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Abstract

In the present paper, we consider a mathematical model of
two microbial species competing for two complementary nutirents
with internal storage and different removal rates. The competitive
exclusion, coexistence, and bi-stabilty are predicted in this model

as those in the two-species Lotka-Volterra competition model.

1. Introduction

The classical model of the chemostat is proposed by Monod [12,13] in
1950, it is assumed that the nutrient uptake rate is proportional to the re-
productive rate. The constant of proportionality is called the yield constant.
This classical model is called the “constant-yield” model, because the yield is
assumed to be constant. In [2,3] Droop proposed a so-called “variable-yield”
model for phytoplankton species. In this model, the yield is not constant and
that it can vary depending on the growth rate. In this model, the nutrient
uptake and growth are often decoupled. It assumes that phytoplankton cells
can store nutrient and that the growth rate depends on the stored nutrient.
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Nutrient uptake increases the internal stores of nutrients upon which growth
depends [1,2].

It has long been known that phytoplankton species require multiple
nutrients for growth. Thus we need to include multiple potential limiting
nutrients [10,17] in the mathematical model. Assume these nutrients are
essential for the growth of a species, then the growth will depend on the
internal storage of the most limiting nutrient. It is known as Liebig’s law
of the minimum [4,14]. These thoughts has been accepted for at least 20
years. In 1997 Legovic and Cruzado [9] proposed a variable-yield model of a
single species consuming multiple essential nutrients with Michaelis-Menten
type functional response. In 2006, Leenheer et [8] established the global
stability of the model in [9] by the method of monotone dynamical systems
for general monotone functional responses. Recently, B. Li and H. Smith [11]
consider a “variable-yield” model of two microbial species competing for two
essential nutrients with Michaelis-Menten uptake , Droop’s growth rate and
the same removal rates. They introduced similar concepts of “S-limited”
and “R-limited” in [6] for the boundary and interior equilibrium. With
the conservation property, by the method of monotone dynamical system,
they showed that there are three possible outcomes, namely the competitive

exclusion, coexistence, and bi-stability.

In this paper, we consider the above “variable -yield” model with dif-
ferent removal rates and dilution rates. In this model, we no longer have
the conservation principle. Thus the method of monotone dynamical system
does not work. We analyze the local stability of various equilibria. Although
the globally results in this model can not be proved, our results are paral-
lel to those established in [11]. The Lokta-Volterra like mechanism can be

predicted successfully.

2. The Two Resources-One Specie Model

In this section, we introduce the notion of S-limited (or R-limited) in
the model of single population consuming for multiple nutrients model. In
the following model we consider a phytoplankton species consuming for two

inorganic nutrients, S and R. Phytoplankton species is represented by three
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variables: cellular quotas (amount of resource per cell) of nutrients ()15 and
Q1 and biomass x1. The model equations are:

s = (50 = 8)D1 — f1s(S)z1
R = (RO — R)Dy — f1r(R)71
Qlls — fls(S) o ,Ulloomin(l o Qmin,ls ’ 1— Qmin,lr)le (21)

le er
. Qmm 1s Qmm 1r
’r: r(R) — ticomin(l — =1 - : r
@ fir(R) — ( 0L O )1
. Qmm 1s Qmm 1r
) = comin(l — =1 - — ) —di]x
1= [m ( o Or ) — di]z

where S° and R? are input concentrations of resource S and R, respectively.
Dy and Dy are the dilution rate of nutrients S and R, respectively. d; is the
death rate of specie 1. 10 is the growth rate at infinite quota. @Qin,1s,
Qmin,1- are the minimum quota of nutrients S and R, respectively at which
growth ceases. f15(S) = % and fi,.(R) = % are the Michaelis-
Menten functional response. The zero isocline for x; is a pair of half-lines

meeting at right angles at the point (QL,QM) in the Q15 — Q1, plane, where

Qmin,ls A Qmin,lr
QTS = 1 - D 5Q11" — _ D
Hlco Hloco

The lines are perpendicular because of the independence of the requirements

&
&
’ dx,
i
cdt Ji Qmin,ls s Qmi:n,lr
Qlls er
* Ql.s
Q ls

Figure 2.1.

for Q15 and Q1. In this case, growth is limited at any given time either by
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Q1s or @1, but not by both @15 and ()1, simultaneously except at the
corner. The curving dashed line passing through the corner in the isocline
represents the equation,

1 _ Qmin,ls —1_ Qmin,lr

le er

Above the dashed line in the Q15 — @1, plane, specie x1 is S-limted, whereas

below the dashed line, specie 1 is R-limted. When z7 is S-limted, no increase
in 1, in the region above the dashed line will have any effect on increasing
the growth rate of specie z1 ; only an increase in (015 will have this effect.
The converse is true in the region below the dashed line. It should be noted

that: when specie x1 is S-limted, the minimum of the functions min(1 —
Qmin,ls _ Qmin,lr

le ’ Ql'r
when the species is R-limted, the minimum of the functions is independent

) is independent of the concentration of Q)1,, whereas,

of the concentration of Q15 . Now, we want to know: “When is specie x1
S-limted 77 “When is specie 1 R-limted 7”

Assume that z; is S-limted, model(2.1) becomes

S/ = (SO — S)Dl — fls(S)xl
R = (R’ —R)D; — fi,(R)x

Qs = F1a(S) — el - Qg'”’“)czls (2.2)
1s

Qi = fir(R) — poo(l - Q’g‘"’“)@n
1s

] = [feo(l — M) —dq]xy
le

The interior equilibrium of model (2.2) is in the form

Els — ()\18’ Ts’QTs’QTr)xT(Q)

* _ Qmin,ls _ * _ demin,ls * _ DI(SO*)\ls)
where le — 1— d; fls()\ls) — dels — 1_ dq ) xls — de’{s )
Hloo Hloo

* * * * r(R7,
(RO - Rls)D2 - flT'( 13):613 =0, er = %11)

Assume that z; is R-limted, model (2.1) becomes

s = (SO — 8)D1 — f15(S)1
R = (R -~ R)Dy — fi.(R)x;
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Q£::hxﬂ—wmA1—ngUQu (2.3)
1r
QbeMm—mmﬂ—%?”Wu

1r

xizmmu—@fﬂwwm

We will have the interior equilibrium of model (2.3) in the form

1r = (SlT7 )\17’7 Q157 Q1T7 fi'lr)

where the parameters satisfy Q1 = ?:’”Zl”, fir(A1y) = delr = dfm%,
Hloo Hloo

A Da(RO—Ay, Da(RO—\i, & & Vo A s (Sir

Ty, = Q(CthTl ) = Qf(lr(/\lr)l L, (8% = 81,)D2 = f15(S1r)d1r, Q1s = %11)-

Since E1y = (A1, Bf,, Qf4, Q1rr 77s)s Bir = (Sir, Atr, Q1s, Qur, 31, are the
interior equilibriums of model (2.2), (2.3) respectively, we should have the

conditions:
1_ Qmin,ls <1-— Qmir,lr (24)
1s 1r
1_ er}in,lr <1-— Qn}in,ls (25)
1r le
Theorem 2.1. Suppose that A\is < S° and A\, < R°
(1) (2.4) is equivalent to A1, < R, < RC.
(2) (2.5) is equivalent to s < Sy, < SC.
Proof.
(1) Since 1— Qg’iils = M‘f—; and 1— % = M . Hence, (2.4) is equivalent
to M‘f—; <1- QTZQ?M’ or equivalent to Q’gf <1 - 1;, it is equiv-
alent to Lmimir o Quintr o 0r 5 )y, Since fi,(RY,) = diQ, and

1r er
fir(Mr) = diQi1r. Hence, (2.4) is equivalent to fi,.(R},) > fir(A1r),

it follows that R}, > Aj,.(Since fi,(-) is strictly increasing.) Since

RO—R:. _ Di(S°-)\is) . N 0
flr(Rlls) = Dlzfls(ht) > 0, it follows that R}, < R".

(2) It is similar to (1).

Theorem 2.2. Suppose that A\i; < S° and A, < RY
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(1) (2.4) s equivalent to

Dl(SO - )\13) szn 1s
DQ(RO - Alr) Qmm 1r

(2.6)

(2) (2.5) is equivalent to

DI(SO - )\13) szn 1s
DQ(RO - )\17’) Qmm 1r

(2.7)

Proof.

(1) By Thm2.1, (2.4) is equivalent to R® > R}, > A1, .Since BB,

flT(RTs)
0
%2(}@15?/\’\11:)) and RO_R) is strictly decreasing. Hence, (2.4) is equivalent to

flr(R

RO—Rj, RO—)\y, .o Di(S%=Xis) RO—)\y, D1(S%=Xis) J1s(A1s)

fir(RY,) < fir(A1r)” that is, Ds f1s(Ais) < fir(Air) r Do (RO—M\1r) fir(A1r)
or Dl(SO*/\ls) Qmin,ls
DQ(RO*)\M) Qmin,lr

(2) It is similar to (1).

D1 (8% A14)
DQ(RO_)\lr)
state nutrient regeneration rates at equilibrium under consumption by z;.

When specie z; presents, represents the ratio of the steady-

A1s and Aq, are the equilibrium concentrations of resources S and R, respec-
tively, under steady-state consumption by specie 7. % represents the
fixed yield ratio for specie x1 growing on resources S and R. We give the

following definition:

(i) If Dl((s )‘15)) < g:z: ==, then we say that specie z; is S-limted.
(i) If Dl((s )‘15)) > SZZZi, then we say that specie x1 is R-limted.

It should be noted that

Qmin,ls _ fls()\ls)
Qmin,lr flr()\lr) )

By the definition and Thm2.2 above , it follows that: either x; is S-limted
or 1 is R-limted in model (2.1).

(2.8)

3. The Two-Resouces, Two-Species Model

In this section, we consider microbial two populations, with densities
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x1 and xo, competing for two nutrients of concentration S and R in the
chemostat. The system of equations is

S" = (8" = 9)Dy — f1s(S)z1 — fos(S)z2
R = (R’ — R)Ds — fi,(R)z1 — for(R)x2
Qlls — fls(S) o ,Ufloomin(l o Qmin,ls ’ 1— Qmin,lr)le

le er
Qllr = flr(R) — ,u1oomm(1 — Qmin,ls s 1-— len Ir )er
Q Q1s Q @ (3.1)
QIQS = f2s(S) _ ,uzoomm(l _ wmin,2s ’ 1— min,2r )Q2S
Q2s QQT
Ql2r = f27‘(R) — H2oom2n(1 — Qmin,Qs s 1-— Qmin,Qr)Q2T
Q28 QQT
: Qmm 1s Qmm 1r
T = comin(l — 01— Y o di
1 (111 ( 0. o ) — di]
o = omin(l — Qmin,2s’1 . Qmin72r —dolx
2 = [u2 ( Do O ) — da)zo

where S® and R are input concentrations of resource S and R, respectively;
D1, Dy are the dilution rate of nutrients S and R respectively; di, do are
the death rate of species 1 and xo respectively; ;oo is the growth rate at

infinite quota; Qumin,is, @min,ir are the minimum quota of nutrients S and R
(respectively) at which growth ceases; fis(S) = m”ﬁg » fir(R) = V["(w-mj;{R

are Michaelis-Menten functional forms. In the “two-resources, one-species”

case, we give a definition of “S-limted” and “R-limted”. Now, we give the
following definitions about “S-limted” and R-limted for model (3.1).

Definition 3.1. Suppose that the parameters Aig,A1,, Aas,Ao- satisfy

di min,is d min,ir .
fis(Nis) = 1?7‘1—’ and fir(Aip) = 1627 =12

Hico Hico

() If Dl(S >\zs) < szn is

Da(RIAe) < Qoo s WE SAY that specie x; is S-limted, i = 1, 2.

D (S A745) len ZS
(i) I 5= > O

It should be noted that

Qmin,is _ fzs()\zs)
Qmin,ir fzr()\zr) ’

, we say that specie z; is R-limted, ¢ = 1, 2.

i=1,2.
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3.1. x; is S-limted, and x5 is S-limted

If 1 is S-limted, and x5 is S-limted, (3.1) becomes the following:

S = (SY = 8)Dy — f15(S)x1 — fos(S)xo (3.2a)
R = (R’ = R)Dy — fi,(R)x1 — far(R)xs (3.2b)
@ = hu(8) — o1 - L2, (3.2¢)
Qi = Fir(R) — ol - Qg@f Cminlsyo, (3.24)
@y = Fu(S) ~ panell — L5221, (3.2¢)
QY = for(R) — pigoo(1 — Qg: 2)Qar (3.2f)
7y = el = L02) — i (3:28)
1s
2l = [poeo(l — QW:’?S) — d] s (3.2h)

Generically, (3.2 ) has at most three steady-state solutions. One of these,
which we label Ej , corresponds to the absence of both competitors. It is
given by

EO - (S7 R7Q187Q17‘7Q287Q27’7x17x2) (SO RO 137 (1)r7 259 2r70 O)

, where Q?S and Q?T satisfy Q?S Qmin,is + Lis (S and QO ! 1}( i S)O)“ We
note that Fy always exists. The two other p0551ble steady-states, labeled F1
and FE», correspond to the presence of one population and the absence of the

other. In the case that x1; and x5 are both S-limited,

El = Els = ()\18’ 1s’le’Q1r’Q25’Q2r)xls’ )

* Q in, 1 _ * de in,ls * D1(Sofx\1 ) 0
where Qf; = 5, fis(Ais) = Qi = 55, 21, = —hoony o (R -
Hloco Hloo

* * * T R 5 s )\ s *
1) Da— fir (R o, = 0, Q3 = 220 Q5 = Quuinast 222820 £y (RY,)—
S )‘ S

%QE —0.

Since fBOiRTs sz — Dl(S()*AlS)
1

) T D T Dafiitas) and f1,(R) is strictly increasing with
T 1s s s
f1r(0) = 0, we have 0 < R}, < R® when A5 < S°. Hence, the steady-states

E; exists if and only if di < p1ee and Az < SY. The above conditions
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state that the population x; can achieve a steady-state population provided
that: (a) the washout rate d; is not too large; and (b) the reservoir contains
sufficient nutrient, that is, A5 < S°.

An analogous steady state in which only population x is present is given by

sk Rk YRk )k ok
Ey = EQS_()‘QSaR2ra 1s) Wlry) W2s) 27 ’xQS)

k% min,2s sk d min.2s ok D SO_)\ s
where Q; = (iid—i’ fas(Mas) = d2@Q57 = %’ Tas = W )
H200 K200
r (R s s
(RO N R;:) f2T(R2T)x25 =0, Q - M’ szn 1s + flu(li\j )7

S A S
Fir(RE) — flé;; LQi = 0.
Use the same way, one can show that the steady-states Fo exists if
and only if dy < pos and Ags < S0 Now, we want to search the interior

equilibrium. From (3.2.g) and (3.2.h), one has p1100(1 — %) = dp and
Haoo(1 — L5225) = dy, that is, Qrs = 2232 and Qp, = L2332 From
Hloo /“LQOO

(3.2¢) and (3.2e), one has f15(S) = p10o(l — Q"”” G )Q1s = dy =g Qminls and
F‘loo
f25(S) = pooo(l — Qmm 25)Q25 = dy QML;S. Hence, one has S = A\, and
S = Ags. It is p0581ble that there exist steady states with both x; and zo
present if A\js = Ags. Since this condition is highly unlikely, we ignore this
case. Assume that x; is S-limted and x5 is S-limted, we have the following

theorems:

Theorem 3.1. If A\js > S° and \os > SY, then Ey = (S°, RY,QY,, QY.
9, @9.,0,0) is locally asymptotically stable.

Theorem 3.2. Assume that E1, and Ey both exist(ie.\1s < SO g <
SO, and dz < Mico, 121,2) If )\15 < )\25, then E1 = ()\13, TS,QL,QTT,

ok
15’ 1r>

Q54 Q5. %74, 0) is locally asymptotically stable and Ey = (Ags, R3Y,
o Q5. 0,x5%) is unstable.
3.2. x; is S-limted, and x- is R-limted

If ;1 is S-limted, and x5 is R-limted, (3.1) becomes the following:

S = (8% — 8)Dy — f15(S)z1 — fos(S)x2 (3.3a)
R = (R = R)Dy — fi.(R)x1 — for(R)xo (3.3b)
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Qlls = fls(s) - Nloo(l - QZ;ILJS)QIS (330)

Q= frl) ~ pc(1 = 521, (3.3d)

Qb = f2o(S) = paoe (1 — Qg@" 2 0 (3.30)
2r

Q,QT = fQT(R) - ,U'2oo(1 - ngn 2 )QZT (33f)
2r

7y = [pieo(l - Qmiln’ls) — di]zy (3.3g)

2y = [u2co(l — %) — da]xy (3.3h)

2r

Generically, (3.3 ) has at most four steady-state solutions. One of these,
which we label Ej, corresponds to the absence of both competitors. It is

given by

EO - (S7 R7Q187Q17‘7Q287Q27’7x17x2) (SO RO 137 (1)r7 259 2r70 O)

and it always exists. Here, Q{, = Qmin1s + fls , QQT Qmin,2r + fQT(R ),

0 0
0 = %S)g;“, and Q9, = %. The steady—states, labeled E1 and
FEs, correspond to the presence of one population and the absence of the

other. In this case,

El = Els = ()\187 157@137@17’7@237@27’7'%'137 )

* Qmin,ls _ * demin,ls * D1(50—>\1 ) 0
where le — 1— dy fls()\ls) — dels — 1— —d1 Tis = fls(/\ls)s ) (R -
Hloco Hloo

r(R] (Rt
1 ) flT( Ts)xfs =0 er - h ( 15 7Q2r szn 2r+f2 ( 15 f2s()\15)
fQT(R“ Q5, = 0. It is obvious that E1 exists if and only 1f d1 < eo and

)\15 < S9. An analogous steady state in which only population x5 is present

is given by

E2 — E2R - (S**7)\27‘7 ﬁv T:v ;Zv ;:7 7'%';:)

Qmm s Kk d Qmin, s sk D RO—)\ T
where Q5% = —HZ; , forOar) = doQ5r = 21_7322 a5 = W’ (S0 —
S**)Dl_fQS(S**)xmn = 0 Q = fQS ) = Qmm 15+fls flr()\Qr)
fls(S )

Q- = 0. It is obvious that E2 exists if and only if dg < W2so and
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Mo, < RO, Next, the interior equilibrium takes the form:

E.= Els 2R — ()‘15,)\2raleanraQ2saQ2r’x15’x2r)

, where Qi = Lmigle Q= Lm2 £ (0) = diQis = dyLegl

1_:“100 Q N200f ()\ f A ) Hloco
for(Aar) = daQar = do TR Qi = "le’ Qa5 = 2((1721 Moreover,

K200

Z1s and Zo, satisfy

fis(\is)@1s + fos(Mis)d2r = (S = Ais) D1 (3.4a)

flr()\Qr)ils + f2r()\2r)§72r — (RO - )\21")D2 (34b)

By Cramer’s rule,

&1, = % (3.52)
o = % (3.5b)

where
A = fis(Ms)far(M2r) = fir(A2r) fas(A1s) (3.6a)

Ay = Di(S° = Ag) far(Aar) — Da(R? = Moy) fas(M1s)  (3.6D)
Ag Do(R? — Xoy) f1s(A1s) — D1(S? — Ais) fir(A2r) (3.6¢)

Assume that z; is S-limted and x5 is R-limted, we have the following theo-
rems:

Theorem 3.3. If A\ > S° and Ao > R, then Ey = (S°, R°, QY,,QY.,
96, @9,,0,0) is locally stable.

Proposition 3.1.

(1) il is locally stable if and only if 2 D S i;j)) > J{ijg;g if and only if
9 < 0.

(2) Ey is locally stable if and only if & Dl S i;i)) < }Ej&;s) if and only if
Al < 0.
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Proposition 3.2.

If A1 >0 and Ay > 0, then A > 0.
If A1 <0 and Ay < 0, then A < 0.
If Ms < Aas, then Aq > 0.
If Aoy < Aqy, then Ag > 0.

Proof.
Ay > 0and Ay > 0 if and only if PLERL) > Leued gy DUERe)
fls(/\ls)

fls(/\ls) fQS()\ls) .
Tir Oy Hence, 5500 > £ 5, » that s, A > 0.

It is similar to (1).

D1(5%—Xay) J2s(N2s)

Since xo is R-limited and, we have Do (R =2or) ForOar) From A\ <
)
)

D1(S°=\15) D1 (89— Aas
D2(R°—Xa,) ~ D2(RO—Aar

D1(S°—A1s) o f2s(A1s) ;
Do %a) > TorOgy)» that is, A1 > 0.
D1(5°=\15) f1s(Mis)

Since x7 is S-limited, we have Da(RO—A1y) < o) From Ao, < Ay,

D1(S%°—\15) D1(S%—X1s) f1s(M1s) f1s(A1s)
we have D;(RL)\;) D;(RL)\;) and fir(AL) < fir()\;). Hence,

D (SO_>‘ S) f S(>\ S) 3

f25(>\25) > f25(>\15)

and  pHEN > oo Hence,

A2s, we have

Theorem 3.4. Assume that Ey, and E3 both exist(ie.\1s < SO and
< R°, and d; < flico, i = 1,2)

Suppose Mg < Aas and Ap < Aoy, then Es is unstable.
Moreover, we have the following:

1. If Ey is locally asymptotically stable and Eo is unstable, then the
interior equilibrium E. doesn’t exist.

2. If Ey is unstable and FEy is unstable, then the interior equilibrium
E. exists and is unique.

Suppose A5 < Ags and Ao < A1y, then E1 and Eo are unstable, and the
interior equilibrium E. exists and is unique.
Suppose Aog < As and Ap < A9y, we have

1. If Ey is locally asymptotically stable and Ey is unstable, or Ey is
unstable and Fo s locally asymptotically stable, then the interior
equilibrium E. doesn’t exist.

2. If By and Ey are unstable or By and Eo are locally asymptotically
stable, then the interior equilibrium E. exists and is unique.



] MATHEMATICAL ANALYSIS OF TWO MICROBIAL SPECIES COMPETING 13

(4) Suppose \os < 15 and Agp < A1y, then Ey is unstable.
Moreover, we have the following:

1. If Ey is locally asymptotically stable and E7 is unstable, then the
interior equilibrium E. doesn’t exist.

2. If Es is unstable and Fy is unstable, then the interior equilibrium
E. exists and is unique.

Proof.

(1) Since A5 < Ags, from Proposition3.2(3), we have Ej is unstable.

1. From Proposition3.1: A; > 0 and Ay < 0. From(3.6), E. doesn’t
exist.

2. From Proposition3.1: Ay > 0 and Ay > 0. From Proposition3.2(1):
A > 0, that is, E. exists and is unique.

(2) From Proposition3.2 (3)(4), we have A; > 0 and Ay > 0. From Propo-
sition3.2 (1)(2), it follows that A > 0. Hence, E; and Ej are unstable,
and the unique interior equilibrium FE. exists.

(3) 1. Since either A1 < 0,A >0 or A} > 0,A, <0, E. doesn’t exist.

2. Since

A1 > 0,As > 0 which imply A > 0

and

A1 < 0,A9 < 0which imply A <0

, from(3.6), E. exists.
(4) 1. The proof is similar to(3).

3.3. x1 is R-limted, and x5 is S-limted model

If z; is R-limted, and x2 is S-limted, (3.1) becomes the following:

S = (8% — 8)Dy — f15(S)z1 — fos(S)x2 (3.7a)
R = (R = R)Dy — fi.(R)x1 — for(R)x> (3.7b)
@l = Fu(S) = ot - LB, (370
Qhy = fir(R) — pno(1 — 2100, (3.7d)

er
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Q/25 = fZS(S) - ,U'2oo(1 - Qgin,Qs)Q% (376)
2s
Q= Farl) — a1 = 522y, (3.76)
2s
7] = [eo(l— Qmiln’lT) —di]x; (3.7g)
= [pas(l - Qg”’%) — ]z (3.7h)
2s

This model is similar to model (3.3). Generically, (3.7 ) has at most four
steady-state solutions. One of these, which we label Ej, corresponds to the

absence of both competitors. It is given by

EO - (S7 R7Q187Q17‘7Q287Q27’7x17x2) == (SO7R07Q(fs’Q(l)ergs’QgrvO’O)

and it always exists. The steady-states, labeled F; and FEs , correspond to
the presence of one population and the absence of the other. They take
the form: Ey = Eig = (57, Air, @4, Q1. Q54, Q5. 27,,0), By = Eys =
(A2s, B, Q1% Q5r, Q%% Q5. 0,25%). One can show that, the steady-states E
exists if and only if d; < p100 and Aq, < RO. In the same reason, the steady-
states By exists if and only if dy < figeo and Ags < SY. Finally, the interior
equilibrium takes the form E. = EMR2S — (A2s, A1rs Qs Q1r, Qss, Qor, F1r,
Z9s). Assume that z7 is R-limted and x5 is S-limted, we have the following

theorems:

Theorem 3.5. If Ay, > R° and \os > S°, then Ey = (S, R, Q1s, Q1r,
Q2s, Q2r, 71, 72) = (S RO, (1)57 ?T,Qgs, gr,0,0) is locally asymptotically
stable.

Theorem 3.6. Assume that Ei, and Eo both exist(ie.\;, < R and
Ao < SO, and d; < o, 1T = 1,2)

(1) Suppose A1y < Agr and \1s < Aog, then Es is unstable.
Moreover, we have the following:

1. If Ey is locally asymptotically stable and Eo is unstable, then the

interior equilibrium E. doesn’t exist.

2. If Ey is unstable and E5 is unstable, then the unique interior equi-

librium B, exists.
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(2) Suppose M1y < Ao and \os < A5, then Ey and Es are unstable, and the
unique interior equilibrium E. exists.
(3) Suppose Aoy < A1 and Mg < Aos, we have

1. If Ey is locally asymptotically stable and Es is unstable (or Ey is
unstable and Ey is locally asymptotically stable), then the interior
equilibrium E. doesn’t exist.

2. If By and Ey are unstable or E1 and Eo are locally asymptotically
stable, then the unique interior equilibrium E. exists.

(4) Suppose Aop < A1y and Ags < Ais, then Ey is unstable. Moreover, we
have the following:

1. If Ey is locally asymptotically stable and E7 is unstable, then the

interior equilibrium E. doesn’t exist.

2. If Es is unstable and E7 is unstable , then the unique interior equi-

librium E,. exists .

3.4. x1 is R-limted, and x5 is R-limted

If 1 is R-limted, and x2 is R-limted, (3.1) becomes the following:

S = (8% — 8)Dy — f14(S)z1 — fas(S) a2 (3.8a)
R = (R’ — R)Ds — fi,(R)x1 — for(R)x2 (3.8b)
Qlls = fls(S) - :u'loo(l - QZ;TLJT )le (380)
1r
Q= fuB) = proal1 - D500, (3.84)
Qe = 2s(S) — 001 — Qg@'“” )Qas (3.80)
2r
Q= for(R) — pano(1 - Qg’”’”)cz% (3.56)
2r
xll = [Nloo(l — Qgin,lr) — dl]xl (3.8g)
1r
wh = [pi200(1 — Q’g"’z’") — do)s (3.8h)
2r

This model is similar to (3.2). Generically, (3.8 ) has at most three steady-
state solutions. One of these, which we label Ej , corresponds to the absence
of both competitors. It is given by Ey = (S, R, Q1s, Q1r, Q2s, Q2r, T1,22) =
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(8% R%,QY,,QY,,Q%, Q3,,0,0) and it always exists. The two other possible
steady-states, labeled E; and FE5, correspond to the presence of one pop-
ulation and the absence of the other. They take the forms: Fy = Fig =
( Trv)‘h“v Ts’ Ter§st§r7xTr70) and Ey = Eop = (S§:7)‘27’7 ﬁ’ T:v 327
Q5r,0,25%) Note that the steady-states E; exists if and only if di < pieo
and A\, < RY. B exists if and only if dy < jigse and Mg, < R°. There exist
steady states with both x; and 9 present if A1, = Ag,. Since this condition
is highly unlikely, we ignore this case. Assume that x; is R-limted and z9 is
R-limted, we have the following theorems:

Theorem 3.7. If A1, > RY and \a, > R, then Ep = (S, R%, QY,, QY

1sy» = 1r>

QY,,Q9,.,0,0) is locally asymptotically stable.

Theorem 3.8. Assume that both of E1 and Ey exist(ie. A1, < RO g <
R07 and d; < Mioco s Z:LQ) . If A < )\27‘; then By = (Sikra)\lT)QTs’QTr’Qgs7

ok kk
1ry % 2s>

Q3,,7%,,0) is locally asymptotically stable and Ey = (S3*, Aoy, Q3
Q5. 0,25%) is unstable.

From the above theorems, we summarize the results in Table 3.1, 3.2,
and 3.3.

Table 3.1. Existence and stability of equilibria for a competition model
based on storage with different removal rates.

Equilibrium | Existence condition Stability condition

Ey Always exists (A1s>S°V A, >RY)
/\()\25 >S50y Aoy > RO)

0_
FEig A1s <S% A1 <R and Ats < Ags OF gifio-ili% > ;iigi;:;
D1(S°—X10) < S1s(A1s)

DQ(RO—le) flr(kh‘)

0_
Figr Als <SO7 ALy <R% and Ar < Agp O g;((]io,;\fj)) < ;i:gifj;
D1(S°—X10) > S1s(A1s)
DQ(RO—le) flr(kh‘)

0_
FEsg Ao <SO7 Aoy <R% and A2s < A1g O g;é;o,/;?:)) > ;;:Eifj%
D1(S°=X25) _ fos(A2s)

D2(RO—Xar) > far(Ohar)

0_
FEor Ao <SO7 Aoy <R% and Agr < A1y OF 321((18:‘307:\\;)) < ]{;:8;;
D1(S°=X25) o fos(A2s)

D2(RO—2a,) ~ far(ar)
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Table 3.2. Existence of interior equilibria for a competition model based

on storage with Different Removal Rates.

Equilibrium | Existence condition
Tor e (A1s > Aas, Arr <oy,
fas(A1s) _ D1(S°—A1s) fls()\ls)) V (fls()\ls) D1 (S°—X1s) fas(A1s)
far(A2r) ~ D2(RO—X2,) fir(A2r) fir(A2r) ~ Da(R°—X2,) for(A2r)
To (A1s <Azsy Atr> Aoy,
fis(X2s) _ D1(S%—X2s) f2s(>\2s)) V (f2s(>\2s) Dy (S°—X2s) f1s(A2s)
fir(A1r) ~ D2(RY—A1r) far (A1) far(A1r)  D2(RO—MA1,) fir(A1r)

Table 3.3. Biological Classification of the Outcomes for Two Complemen-

tary Resources with Internal Storages and Different Removal, Dilution rates;

_ D1(8-Nis)
TZ—DQ(RLAi

L fiS()‘iS) .
0 Gi= Gy =12

Biological Case

Competition Criteria

Species 1 always wins, regardless
of initial density; species 2 die out

(a) Air < A2py T1 > C1,y T2 > Co
(b) A1s < A2s, Tt < C1, T2 < C2

Species 2 always wins, regardless
of initial density; species 1 die out

() A1s > Adas, T1 < C1, T2 < C2
(b)A1r > A2py, T > C1,y, T2 > Co

Species 1 and 2 persist in a stable
coexistence

(@) A1s < Az2sy A1r > A2y, T1 < Cyp,y To > Co
(B)A1s > Xasy Air < A2y T1 > C1, T < C2

Species 1 always wins, or Species 2
wins, while rival Species dies out;
initial densities determine eventual
winner

(@)A1s < A2sy A1r > A2p, Th > C1, T2 < Ca

(B)A1s > Xasy Air < A2y T1 < C1,y T2 > C2

4. Appendix: The proof

The local stability of equilibrium of system(3.2) is determined by the Jacobian
matrix of (32)7 denoted by J(Sv Ra le; er; Qst Q2r7 T1, 1'2) =

a1 0 0 0

0 a9 0 0

fis(8) 0 —pes 0
0 fl(R) aiz —p1s(Qrs)

f35(8) 0 0 0

0 fa(R) O 0

0 0 ars 0

0 0 0 0

0 0 —f15(8) —f2s(9)
0 0 _fl'r(R) _f27‘(R)
0 0 0 0
0 0 0 0
o O 0 0
ags  —p2s(Qas) 0 0
0 0 arr 0
ags 0 0 ass

1.The local stability of equilibrium of system (3.2)
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where a11 = —D1 — f{,(S)z1 — f35(S)x2, aze = —Da — fi,.(R)x1 — f5.(R)x2, a4z =
— 15 (Q15)Q1r, ass = — o5 (Q25)Q2ry a3 = P, (Q1s)T1, ar7 = p1s(Q1s) — di, ass =
o5 (Q2s)T2, ags = pi2s(Qas) — da.

Proof. (Proof of Theorem3.1) Jy = J(Ey) =

— Dy 0 0 0 0 0 —f15(5%) —f24(5°)
0 —Dy 0 0 0 0 —fl,.(RO) —f27-(RO)
(8% 0~ 0 0 0 0 0
0 fin(R%)  aus  —ms(QY,) 0 0 0 0
f3,(8%) 0 0 0 — 1200 0 0 0
0 fL(R% 0 0 ags  —pas(Q%,) 0 0
0 0 0 0 0 0 a7 0
. 0 0 0 0 0 0 0 ass |
where ag3 = —p(QY,)QY,, Ges = —uh(Q9,)QS,, arr = ms(QY,) — di, ags =

pa2s(Q9,) — da. The eigenvalues of Jy are

— D1, —Da, — oo, —H200, —H15(QV), —125(Q5, ), p15(QY) — di, p1as (Q5,) — da
Since f1is(QR) = pio(l — L) = L2
cally asymptotically stable if and only if p;s(QY) < di,i = 1,2. if and only if
Hico (1 — Qm”'is) < d; if and only if QY, < —?7_"7’2;7”9 if and only if Qumin.is + —f“;@()) <

Q?S
Hioco
% if and only if f;5(S°) < % = fis(N\is)if and only if SO < N5, i = 1,2.

Hioco Hico

> 0,7 = 1,2. Hence, Ey is lo-

fis(S%)
o

Proof. (Proof of Theorem3.2) J, = J(E;) =

G‘Tl 0 0 0 0 0 *fls(Als) 7f25(>‘15)
0 052 0 0 0 0 *fIT(RIs) 7f2r(RT5
f1s(As) 0 —M1eo O 0 0 0 0
0 fi,(Ri,) ai3 —di 0 0 0 0
fés()\ls) 0 0 0 —H200 0 0 0
0 fér(RTs) 0 0 agf) _I‘I/2S(Q§S) 0 0
0 0 at, 0 0 0 0 0
L 0 0 0 0 0 0 0 agg ]
where azfl =-D; — f{s()‘ls)ITw a;Q =-Dy— f{r( Is)xfsw a’ZB = _IU//IS(QTS)QT'N

ags = —Has(Q5,)Q5,, a7z = 11(Q15)21,, agg = p2s(Q3,) — da. The eigenvalues of

J1 are

—H2s (st)a —H200; a§8a _dla a§2
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and the eigenvalues of J; =

atq 0 —f1s(A1s)
f{s()‘ls) —HMlco 0
0 a%s3 0

The characteristic polynomial of jl is det(zI — jl) =234+ A122 + Asz + As where
Ar = —(ai; — prioe) > 0, A2 = —pieoaly, Az = fis(Mis)azsfis(Ms) > 0. Since
M/IS(QTS) = Hlco ?TQ”;:SI;; and f15(>\15) = deTS. Hence,

A Ay — As
= HMiloo (Dl +f{s(>\15)l’>{s +:LL100)(D1 +f{5()‘15)x>{5) - f{s()‘IS)lu’lls(QTs)szfls(AlS)
oo (D1 £y ), 4 insc) (D + FLy(r)i,) — Fy (oo 2L gy,

Q1
d .
= MlOO(Dl +f{s(Alé)sz+N100)(D1 +f{S(A15)x){S) _fis()\ls)/lloo(l - Ml—l)dlxls
Since p100 > dy, we have
AyAy — As
d .
> dl(Dl + f{s()‘ls)sz + MlOO)(Dl + f{‘s()\lé)x){s) - fié()\ls)/lloo(l - Ml—l)dlxls
> 0

The Routh-Hurwitz criterion [5] shows that the real part of the eigenvalues of i
are negative. Hence F; is locally asymptotically stable if and only if

0 < p25(Q3,) < da.

Notice that pos(Q3,) = H2eo(l — QQQQ) = f22§;‘“) > 0. Hence, E; is locally

asymptotically stable if and only if 94 (Q3,) < do if and only if Q, < @min2s jf

do

and only if Qin, 25 + f2;()‘“) < Q’"""(;fs if and only if fos(A1s) < Qmm’%_% —

200 1— =02
oo

H2o00
f2s(Ags) if and only if A5 < Ags. The stability analysis for Fs is similar to Fy and

we omit it.

2.The local stability of equilibrium of system (3.3)

The proof of Theorem3.3 is similar to Theorem3.1 and we omit it. The proof
of Proposition3.1(2) is similar to Proposition3.1(2) and we only prove Proposi-
tion3.1(1). The local stability of equilibrium of system(3.3) is determined by the
Jacobian matrix of (3.3), denoted by
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J(Sa Ra le; er; QQsa Q2T; 1’1,1’2) =

an 0 0 0 0 0 —f1s(S) —f2s(S5)

0 a9 0 0 0 0  —fir(R) —for(R)
f1s(8) 0 — oo 0 0 0 0 0

0 f{, (R) 43 _Mls(le) 0 0 0 0
f2,(S) 0 0 0 —p2r(Q2r)  ase 0 0

0 fy(R) 0 0 0 —fi20s 0 0

0 0 ars 0 0 0 arr 0
L 0 0 0 0 0 ase 0 ass |

where ailp = —D1 — f{S(S)Il — fés(S)IQ, a9 = —D2 — f{T(R)xl — fé,,.(R)xg, 43 =
7//13(@15)@17"; ase = 7:”/27“(@27")@257 ars = M/IS(QIS)ZI) ar7 = le(le) - dl; age =
o, (Qa2r) T2, agg = pizr(Q2r) — da.

Proof. (Proposition3.1(1))J; = J(Ey) =

a{l 0 0 0 0 0 _fls()\ls) —fgs()\ls) ]
0 a;Q 0 0 0 0 _flr (Rfs) _f2r(RTs)
f{s()‘ls) 0 —Hico 0 0 0 0 0
0 fir(Ri) alz —d 0 0 0 0
f25(A1s) 0 0 0 —p2r(Q3,) aig 0 0
0 f3(Ri) 0 0 0 — 200 0 0
0 0 A% 0 0 0 0 0
L 0 0 0 0 0 0 0 agg ]
where afy = =Dy = fi,(Mis)als, a5 = =D = f1,(Ri )21, aly = —p,(Q1,) Q1

G’EG = 7#&7"(@37")@35’ a;S = MIIS(QTS)CEIM a§8 = :LLQT(QST) - d2' The eigenvalues of
Jp are

—H2r (Q;r)a — 200, G';Sa 7d17 052

and the eigenvalues of .J; =

ajy 0 —fis(Ais)
fis(A1s) —p1co 0
0 A% 0

The characteristic polynomial of J; is det(zI — jl) =234+ A12% + Ayz + As, where
Al = —(a3] — o) > 0, A2 = —p1c0aly, As = f1.(A1s)adsf1s(A1s) > 0. Since
A1 >0, A3 > 0 and A1 A5 — Az > 0, the Routh-Hurwitz criterion shows that the
real part of the eigenvalues of J; are negative. Hence F; is locally asymptotically

stable if and only if 0 < p2,(@Q3,) < da. Notice that po,(Q3,.) = t2co (1 — %—22) =
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%ﬁm > 0. Hence, E; is locally asymptotically stable if and only if po,(Q3,) < da,
2r

that is, @3, < Qmin2r that is, Qmin,2r + f2;(21:fs) < ?:”i”'” that is, far(R7,) <

1—-d2 7 43
K200 K200
d . o fn(BY, - (Azr
Quin2r =25 = for(Aar), that is, Rf, < Aoy, that is, 2ehe < J5le) (Note

H200

that 1{57;(8) is increasing ), that is, DDl 2(125(_A/\1i9)) < );%09;23 (Note that J;%lg;f: =

Do f1s(M1s . D1(S°=)is s(A\1s .
%), that is, DQERLA;)) > }?E)\ig, that is, Ag < 0.
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