MULTIPLE STEADY-STATES IN PHYTOPLANKTON POPULATION
INDUCED BY PHOTOINHIBITION

YIHONG DU', SZE-BI HSU* AND YUAN LOUS

ABSTRACT. We study the effect of photoinhibition in a nonlocal reaction-diffusion-
advection equation, which models the dynamics of a single phytoplankton species in
a water column where the growth of the species depends solely on light. Our results
show that, in contrast to the case of no photoinhibition, where at most one positive
steady state can exist, the model with photoinhibition possesses at least two positive
steady states in certain parameter ranges. Our approach involves bifurcation theory and
perturbation-reduction arguments.

1. INTRODUCTION

Phytoplankton are microscopic plants that float in oceans and lakes and form the base
of the aquatic food chain. Since they transport significant amounts of atmospheric carbon
dioxide into the deep oceans, they may also play a crucial role in the climate dynamics.
Phytoplankton species typically compete for nutrients and light [4, 5, 16, 19, 28, 29].
But in oligotrophic ecosystems with ample supply of light, they tend to compete only
for nutrients [20, 22], and in eutrophic environments with ample nutrients supply, they
compete only for light [8, 15]. In a water column, a phytoplankton population diffuses
due to turbulent mixing caused by wind and wave actions. In many cases, phytoplankton
also sinks due to its own weight.

In this paper, we consider a single sinking phytoplankton species in a eutrophic water
column. Our analysis is based on a nonlocal reaction-diffusion-advection model given by
Huisman and colleagues in [8, 14], but the growth function g(I) of phytoplankton species
in the model is modified to include photoinhibition into consideration.

Photoinhibition is characterized by a decreasing rate of photosynthesis with increasing
light, which occurs in many phytoplankton species that are sensitive to strong light.
This phenomenon is caused by damage to the photosynthetic machinery of cells and by
protective mechanisms to avoid this damage ([23, 27]).
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Without photoinhibition, the growth function g(I) is generally assumed to be strictly
increasing in I, representing the fact that increase of the light level I leads to better
growth of the phytoplankton. In such a case this model was investigated recently through
rigorous mathematical analysis in [6, 7, 13, 21] (see also earlier work in [17, 18, 26] and
references therein), which show that the phytoplankton population either stabilizes at
a unique positive steady-state or converges to 0 as time goes to infinity, depending on
whether the loss rate is below or above a critical level.

With photoinhibition, observations in many laboratory studies ([10, 11, 24]) suggest
that the function g(7) should be increasing before I reaches a certain critical level I, > 0
where ¢g(/) has a maximum, after which g(I) decreases and converges to 0 as I — oco. In
a completely mixed water column, the reaction-diffusion-advection model reduces to an
ODE model, and the effect of photoinhibition was studied in the recent papers [9, 12].
With a growth function g(I) as above, [9] demonstrates that the phytoplankton popula-
tion may have two stable steady-states (one positive, the other 0), plus another unstable
positive steady state, causing a bistable dynamical behavior with the phytoplankton pop-
ulation stabilizing at one or the other stable steady state, depending on its initial value.
(The multi-species case was also considered in [9] and [12].)

In this paper, we examine the effect of photoinhibition in a incompletely mixed water
column, through a single species reaction-diffusion-advection model, where photoinhibi-
tion is incorporated into the growth function g(I) as described above. We show that
the phenomenon of multiple positive steady-states observed in completely mixed water
column persists, and their stability suggests a bistable dynamical behavior.

Multiplicity results for similar reaction-diffusion equations are usually obtained by mak-
ing use of the upper and lower solution technique, combined with tools from global analysis
(such as the topological degree theory or global bifurcation theory). However, such upper
and lower solution techniques are difficult to apply here due to the nonlocal nature of the
problem. To overcome this difficulty, apart from employing local and global bifurcation
analysis, we also use a perturbation and reduction approach, which is new to this kind
of nonlocal reaction-diffusion equations. It is our hope that the mathematical techniques
developed here may find more applications in phytoplankton models.

We now describe the model in more detail. Consider a vertical water column with a
cross section of one unit area and depth h. Let p(x,t) be the population density of the
phytoplankton at depth = € [0, h] and time t. Then the change of density is governed by
the following reaction-diffusion-advection problem

Pt = Dpyy — 0ps + [g (Ioe*kox’kfolp(s’t)dﬂ — d] p, 0<x<h, t>0,
(1.1) Dp,(z,t) — op(z,t) =0, x=0orh, t>0,
p(x,0) = po(z) 2 0, 0<z<h,

where d > 0 is the loss rate of the species, the positive constants D, o represent the
diffusion rate and the sinking rate, respectively.
The term

(12) I(l’, t) — Ioe—kor—k I3 p(s,t)ds

is known as the light intensity, with ky > 0 the background turbidity, & > 0 the light
attenuation coefficient of the phytoplankton species, and Iy > 0 the incident light intensity.
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The function g(I) governs the growth rate according to the change of light level 1. We
always assume that g is C''. Taking into account of photoinhibition we assume, as in [9],
that g(I) has the following properties:

(i) g(0) =0,
(1.3) (ii) there exists I, > 0 such that (I, — I)g’(I) > 0 for I # I,
(ili) lim;e g(1) = 0.

The boundary conditions at x = 0 and x = h imply that there is no population flux at
the surface or bottom of the water column.

We are interested in the multiplicity of positive steady states of (1.1). To simplify
notations we assume that D = h = [j = 1. We stress that this is for simplicity of the
notations only; our method can deal with the general case without extra difficulties. Thus
we will study the positive solutions of the nonlocal elliptic boundary value problem

Pee — 0Pe +plg(I) —d] =0, 0<z<1,
(1.4) {
with
(1.5) [ = I(z) = ¢ For=FJo p(s)ds,

Our first existence and multiplicity result is obtained by a standard argument involving
local and global bifurcation theory of Crandall and Rabinowitz [1, 2, 25]. The multiplicity
result is local in nature.

Theorem 1.1. Suppose that (1.3) holds and I, < e~*. Then there exist some positive
constants d, < d* < g(I.) such that (1.4) has at least one positive solution for d € (0, d,],
two positive solutions for d € (d.,d*), and no positive solution for d > g(I*).

Here d, is uniquely determined by an eigenvalue problem, and d* > d, is sufficiently
close to d,, whose existence arises from a bifurcation analysis along the line of trivial
solutions {(d,0) : d € R'}, which shows that a branch of positive solutions {(d,p)}
bifurcates from the line of trivial solutions at (d.,0), and it goes rightward initially but
has to become unbounded through d converging to 0. It can be shown that for d € (d., d*),
one of the positive steady state is unstable (see Lemma 2.3), but we have no information
on the stability of the other positive steady state, though we believe it is stable.

By making use of a perturbation-reduction approach, we can obtain a multiplicity result
which is global in nature, together with information on the asymptotic profile and stability
of the solutions, but only for large o.

Theorem 1.2. Suppose that (1.3) holds and I, < e %o,
(i) Define

Gl) = / " g ds,

0
Then there exists a unique . > In(e % /I,) such that

G'(p1x) = 0, G'(p) (e — p1) > 0 for p € (0, +00) \ {11}

Moreover, for each d € (g(e "), G(j.)), the equation d = G(p) has ezactly two positive
solutions puy, pla, and 0 < p1g < s < po.
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(ii) For each d € (g(e™™),G(u.)), there exists € > 0 such that for every o > 1/¢*,
(1.4) has two positive solutions of the form

pile) = Loe™™ 121, (2), pola) = Loem ) 42, (a),

with z;, satisfying lim,_, fol zio(z)|de =0, i =1,2.

Remark 1.3. If I, > e %0 we can show that (1.4) has at most one positive solution for
any o. Indeed, we can modify g(I) for I > I, to obtain a new C' function g(I) which
is strictly increasing in I for all 7 > 0. When I, > e %0 it is easily seen that if p is a
positive solution of (1.4), then it is also a positive solution of (1.4) with g(/) replaced
by g(I). Hence we are back in the no-photoinhibition case and can apply the result in
[13, 7] to conclude that there is at most one positive solution, and the dynamics of (1.1) is
simple. Biologically this fact is rather natural, as e=* is the highest possible level of light
intensity felt by the species in the water column, so only the values of g(I) for I € (0, e~*]
contribute to the growth of the species.

The results in Theorem 1.2 suggest that for large o, the two solutions p; and ps form
a “D”-shaped curve in the (d, p)-space as d is varied in the range (g(e=*), G(u.)), which
resembles the solution curve of the equation d = G() in the (d, p)-plane. Figure 1 shows
the graph of the curve G(u) and the two solutions p; and ps of d = G(u) for the case
I, < e ho

g fix 2

FIGURE 1. Mlustrative graph of G(u) and the solutions of d = G(u).

It is interesting to note that, by Theorem 3.2 of [13], as ¢ — o0, the bifurcation
value d, in Theorem 1.1 converges to g(e~*), suggesting that the global bifurcation curve
in Theorem 1.1 for large o looks like the solution curve of the equation d = G(u) in
the (d, u)-plane, and the two positive solutions in Theorem 1.2 are from the “lower” and
“upper” branches of the global bifurcation curve.
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Let us also note that for large o, the solutions p;(z) and po(z) are well approximated
by &ge”(=1 and L2ge?@~Y | respectively, which have values close to 0 away from z = 1,
while their values at x = 1 go to oo as ¢ — oo. The fact that the populations concentrate
at the bottom of the water column is due to the assumption of large sinking rate o. The
information on the asymptotic profiles of p;(x) and py(z) enables us to investigate their
stability, see Theorem 4.1 in section 4, which suggests that p; is unstable, p, is stable, as
expected for the bistable phenomenon. (Note that 0 is a stable steady state for d in the
range of Theorem 1.2.)

The rest of the paper is organized as follows. In Section 2 we use a bifurcation approach
to prove Theorem 1.1, with d as the bifurcation parameter. To overcome some of the
limitations encountered in Section 2 in the bifurcation approach, in Section 3 we use
a perturbation and reduction approach to study the steady-state solutions of (1.1) with
large sinking rate and prove Theorem 1.2. In Section 4 we consider the linearized stability
of the two positive steady states found in Section 3.

We thank the referee for helpful suggestions on the presentation of the paper.

2. MULTIPLE STEADY-STATES THROUGH A BIFURCATION APPROACH

In this section we use a bifurcation approach to prove Theorem 1.1. We focus on the
existence of positive solutions by studying the bifurcation of a branch of positive solutions
of (1.4) from the trivial solution p = 0, with coefficient d as the bifurcation parameter.

We first consider the stability of p = 0, which is determined by the sign of the largest
eigenvalue, denoted by A = d,, of the linear eigenvalue problem

Yoo — 00 +g(e M) =dp, 0<z <1,

02(0) —09(0) =0, (1) —op(l) = 0.
By the well-known Krein-Rutman theorem it is known that d, exists and is positive.
Its corresponding eigenfunction can be chosen to be positive in [0, 1], denoted by ¢,
which is uniquely determined by the normalization maxp ) ¢« = 1. To investigate the
structure of the set of solutions of (1.4) near (d,p) = (d.,0), we first introduce a few
notations. Set X = {u e C?([0,1]): Du, —ou=0at x=0,1}, Y = C([0,1]). Define
mapping F'(d,p) : (0,00) x X — Y by

F(d,p) = pew — ops +p[9(I) — d] .

Clearly, F'(d,0) =0 for d € (0,00). Since
(2:2) Fo(d,0)¢ = o0 — 0, + [g(e™™%) = d] o,

we see that (i) the kernel of F,(d.,0) is spanned by ., and is thus one dimensional; (ii)
the range of F,(d,,0), denoted by R(F,(d.,0)), is given by

1
{CGY:/ e‘”wgp*gdarzo},
0

and is thus of co-dimension one. Furthermore, F,q(ds,0)p. = —p. & R(F,(d,,0)). By
Theorem 1.7 of [1], we obtain the result:

(2.1)

Lemma 2.1. Let Z be any complement of span of {¢.} in X. Then there exists some
d > 0 and continuously differentiable functions d : (—9,6) — R and ¢ : (—0,0) — X such
that d(0) = d., ¥(0) = 0, and F(d(s),p(s)) = 0, where p(s) = sp. + s1p(s). Moreover,
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~1({0}) near (d,,0) consists precisely of the curves p =0 and (d(s), p(s)), s € (—9,9).
Furthermore,

1 1 T
(2.3) d’(O)/ Tt dy = —k:/ TEe R0t gl (e7 M%) 2 </ 90*) dx.
0 0 0

Proof. 1t suffices to check (2.3). Dividing F'(d(s),p(s)) = 0 by s and differentiating the
result with respect to s at s = 0, using p = sp, + s1(s) we have

0.

(¥'(0))aa — 0(¢'(0))a + ¢'(0) [g(e™™7) = d.] + . { kg'(e7"%)e k”/ Ps — d’(O)}
0
Multiplying the above equation by e~ 7%, and integrating by parts we obtain (2.3). [

In the terminology of [2], 0 is a Fj4(d.,0)-simple eigenvalue of the operator F,(d.,0).
By Corollary 1.13 and Theorem 1.16 of [2] we have

Proposition 2.2. There exist some positive constants 01 and 6o and continuously differ-
entiable functions v : (dy — 01,d +61) > R, p: (=d2,82) > R, v: (de — d1,ds +61) = X,
w: (—d2,02) — X such that
Fyp(d, 0)v(d) = —y(d)v(d),
Fp(d(s), p(s))w(s) = —pu(s)w(s),
o /
L s (s

5—0,1(8)#0 ( )

where v(d,) = pu(0) =0, v(dy) = w(0) = p..

(2.4)

The next result suggests that for s > 0 small, the nontrivial (positive) solution p(s) =
s@. + s1(s) is unstable under suitable conditions.

Lemma 2.3. Suppose that (1.3) holds and I, < e *. Then for any sufficiently small
s> 0, p(s) <0.

Proof. By (2.2) and the definition of d., we see that vy(d) = d — d.. If (1.3) holds,
g (e *02) < 0 for z € (0,1), which together with (2.3) implies that d’(0) > 0. By (2.4),
we see that u(s) < 0 for s > 0 small. O

Lemma 2.4. Suppose that (1.3) holds. If d ¢ (0,9(l.)), then (1.4) has no positive
solution.

Proof. Let p denote a positive solution of (1.4). Integrating (1.4) in (0,h) and applying
the boundary condition in (1.4), we have

[ vt - e =o.

Since g(I) € (0,¢9(1.)) and I # I*, we see that d € (0,g(l,)). Therefore, (1.4) has no
positive solution when d & (0, g(1,)). O

Lemma 2.5. Given any n > 0, there exists some positive constant C(n) such that every
positive solution p of (1.4) with d > n satisfies ||p||r=©1) < C(n).
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The proof of Lemma 2.5 is identical to that of Lemma 4.2 of [13] and is omitted.

Proof of Theorem 1.1. By Lemma 2.1 and the global bifurcation result of Rabinowitz
[25], (1.4) has an unbounded connected branch of positive solutions, denoted by I' =
{(d,p)} € R x C([0,1]), which bifurcates from the trivial solution branch {(d,0)} at
(d.,0). Since (1.4) has no positive solutions when d ¢ (0,g(I,)) (Lemma 2.4) and all
positive solutions of (1.4) are uniformly bounded when d is positive and bounded away
from zero (Lemma 2.5), we see that I' can only become unbounded as d — 0*. As
[' is connected, (1.4) has at least one positive solution for every d € (0,d,). Denote
{(d,p) €T :0<d<d.} byT'y. By Lemma 2.1, " contains a branch of positive solutions,
denoted by I'y, which is given by (d(s),p(s)) for s > 0 small. By (1.3) and I, < e, we
have d'(0) > 0. In particular, there exists some d* > d, such that the projection of T’y
onto the d-axis is given by (d., d*). Hence I'y and I'y must be disjoint. As I" is connected
and 'y, 'y C T', we see that the projection of I' \ I'y onto the d-axis must contain (0, d*),
i.e. (1.4) has at least two positive solutions for d € (d,,d*). By Lemma 2.4, (1.4) has no
positive solution for d > g(I,). Thus we complete the proof of Theorem 1.1. O

The proof of Theorem 1.1 indicates that there exists d** € [d*, g(I.)) such that (1.4)
has no positive solution lying on I for d > d**, and it has at least one positive solution for
d € (0,d**]. In such a case, it is natural to expect that there exist two positive solutions
for d € (d,,d*), and the global bifurcation curve is “ >”-shaped, with a turning point at
d = d**. Moreover, one expects the following typical conclusions:

For d € (d.,d™), there are two positive solutions, and the solution on the “upper”
branch of the global bifurcation curve is stable, while that located on the “lower” branch
1s unstable. Note also that the zero solution p = 0 is always stable for d > d,.

Such a global bifurcation picture can be partially proved by techniques of [3] for in-
creasing operators, if the problem at hand has the usual order-preserving property. Un-
fortunately, due to the nonlocal nature of our problem, this nice property is lost and
we cannot use such tools involving the order-preserving property as in [3] or the usual
upper and lower solution technique. We remark that even the modified order-preserving
property used in [6] is lost here due to the fact that g(I) is no longer increasing in I for
all I > 0.

To overcome these difficulties, in the next two sections, we employ a perturbation and
reduction approach, which strongly suggests the validity of the global bifurcation picture
described above, at least for large o.

3. MULTIPLE STEADY-STATES VIA A PERTURBATION-REDUCTION APPROACH

In this section, we use a perturbation and reduction approach to study the positive
solutions of (1.4). Their stability will be considered in Section 4 later. We will examine
the problem with a large o, and write it in the form

o=c¢€ ",

with € > 0 small.
Let p(z) be a positive solution of (1.4), and define

u(z) = plex + 1)e /2,

A simple calculation shows that



8 Y. DU, S.-B. HSU AND Y. LOU

1 ~
Uz — Zu%—ez [9(1) - d] u=0, x€(-"'0),
(3.1)
1
Uz_§uzoa CL’G{ € 70}’
where

I =exp (—k‘o — ekor — k;e/ u(s)eS/st) .

We will look for a solution to (3.1) of the form
u(x) = e ne®? + 2(x)
with n > 0 and

0 0
z€ H:= {z : / 2(z)e?dx = 0, / |2(2)]e*?dx < oo} .

z/2

Since the function e*/“ satisfies

1
Upy — Zu =01in (—671,0), Uy — §’LL =0atx = —671,0,

we necessarily have

1 8
— Zyw + 1= e [g([) - d] u, x€ (—e'0),

1
%57 = 0, re{—et 0},

with I as above, and u(z) = e 'ne*/? + z(z).
We now define

F(@) = flwe,n,2) = e {g(D)e ne 4+ 2(a)]* = dle” e’ + 2(a)]}

(here u™ = max{u,0}) and consider the auxiliary problem

1
— 2y + 2 = f(z) — )\em/27 T e (_6_170)’

(3.2) e
o= E = 0, z € {—e 0},

with A determined by

(3.3) )\/0 exda::/o f(z)e**dx.

Then from (3.2) we find that z € H has the expression
0
/ fy 251nh )d —)\/ ey/QQSmh( 5 )dy+ae/

where sinh(z) = (e* — ¢7*)/2 and o € R! is chosen such that ffl/ez(:r)exﬂdx =0. A
simple calculation gives

/f 281nh )dy—l—)\em/Q(x—l%—e )+ ae®/?.
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For z € H, we now define the nonlinear operator
Foy(2)(w) = FL,(2)(x) + ale,n, 2)e™?,
with

‘ : r—y x —z
FL)a) = [ flsen22sinh(* )y + Men e o =1+ 70,

where \(e, 7, z) is determined by (3.3) with f(z) = f(z;€,n, z), and a(e, n, z) is determined
by

0 0
/ eI/QFE{n(z)(a:)da: + a/ edr =0,

—1/e —1/e
that is,
0

(3.4) ale,n, z) == —(1— 6_1/6)_1/ eI/QFE{n(z)(x)dx.
—1/e

We will show that for all small € > 0 and all n > 0 in a certain interval J, the operator
F,, is a contraction mapping in , and hence it has a unique fixed point z = z.,. We will
then choose 1 = 7. so that A(e,n, z) = 0 for z = 2., and n = n.. We will show that this
gives a positive solution u = e !n.e? + 2., (z) to (3.1) for all small € > 0. A key point
in this approach is that with our assumptions on g(/), for each small ¢ > 0, for d > 0 in
a certain range, we always have two solutions for 7., and hence this approach yields two
positive steady-states for (3.1).

We will show that for e > 0 small, the equation A(€,n, z.,,) = 0 is a perturbation of the
equation

kn 1
d= / —g(&e %)ds, & = e ko ¢ (0, 1].
o kn

Denote e p

=t G0 = [ a(gae s and Go) = [ gléae™)ds,
then the above equation is equivalent to
(3.5) d=G(u).

In order to determine the range J for 7 so that F, , is a contraction mapping, and multiple
solutions to (3.1) exist, we need to obtain several simple properties of the functions G(p)
and Go(p) first.

3.1. Properties of Gy(u) and G(u). Our assumptions on g imply that g(I) < ¢yl for
some cg > 0 and all I > 0. It follows that

+o00
Go(+00) = / g(&e %)ds € (0, 00).
0
Clearly
G(0) = g(&) >0, G(u) >0 for >0, G(+o0) =0
and .
G'(1) = p~?[pGo(p) — Go(p)] =: p=?G(p).
If I, > &, then

Go(p) = g(§e™) > 0, Go(p) = —g'(§oe™")oe™ < 0V > 0.
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Hence

G'(p) = uGy(p) < 0 for p > 0.
It follows that
G(pn) < G(0) =0 for u > 0.
Thus G'(11) = p~2G(p) < 0 for g > 0. This implies that for each d € (0,d,) := (0, g(&)),
(3.5) has a unique solution p > 0, and for each d > d,, (3.5) has no solution p > 0.
If I, < &, then Gj(p) > 0 for > 0, and

Go(p) > 0 for p € (0,In(&o/1.)), Go(p) <0 for p > In(&o/L.).
Thus

G'(1) > 0 for p € (0,In(&/1,)), G'(n) < 0 for pu > In(éo/L).
Using G%(11) < 0 for all large p1 > 0 and Go(400) > 0, it is easily seen that G(u) < 0 for

all large p. Thus there exists a unique p, > In(§y/1.) such that for u € (0, uy), G(u) > 0,

and for p > p., G(p) < 0. It follows that
G'(p) > 0 for p € (0, puy), G'(p) <0 for p > ps.

Define d, := G(u.); then for each d € (g(&),d,), (3.5) has exactly two solutions y; €

(0, ps) and pg € (s, +00), and (3.5) has a unique solution p > 0 for d € {OZ*} U (0, g(&))-
Moreover,

(3.6) G'(p) > 0> G'(p2).
From now on, we always assume that
(3.7) I, < & and d € (g(&), d,).
Thus (3.5) has exactly two solutions 0 < u; < pg, and apart from (3.6), we have
(3.8) > G(p) for p € (0, 1) U (p2, 00), o < G(p) for p € (pur, o).

Clearly part (i) of Theorem 1.2 follows from the above discussions. The rest of this
section is devoted to the proof of part (ii) of Theorem 1.2. We set

_ [t 2
J_{%’ k;}

3.2. F., maps a subset of H into itself. It is easily seen that H = H, endowed with
the norm

0
2l = / =) |e*/de

€

is a Banach space.

Lemma 3.1. There exists ¢¢ > 0 and M > 0 such that for each € € (0,€] and n € J,
F.,, maps Q= {z € H : ||z| < M} into itself.

Proof.
z/2 1l x/2 ’ : r—y x
€ Fe,n(’z)(x) =€ / f(y;eanv 2)281nh(7)dy+)‘<€>nﬂ Z)[(.T— 1>€ +1]
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We have, for e > 0 small,

1

Me,n,2)| =1 —e < )t /_ 1 €2 {g(~)[e_1ne‘”/2 + 2(2)]T = d[etne®? + z(z)]} e*dx

€~

0
2 [ o R N ] (e ()|

1

IN

0
S 2/ |:CO€€kHZ“ + d] (Enem + €2|Z($)|€x/2)dx
< C(eMFl 4 1) (e + €2|2])),

for some C' > 0 independent of 7 € J and small € > 0. In the following, we will use C' to
denote a generic positive constant that is independent of n € J and small € > 0, whose
value may change from line to line.

From the above estimate we obtain

0 0
/ So(@)dz < Mem )| [ 1z =1)e” + 1]da

—€e—

< C(eMF 1 1) (1 + €] 2])).

For the term S;(z) we have

0 ' T —
S0l = e [ st 225 D

0
— ] —x _
< 690/2/ €2|g(‘) —d| (6 1776y/2 + |z(y)|) 2| sinh( 5 y)’dy

0
< 62/ C(eHI=l 4 1) (e 'e? + |Z(y)|ey/2) |e*™Y — 1|dy
< C(e I £ 1) (1 + €|2)e.
Thus

/_01 |51 (2)|dz < C(e*I=l 4 1)(1 + €| z])).

€

We therefore have
1 ek||z
IEL ()] < C(e®Hl 4+ 1)(1 + € 2])).
By (3.4), we have
(e, m, 2)e™ 2| < | FL ()] < CeMP 4+ 1)(1 + €] 2])).

Therefore, taking M = 3C' then from the above inequalities we can easily find ¢, > 0
sufficiently small (depending on C') such that for all € € (0,¢) and n € J,

[Fen(2)|| < Mt [|z]] < M.
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3.3. F,, is a contraction mapping. In this subsection we show that there exists €’ €
(0, €] such that for each e € (0,€°] and each n € J, F,, is a contraction mapping on €.
Suppose that z1, 2z € 0, and denote for i = 1, 2,

xT

L(J:) = exp <—k0 — ekor — k/ ’Oeydy) e—ek " Zi(y)ey/gdy.
el
Clearly
lg(11) — g(I2)] < C|I; — L]
<C ’€_€k ff€—1 21 (y)ey/Qdy _ e—ek ff€—1 ZQ(y)ey/Zdy
< el g, / |21 (y) — z2(y)e"/2dy
el
< CeMe||z) — 2|
< eCllzy — 29|
We write

[FL,(21)(x) = F2, (22)(x)] e/
= /zo {ath) (e + 21) " = glL) (e +22) " = d(z1 = ) e/ (e ¥ = 1)dy
+ e, m,z1) — Me,n, z)]e"(x — 14 e7%)

0
+ 62/ {9(12) [(e’lney/Q + 21)+ — (e 'ne?? + 22)+:| —d(z — 22)} V(e — 1)dy

+ [\, m,21) — A€, m, 29)]e*(x — 1+ €7%)
=T\ (x) + Ty(x) + Ts(x).

Then
Ty (x)] < €C¢||z _Z2”/0 (€ ne? + |21]ev/?) dy
scﬂm—@wx
Since
9(I)| +d < CL+d < Ce™l=ll 4 4 < C,
we have

0
Ty (z)] < 062/ {‘(e_lney/2 + 21)+ - (e_lney/Q + ZQ)J’_‘ + |z — 22|} eV?)e*Y — 1|dy

0
< e / 21(y) — 22(y) e dy

< C€2H2’1 — ZQ”
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To estimate T3(x), we notice that

0

|:>\(€, n,z1) — A€, 7, ZQ)i| / e“dx

—e1

0
= 52/ {g(h) (6_1176y/2 + 2’1)+ —g(1y) (e_lney/z + 22)+ —d(z — 22)} ey/Qdy

—e1

= 62/ [g(11) — g(15)] (e_lney/2 + zl)Jr ev2dy

0
+ 62/ {g(IQ) [(e’lney/2 +2) " = (e + zg)j —d(z — 22)} V2 dy.

Therefore similar to the estimates for T (x) and T(z) above, we obtain
(A€, m,21) = Ae,m, 22)| < Ce?|[z1 — 2.
Since €|z — 1+ ¢e7?| < C on [—e7 !, 0], we obtain
| T3(2)] < CE||z1 — 2.

It follows that
0

1oy (21) = Foy(z2)ll < /61(\T1(9€)| + [To(x)] + |T5(x)])d
< Céllzy — 29|
By (3.4), we have
(e, m, z1)e™® — ale, n, z2)e™?|| = || FL, (21) — F (22)[| < Cellz1 — 2.

Thus F,, is a contraction mapping on  provided that € € (0,€°] and n € J with € =
min{e, (3C) 71}

Summarizing, we have proved the following result.

Lemma 3.2. There exists € € (0, €] such that F., is a contraction mapping on ) for
every € € (0,€°] and n € J.

Applying Banach’s fixed point theorem, we obtain
Proposition 3.3. For each € € (0,€°] and n € J, F.,, has a unique fized point z., € 2.

Remark 3.4. Since F., depends continuously on (€,n), the uniqueness of the fived point
implies that z., also depends continuously on (e,n).

3.4. The reduced equation.
Proposition 3.5. Suppose € € (0,¢°]. If n € J satisfies
(3.9) A€, Zey) = 0,
then

Uey = € e + 2., (2)

is a positive solution to (3.1).
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Proof. Since F¢ 2, = %, and A(€,n, 2.,) = 0, from the definition of F,, we find that
u = u,, satisfies, for z € (—e1,0),

1
—Ugy + Zu — _(Ze,n)xa: + Z—LZe,n = f(xa €, Ze,’r])'
Using the definition of f we have
1 -
(3.10) —Ugy + (Z + €2d) u=eg(Iut >0in (—',0),

with
I =exp (—ko — ekor — ek/ u(y)ey/zdy> )
—e—1

Clearly u also satisfies the boundary condition of (3.1). Hence, due to €2d > 0, we can
apply the maximum principle to (3.10) to conclude that u > 0. Thus u™ = u and u solves
(3.1).

To show w is a positive solution, by the strong maximum principle, it suffices to show
that u # 0. But this follows trivially from

0 0
/ u(x)e®*dr = / e 'netdr > 0.

_e1 el

We next examine closely the reduced equation A(e, 7, z.,) = 0, that is

0 +
(3.11) / e/ {g([em) [e_lnegc/2 + zw(x)] - d[e_lne””/2 + Zem(ZL‘)] } dxr =0,

with

x

1

[e tnev/? + zem(y)]ey/zdy) :

I.,(z) = exp <—k:0 — ekox — ek/

—€e—

Multiplying (3.11) by en~! we obtain

0 +
0= / e*/? {g(]em) [ezﬂ + en_lzem(rc)} — d[e“”/2 + en_lzem(x)} } dx

0
- / lg(I.) — dide + b1,

—1

with

0 +
/ e*?g(I.,) { [exﬂ + en_lzem(x)} - ex/Q} dx

0
< C’e/ |2 ()" 2dx
1

We may write
I, (x) = &y exp (—ekor — kne®) me (),
with

T

() = £ e exp (—ke /

—€

zem(y)ey/Qdy) exp <kne’€71> —1
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uniformly for x € [—¢™1,0] and n € J as € — 0. Therefore

9(Ien(@)) = g (boe™ R M) + 0(x)
with )

d2(xz) — 0 uniformly as € — 0.
It follows that

0
- / [g (Soe™ 40" 41") — d] e dx + 6, + 6.

—e1

where
dy = /0 1 0o (z)e"dz = o(1) as € — 0.
We thus have h
d[1 —exp(—¢ )] = /0 g (§oe™ R0k ez + 61 + b,

and

0
d= / g (éoeiekoxiknez) e“dr + 61 + (52 + 53

with
63 = dexp(—e ') = o(1).

Finally we have

0
/ q (goe—ekom—kne“’) eTdr

0
:c 1
— / g(§06_6k0x_k7’e )(ekox + kne“”)'k—dx
n

—1

ko [° :

o 6]{_7;) g(goe—dfox—kne )dl’
—e1

I

— 9(&oe™")dp
kn —ko+knexp(—e~1)

1 0
- (5 e H k"eXp(eko))du

=—/ g(€oe)dp + o(1)

k77 (506 #)dp 4+ o(1)
1 [
"k

Therefore the reduced equation can be written as

9(&oe™")dp + o(1).

1 [kn

d= o /. 9(&oe™*)ds + o(1),

15
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where o(1) — 0 uniformly in € J as ¢ — 0. Recalling the definition of G (i) we find
that the reduced equation can be written as

(3.12) d = G(kn) + o(1).

Fix 1y, ny and n3 in J such that

Y e (B 1) (1 2
”1€<2k ) e\ % ’n3€(k’k '

Then from (3.8) we find that
d > G(kT]l), d < G(k’f]g), d > G(k?]g)

Since A(€, 7, z.,) is a continuous function in (e, 7n), the term o(1) in (3.12) can be written
as o(e,n) which is continuous and satisfies o(e,n) — 0 uniformly in n € J as € — 0.
Therefore, for all small € > 0, say € € (0, ¢*], with some €* € (0, €°), the equation

d = G(kn) + o(e,n)

has at least two solutions in J: n{ € (n1,72) and 75 € (12, n3). Moreover,
1 . € H2 € €
limni = ==, limny = == and G'(kny) > 0 > G'(kny).
We have thus proved the following result.

Theorem 3.6. Suppose that (3.7) holds. Then there exists € > 0 such that for each
€ (0,€*], (3.1) has two positive solutions of the form

wp = e (nfe + 25), up = e H(nse™? + 25)

with z5, z5 € H satisfying ||z§|| < Ce, and
M1

hmn1 7 hrn772 ]j, G'(111) > 0> G'(uz).
Since, for i =1, 2,
u= e (e +2) = (el + %)

with Z := 2§ +0(1)e*/?, we find that ||Zf]| = o(1), and part (ii) of Theorem 1.2 now follows
directly from Theorem 3.6.

4. STABILITY ANALYSIS

In this section, we consider the linearized stability of the two solutions u; and wuy in
Theorem 3.6. Let u* = u! denote either u; or us. The linearized eigenvalue problem of
(3.1) at u = u* is given by

(4.1) —2utg' (1)1, ekz/x d(s)e**ds + A\p =0, x € (—1/¢,0),
—1/e
¢r — 3¢ =0, z e {—1/e 0},

where
IE<ZL’) _ e—ko ekoz—ke [* 1/e U s)eé/st
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We will show that, for every small e > 0, this problem has an eigenpair (), ¢) of the form
A= pe, o(x) = e*? +ew (), w. € H,

with e — o # 0 as € — 0 and ||Jw,|| < C for all € > 0 small. Here H is the Banach space
defined in the previous section. Moreover, we will show that py < 0 when u* = wu;, and
to > 0 when u* = wy. This implies that u; is linearly unstable. Although this does not
prove that us is linearly stable, but as explained below, it strongly suggests the validity
of such a conclusion.

The difficulty in proving the linearized stability of us is due to the fact that (4.1) is a
nonlocal eigenvalue problem, and the corresponding linear operator to this problem is not
self-adjoint, nor order-preserving. Therefore it is difficult to use variational characteriza-
tion or the well-known Krein-Rutman theorem to know the relationship of the eigenvalue
obtained above to the rest of the spectrum. However, since ¢ = e*/? + ew, is a small
perturbation of a positive function, it is reasonable to believe that A = eu. behaves like a
principle eigenvalue, with all other eigenvalues having real parts strictly greater than A,
which would imply the linearized stability of us.

We now look for an eigenpair of (4.1) of the form

A=, ¢p=e?+ew, we H.
Substituting these into (4.1) we obtain
war = b+ (1) — d)(e/? + ew)

(4.2) —euqg' (1)1, ek/ le* + ewe/?]ds + ep(e™? + ew) = 0, z € (—1/€,0),
—1/e
1

wy — zw = 0, x € {—1/¢,0}.

Multiplying the first equation in (4.2) by € 'e®/2, and integrating over (—1/¢, 0), we obtain

0 lg(1e) — d](e” + ewe?)dx — '
(4.3) /_1/6 /—l/e

0
= —u/ edr = —p(l — e/,
—1/e

This defines p as a functional of w and we may write

e ?urg (I, € k:/ e 4 ewe®/?|dsdx

—1/e

p=p(w,e).
Much as in the previous section, from (4.2) we obtain

wz) = e / (1) — d)(e"” + ew)2sinh( "2 )dy

0 Y r—y
—€ / wqg (1) ek (/ [e® + eweS/Q]ds) 2Sinh(T)dy

0 —1/e
—|—e,u/ (e¥? + ew)2 Sinh(%)dy + ~e®/?,

with v € R! chosen such that ff)l/e e/ ?w(x)dz = 0.
For w € H, we now define the operator

Le(w)(z) = Ly (w)(x) + LE(w)(x) + L (w)(x) +7(w, €)e”?,
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with

Li(w)(z) : = e/ [g(1.) — d](e"? + ew)2 sinh(%)dy,
Lf(w)(x) D= —e/ wg (I ek (/yl/ [e® + ewes/2]ds> QSinh(%)diy,

L3 (w)(x) : = e p(w, e)/ (e¥/? + ew)2 Siﬂh(%)dy,

where p(w,€) is determined by (4.3), and

swa==[[ eal ; [ o e + 2 + ]

—1/e —1/e
We are going to show that there exists C' > 0 such that for every small € > 0, L. maps
B :={w € H : |jw| <2C%} into itself, and is a contraction mapping. Therefore L. has a
unique fixed point w, in B: L¢(w.) = w,. Clearly this gives an eigenpair to (4.1):
(A, 0) = (Ep(we, €), e** + ew,).
From (4.3), we easily obtain
lu(w, €)| < C(1+ €|jw||) for all small € > 0 and some C' > 0.

Clearly

0 _ 0
e*/? / (e¥? + ew)2 sinh($—2y)dy‘ < / [V + e|w|e??] |e* Y — 1|dy < C(1 + €||w]]).

xT

It follows that .
|1 L (w)]| = / 2| L¥(w)(x)|dz < C(1 + el|wl]).
—1/e

Using
0
P )] = | [ [o(1) — dler + ew)e S — ey
0 xX
< 6/ [g(1) + d](e¥ + 6|w|ey/2)|e‘”_y — 1|dy
"o
<ec [ (s duleriy < eC1+ elul).
—1/e
we deduce

IZe(w)]| < C(1 + eljwl).
To estimate L?(w) we notice that

y
‘/ e 4 ewe®/?]ds

—1/e

< O(1 +¢€||lwl]]) for all y € (—1/¢,0),

|U*g/(]5)]€ 6kl < C(ey/2 + €|Zf(y)|),
and hence

0
e*/?| L2 (w)(z)| < e C(1+ 6||w||)/ (¥ + elz (y)]e?) " — 1dy < e C(1+ efw])).
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It follows that

ILZ(w) ]| < C(1 + efJw])).
From the definition of v(w, €) we obtain

Iy(w, )e™2|| < || Le(w) + LE(w) + Li(w)]| < C(1+ efw])*.

Therefore

ILe(w)]| < C(1+ ellw])*.
If ||Jw|| < 2C, we obtain

|Le(w)|| < C(1+2¢0)* <2C

provided that € € (0, ], with €y determined by (1 + 2¢,C)? = 2.
Next we show that L. is a contraction mapping on B C H for all small ¢ > 0. Let
wy,ws € B. Then

O —_—
Lb(uwn) — Li(uws) = [ lolL) = dietws ~ wa)2sinh(* Yy
It follows easily that
ILe(w1) = Le(ws)|| < € Cllwr — woll.
Similarly

L)~ L) =~ [ wrgttioen

—1/e

y _
e(wy — w2)63/2d3> ZSinh(y)dy,

which gives

1L2(wr) = LE(wo)[| < € Cllwy — wl].
Finally

0 —
) = L) =eptn, ) [ el — )2 sinn ("

+ €[ p(wy, €) — p(ws, €)] / (%% 4 ew,)2 sinh(%)dy.

By (4.3) we easily see that
|[(ws, €) — p(wy, )] < € Cllwy —ws|.
It then follows easily that
12 (wr) = L(wa)[| < € Cllws — wl].
We now obtain
Iy (wn, €)e’? = y(ws, )e*|
< || Le(wr) = Le(wo) || + | Le (wi) = Le(w) || + | LE(wr) — Li(ws) |
< eC|lwy — wyl.
Thus we have

1
| Le(wy) — Le(ws)|| < eCllwy — we| < §Hw1 — wy|| for all wy,wy € B

provided that € > 0 is small enough, say 0 < € < ¢; < €.
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We may now use the contraction mapping theorem to conclude that for every small
e > 0, say € € (0,€¢], L. has a unique fixed point w, in B: L.(w.) = w,. It follows that,
for such ¢, (4.1) has an eigenpair of the form (X, ¢) = (¢2u(w., €), €*/? + ew,).

Let us now determine the sign of u(we,€) for u* = u; and u* = wuy, respectively. We
will denote p(we,€) by pt for u* = w;, i = 1,2. We define I'(x) from I.(z) analogously.
From its definition, we easily see that

hr% I'(z) = e ko[t kmietds — ¢ o=mie® yniformly in compact subsets of (—oo, 0].
€E—

Thus we can use (4.3) to obtain

0 0
— lim 1 = / g(§oe™") — d]e*dz — / nike® g (Eoe™H ) §oe ™ e d
e—

! 1
B / g(&oe™"")ds —d — / Sopise g (Eoe M%) ds
0 0

= G(p) — d+ @G (1) = G’ ().
Therefore
pe = =G () +0.(1) < 0, pZ = —paG'(p12) + 0c(1) > 0.
Summarizing, we have proved the following result:

Theorem 4.1. Let uy and uy be given by Theorem 3.6. Then for each small € > 0, the
linearized eigenvalue problem (4.1) with u* = u; has an eigenpair of the form

(N, @) = (Epl, e + ewl), i =1,2,
with w® € H having a uniform bound independent of €, and

pe = =G () + 0c(1) < 0, p2 = —paG' (p2) + 0c(1) > 0.
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