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Abstract

In the present paper, we consider a mathematical model of
two microbial species competing for two complementary nutrients
with internal storage and different removal rates. The competitive
exclusion, coexistence, and bi-stabilty are predicted in this model

as those in the two-species Lotka-Volterra competition model.

1. Introduction

The classical model of the chemostat is proposed by Monod [12,13] in
1950, it is assumed that the nutrient uptake rate is proportional to the re-
productive rate. The constant of proportionality is called the yield constant.
This classical model is called the “constant-yield” model, because the yield is
assumed to be constant. In [2,3] Droop proposed a so-called “variable-yield”
model for phytoplankton species. In this model, the yield is not constant and
that it can vary depending on the growth rate. In this model, the nutrient
uptake and growth are often decoupled. It assumes that phytoplankton cells
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can store nutrient and that the growth rate depends on the stored nutrient.
Nutrient uptake increases the internal stores of nutrients upon which growth
depends [1,2].

It has long been known that phytoplankton species require multiple
nutrients for growth. Thus we need to include multiple potential limiting
nutrients [10,17] in the mathematical model. Assume these nutrients are
essential for the growth of a species, then the growth will depend on the
internal storage of the most limiting nutrient. It is known as Liebig’s law
of the minimum [4,14]. These thoughts has been accepted for at least 20
years. In 1997 Legovic and Cruzado [9] proposed a variable-yield model of a
single species consuming multiple essential nutrients with Michaelis-Menten
type functional response. In 2006, Leenheer et [8] established the global
stability of the model in [9] by the method of monotone dynamical systems
for general monotone functional responses. Recently, B. Li and H. L. Smith
[11] consider a “variable-yield” model of two microbial species competing for
two essential nutrients with Michaelis-Menten uptake, Droop’s growth rate
and the same removal rates. They introduced similar concepts of “S-limited”
and “R-limited” in [6] for the boundary and interior equilibrium. With
the conservation property, by the method of monotone dynamical system,
they showed that there are three possible outcomes, namely the competitive

exclusion, coexistence, and bi-stability.

In this paper, we consider the above “variable -yield” model with dif-
ferent removal rates and dilution rates. In this model, we no longer have
the conservation principle. Thus the method of monotone dynamical system
does not work. We analyze the local stability of various equilibria. Although
the globally results in this model can not be proved, our results are paral-
lel to those established in [11]. The Lokta-Volterra like mechanism can be
predicted successfully.

2. The Two Resources-One Specie Model

In this section, we introduce the notion of S-limited (or R-limited) in
the model of single population consuming for multiple nutrients model. In
the following model we consider a phytoplankton species consuming for two
inorganic nutrients, S and R. Phytoplankton species is represented by three
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variables: cellular quotas (amount of resource per cell) of nutrients ()15 and
Q1 and biomass x1. The model equations are:

s = (SO — S)Dy — f15(S)x1
R = (R"—R)D; — fi,(R)z
Qlls = fls(S) — :U’loomlln(l _ Qmin,ls ’ 1— Qmin,lr)le

le er
Qi = Fir(B) = prowmin(l — Fminds g Cointry o)
le er
. Qmm 1s Qmm 1r
T comin(l — =1 - — ) —di]x
! [Ml ( le er ) 1] !

S(O) > 0’ R(O) > 0, le(o) > Qmin,ls’
er(o) Z Qmin,lrv .%'1(0) Z 07

where S” and R? are input concentrations of resource S and R, respectively.
Dy and Dy are the dilution rate of nutrients S and R, respectively. d; is the
death rate of specie 1. 10 is the growth rate at infinite quota. @Qin,1s,
Qmin,1r are the minimum quota of nutrients S and R, respectively at which

growth ceases. f15(S) = Vl"éi”:ﬁgs and fi,.(R) = % are the Michaelis-

Menten functional response. The zero isocline for x7 is a pair of half-lines
meeting at right angles at the point (Q’{S,QA”) in the Q15— Q1, plane, where

Qs = 7?TZE,Q1r = Lfma’l_ir.
Hloo Hlco
The lines are perpendicular because of the independence of the requirements
for Q15 and @1,-. In this case, growth is limited at any given time either by
Q1s or Q1,, but not by both Qs and @1, simultaneously except at the
corner. The curving dashed line passing through the corner in the isocline
represents the equation,

1 — Qmin,ls —1_ Qmin,lrl

le er

Above the dashed line in the Q15 — Q1. plane, specie x; is S-limted, whereas

below the dashed line, specie z1 is R-limted. When z7 is S-limted, no increase
in @1, in the region above the dashed line will have any effect on increasing
the growth rate of specie z1 ; only an increase in (1, will have this effect.
The converse is true in the region below the dashed line. It should be noted
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er dxl
i
cdt 1 Qmin,ls s Qmi:n,lr
Qlls er
er
I »
P Ql.s
Q ls
Figure 2.1.

that: when specie x7 is S-limted, the minimum of the functions min(1 —
%, 1 - %) is independent of the concentration of Q1,, whereas,
when the species is R-limted, the minimum of the functions is independent
of the concentration of Q15 . Now, we want to know: “When is specie x1

S-limted 7”7 “When is specie 1 R-limted 77

Assume that z; is S-limted, model(2.1) becomes

S = (SO — S)D1 — f15(S)1
R = (R" - R)Dy — f1,(R)x;

Qb = f1s(S) — prooll - %)le (2.2)
1s
Qllr - flr(R) - MloO(l - ng’ls)er
1s
xll = [p1oo(1 — %) —dy]zq

with the usual initial condition. The interior equilibrium of model (2.2) is

in the form
Els == ()‘187 TyQTyQTr’x){s)

E3 _ Qmin,ls _ E3 _ demin,ls * _ Dl(SO—)\ls)
where le - 1_ d{ fls()\ls) - dels - 1_ dy y L1y = deTg )
Koo Hloco k

(R},
(R~ R{)D2 — fur(R)et, = 0, Qf, = Lot

1
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Assume that z; is R-limted, model (2.1) becomes

s = (SO — 8)D1 — f15(S)z1
R = (R° - R)Dy — f1,.(R)xy

Qhy = F1s(S) = 1oo(1 - %)le (23)
1r
Q= fir(R) — ool — Q’g’”’”)%
1r
xll = [p1oo(1 — %) —di]zy

with the usual initial condition. We will have the interior equilibrium of
model (2.3) in the form

Eir = (S1r, Ay Qus, Qury 317

where the parameters satisfy Q1. = %, fir(A\y) = d1Q1, = %,
Hloo Hloo

. Dy(R%— A1, Dy(R%— A1, & & \a 2 s (S1r

T1r = 2(deAM1 ) = 2f(17‘(>\1'r)1 )a (SO - Slr)D2 = flS(SlT)‘TlT) le = %11)

Since Els = ()\157RT37Q>{57 Trvxfs)v Elr = (Slrv)\lraQAlsaQAlrai'lr) are the
interior equilibriums of model (2.2), (2.3) respectively, we should have the

conditions:
Qmin,1 Qmin,1
- Qs g Quinr (2.0
1s 1r
1— Qmin,lr <1-— Qmin,ls (2 5)
1r le
Theorem 2.1. Suppose that A\is < S° and A\, < R°. Then
(1) (2.4) is equivalent to A\i, < Rj, < R’
(2) (2.5) is equivalent to A5 < Si, < S°.
Proof.
. RO—R.  Di(S9-Ap, .
(1) Since f1r(R*{15) = D12(f15()\115)) > 0, it follows that R}, < R°.
From 1 — Ymimis Mdl—l, it follows that (2.4) is equivalent to Mdl—l <
1s e o]
_ Qmin,l'r L Qmin,lr _ d_1 _ Qmin,l'r _ d_1 :
1 o that is, o < I From 1 o T s it
deduces that (2.4) is equivalent to ng’“ < Qg"’“, that is, Q5, > Q1.
1r 1r

By the following relations d;Q7, = fi,(R},) and d1Q1y = fir(A1p), it
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ensures that (2.4) is equivalent to fi,.(Rf,) > fir(A1r), that is, RY, > A1y
(Note that fi,(+) is strictly increasing). Thus part(1) is proved.

(2) It is similar to (1).
Theorem 2.2. Suppose that A\is < S and A\, < R°. Then

(1) (2.4) is equivalent to

Dl (SO - )\13) < Qmin,ls .
D2(R0 - )\17’) C?mz‘n,lr7

(2) (2.5) is equivalent to

Dl (SO - )\13) Qmm 1s
> —. 2.7
D2(RO - Alr) Qmin,lr ( )

Proof.
(1) By Theorem 2.1, (2.4) is equivalent to R® > R}, > \y,.. Since % =
r 1s
D1(50—>\15)

DO and ﬁi&g is strictly decreasing. Hence, (2.4) is equivalent to

R°—Rj, RO\, . D1(S%-)s) RO—)\y, D1(S%X1s) f1s(M1s)

fir(RYy) < fir(Air)? that is, Do f1s(M1s) fir(X1r) or Dy (RO—\1r) fir(A1r)
Dl(so_kls) Qmin,ls

or DQ(RO*)\hﬂ) < Qmin,lr.

(2) It is similar to (1).

0_ .
When specie x1 presents, % represents the ratio of the steady-

state nutrient regeneration rates at equilibrium under consumption by z;.
A1s and Aq, are the equilibrium concentrations of resources S and R, respec-
tively, under steady-state consumption by specie x7. % represents the
fixed yield ratio for specie x1 growing on resources S and R. We give the

following definition:

(i) If Dl((s )‘15)) < g::z =, then we say that specie z; is S-limted;
(S° )\15)
1)

(ii) If BH>

szn 1s

> Qi1 then we say that specie x; is R-limted.

Do (RO
It should be noted that

Qmin,ls _ fls()\ls)
Qmin,lr flr()\lr) .

By the definition and Theorem 2.2 above , it follows that: either x; is S-
limted or z; is R-limted in model (2.1).

(2.8)
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3. The Two-Resouces, Two-Species Model

In this section, we consider two microbial populations, with densities
r1 and xo, competing for two nutrients of concentration S and R in the

chemostat. The system of equations is
S = (8° = 8)D1 — fis(S)ar — fas(S)z2

R = (RO R)Dy — fir(R)x1 — for (R)xo
Qlls = fls( ) Nloomln(l Qmin,ls 1 — Qmin,lr)le

le ’ er
QY = fir(R) — pasomin(l — Qmm’ls,l - Qmmv”)er
le er
QIQS = f2s(S) — HQoomZn(l — szn,2s 1— szn,Qr )QQS
QQQS QQQT (31)
QIQT = f2T‘(R) - HQoomZ’l’l(l — mm,23’ 1 — min,2r )QQT
.’L'/ = oomln 1— min,ls , 1— min,lr —dile
1 [k ( Qle QQ” ) 1]z
.’El — oomzn 1— min,28’ 1— man,2r . d "
2 (112 ( O o ) — dols

S(O) > 07 R(O) > 07 st(o) > Qmin,i& QZT‘(O) > Qmin,ira
2;(0) >0, i =1,2,

where S° and R are input concentrations of resource S and R, respectively;
D1, Dy are the dilution rate of nutrients S and R respectively; di, do are
the death rate of species x1 and xo respectively; ;o0 is the growth rate at
infinite quota; Quin,is, Q@min,ir are the minimum quota of nutrients S and R
(respectively) at which growth ceases; fis(S) = ij:jss ; Jir(R) = V?éjfif
are Michaelis-Menten functional forms. In the “two-resources, one-species”

case, we give a definition of “S-limted” and “R-limted”. Now, we give the

following definitions about “S-limted” and R-limted for model (3.1).

Definition 3.1. Suppose that the parameters Aig,A1,, Ao, Ao satisfy

diQmin,is d; min,ir .
fis(Nis) = fj, and fir(Nir) = ET 1=1,2.

Hioco Hioco

(i) If 111))1&5%0 ’\’S)) < g:’;z: =, we say that specie z; is S-limted, i = 1,2;

(i) If 111))1&5%0 ’\’S)) > g:’;z: =, we say that specie z; is R-limted, i = 1,2.
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It should be noted that

Qmin,is _ fzs()\zs)
Qmin,ir fzr()\zr) ’

i=1,2.

3.1. x; is S-limted, and x5 is S-limted

If 1 is S-limted, and x5 is S-limted, (3.1) becomes the following:

S = (8% = S)Dy — f15(S)z1 — fas(S) a2 (3.2a)
R = (R’ = R)Dy — fi,(R)x1 — far(R)xs (3.2b)
Qls = [f15(5) — pr1oo(1 — leln 2)Q1s (3.2¢)
Q1 = fir(R) = poo(l - ng’ls)er (3.2d)
@y = Fr(S) ~ panell — L2210, (3.2¢)
@ = Forl) - a1 — L2821, (3.26)
2y = ool = Z02) — i (3.28)
1s
2l = [poeo(l — Q"“':v%) — da] s (3.2h)

with the usual initial condition. Generically, (3.2) has at most three steady-
state solutions. One of these, which we label Ej , corresponds to the absence
of both competitors. It is given by

EO — (S R QIS)Q1T5Q2S)Q2TV561’:C2) (SO RO leanr’Q2sanraO O)

0 0 : 0 _ fis(S°) 0 _ fir(B)QY
where @Q);; and Q. satisfy Q;; = Qumin,is + M(—OO and Q;. = W We
note that Fy always exists. The two other possible steady-states, labeled E
and FE», correspond to the presence of one population and the absence of the

other. In the case that x1 and x5 are both S-limited,

El - Els - ()\157RT57QTstTngsanrvawo)’

_ Qmin,ls demzn 1s _ Dl(SO_kls) 0
where QTS — 1— di fls()\ls) — dels — — 4 > :CTS — fls(>\15) ) (R -
Hloco Hloo

T‘R S S
R;,) Do~ fir(Ry,)7}, = 0, Q}, = Lrifis) ,st Quins+ 2220 f) (R )~
%%%QEZO
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. RO*RTS . CE’{S _ Dl(SofAls) . . . . .
Since RS T D T DafiOuy and f1,(R) is strictly increasing with

f1-(0) = 0, we have 0 < R}, < R? when A5 < S°. Hence, the steady-states
Ey exists if and only if di < i and Ay < SY. The above conditions
state that the population x; can achieve a steady-state population provided
that: (a) the washout rate d; is not too large; and (b) the reservoir contains
sufficient nutrient, that is, A5 < S°.

An analogous steady state in which only population x is present is given by

Kk YRk Yk o
E2 EQS - ()\23’R27" 15’ 1rs %259 W 2r> ’xZS)’

sk _ Qmin2s _ d2Qmin,2 s Di1(S%—Xas)
where Q57 = lingsv fas(Aas) = d2Q35% = %7 Tos = “nlas)
H200 H200

(RO - R**) fQT(RQT)st = 0 Q = fQT(RQT)v 13 szn 1s + fl;(l/::s)v
Fir(R37) — flg;f%g

Use the same way, one can show that the steady-states Fo exists if

and only if dy < pose and Ags < S0 Now, we want to search the interior

equilibrium. From (3.2.g) and (3.2.h), one has p110(1 — %) = dp and
Haoo(1 — L5220) = dy, that is, Q1 = 2281 and Qp, = L2442 From
Hloo K200
(3.2¢) and (3.2e), one has f15(S) = p10o(l — Q"”” “HEE)Q1s = % and
Hloo

f25(S) = poso(l — Qmm 25)Q25 = dy Q’"LQS. Hence, one has S = A\, and

S = Ags. It is p0581ble that there exist steady states with both x; and o
present if A5 = Ags. Since this condition is highly unlikely, we ignore this
case. Assume that x; is S-limted and x5 is S-limted, we have the following
theorems:

Theorem 3.1. If A\js > S° and \os > SY, then Ey = (S°, RY,QY,, QY.
85, 2r,O 0) is locally asymptotically stable.

Theorem 3.2. Assume that Ey, and Eo both exist (ie.A1s < SO, Ags <

SO’ and dz < Hico; L= 1’2)' If )‘13 < )\23; then E1 = ()\18’ TsaQTsaQTm

Q§57 Q3,,7%,,0) is locally asymptotically stable and Eqy = (Mas, R3S, Q1%, Q%
23’ 3:)0 :L‘ ) 7;5 Unstable.

3.2. x1 is S-limted, and x5 is R-limted

If ;1 is S-limted, and x5 is R-limted, (3.1) becomes the following:

S/ = (SO — S)Dl — fls(S)xl — fQS(S)xg (3.3&)



“BN034S2” — 2009/1/12 — 17:11 — page 496 — #10

496 SZE-BI HSU AND FENG-BIN WANG [December
R = (R" = R)Dy — fi,(R)x1 — for(R)xs (3.3b)
Qs = Fu(S) = proalt - L), (3.3
Q= fir(R) = poo(l - ng L Oy, (3.3d)
Qb = f2o(8) — e (1 - Qg” @iy, (3.30)
2r
Q= Farl) — a1 = 522y, (3.36)
2r
2 = (el — 2mn1ty g1y, (3.30)
le
zh = [p2eo(l— Qgﬁ‘””) — ds)zs (3.3h)
2r

with the usual initial condition. Generically, (3.3) has at most four steady-
state solutions. One of these, which we label Ej, corresponds to the absence

of both competitors. It is given by

Ey = (S, R, Q1s, Q1r, Q2s, Qar, 71, 22) = (S°, R%, QY,, @Y, Q9. Q5,,0,0),

0
and it always exists. Here, Q{; = Qumin1s + fls 50 ), QS = Qminar + fQT(R ),

0 0
0. = %, and Q9, = %. The steady—states, labeled E1 and
FE», correspond to the presence of one population and the absence of the

other. In this case,

El = Els = ()\187 157@137@17’7@237@27’7'%'157 )

* Qmin,ls _ * demin,ls * Dl(SO_kls) 0
where le — 1— di fls()\ls) — dels — 1_ dl y L1g = fls(/\ls) ) (R -
Hloco

r(R] (R}

1 ) flT( Ts)xfs =0 er - h ( 15 7Q2r szn 2r+f2 ( 15 f2s()\15)
fQT(R“ Q5 = 0. It is obvious that E1 exists if and only 1f d1 < Wl and
)\15 < SY. An analogous steady state in which only population x5 is present
is given by

kok koK ok koK koK
E2 EQR—(S )\21"’ 15’ 1r>» 9 2s) ¥ 2r> ax27~)’

. d ; Do (R%—Xar
where Q;: = Cf:nm,Qr fQT()\QT’) — dQQ;: = %&?2’” x;: — 2( 2 )7 (SO _

dp 1— for (/\27")
H200

K200
S**)Dl_fQS(S**)xm« - 0 Q = f2$ )7 13 = Qmm 15+f13 flr()\Qr)
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f 125:?* ) = 0. It is obvious that Fs exists if and only if do < pos and

Aoy < RO. Next, the interior equilibrium takes the form:

E. Els 21 ()‘ls’)\2raleanraQQsaQWﬁxl&xzr)

where Q1 = ?ﬁ”ﬁfs , Q2 = QTZZ;T, frs(Mis) = diQrs = dy Q:mlels, for(Aar) =

Moo H200 Hloo
daQar = da QTZZ;T, Qi = 7f1rd/1\2r), Qa5 = LS&;\“)- Moreover, &1s and oy
H200
satisfy ’
fisMs)Z1s + fas(Ms)dar = (S° — \ig) Dy, (3.4a)
firOar)as + for(Mar)der = (RY — Agy)Da. (3.4b)

By Cramer’s rule, it follows that

15 = %, (3.5a)
By = 22, (3.5b)

where
A = fiaOs)far(ar) = firOhar) fas O, (3.60)

A1 = Di(S% — M) far(M2r) — Da(RY — Xay) fas(Mis), (3.6b)

Ay = Do(R® — \oy) frs(M1s) — D1(S° — Ais) f1r(Nar). (3.6¢)

Assume that z; is S-limted and x5 is R-limted, we have the following theo-

rems:

Theorem 3.3. If A\ > S° and Ao > R, then Ey = (S°, R°, QY,,QY.,
96, @9,,0,0) is locally stable.

Proposition 3.1. The following statements hold

(1) Ey is locally stable if and only if 3 Dl S )‘15) > f1s(hs) if and only if

) flv"()‘%)
Ay < 0;
(2) Es is locally stable if and only if & Dl S izi)) < }Ej&;s) if and only if

A1<0
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Proposition 3.2. The following statements hold

(1) If Ay > 0 and Ay > 0, then A > 0;
(2) If Ay <0 and Ay <0, then A < 0;
(3) If M5 < Ao, then A1 > 0;
(4) If Xoy < Aqy, then Ag > 0.
Proof.
. . 0_ 0_
(1) Ay > 0and Ay > 0 if and only if 321((1‘207;\;)) > }Ejg:\\;j; and % <
fls(>\15) fls()\ls) > f25()\15) , that iS, A > 0

flr(/\Qr)' Hence’ flr()\Qr) f2r()\2r)
(2) It is similar to (1).

(3) Since x5 is R-limited, we have 1[3)21((15;2:2?)) }Ejé:\\zi; From Ay <
D1(S°—A1s) D1(S%—Nas) J2s(A2s) o f2s(Mas)
Aas, we have Bp—y > Dy pima,y ad Ry > R, Hence,

Dy ("~ M) ﬁig’\ls), that is, Ay > 0.

Do (RO—Xay) A2r)
(4) Since z; is S-limited, we have g;((ggiillj)) ﬁj&ijg From Ao, < iy,
Di(S%=A14) D1(S°—\is) J1s(A1s) J1s(A1s)
we have D;(RO—A;T) Dgl(RO—)\L) and fir()\ir) fir()\;r). Hence,

D1(8°—M1s) _ f1s(M1s) ;
D;(Rof)\;) < fir(k;'r)’ that IS, AQ > 0

Theorem 3.4. Assume that Ey, and Ey both exist (ie. A\is < SO and
Aoy < RO, and d; < [ico, © = 1,2).

(1) Suppose A\is < Aas and A1y < Aoy, then Es is unstable.
Moreover, we have the following outcomes:

(a) If Ey is locally asymptotically stable and Eo is unstable, then the
interior equilibrium E. doesn’t exist.

(b) If Ey is unstable and Ey is unstable, then the interior equilibrium
E. exists and is unique.

(2) Suppose A\is < Aas and Aar < A1y, then Ey and Ey are unstable, and the
interior equilibrium E. exists and is unique.
(3) Suppose Aos < A\1s and A1y < Mgy, we have

(a) If Ey is locally asymptotically stable and Es is unstable, or Ey is
unstable and Fo s locally asymptotically stable, then the interior
equilibrium E. doesn’t exist.

(b) If E1 and Ey are unstable or Ey and Ey are locally asymptotically
stable, then the interior equilibrium E. exists and is unique.
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(4) Suppose \os < A5 and Agp < A1y, then Ey is unstable.
Moreover, we have the following outcomes:

(a) If Es is locally asymptotically stable and Ey is unstable, then the
interior equilibrium E. doesn’t exist.

(b) If Ey is unstable and Ey is unstable, then the interior equilibrium
E. exists and is unique.

Proof.
(1) Since A5 < Ags, from Proposition3.2(3), we have Es is unstable.

(a) From Proposition3.1: A; > 0 and Ay < 0. From(3.6), E. doesn’t
exist.

(b) From Proposition3.1: A; > 0 and As > 0. From Proposition 3.2(1):
A > 0, that is, E. exists and is unique.

(2) From Proposition3.2 (3)(4), we have A; > 0 and Ay > 0. From Propo-
sition3.2 (1)(2), it follows that A > 0. Hence, E; and Ej are unstable,
and the unique interior equilibrium E. exists.

(3) (a) Since either A} < 0,Ay >0 o0r Ay > 0,Ay <0, E. doesn’t exist.

(b) Obviously
Ay >0,A >0 imply A>0
and
A1 <0,A2 <0 imply A<O
thus E. exists by (3.6).
(4) The proof is similar to (3).

3.3. x1 is R-limted, and x5 is S-limted model

If z; is R-limted, and x2 is S-limted, (3.1) becomes the following:

S = (8% = 8)Dy — f15(S)z1 — fos(9)z2 (3.7a)
R = (R* = R)Dy — fi.(R)x1 — for(R)x> (3.7b)
@l = Fu(S) = ot - LB, (370
Qhy = fir(R) — poo(1 — 2100, (3.7d)

er
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r Qmin,ZS
Q2S - fQS(S) - /’LQOO(l - Q2 )Q2S (376)
/A Qmin,Qs
Q5 = for(R) — p2oo(1 — QT)er (3.71)
7y = [peo(l - Q"”'l"’”) — di]zy (3.7g)
2y = [p2oo(1— Qmm’ZS) — da]xy (3.7h)
Q2S

with the usual initial condition. This model is similar to model (3.3). Gener-
ically, (3.7) has at most four steady-state solutions. One of these, which we
label Ey, corresponds to the absence of both competitors. It is given by

EO - (S7 R7Q187Q17‘7Q287Q27’7x17x2) == (SO7R07Q?57Q(1)7*7Q857 (2)7’7070)

and it always exists. The steady-states, labeled F7 and FEs , correspond to
the presence of one population and the absence of the other. They take
the form: E; = Eigp = (57, A\, Q7 @F,, @b, Q5,,27,,0), Ey = Eos =
(A2s, R, Q1%, Q1r, Q5%, Q5r,0,25%). One can show that, the steady-states £
exists if and only if d; < p100 and Ay, < RO. In the same reason, the steady-
states E exists if and only if dy < fi9se and Aoy < SY. Finally, the interior
equilibrium takes the form F. = B2 — (Aa2s, A1r, Q1s, Q1y, Qas, Qor, F1r,
Z9s). Assume that x; is R-limted and z9 is S-limted, we have the following
theorems:

Theorem 3.5. If Ay, > R° and \og > S°, then Ey = (S, R, Q1s, Q1r,
Q2s, Qor, 71, 72) = (SO,RO, (1)5’ ?T,Qgs, gT,O,O) 18 locally asymptotically
stable.

Theorem 3.6. Assume that E1, and Ey both ezist(ie.\1, < R° and
Ao < SO, and d; < o, 1 = 1,2)

(1) Suppose A1y < Agp and A5 < Aos, then Es is unstable.
Moreover, we have the following results:

(a) If Eq is locally asymptotically stable and Eo is unstable, then the
interior equilibrium E. doesn’t exist.

(b) If Ey is unstable and Es is unstable, then the unique interior equi-
librium E,. exists.

(2) Suppose A1y < Agp and Aas < A5, then Ey and Es are unstable, and the
unique interior equilibrium E. exists.
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(3) Suppose \op < A1 and A5 < Aas, we have

(a) If Eq is locally asymptotically stable and Eo is unstable (or Ey is
unstable and Eo is locally asymptotically stable), then the interior
equilibrium E. doesn’t exist.

(b) If Ey and Es are unstable or Ey and Ey are locally asymptotically
stable, then the unique interior equilibrium E. exists.

(4) Suppose Aar < A1y and Ags < Ais, then Ey is unstable. Moreover, we
have the following results:

(a) If Es is locally asymptotically stable and Ey is unstable, then the
interior equilibrium E. doesn’t exist.

(b) If E5 is unstable and Ey is unstable , then the unique interior equi-
librium E,. exists .

3.4. x; is R-limted, and x5 is R-limted

If 1 is R-limted, and x2 is R-limted, (3.1) becomes the following:

S/ = (SO — S)Dl — flS(S)xl — fQS(S).%'Q (3.8&)
R = (R° = R)D; — fi.(R)x1 — for(R)xo (3.8b)
Qlls = fls(S) — Hloo(l — Qg@’mh‘ )le (380)
1r
Qy = fir(R) — o1 — ng’”)czlr (3.84)
QIQS = fQS(S) — H2oo(1 — %)QQS (386)
2r
Qy = for(R) — iz (1 — %)Q% (3.86)
2r
) = [110o(1 = Qgi"l) — dy]zy (3.8g)
1r
= [fr200 (1 — M) — do]wo (3.8h)
Q2r

with the usual initial condition. This model is similar to (3.2). Generi-
cally, (3.8) has at most three steady-state solutions. One of these, which we
label Ey , corresponds to the absence of both competitors. It is given by
Ey = (S, R, Q1s, Q1r, Q2s, Qar, 71, 72) = (S°, R, QY. QY,., QY. Q9,,0,0) and
it always exists. The two other possible steady-states, labeled E; and FEs,
correspond to the presence of one population and the absence of the other.
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They take the forms: Ey = Egp = (ST, A\ir, @15, Q1. @54, Q5,, 27,,0) and
Ey = Eor = (555, Aop, Q1%, Q12, Q5%, Q5%,0,257) Note that the steady-states
E; exists if and only if dy < g1 and A, < R?. Ey exists if and only if
do < poso and Ao, < RY. There exist steady states with both z; and
present if A\j, = Ag,. Since this condition is highly unlikely, we ignore this
case. Assume that z; is R-limted and x5 is R-limted, we have the following

theorems:

Theorem 3.7. If A1, > R" and Mg, > R°, then Ey = (S, R%, QY,, QY

1s) ¥ 1r>

Q3,,@9,.,0,0) is locally asymptotically stable.

Theorem 3.8. Assume that both of By and Ey exist(ie. A1, < R?, Ay, <
RO, and dz < ioco, Z:LQ) . If )\11" < )\27‘; then B = (Sikr,)\lr’QTs’QTngs;
Q5,, x71,,0) is locally asymptotically stable and Eo = (S5%, Aoy, Q7%, Q72, Q5%

1sy = 1r>
Q55,0,25%) is unstable.

From the above theorems, we summarize the results in Table 3.1, 3.2,
and 3.3.

Table 3.1. Existence and stability of equilibria for a competition model

based on storage with different removal rates.

Equilibrium | Existence condition Stability condition

Ey Always exists (A1s >S5V Ay, > RO)
/\()\23 >80V Aoy >RO)

0_
o AMs<S% A <R% and | Ayg < Ags or E;féiui;i% > ;1823
Di(S°=X1s)  fis(Ais)

DQ(RO—Alr) flr(kh‘)

0_
ElR )\15 <507 )\17« <R0 and )\17« < )\27« or g;((goiiij)) < ]{i:giff;
D1(S°—X1.) > f1s(A1s)
DQ(RO—Alr) flr(kh‘)

0_
Fos Mos <% Xor <RO and | Ay < Aty or BUET ) [0
D1(8°=X25) _ fos(A2s)

Dy(R°—X2r)  far(A2r)

0__ . . .
Eop Mos < S0 Xor < RO and | Aoy < A1y O g;g;o_;;g < }”Ei;
D1(8°=X25)  fos(A2s)

Dy(R°—X2r) 7 far(A2r)
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Table 3.2. Existence of interior equilibria for a competition model based
on storage with Different Removal Rates.

Equilibrium | Existence condition
ELS2R (A1s > Aas, A < Aoy,
LooQa) o Da(S0-Ma) o fraQua)y y (fr2Qe) o DalST-Ne) o f2aOhs)
ForOzr) S D2(B2ar) = firGer)) ¥ UiieGa) = Do) = FarOar)
EéR,2S (A1s < A2s, A1r > Agr,
Frs(Aas) Dl(S(Jf)\zs) < fzs()\zs)) v (f2s()\25) Dl(Sof/\zs) < fls(/\25)>
FirOur) S D2(ROAir) S FarOoar) ForOar) S Da(RO—Aar) ~ FirOoar)

Table 3.3. Biological Classification of the Outcomes for Two Complemen-

tary Resources with Internal Storage and Different Removal rates;
T — D1(S°—\is)
=

J— fze()\zs) .
Da(RO—Air) T, =12,

T fzr()\zr)

Biological Case Competition Criteria

Species 1 always wins, regardless
of initial density; species 2 die out

(@) Air < Agpy T1 > C1y T2 > Co
(b) Ais < A2s, T1 < C1, T < C2

Species 2 always wins, regardless
of initial density; species 1 die out

(a) A1s > Xas, T1 < C1, To < C2
(b)A1r > A2py, T > Cp,y To > Co

Species 1 and 2 persist in a stable
coexistence

(@) A1s < A2sy A1p > Aoy, T1 < Cpy To > Co
(B)A1s > Xasy Air < Az, T1 > C1,y To < O

Species 1 always wins, or Species 2
wins, while rival Species dies out;
initial densities determine eventual

(@)A1s < A2sy A1p > A2p, T > C, T2 < O

(B)A1s > Xasy Air < Azpy T1 < C1,y To2 > O

winner

4. Appendix: The proof
1. The local stability of equilibrium of system (3.2)

The local stability of equilibrium of system(3.2) is determined by the
Jacobian matrix of (3.2), denoted by J(S, R, Q1s, Q1r, Q2s, Qor, T1,22) =

ar 0 0 0 0 0 —f15(8) —f2s(5)

0 az2 0 0 0 0 —fir(R) —far(R)
fis(8) 0 —pieo 0 0 0 0 0
0 fi,(R) a3 —p1s(Qs) 0 0 0 0
fas(S) 0 0 0 —H200 0 0 0
0 f5(R) 0 0 ags  —H2s(Q2s) 0 0
0 0 ars 0 0 0 a7 0

L 0 0 0 0 ass 0 0 ass ]
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where a1; = —D1 — fi,(S)z1 — f55(S)x2, ag2 = —Da — f1,.(R)x1 — f5,(R)z2,
agz = —p4(Q15)Q1r, ags = —h(Q25)Qar, ars = P (Q1s)x1, arr = p15(Q1s)—
di, ags = phs(Qas)T2, ags = pras(Q2s) — da.

(Proof of Theorem 3.1) Jy = J(Ep) =

-D, 0 0 0 0 0 —f15(5%) —f25(5°) ]
0  -Dy 0 0 0 0 —fir(R% —for(R)
fis(8%) 0~ 0 0 0 0 0
0 fI.(R%) as —pms(Q,) O 0 0 0
8% 0 0 0 — 1200 0 0 0
0  fL(RY 0 0 ags —pas(QY,) 0 0
0 0 0 0 0 0 arr 0
0 0 0 0 0 0 0 ass
Where C_L43 - _,ulls(Qtl)s)Q(l]yw 6/65 = _ﬂés(Qgs)Qgr7 a’77 = /"LlS(Qtl)S) - dl’

ags = ,ugs(Qgs) — dy. The eigenvalues of Jy are

— Dy, — Do, — 100, —Haco, —115(QLs), —1125(Q5), 15 (QVs) — di, 125 (Q5) — da.

Since pis(Q%) = pino(1 — L2pte) = Ll > 07 = 1,2, Hence, Ep is

locally asymptotically stable if and only if u;s(Q%) < d;,i = 1,2. if and
only if riso(1 — “mmis) < d; if and only if QY < @mini if and only if

Qgs 1_Hvi
is SO min,is s di min,is — 3
Qmin,is + fugoo) < 612_ s if and only if f;s(S?) < fid/ = fis(Nis)if and
Hico Hico

only if S < \i5,i =1,2.

(Proof of Theorem 3.2) J, = J(E;) =

af{l 0 0 0 0 0 _fls()\ls) —fgs()\lg)

0 3o o 0 0 0 —fir(Ri,) —far(RTy)
flhs) 0 —piee 00 0 0 0

0 SR iy ~di 0 0 0 0
fas(As) 0 0 0 —poc 0 0 0

0 fo,(Ri) 0 0 agy —pos(@3) 0 0

0 0 a5 0 0 0 0 0
o 0 0 0 0 0 0 aty |

where aTl - _Dl_f{s()‘15)xT57 a;2 = _DQ_f{r(RTs)me az3 = _Mlls( >{s) Tr?
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a’éi’) = _IU’/ZS(Qgs)Q;r’ 0;3 = Hlls(QTs)sza agg = /1/23(@;3) - d2- The eigenval—
ues of J; are

_NQS(Q§s)’ —H200; a§8, —dl, 052

and the eigenvalues of J; =

aiy 0 —fis(A1s)
fls(is) = 0
0 azs 0

The characteristic polynomial of j1 is det(z1 — jl) =23+ A122 + Aoz + As
where Al = —(aﬁ—ﬂloo) > 0, A2 = _Nlooafla Ag = f{s()\ls)a?gfls()\ls) > 0.
Since 41}, (Q1,) = Hioo it and fig(A1s) = di Q. Hence,

A1 Ag — A
=100 (D14 f1(A1s) 2T+ t100) (D1 + fls(A1s) 276 )— fls(Ais) s (Q16) T 5 f1s (Ais)
=100 (D1+ f1s(A1s) 275 4 100) (D1 + f15 (A1) 275) — f{s()\ls)ulooQLf’lsdlxﬁ
1s
d
::U'loo(Dl +f{s()‘18)x>{s +M100)(D1 +f{s()‘15)x>{s)_ f{s()‘ls):u'loo(l_ Ml—l)dl‘%{s
Since 10 > di, we have
A1 Ay — A
* * d *
>d1(D1+f{5(>\1s)x18+moo)(D1+f{5(>\1s)x18)—f{s()qs)moo(l—Ml—l)dwcls
>0.

The Routh-Hurwitz criterion [5] shows that the real part of the eigenvalues

of J; are negative. Hence E is locally asymptotically stable if and only if

0< NQS(Q;s) < ds.

Notice that pos(Q5,) = poco(l — QgingS) = fsz(gu) > 0. Hence, E; is locally
asymptotically stable if and only if pos(Q5,) < do if and only if Q3, <
7?3”'3’225 if and only if Qmin,2s + f2;giis) < ?imZ’;S if and only if fos(A1s) <

H200 H2o0
l_d—Qd_Q = fas(Ags) if and only if A < Ags. The stability analysis for

H200
FE5 is similar to Fq and we omit it.

Qmin,Qs-
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2. The local stability of equilibrium of system (3.3)

The proof of Theorem 3.3 is similar to Theorem3.1 and we omit it. The
proof of Proposition 3.1(2) is similar to Proposition 3.1(1) thus and we only
prove Proposition 3.1(1). The local stability of equilibrium of system (3.3)
is determined by the Jacobian matrix of (3.3), denoted by

J(S’ R7 lev Q1T7 Q287 QQra X, .%'2) -

a0 0 0 0 0 —f15(S) —fos(9) ]
0 azz 0 0 0 0 —fir(R) —for(R)
fis(8) 0 —pi 0 0 0 0 0
0 fi.(R) asz —p1s(Qus) 0 0 0 0
f55(8) 0 0 0 —p2r(Q2r)  ase 0 0
0 fu(R) O 0 0 —p200 0 0
0 0  an 0 0 0 an 0
L 0 0 0 0 0 ase 0 ass i

where ay1 = —D1 — f1,(S)z1 — f5,(S)x2, azg = —Da — f1,(R)z1 — f3,(R)z2,
aq3 = —Mlls(le)erv ase = _MIQr(QQT)QQSv a73 = /“Llls(le)xl’ ary = p1s(Q1s)
—di, ags = ph, (Q2r) T2, agg = por(Qar) — da.

(Proof of Proposition 3.1(1)) J; = J(E;) =

[ aly 0 0 0 0 0 —fis(Ms) —fas(Ais) |

0 39 0 0 0 0 —fir(Riy) —for(R]y)
fl.0s) 0 —pie O 0 0 0 0

0 fi,(Riy) aly —du 0 0 0 0
fas(Ms) 0 0 0 —u2(Q3.) aig 0 0

0  fo,(Riy) 0 0 0 — 1200 0 0

0 0 at, 0 0 0 0 0
0 0 0 0 0 0 0 afs |

where aTl =-Dy _f{s()‘ls)xiw a;2 =-Ds _f{r(RTs)sz’ G’ZB = _Hlls(QTs)QTr’
QEG = _HéT(QgT)QES’ CL??’ = H&S(QTS)‘TTS’ a’§8 = IU’2T'(Q§7‘) - d2' The eigenval_

ues of Jy are

_MQT(Q;T)7 —H200, a§87 _d17 052
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and the eigenvalues of J; =

aiy 0 —fis(Ais)
f{s()\ls) —Hloo 0
0 azs 0

The characteristic polynomial of .J; is det(zI — jl) =23+ A12% + Agz + As,
where A1 = —(a*fl—,uloo) >0, Ay = _Nlooafla Az = f{s()\ls)a;gfls()\ls) > 0.
Since A1 > 0, A3 > 0 and A1 Ay — A3 > 0, the Routh-Hurwitz criterion
shows that the real part of the eigenvalues of jl are negative. Hence E;
is locally asymptotically stable if and only if 0 < 9, (Q%,) < da. Notice
that po,(Q5,) = H2c(l — Qg;"r’”) — PR o g, Hence, E; is locally

Q3
asymptotically stable if and only if p9,(Q%,.) < da, that is, Q5. < %,
H200
. s R min,2r 3
that is, Quinor + 22500 < Dnin2 that is, fou(R,) < Quinor—25 =
H200 H200
For(Nar), that s, i, < dor, that is, il < G55 (Note that 0 is
. . . D s(A1s r(Ao2p TR*S_D s(A1s
increasing), that is, D12(J;10£/\113)) < %0(7)23 (Note that };%10(—1%*: = Df@éij)%

o D1(S%Ms) o fis(as) :
that is, D;(RL/\;) > fir()\;), that is, Ay < 0.
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