _ z n_
| s dé = s (e 1)dn. (3.6)

Set F(w) =¥ (¢/(¢ —a))dé. Then F(w)=w + aIn(ja — wl|/a). It is easy
to see that F(0)=0, F(w) is negative on (—o0,0) and (0,a), strictly
decreasing on (0, a), strictly increasing on (—o00,0) and lim,, . F(w)=
lim,_, F(w) = —00. Set G(2) = [{y(upy (€" — 1) dn. Then G(z) = (e" — z) ~
(Xmin — In(xi)) or Gz)= (e —z)—(Cy+1). It is easy to see that
G(z) <0 on [In(xp,), In(xp,,)| with its minimal value G(0) = —C, < 0 and
maximal values G(In(x;,)) = G(In{x,,,,)) = 0.

Let F(w) be the restriction of F(w) on [0, a). Then F, is 1 — 1 on |0, a).
We rewrite (3.6) as

w=F;Y(G(z)). (3.7)

Since w = dz/dt, it follows that

In(xmax) dz
T, = e (3.8)
: fl"(xmin) Fl I(G(z))

We note that the integral in (3.8) is an improper Riemann-integral on
(In(Xpin), In(xg,e)). Since w is closed to 0, F,(w)=F,(0)+ F/(0Ow +
F"(0) w? 4 --- is closed to w?/—a and hence F; '(u) is close to \/—au.

Similarly, we can compute the “time” T, spent by the trajectory of (2.1)
travelling from (x,,., @) t0 (Xpn, @). Suppose at t=0, x=x,,, V= 0.
Since w=a —y, y > a, it follows that z = In(x,,,), w=0ast=0and w <0
on 0t T,. Let Fy(w) be the restriction of F(w) on (—o0, 0]. Then F,is
1-1 on (—c0, 0]. We rewrite (3.6) as w = F; '(G(z)) and it follows that

jln(xmin) dz

T, = —_—
2 D ineman F2 N(G(2))

(3.9)

Similarly, the integral in (3.9) is an improper Riemann-integral. From (3.8),
(3.9), we have the following, our main result.

409/95/2-10
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THEOREM 1. The period T of the periodic solution of (2.1) can be
expressed as

O : : d 3.10
N In(Xmin) [FI‘I(G(Z)) a F;I(G(Z)):l - ( ) )

where X,.., Xmin are the two roots of x—1—-Inx=Cy, Co=x4—1—
Inx,+y,—a—aln(yy/a), G@Ez)=e —z—(Cy+1)<0, on [In(xp,)
In(x.0)], and F(w) and F,(w) are the restrictions of F(w) on [0,a),
(—o0, 0), respectively, F(w)=w + aIn{{a — w)/a).

Remark. In the practical computation of the period T in Theorem 1, first
we have to evaluate x,,,,, Xp;n, the roots of f(x})=x—-1—Inx—-C;=0.
Since the function f(x) is strictly increasing on [1, 00 ) and strictly decreasing
on (0, 1], we can solve x,,,, and x,;, simply by an iteration procedure. Then
the next step is to evaluate the improper integrals

Jrln(xmax) 1 d d J-m(xmax) —1 d
— - daz an —_——dz.
neemn F11(G(2)) i F2 ' (G(2))

We note that F,(w) is strictly decreasing on [0,a) and F,(w) is strictly
increasing on (—o0, 0]. For each z, In(x,,;,) < z <In{x,,,), we set g(z)=
F['(G(z)). Then we have F,(g(z))=G(z). We can find g(z) by solving
F,(w)— G(z)=0. Since F,(w) is strictly decreasing, by an iteration process
we can easily evaluate g(z). Hence by a numerical integration scheme we
obtain an approximation of

(ln(xmax) 1 dz.

“IN(Xmin) Fl— I(G(Z))

Similarly, we apply the same process to
J,ln(xm”) —1 d
—— 2.
e F1 1 (G(2))

As we see in the remark, the numerical computation of the period based
on (3.10) is possible, but not practical. However, we may apply (3.10) to
obtain the qualitative behavior of T related to the energy level C, which is
determined by initial values x,, y,.

First we observe that that function G: [In(xp;,), In(xpay)] = [0, —C,] is
strictly decreasing on [In(x,,,), 0] and is strictly increasing on |0, In(x,,,,)]-
We denote G, = G |j1nx,,0.00 304 Gy = G |10, 1n(xpap1- SINCE Xy and x,,,, are

functions of C,, from (3.10) T is obviously a function of C,. We denote
T=T(C,)
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THEOREM 2. T(C,) is a strictly increasing function of C, satisfying
time ., T(Cy) = +o0.

Proof. From (3.10) we write

.0 dz dRx ) dz
T(C,)) = _— 4 -
o) ~|ln(xmi,|) FIUG\(2) o FiYG,(2))
~IN(Xmin) dZ ‘.0 dZ
-0 Fi 1(Gl(‘z)) SN ) F: ](Gl(z))

= [1(C0) + Iz(Co) + IJ(CO) + Ia(Cn)~

For each i=1,2,3,4, I(C,) > 0 and we shall show that each I,(C,) is a
strictly increasing function on (0, c0). Forst we consider 7,(C,). Introduce a
new variable 6, 0 < 8 n/2, by

Fr(G(2))=F{'(~C,) sin 6. (3.11)
Then G (z) = F,(F; '(—C,) sin #) and hence

. F;'(—C,) sin 6
T d — 1 0 . -l .
(e ydz Fi(CC,) sind—a F,'(—C,) cos 8.db
2= (G ' o F)(F'(=Cy) sin0), (3.12)

/2 1 F: ](—-C ) \
1.(C.) = . 1 0 ) 1
i(Co) ) (ez_l) (F;‘(—C(,) e cos §df (3.13)

= f(Cy. ) cos 648,
<0
Since G ' o F, is strictly increasing on [0, F; '(—C,)]. from (3.12) we have

;CZO = (G, o F\) (FT'(=Cy) sin ) -sin 0 (F,')(=C,) - (1) (3.14),

>0 on 0<@<n/2

On the other hand, we have

—— <0, (3.15),

g ( ! ): ¢ % o, (3.16),
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FT(=Cy)
FrY(—Cy)sinf—a
4 ( Fi'(=Cy) ): a(Fr') (=Cy)
0Cy, \F7'(—C,) sinf —a (F7Y(=C,) sin 6 —

and hence

<0, (3.17),

o7 <0 (.18),

—a—f(Co,9)>0 on 0<@<m/2 (3.19),
aC,

Let Cy, > Cy,. Then

n/2 af
II(COI)_II(COZ):J’O (Coy _Coz)f (6, 0) cos 8db >0
0

for some &, Cy, < £ < C,,. Hence I,(C,) is a strictly increasing function.

For the integral 1,(C,), we let F;'(G,(z)) = F'(—C,) sin @ and have

! Fii(=Cy)
1,(Cy)=— : : 0
2(Co) ,[0 ee—1 F['(—C,) sinf—a

z=(G;" o F)(F;'(=C,) sin 6), 00K n/2.

cos 6 d6,

Similarly, we have that for 0 < § < n/2,

oz

14
ac, <% (3.14),
>0 (3.15)
17" .15),
d 1
16)?
ac0<¢__1)>0’ (3.16)
Frl(—co)

Fri=Cysno—a <% (3.17),

4 Fr'(=Cy)
aCy (F,“(—CO) sin § — a) <0. (3.18),

Hence 1,(C,) is strictly increasing on (0, o0).
For the integral I;(C,), we let F;'(G,(z)) = F; '(—C,) sin @ and have

v Fy{(—Cy)
1 C - 2 0
(Co) L e —1F;'(—C,) sinf—a

z=(Gy"' o F))(F;'(~C,) sin 0).

cos 8 d0,
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We have that for 0 < 8 < /2,

1% 1
Ow
2C, (e" - 1> <
F;I(—Co)
F;Y(—C,) sinf —a

d F;l(_co)
0.
aC, <F; (=C,) sin 6 — a) g

> 0,

Hence I,(C,) is strictly increasing on (0, oo).
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(3.14),

(3.15),

(3.16),

(3.17),

(3.18),

For the integral 1,(C,), we let F; '(G,(z)) = F, '(—C,) sin 6 and have

1 Fy'(=Cy)
e’ —1F,'(—Cy)sinf—a

z=(Gy' o F))(F; ' (—C,) sin 6).

cos 6 db,

en={"

Similarly, we have for 0 < 8 < 7/2,

oz
oC,

1
el —1

0 |
(w )>0’
0C, \e* —1

F;'(=Cy)
F;(—C,) sinf—a

g Fz‘l(“’co)
(s
0Cy \F;'(—Cy) sinf—a

<0,

>0,

> 0.

Hence 1,(C,) is strictly increasing on (0, o).
To show T(C,)— +owo as Cy— +co, we only need

(3.14),

(3.15),

(3.16),

(3.17),

(3.18),

to show
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lime,, o I5(C,) = +0. Since 1/F'(Gy(2)) is a strictly increasing function
on (0, In(x,,,)), we have

ln(Xmﬂx) dz
I,(Cy) 2 —_—
(> G

1
=———In(x,,)-
FoiCy Mma)

As C,— +, F7'(—Cy)—a and In(x,,)— +o. Hence lim . . 15,(Co)
= +00.
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