Dynamics of A T'wo Complementary Resources
Model with Internal Storage and Periodic Input
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1 Introduction

In this paper, we consider

(45 = (SO(t) = 8)D — fa1(S, Qs1)ur — fs2(S, Qsn)ua,
( (t) )D - le(R, QR1)U1 - fRQ(Ra QR2)U2,
dQS’ = fsi(S, Qsi) — min{pgi(Qsi), ri(Qri)}Qsi, 1= 1,2, (1.1)
dQR’ = fri(R, Qri) — min{psi(Qsi), pri(Qri) }Qri, i = 1,2,
L d;? = [min{psi(@si), fri(Qri)} — D, i = 1,2,

where SO(t 4+ 7) = SO() > 0 and RO(t + 7) = RO(t) > 0, for some period
7> 0.

We assume that for each i = 1,2 and N = S, R, puni(Qn;) is defined and
continuously differentiable for Qn; > Qmin,n: > 0 and satisfies

(H1) puni(Qni) >0, pyi(Qni) > 0 and is continuous for Qn; > Qmin,nis Hni(Qmin,Ni)
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We assume that fy;(N,@ny;) is continuously differentiable for N > 0 and Qpy; >

Qmin i and satisfies

asz(N7 QNz) asz(Ny QN@)

) N\ — < 0.
It is better to assume that
Ofni(N, Qni) Ofni(N, Qni)
(H2) fni(0,Qni) =0, SN >0, 0m < 0

In [4], the authors studied the homogeneous case of (1.1).

2 Single Population

In this section, we first consider the single population model. Mathematically, it
simply means that we set u; = 0 or us = 0 in equations (1.1). In order to simplify
notation, all subscripts are dropped in the remaining equations and we consider

(% = (SO) = S)D - [s(S,Qs)u,

(R(O)( ) — R)D — fr(R,Qr)u,
dQS = f5(5,Qs) — min{us(Qs), ur(Qr)}Qs,
dQR = fr(R, Qr) — min{us(Qs), nr(Qr)}Qr
\Cfl_ltt = [min{us(@s), ur(Qr)} — Dlu,

with initial values in the domain

X = {(57 Ra QSa QR?U) € Ri- : QS 2 Qmin,Sy QR Z Qmin,R}-

(2.1)

(2.2)

It is easy to show that X is positively invariant for the system (2.1). Putting u = 0

in the first two equations of (2.1) results in

dsS

= (590) - 9D,
and iR

= (R(t) — R)D.

(2.3)

(2.4)



The linear equations (2.3) and (2.4) have unique globally attractive positive 7—periodic
solutions S = S*(t) = S*(t + 7) and R = R*(t) = R*(t + 7), respectively, which
describe the available nutrient in a phytoplankton-free chemostat.
Now, putting S = S*(t) and R = R*(t) in system (2.1) results in
Ws = f5(S*(t), Qs) — min{us(Qs), r(Qr)}Qs,
©n = fp(R*(t),Qr) — min{us(Qs), tr(Qr)}Qr,

with initial values in the domain

I'={(Qs,Qr) €ERY : Qn > Quinn. N =S, R}. (2.6)

It is easy to show that I" is positively invariant for the system (2.5).

(2.5)

Lemma 2.1. The system (2.5) has a unique T—periodic solution (Q%5(t), Q5 (t)) to
which all solutions are attracted.

Proof. We first show that every solution of system (2.5) exists for all £ > 0. Let
[0, 0) be the maximal interval of existence. We need to prove that o = 4+o00. By the
continuation theorem, it suffices to prove that the solution is bounded on [0, 7).
Motivated by the proofs in [3, Proposition 3|, we consider the dynamics of the
variable

V(1) = Sl@s(0)) + Q1))

Using the monotonicity of fy, the inequality Qy < 1 + Q% and the fact that
Qn > Quinn, for N = S, R, it follows that V (¢) satisfies
dv(t) _ dQs(t) dQr(1)
@i T @ 95T g en
fs(S*(1),Qs)Qs + [r(E"(1), Qr)Qr

fS(SItIaX’ Qmin,S) []' + Q%] + fR(R;kIlax? Qmin,R)[l + Q?{] (27)
f5(Stax Qmin,s) + [R(Rjax; Qumin,r)
2 maX{fS(S;;axa Qmin,S)a fR(R;knaxa Qmin,R)}V(t)a

where S7 . = max,co, S*(t) and R}, := maxco- 2*(t). The resulting inequal-
ity implies that V'(¢) are bounded in finite time intervals. So are Qg(t) and Qg(t).

Next, we show that every solution of system (2.5) is bounded eventually. From
the first equation of (2.5), it follows that

% > fs(Shim Qs) — 1s(Qs)Qs,
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where Sy := mingeo - S*(t). The resulting inequality and the fact that every

solution of system (2.5) exists globally, imply that liminf; ,,, Qs(t) > Q%, where
% is the unique root of fs(Sk;,, @s) — ps(Qs)Qs = 0, and hence, Q% > Quin.s-
Similarly, it follows from the second equation of (2.5) that there exists a unique
constant QOR > Qumin,r such that liminf; . Qr(t) > Q% > Qmin,r- From the above
discussions and (H1), it follows that there exists dp > 0 and 7" > 0 such that

min{us(Qs(t)), ur(Qr(t))} = 6o, V> T.

From (2.5), it follows that

dg_ts S fS(S:‘;laX7QS> - 60@,5‘, Yt Z T,
WOr < fr(Re Qr) — 00Qn, ¥t > T,

where S} and R’ _ were defined in the previous discussion. Thus, every solution
of system (2.5) is bounded eventually.

System (2.5) is a planar, competitive, periodic system of differential equations.
The main results for such system is that all bounded solutions are asymptotic to
a periodic solution (See Chap. 7, Sect.4 in [9]). Let (Q%(t), @%(t)) be a periodic
solution of system (2.5). Then (H1) and (H2) imply that Q%(t) > Qmins and
Q5 > Qumin g for all t > 0, and hence, (Q%(t), Q%(t)) is a positive periodic solution
of system (2.5). If one can prove that the positive periodic solution (Q%(t), Q%(t))
of system (2.5) is unique, then the proof is done. Suppose for contradiction that
(QY (), QL (t)) and (Q%(t), Q% (t)) are two different positive 7—periodic solutions
of system (2.5). Then we have (Q§(0), Q% (0)) # (Q%(0), Q% (0)). Note that any
two points in R? are order related either in < or <. Without loss of generality, we
can assume that either (Q%(0), Q% (0)) < (Q5(0), Q% (0)), or (Q%(0),Q%(0)) <k
(Q¥(0), Q}(0).

In the case where (Q%(0), Q% (0)) < (Q%(0), Q1 (0)), we have

(QF(7), Q% (1)) = (QF(0), Q7 (0)) < (Q5'(0),Qx (0)) = (Q4' (1), QF (7).

By the backward comparison theorem (see, e.g., [2, Lemma 2.2] and [9, Lemma
7.4.1] ), it follows that (Q% (1), Q% (¢)) < (Q%(t), Q% (t)) for all t € [0, 7].

This should be corrected into (Q% (1), Q% (t)) < (Q(t),Q%(t)) for all
t €0, 7].

Without loss of generality, we assume that Q% (0) < (Q4*(0) and define
g(t) := QY (t) — Q% (t). Otherwise, we have Q% (0) < Q% (0) and then choose
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g(t) := Q% (t) — Q% (t). Then it follows from the first equation of (2.5) that

g (t) = [fs(57(1), Q5 (1)) — min{us(Qy (1)), nr(QF (1))} Qs (1)]
— [fs(5"(1), Q¥ (1)) — min{us(QF (1)), nr(QF () }QF (1)] -
Using (H1) and (H2), we see that g(t) satisfies ¢'(t) < 0 for all ¢t € [0,7], and
g'(t) < 0 when t € [0,7] is sufficiently close to 0 or 7. This implies that
g(7) < g(0), which contradicts the fact that ¢(t) is a 7—periodic function.

In the case where (Q%(0), Q% (0)) <x (Q%(0), Q% (0)), by the forward compar-
ison theorem (see, e.g., [9, Theorem B.4]), we have

(QF (1), QF (1)) <k (Q5'(t), QF (1), Yt € [0,7]. (2.8)

We divide the first (second) equation of (2.5) by Qs(t) (Qr(t)) and integrating the
resulting equation in t € [0, 7], we have

/ gra@s e = [ UG i [ s Q¥ (0, (@5 )

0= / g @i / TR (D). QD) 4y / win{us(QY (1)), pa(Q (1) .

/ (510, 0¥ / (). Qi -

Similarly, we can prove that

Therefore,

/T fS(S*( SM) gy / Ja(B(1 ’t M) gy (2.10)
From (H2), (2.8) and the facts (Q%(0), Q% (0)) <k (Q5(0),Q%(0)), we have
/T EICH tl SM) g < / fs(S"(t Q2* dt, (2.11)
0

Here I corrected your earlier > into <, and only the third inequality
in (H2) is used.



and

[ 0050, [0 G0, 212

Here I corrected your earller into >, and only the third inequality
in (H2) is used.

Note that when t € [0,7] is sufficiently close to zero or 7, we have
(Q% (1), Q% (1)) <k (Q(t), Q¥ (1)), and hence, at least one of two inequali-
ties in (2.11) and (2.12) is strict. This, together with (2.9) and (2.10), leads
to a contradiction.

0

Next, we show that every solution (S(t), R(t), Qs(t), Qr(t),u(t)) of system (2.1)
exists for all £ > 0. By the continuation theorem, it suffices to prove that the
solution of system (2.1) is bounded on finite time intervals. To this end, we let
Ts(t) = S(t) + Qs(t)u(t) and Tr(t) = R(t) + Qr(t)u(t). Then Ts(t) and Trg(t)
satisfy the linear systems (2.3) and (2.4), respectively. Hence, Ts(t) and Tg(t) are
bounded on finite time intervals. So are S(t), R(t), Qs(t)u(t) and Qg(t)u(t). Since
Qs(t) > Qumins and Qgr(t) > Qumin.g, it follows that u(t) is bounded on finite time
intervals. It remains to show Qg(t) and Qr(t) are bounded on finite time intervals.
Let

V(1) = Sl@s(0) + (@a(0))’)

Since S(t) and R(¢) in system (2.1) are bounded on finite time intervals, we can use
the same arguments as in (2.7) to show that V(¢) is bounded in finite time intervals.
So are Qg(t) and Qg(t). Thus, every solution of system (2.1) exists globally.
Let
ZS:S*(t)—S—qu and ZR:R*(t>—R—QRU. (213)

Then (2.1) becomes

( dQS = [5(S*(t) = Qsu — Zg,Qg) — min{us(Qs), pr(Qr)}Qs,
fi = fr(R*(t) — Qru— Zg, Qr) — min{us(Qs), ur(Qr)}Qr,

2 — min{ps(Qs), pr(Qr)} — Dlu, (2.14)
Ys — _DZ,
(“r = —DZp,



with initial values in the domain

X = {(QS;QR;ua ZS7ZR) € Ri : QN 2 Qmin,N7 QNU+ ZN S N*<0)7 N = S7 R}

(2.15)
Biologically, S(t) = S*(t) — Qsu — Zs and R(t) = R*(t) — Qru — Zr should be
nonnegative. Indeed, if there exists a ty such that S*(ty) — Qs(to)u(to) — Zs(to) =0
then

S'(te) = (S*(t) — Qsu — Zs)'(to)
= D(S©O — S*(t) + Qsu + Zs)(tg) = DSV (ty) > 0,

which implies that S(¢) > 0 for all ¢ > 0. Similarly, we can show that R(¢) > 0 for
all t > 0.

From the equations for u, Qg and Qg, along with (H1) and (H2) imply that
u(t) >0, Qs(t) > Qmin,s and Qgr(t) > Qmin,r for allt > 0. Obviously, Zg(t), Zr(t) —
0 as t — oco. Therefore, solutions of (2.1) are ultimately bounded on X.

By putting Zg = 0 and Zg = 0 in (2.14), we obtain the following periodic
limiting system:

s — f5(S*(t) — Qsu, Qs) — min{us(Qs), tr(Qr)} Qs
dg_tR = fR(R*(t) — Qru, QR) - min{uS(QS), MR(QR)}QRa (2-16)
e — min{ps(Qs), pr(Qr)} — Dlu,

with initial values in the domain
Y = {(Qs, Qr,u) € R} : Qv > Quiny, @nu < N*(0), N =S R}, (217)
Suppose P : Y — Y is the Poincaré map associated with system (2.16), that is,
P(Qs(0), Qr(0),u(0)) = (Qs(7), Qr(7), u(1)), ¥V (Qs(0), Qr(0),u(0)) €Y,
where (Qgs(t), Qr(t),u(t)) is the unique solution of system (2.16). It is obvious that
P*(Qs(0), Qr(0),u(0)) = (Qs(n7), Qr(n7),u(n7)), ¥ n = 0.

From Lemma 2.1, it is easy to see that (Q%(t), Q%(t),0) is the trivial 7-periodic
solution of (2.16). We will not discuss the local stability of (Q%(t), @ (t),0) since
the reaction functions in (2.16) are not differentiable. However, we are able to
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study the global stability of (Q%(t), Q% (t),0) by appealing to theory of monotone
dynamical system (see, e.g., [6]). In the following, we first convert (2.16) to a
cooperative system. Let

Us = Qsu and Ug = Qru. (2.18)
Then (2.16) becomes

G = —DUs + fs(5*(t) — Us, 5% u,

dt u

L — —DUg + fr(R*(t) — Ug, “2)u, (2.19)

% — [min{ps(%2), pr(“2)} — Dlu,
with initial values in the domain
Y = {(Us,Up,u) ERE 1w >0, Quinyu < Uy < N*(0)V N =S, R}.

It is easy to see system (2.19) is cooperative (see, e.g., [6]). Let P : Y — Y be the
Poincaré map associated with system (2.19), that is,

P(Us(0), Ur(0),u(0)) = (Us(7), Ur(7),u(7)), ¥ & := (Us(0), Ur(0),u(0)) € Y,

where (Ug(t), Ug(t), u(t)) is the unique solution of system (2.19).
For convenience, we define the time-average of a 7-periodic function as follows:

o= [ s

The following result is concerned with the extinction of species for system (2.16):

Lemma 2.2. Assume that (Qs(t), Qr(t), u(t)) is the solution of system (2.16) and
(Qs(0), Qr(0), u(0)) € Y. If (min{jus(Q3(t)), pr(Qx(1)} — D) < 0, then

lim [(Qs(0). Qalt). u(t)) — (Q5(1). Qx(1).0)] = 0, (2.20)
where (Q%5(t), Q5 (t)) is the unique periodic solution of system (2.5).
Proof. We first show that every solution of system (2.16) in Y satisfies

lim u(t) = 0. (2.21)

t—o0



In fact, if w(0) = 0, then u(t) = 0, so this is obvious. Now, we consider the
case where u(0) > 0. Since systems (2.16) and (2.19) are essentially equivalent
by using the relations defined in (2. 18) it suffices to show that every solution of
system (2.19) in Y satisfies (2.21). In system (2.19), we first extend fn(N,Qn),
N = S, R, to the the domain R X [Quyin N, 00) by defining

o fN(N7 QN) for N Z 07 QN Z Qmin,Na
FN(N’ QN) B { 0 for N<0, Qn > Qmin,N-

Now, we consider the extended system corresponding to system (2.19):

%:—DUS"FFS(S*( ) US’ US)

dt
dgf’ = —DUgr + FR(R*< ) — Ug, %)u, (2.22)
& = min{us(52), pr(RE)} — Dlu.
Note that if (Us(0), Ur(0),u(0)) € Y and (Us(t), Ug(t), u(t)) is a solution of system
(2.19), then (Us(t), Ur(t), u(t)) satisfies
u(t) >0, Qminnu(t) <Un(t) < N*(t), VN=S,R, t>0. (2.23)

This implies that (Us(t), Ur(t), u(t)) is also a solution of system (2.22).
For any given ¢ > 0, we assume that u(t) = u(t,0) is the unique solution of

{ff;; = [min{us(Q3(1). 1a(Q3(1)} — Dla (224
(0) =9,
and we let
Us(t) = Qs(t)u(t) and Ug(t) = Q% (t)u(t). (2.25)
It is easy to see that
UUN(()) Q5(t) > Quminn, for all N =S, R and ¢t > 0.

However, we can not guarantee that S*(t) — Us(t) > 0 and R*(t) — Ug(t) > 0, for
all £ > 0. This is the reason why we consider the system (2.22) instead of (2.19).
From (2.5), (2.24) and (2.25), we are ready to show the following inequalities:

dUs

-5 > —DUs + Fs(S*(t) — Ug )
dUR Z _R

@ = —DUg + Fp(R*(t) —
= [min{us (%), nr(58)} - D]ﬂ

(2.26)



The third equation in (2.26) is obvious. The establishments of the first two in-
equalities in (2.26) are similar, so we only demonstrate the first one. By direct
computations, it follows that

dUg dQx(t) du(t)

= g ut)+— Q)

[£s(57(2), Qs(t)) — min{us(Q5 (1)), nr(Qr(1)) }Q5 ()] alt)
+ [min{us(Qs(t)), nr(Qs(t)} — Dl u(t)Qs(t) )

—DQs(t)u(t) + fs(S(t), Q5(t))u(t) = —DUs + fs(S™(1), %)ﬂ

_ U
—DUs + Fs(S*(t) — Us, f)u

\Y

Thus, (2.26) is valid. Note that
Us(0) = Q5(0)a(0) = Q5(0) - 6 and Ur(0) = Q3(0)a(0) = Qx(0) - 4,

where § appears in (2.24). Since (Ug(0), Ur(0),u(0)) € Y, it follows that (Ug(t), Ug(t), u(t))
satisfies (2.23), and hence, we can choose a suitable § > 0 such that

(Us(0), Ur(0),a(0)) > (Us(0)), Ur(0),u(0)). (2.27)

Since (2.22) is a cooperative system, it follows from the comparison theorem to-
gether with (2.26) and (2.27) that

(Us(t), Ur(t), u(t)) = (Us(t)), Ur(t), u(t)), ¥ ¢ = 0.

This implies that
a(t) > wu(t), Vt>0. (2.28)

On the other hand, the assumption (min{pus(Q%(t)), ur(Q5(t))} — D) < 0 implies
that
lim @(t) = 0. (2.29)
t—o0

Thus, (2.21) follows from (2.28) and (2.29).

Next, we are going to show that (2.20) holds. Recall that P : Y — Y is the
Poincaré map associated with system (2.16). For any given 2° = (Qs(0), Qr(0),u(0)) €
Yo, let w(2°) be the omega limit set of 2° for the period map P associated with
(2.16), that is,

w = w(2°) := {o* : I{my} — oo such that klim P (2°) = 2*}.

— 00
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From (2.21), it follows that there exists a set C C R such that
w=C x {0}.

For any given (Q%, Q%) € C, we have (Q%,Q%,0) € w C Y. By the definition of Y,
it follows that (Q%, Q%) € I'. Thus, C C T, where T is defined in (2.6). From the
property of the set I, it is easy to see that C # {(0,0)}.

Assume that P : ' — I is the Poincaré map associated with system (2.5) and
we define

W*(Q5(0), Q3(0)) := {(Q% Q%) : P™(Q%, Q%) — (Q5(0),Q7(0)) as m — oo}

By [12, Lemma 1.2.1'], w is a compact, invariant and internal chain transitive set
for P. Moreover, if (Q%, Q%) € R% with (Q%, Q%,0) € w, there holds

P, (Q% Q% 0) = (P(Q%, Q%).0).

It then follows that C is a compact, invariant and internal chain transitive set for
P:T —T. Since C # {(0,0)} and {(Q%(0), Q%(0))} is globally attractive for P in
I, we have C N W*(Q¥%(0), Q5(0)) # ¢. From [12, Theorem 1.2.1], it follows that
C = {(Q%(0),Q%(0))}, and hence, w = {(Q%(0), @%(0),0)}. We complete the proof
of (2.20).

[

Next, we study the existence, uniqueness and the global stability of positive
periodic solutions for the limiting system (2.16). Let

Yo = {(QS,QR,U) eY: :u> O}, 8Y0 = Y\YO

Lemma 2.3. Assume that (Qg(t), Qr(t),u(t)) is the solution of system (2.16).
If (min{us(Q%()), nr(QR(t)} — D) > 0, then system (2.16) admits a globally
attractive positive T-periodic solution (Qg(t), Qr(t),u(t)) in Yo, that is, for any
(Qs(0),Qr(0),u(0)) € Yo, we have

Jim [(Qs(0), Qa(t),u(®) — (@s(0). Grlt). a(e)| = 0. (230)

Proof. Our strategy of the proof is as follows: we first prove that the system (2.16) is
uniformly persistent, and hence, system (2.16) admits at least one positive periodic
solution. Then the uniqueness and global attractivity of positive periodic solution
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can be proved by appealing to the theory of monotone dynamical system for the
system (2.19). Note that systems (2.16) and (2.19) are essentially equivalent.

Claim 1. The system (2.16) is uniformly persistent with respect to (Yo, 9Yy)
in the sense that there is an 1 > 0 such that for any (Qs(0), Qr(0),u(0)) € Yy, the
solution (Qg(t), Qr(t),u(t)) of (2.16) satisfies

hgg}lfu(t) >,
and system (2.16) admits at least one positive periodic solution.

We shall apply the theory of uniform persistence for discrete-time dynamical
systems. Recall that P : Y — Y is the Poincaré map associated with system (2.16).
It is easy to see that P(Yq) C Y,. Further, P is point dissipative and compact
since solutions of system (2.16) are ultimately bounded. Let

Ep = {(Q5(0), Qx(0),0)}.

Then Fj is a fixed point of P and is a compact and isolated invariant set for P in
JY.

In the case where u(0) = 0, we have u(t) = 0 for any ¢ > 0. Thus, (Qs,Qr)
satisfies system (2.5) and it follows from Lemma 2.1 that

i [(Qs(0). Qa(t)) — (Q5(1). Qil0)] = 0.
Consequently, P : Y — Y has the property that
w(@s(0), Qr(0),u(0)) = {(Qs(0), Q%(0),0)}, V (Qs(0), Qr(0),u(0)) € IV,

where w(z?) is the omega-limit set of the orbit of P with initial values x°. Tt is
obvious that there is no cycle in 9Y, from Ey to Ej.

Note that (min{us(Q%(t)), pr(Q%(t))} — D) > 0 and the third component of
Ejy is identically zero. By the same arguments as in [12, Lemma 5.1.1], it follows
that there exists a §o > 0 such that Ej is a uniform weak repeller for Y, in the
sense that

limsup || P"(Qs(0), Qr(0),u(0)) — Eol| > do,

n—o0

for any (Qs(0), Qr(0),u(0)) € Yo. Therefore, Ey is isolated in Y and W*(Ey)NYy =
(), where W*(Ey) is the stable set of Ey (see [12]).

Since P : Y — Y is point dissipative and compact, we conclude from [12,
Theorem 1.1.3] that there exists a global attractor A for P in Y. By [12, Theorem
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1.3.1] on strong repellers, P : Y — Y is uniformly persistent with respect to
(Yo, 0Yy). It follows from [12, Theorem 1.3.6] that there exists a global attractor Ay
for P in Yq and P has a fixed point (QS, Qr, @) € Yo. Thus, there exists a positive
periodic solution for (2.16) corresponding to the fixed point of the period map. By
[12, Theorem 3.1.1], it follows that the periodic semiflow T'(¢t) : Y — Y, ¢t > 0,
associated with (2.16) is uniformly persistent with respect to (Yo, 9Yy).

Next, we will show that the positive periodic solution is unique and globally
asymptotically stable. Recall that P : Y — Y is the Poincaré map associated with
system (2.19). It is easy to see that P : Y — Y is strongly monotone, and strictly
subhomogeneous in the sense that P(6z) > 0P(z),VZ € Y, 0 € (0,1) (see [12,
section 2.3]).

Why is system (2.19) strongly monotone?

Why is system (2.19) strictly subhomogeneous?

It then follows from [12, Theorem 2.3.2] that the following observation is valid:

Claim 2. If P : Y — Y admits a nonempty compact invariant set X CInt(R3)
, then P has a fixed point e > 0 such that every nonempty compact invariant set
of P in Int(R?) consists of e.

For any 7 := (Ug(0), Ug(0),u(0)) € Y, the solution (Us(t), Ur(t),u(t)) of (2.19)
satisfies (50 UrO) 4, 0)) € Yo and (L8 Y20 4(4)) is a solution of system (2.16).

u(O) » u(0) ] u(t) 7 u(t) ?
From Claim 1, there is an > 0 such that

liminfu(t) > 7. (2.31)
t—00

Then (2.18) and (2.31) imply that &(Z) CInt(R?), where @(Z) is the omega-limit
set of the orbit through # € Y for P. By Claim 2, there is an e > 0 such
that @(Z) = {e} for all £ € Y. This implies that e is globally attractive for P
in Y. Corresponding to the fixed point of the period map P, the system (2.19)
has a globally attractive positive 7-periodic solution (Us(t), Ug(t),%(t)) in Y. Let
Qs(t) = (if(g) and Qp(t) = uﬁé)t) Then (2.16) has a globally attractive positive
T-periodic solution (Qs, Qr, @) in Yo. This ends the proofs. O]

Let
Xo:={(5 R,Qs,Qr,u) € X :u >0}, 0Xg:=X\Xy,

where X is defined in (2.2).

Theorem 2.1. Let (Q5(t), Q5(t)) be the unique periodic solution of system (2.5);
S*(t) and R*(t) be the globally attractive positive T-periodic solutions of the linear
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equations (2.3) and (2.4), respectively. Assume that (S(t), R(t), Qs(t), Qr(t),u(t))
is the solution of system (2.1). Then the following statements are valid:

(1) £ (min{pus(Q5(1)), nr(Qr(t)} — D) <0, then for any
(5(0), £(0), Qs(0), Qr(0),u(0)) € X,

we have

T |(S(6), R(1), Qs(t), Qlt), u(t)) — (S°(1), R* (1), Q5(t), Qx(t), 0)| = 0

(i) If (min{us(Q%(1)), pr(Q%(1))} — D) > 0, then the system (2.1) admits a

globally attractive positive T-periodic solution (S(t), R(t), Qs(t), Qr(t), u(t))
in Xo, that is, for any (S(0), R(0),Qs(0), Qr(0),u(0)) € Xo, we have

lim |(S(1), R(t), Qs(t), Qr(t), u(t)) — (S(1), R(t), Qs(t), Qr(t), a(t))| = 0,
(2.32)
where S(t) = S*(t) — Qs(t)a(t) and R(t) = R*(t) — Qr(t)u(t).

Proof. Since system (2.1) and (2.14) are equivalent, it suffices to analyze the system
(2.14). Let

XO = {(QSv QRauv ZS) ZR) eX:u> 0}7 8X0 = X\X()’

where X is defined in (2.15). Let P, : X — X be the Poincaré map associated
with system (2.14) and w;(z') be the omega-limit set of the orbit of P, with initial
values z! € X.

From the last two equations of (2.14), it follows that lim; ,. Zs(t) = 0 and
limy o0 Zg(t) = 0. Thus, there exists a set Z C R? such that wy (') = Z x {(0,0)}.
For any given (Q%, Q%, u°) € Z, we have (Q%,Q%,u°,0,0) € wi(z') C X. By the
definition of X, it follows that (Q%, Q%,u°) € Y. Thus, Z C Y, where Y is defined
in (2.17).

By [12, Lemma 1.2.1'], w;(z!) is a compact, invariant and internal chain tran-
sitive set for P;. Moreover, if 2° € R3 with (2°,0,0) € wi(z'), there holds

P |y @1y (2°,0,0) = (P(29),0,0),

where P : Y — Y is the Poincaré map associated with system (2.16). It then follows
that Z is a compact, invariant and internal chain transitive set for P : Y — Y.
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In the case where (min{us(Q%(t)), ur(Q@%(t))} — D) < 0, it follows from Lem-
ma 2.2 that (2.16) has a globally attractive positive T-periodic solution (Q%(t), Q% (), 0)
in Y. This implies that the unique fixed point (Q%(0),Q%(0),0) is an isolated in-
variant set in Y and no cycle connecting (Q%5(0), @%(0),0) to itself in Y. Since Z
is a compact, invariant and internal chain transitive set for P : Y — Y, it fol-
lows from a convergence theorem (see, e.g., [12, Theorem 1.2.1]) that Z is a fixed
point of P. That is, Z = {(Q%(0), Q%(0),0)}, and hence, w;(z') = Z x {(0,0)} =
{(Q%(0),Q%(0),0,0,0)}. This implies that (Q%(0),Q5(0),0,0,0)} is globally at-
tractive for P; in X. Corresponding to the fixed point of the period map P, system
(2.14) has a globally attractive positive 7-periodic solution (Q%(t), Q%5(t),0,0,0)}
in X. In view of (2.13), we see that statement (i) holds true.

In the case where (min{us(Q¥%(%)), pr(QR(t))} — D) > 0, it follows from Lem-
ma 2.3 that (2.16) has a globally attractive positive 7-periodic solution (Qg(t), Qr(t), @(t))
in Yy. Note that (Q%(t), Q%(t),0) is also a 7-periodic solution of (2.16). This im-
plies that the possible fixed points (Q%(0), Q%(0),0) and (Qs(0), Qr(0),%(0)) are
isolated invariant sets in Y and no subset of {(Q%(0), @%(0),0)}U{(Qs(0), Qr(0), @(0))}
forms a cycle in Y. Since Z is a compact, invariant and internal chain transitive
set for P: Y — Y, it follows from a convergence theorem (see, e.g., [12, Theorem
1.2.2]) that either 7 = {(Q5(0), @%(0),0)} or T = {(Qs(0), Qr(0), a(0))}.

Suppose, by contradiction, that Z = {(Q%(0), @%(0),0)}. This implies that

P(Qs(0),Qn(0), u(0), Z5(0), Z(0)) = (Qs(n7), Qu(n7), u(n7), Zs(n7), Zp(n))
— (Q%(0),Q%(0),0,0,0) as n — oo.
Equivalently,
lim [(Qs(t), Qr(1), u(t), Zs(t). Zr(t)) — (Q5(t), Qx(t),0,0,0)| =0,

and hence, lim; o [(Qs(t), Qr(t)) — (Q%(t), QR(t))] = 0. Let

(o = 5 min{us(Q4(1) na(@i(1)} — D) > 0.

Then there is a 17" > 0 such that
min{ps(Qs(1)), 1r(Qr()} — D > min{ps(Q4(t)), ur(Qp(t))} — D — o, V1> T.
By the third equation of (2.14), it follows that

du(t)
dt

> [min{us(Qs(1)), nr(Qr(t))} — D — €lu, V=T,
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Without loss of generality, let T" = ny7 and t = ny7 for some natural number n,
and no with ny > nq, we obtain

noT

utrar) 2 utnryesp | [ min{s(Q3(0). il Qi) = D i)

17T

Since Q%(t) and Q% (t) are T-periodic functions, it follows that

u(net) 2 u(mr)exp [(ng —ny)7((min{ps(Qs (1)), pr(Q(1))} — D) — )],

that is,
utrar) 2 utsrhesp | P25 s (Q50), (@30} ~ D).
Since (min{us(Q%(1)), nr(QR(t))} — D) > 0, it follows that
u(neT) — 00 as ng — 00,
which is a contradiction. Thus, we have Z = {(Qs(0), Qz(0),%(0))}, and hence,
wi(z') = I x {(0,0)} = {(Qs(0), @r(0),a(0),0,0)}.

This implies that (Qg(0), Qr(0),(0),0,0) is globally attractive for P, in X. Cor-
responding to the fixed point of the period map P;, system (2.14) has a globally
attractive positive 7-periodic solution (Qg(t), Qr(t),@(t),0,0)} in X. By virtue of
(2.13), it follows that statement (ii) is valid. O

3 Two Species Competition Model

In this section, we study the coexistence periodic solutions and uniform persistence
for two species phytoplankton model (1.1). The following set is the region of interest
for system (1.1):

Q= {(87 R7 QSl7QR17u17Q52a QRQ,UJQ) € Ri : QSi Z Qmin,Sia QR’Z Z Qmin,Ri7 1= 1; 2}

It is easy to show that  is positively invariant for (1.1) and any solution of (1.1)
with initial value in € exists globally on [0, c0).

Why does every solution of (1.1) with initial value in () exist globally
on [0,00)? It is better to give arguments supporting this claim.
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Let

Ws(t> = S*<t)_S_Q51u1_QSQU/2 and WR(t) = R*(t)—R—QRlul—QRgug, (31)

where S*(t) and R*(t) are the globally attractive positive T-periodic solutions of
(2.3) and (2.4), respectively. Then Wg and W satisty dWS = —DWjs and % =
— DWg, respectively. Obviously,

lim Wg(t) =0 and tlim Wg(t) = 0. (3.2)
—00

t—o00

Therefore, solutions of (1.1) are ultimately bounded on €.

From Lemma 2.1, we assume that (Q%,;(t), Q%;(t)) is the globally attractive
positive T—periodic solution for the system (2.5) with fs = fsi, fr = fri, lts = tsi
and pur = pg;, 1= 1, 2, respectively. This implies that

(S7(8), B (1), Q51 (1), Q1 (1), 0, Q5o (1), Qo(1), 0)

is the trivial 7—periodic solution for (1.1).
Assume that

(min{ i (Qs; (), pri(Qri(t)} — D) > 0, i = 1,2, (3-3)

Since (min{pus1(Q% (1)), tr1 (@ (¢)} — D) > 0, it follows from Theorem 2.1 that

we may assume (S(t), R(t), Qs1(t), Qri(t), 41 (1)) is the globally attractive positive

T-periodic solution of the system (2 1) in its feasible domain with fg = fs1, fr =
is

fr1, s = ps1 and pg = pupi, that is

(dS - ( (t) S)D - fSl(S, QSl)ul,

dat ( (t) )D - le(R, QRI)uh

dQSl = fs1(9, Qs1) — min{ps1(Qs1), tr1(Qr1)}Qs1, (3.4)
dQRl = fri(R,Qr1) — min{ps1(Qs1), tri1(Qr1)}Qr1,

\% = [min{ps1(Qs1), r1(Qr1)} — D]us.

By the arguments similar to those in Lemma 2.1, we may assume (Qg2(t), Qrz2(t))
is the globally attractive positive 7—periodic solution for the following system:

{d% Foa(5(1), Qsa) — min{pusa(Qs2), ttra(Qra) }Qso,

dQ . (3.5)
TRQ = [re(R (t)>QR2) — min{pg2(Qs2), r2(Qr2) } Q R2-
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This implies that (S(t), R(t),Qs1(t), Qri(t), @1 (t), Qsa(t), Qra(t),0) is the semi-
trivial 7—periodic solution for (1.1).

Similarly, we assume that (S(t), ( ), QS1( ), Qm( ), 0, QSQ( ) Rro(t), us(t )) is

A

the semi-trivial 7—periodic solution for (1.1), where (S(t), R(t), Qs2(t), Qra(t), ta(t))
is the globally attractive positive 7-periodic solution of the system (2.1) in its feasi-

ble domain with fs = fs2, fr = [re, tts = ps2 and g = pre and (le(t), QRl(t))
is the globally attractive positive 7—periodic solution for the following system:

951 — f61(9(1), Qs1) — min{ps1 (Qs1), 1 (Qr) } Qs (3.6)
Gt = fra(R(1), Qr) — min{usi (Qs1), i1 (Qra)} Q. |
We further impose the following assumptions:
(min{ps1(Qs1(t), pr1(Qr1(t)} — D) >0, (3.7)
and
(min{psa(Qs2(t), pro(Qra(t))} — D) > 0. (3.8)

Next, we present the uniform persistence for the system (1.1). Let

QO = {<S7 R7 QShQRhula QSQ?QRQ?UQ) €Q: up > 07 Uz > 0}7 aQO = Q\QO
Then

Theorem 3.1. Let (3.3), (3.7) and (3.8) hold. Then system (1.1) is uniformly
persistent with respect to (£29,080) in the sense that there is an n > 0 such that

fO?" any (S(O),R(O),QSl(O),QRl(O),Ul(O),QSQ( ) QRQ( ) ( )) S Q[), the solution
(S(t), R(t), Qs1(t), Qri(t),ui(t), Qs2(t), Qra(t), ua(t)) of (1.1) satisfies

liminfwu;(t) >n, i=1,2.

t—o00

Further, system (1.1) admits at least one positive periodic solution.

Proof. Let P, : 2 — Q be the Poincaré map associated with system (1.1), that is,

PQ(S< ) ( ) QSI( )7QR1<0)7u1(0>7Q52(0>7QR2( ) ( ))
:((S(T)a (T)aQSl(T)7QR1(T>7u1(7—)vQS2(T)aQR2(7—)7 2( ))7

where (5(0), R(0),Qs1(0), Qr1(0),u1(0), Qs2(0), Qr2(0),uz(0)) € Q. Let we(x) be
the omega-limit set of the orbit of P, through x € €. It is easy to see that
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Py () C Q. Since solutions of the system (1.1) are ultimately bounded, it follows
that P, is point dissipative and compact.
Let

My = (S*(O), R*(O), le(O), Q’}le(o)a 0, ng(O), QE2(0)7 0)7
My = (S(0), R(0), Qs1(0), Qr1(0), u1(0), Qs2(0), Qr2(0),0),
and
Ms = (5(0), R(0), @s1(0), Qr1(0), 0, Qs2(0), Qr2(0), i12(0)).
Then My, M; and Ms are fixed points of P, and are pairwise disjoint, compact and
isolated invariant sets for P, in 0)y. We are going to show the following property

U wale) € My UM, UM, (3.9)

€00

In the case where u1(0) > 0 and us(0) = 0, we have u;(t) > 0 and us(t) = 0,
V't > 0. Then (S(t), R(t),Qs1(t), Qri(t), ui(t)) satisfies the system (3.4). Since
(us1(Q& (1)) r1(QFy () — D) > 0, it follows from Theorem 2.1 that

lim [(S(2), R(t), Qs1(t), @mr (1), ua(t)) = (S(t), R(t), Qa1 (t), Qrr(t), ta(t))] = 0.

Thus, the equations for Qgo(t) and Qgro(t) in (1.1) are asymptotic to the system
(3.5). By the theory of asymptotically periodic semiflows (see, e.g., [11] or [12,
section 3.2]) and the arguments similar to those in Lemma 2.1, it follows that

tllglo |(Qs2(t), Qra(t)) — (Qsz(t)7 QR2<t))’ =0.
Since
PQ”(S(O), R(O)7 QSl(O)a Qr1 <O>7 u1<0)7 QSz(O)a QRQ(O)v O)
= ((S(n1), R(nT),Qs1(n7), Qr1(nT),u1(nT), Qs2(n7), Qro(nt),0),

it follows that

lim F3(5(0), R(0), @51(0), Qr1(0), u1(0), Qs2(0), Qr2(0),0) = M;.

n—oo

In the case where u1(0) = 0 and us(0) > 0, we can use the similar arguments to
show that

lim P5'(S(0), R(0), Qs1(0), Qr1(0),0, Qs2(0), Qr2(0), u2(0)) = M.

n—o0
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In the case where u1(0) = 0 and u3(0) = 0, we can show that

Tim Py(5(0), R(0), @51(0), Qr1(0),0, @s2(0), Qra(0),0) = Mo.
Consequently, P : 2 — € satisfies the property (3.9). It is obvious that no subset
of {My, My, My} forms a cycle in 9.

Each M; corresponds to a periodic solution with at least one component that
is identically zero. By (3.3), (3.7), (3.8) and the same arguments as in [12, Lemma
5.1.1}, there exists a § > 0 such that each M is a uniform weak repeller for €2 in
the sense that

limsup || Py (z) — M,|| > 6,
n—oo
for any x € Q. Therefore, each M; is isolated in © and W*(M;) N Qo = 0, where
W?(M,;) is the stable set of M; (see [12]).

Since P, : © — ) is point dissipative and compact, we conclude from [12,
Theorem 1.1.3] that there exists a global attractor A for P, in 2. By [12, Theorem
1.3.1] on strong repellers, P, : Q — ) is uniformly persistent with respect to
(Q9,08). It follows from [12, Theorem 1.3.6] that there exists a global attractor
Ay for Py in Qg and P, has at least one fixed point x € 3. Thus, there exists a
positive periodic solution for (1.1) corresponding to the fixed point = of the period
map. By [12, Theorem 3.1.1], it follows that the periodic semiflow T (¢) : Q@ —
Q, t > 0, associated with (1.1) is uniformly persistent with respect to (£, 9€).
This completes the proof. O]

To finish this section, we remark that by a change of variables
Usi = Qsiu; and Ur; = Qriu;, i = 1,2, (3.10)

together with (3.1), we can rewrite (1.1) as the following system:

dt

% = —DUpg; + fri(R*(t) — Ups — Ugra — Wk, [L—R)ul,

(dUsi — —DUg; + f57,<5*(t) —Us1 — Usy — W, UU_SZZ)UH

85 i (42). o (22)} — D, i = 1.2, 3.11)
dw,
i = —DWs,
aw’
gt = —DWh,

20



with initial values in its feasible domain. In view of (3.2), we see that (3.11) has a
limiting system:

% = _DUSZ + fS’l( (t) - USl U527 u )U,Z,
Wi — —DUp; + fri(R*(t) — Upy — U, 22)u;, (3.12)

du; __

(
fs — [min{ g (5 ), /’LRZ([{L}?)} — Dlu;, i=1,2.

It is easy to see that the Poincaré map associated with system (3.12) is monotone
with respect to the partial order <y (see, e.g., [6]), which is induced by the positive
cone K := R} x R?® in R Consequently, if system (1.1) admits at most one
positive periodic solution, then we can conclude that the positive periodic solution
obtained in Theorem 3.1 is globally attractive in {2y by appealing to the theory
of monotone systems. Note that the uniqueness of positive periodic solution of
the high dimensional periodic system (1.1) remains a challenging problem, and we
leave it for future investigation.
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