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In this paper we study the singular behavior as a1 n, about the solution v(x; a)
of the initial value problem v"(x)+ xsino(x)=0, v'(0)=0, v(0)=a. We also
illustrate its application to the large deformation of a heavy cantilever by its own
weight.  © 1992 Academic Press, Inc.

1. INTRODUCTION

In this paper we are concerned with the singular behavior of the
solutions of the following initial value problem:
v"(x)+ x sin v(x) =0,
v'(0)=0, (D
v(0) = a, aeR.
We denote the solution of (I), by »(x;a). The qualitative behavior of the
solutions v(x;a) is important to the studies of the following mathematical
model (1.1) which describes the large deformations of a heavy cantilevcr by
its own weight (see [1] or [2]): : : '
v"(x)+ x sin v{x) =0,
v'(0)=0, {Ky=n—0a,0<a<g .
20
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In [2] the authors studied the two-point boundary value problem (1.1) by
using the shooting method. From the uniqueness of the solution of the
initial value problem (I),, it follows that
vlx;my=n,  o(x;—m)=—mn,  v(x;0)=0;
o(x;2n+a)=2n+v(x;a), (1.2)
o(x;2n—a)=2n—v(x;a),
and it suffices to consider the problem (I), only for the case 0 <a<n. We

note that from [2] for all 0 <a <m, v(x;a) is oscillatory over [0, c0) and
—n<v(x;a)<n for all x>0. We introduce

d
A(x;a)=;,§<x;a), $(x) = A(x;0).

Then differentiating (1), with respect to a yields
A" (x)+ x(cos v(x; a)) 4(x) =0,
A4'(0) =0, (1.3)
4(0)=1.
Setting ¢ =0 in (1.3) yields
¢"(x)+xp(x)=0,  4'(0)=0, ¢(0)=1 (1.4)

Let y,(a), z,(a) be the nth zeros of v(x;a) and v'(x; a), respectively, for
n=12,., with 0=z, <y, <z,< - <y, <z,, <V, < ---and 4, 7,
be nth zero of ¢(x) and ¢’(x), respectively, for n=1,2, ... Then in [2] we
have shown the following result.

TheoreMm 1.1, Let O<a<m; then A(x;a) has an infinite number of
isolated zeros u,(a) and A'(x; a) satisfies the following:

(i) If O<a<mn/2, then A'(x;a) has an infinite number of isolated
zeros f,(a), 0=p,<f,<--- <f,<---. Furthermore, §,=z,=0<y, <
0 <2y << YU < s <Y<, <Zyy <Pt < Va1 < e

(it) If n/2<a<m then A'(x;a) has an infinite number of isolated
zeros f,(a), O0=Bo<B<fr< - <P, < . Furthermore, o=z, =
O<fy<y <oy <z;<fr<y;< -+ <P <o, <z, <Py (< Py <o

(i) lim,_ ¢+ yla)=A4,, lim,_ ¢+ z,(a)=v,, and lim,_, .- v,(a)= o0,
for n=1, 2, ..., moreover,

d d
Do, Zn

i —Ja—>0, for n=1,2, ..
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We introduce the following Liapunov function:

1 (v'(x;a))?

Vix)=(1~cosuv(x;a))+= -, (1.5)
2 - x
It is easy to verify that
i . 2
Vi(x) = —I[MJ <0, forall x>0, (1.6)
2 X
Then we have
I—cosv(0)>1—cosuv(z;)>1—cosv(z;)> -, (1.7)

and it follows that |v(x;a)| <« for all x> 0. That is, {|o(z,(a);a)|} is a
monotone decreasing sequence;, moreover {from [3] we have
THEOREM 1.2. Given a€ (0, n), we have

(1) o(z,,(a); a) monotonically increases to zero as h —

(it) ©(z,,. (a); a) monotonically decreases to zero as n-+ 0.

Consequently Theorem 1.2 says that for any given a, O<a<m, the
solution v{x; a) satisfies im,. _, , v(x; a)=0.

2. MAIN RESULTS

In this section we illustrate the singular behavior of the solution v(x; a)
asa—-mn.

LemMMA 2.1.  Ler h(a)=v?(z,(a);a). Then h(a) is strictly increasing on
(0, m).

Proof. We have

dz
i) = 2065, (0); )| veala)i ) G4 s (a0 |

= 20(z,(a); a) A(z,(a); a).
From Theorem 1.1, it is easy to verify #'(a) >0 for any O <a<n.
In the following, we state and prove our main result.
THEOREM 2.2, For each n=1,2, ..., we have

lim v(z,(a);a)=(—1)"*"'n, forall n=123,...

a-rn

Al
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Proof. Let e=m—a, denote v(x; &) to be the solution of the initial value
problem

v (x)+xsinv=0
' (0)=0 (2.1)

v(0)=n—¢ O<e<m,

and let y,(g), z,{¢) be the nth zero of v(x;¢) and v'(x; ¢), respectively, for

n=1,2,3, .. It is equivalent to show lim,_ ¢, v(z,(¢);&8)=(—1)""'n, and

we prove 1t by mathematical induction. We have v(zl(a) a)=a, and
Theorem 2.2 holds trivially for n=1. '

Step 1. For n=2 we prove lim,_q v(z,(g); e}=—n or im,, _, , v(z,(a); a)
= — 7. Multiplying by v’(x) on both sides of (2.1) and integrating the
resulting identity from a to b yields

(v'(B; &))? ———; (v'(a;€))> =bcos v(b; e)—acos v(a; e)— fb cos v(x; ) dx.
‘ (2.2)

&

For any 8> 0 and sufficiently small £> 0 with >¢>0, we define (e, §)
and y*(e, ) to be the first real numbers satisfying v(y(e, 8);e)=n - and
v(y*(e, 8);e)=mn—38/2, respectively. Obvious y*(e, §)< y(g, 8). Since
v(x;e)|,.o=mn for all x=0, and from the continuous dependence on initial
data, we have

lin%) y¥e; 0)= +o0. (2.3)
Setting a =0, b= y(e; d) in (2.2) yields
1 »(ed)
5 [0(3(e58); )1 = y(s, ) cos u(y(es6);0)— [ cos v(x;e) dx
0 ,
y(£:3)
=f [cosv(y(e; d); e)—cos v(x;e)] dx
4]

¥*(&:8)
>J. [cos(m—~d)--cos v(x;¢e)] dx
0

2 y*(e; 8)[cos(n—d)-—cos(n—~d/2)].
We have [cos(n— &) —cos(n—6/2)]>0 and from (2.3)

lim v'(y(e; d); )= —o0. (2.4)

=0
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Consequently that v”(x)= — xsin v <0 on (0, y,(¢)) implies that
lim v'(y,(s); ) = —o0.

from the identity

»ile)
fl vi(x;e)dx= —(n—6),

w(e:d)

and the concavity of v on (y(e; d), y,(¢)), we have

o—n o0—m
< y,(e) ~ y(g; §) < ——m—-—,
V(e e) 2 () =y(e )<v’(y(s;5);6)

Then from (2.4), (2.5), and (2.6) it follows that
lin}) yile)—y(e; 6)=0.
In the following, we establish that

i (V00051
e~0 yi(e)

Setting a=0, b=y () in (2.2) yields

1 , 2 »ile)
3002 =yie) = | cos vl 8) dx

ri(e)

(2.5)

(2.6)

(2.7)

(2.8)

ry(e:a)
=yl(s)—J cos v(x; ¢) dx —Ji cos v(x; g) dx.
0

v(e:0)

It is easy to verify that

rile)
yile)—y(e; 8) cos(n—&)—f‘]ﬁ) cos v(x;e) dx

<

(v'(y.(e); €))?

D=

yi(e)
<y1(8)—y(8;5)cos(n—s)~f ) cos v(x;e) dx.

y(e;d}
From (2.7) and let £ >0 in the above inequality, we have

v . 2
1 —cos(n—6) < lim W(yile); e))*

<l+1=2-
=0 2,(e) |
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Since & > 0 is arbitrary, (2.8) follows directly from (2.9). We note that from
(1.5) and (1.6), we have

V(0)> V(y(e; 0)) > V(yi(e))

or

! AN
1‘“COS(R—S)?[lwcos(n—o“)]_q.l(_li_(_)fﬁl,‘l)’_”ﬂ_

2 y(&; 0)
(V' (e); €))°
S WAle): &) 2.10
TR (210)
From (2.8), (2.10) we obtain
Jim W-_——zu +cos(m - 8)). (2.11)
£=0 ye; 90)

Then from (2.7), (2.8), and (2.9) we have

el )G )
e T (:8): )7~ b (0(y(s; 8): ) /(e: ) (e; 9)
— 2‘...__."»_..
" 1—cos (n—8)

Hence there exists a constant C’, =C,(8)> 0, such that for &> 0 sufficiently
small ‘

0'(y1(e); )] < Ci 10 (315 8); 8. (2.12)

From (2.6) and (2.12), we have

= (2.13)

A C (n—9) C
O<y —y(e; 0 L ,
<) = ) < T o) o)

where C = C(8)= C,(n-8)>0 independent of ¢.

Now we are in a position to show that lim, _, ; v(z,(e); €) = —n. Suppose
this does not hold, then there exists 6* >0 such that v(z,(g); &) > —n +26*
for all e>0. Let u(x;e)=ov{x+y,(e);¢) and w(x;e)= —v(y,(e)— x;¢),
then u(x;e) and w(x;¢) satisfy the following:

u'(x)+y(e)sinu= —xsinu,

‘ (2.14)*
u{0;8)=0, w'(0;e)=v'(y(e); &), for all x=0,
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and

w'(x)+ y,(2) sin w = x sin w,

(2.15)*
w(0;¢e)=0, w(0;¢e)=0'(y,(c); ), forall x>0,

Let n=xA(e), where A(e)= —v'(y,(e);e), M(X5=“(U/A(E))=¢(U) and
w(x)=w(n/A(e))=¥(n). Then ¢(n) and Y (y) satisfy the following:
¢"(M)+yi(e) A(e)?sinp= —nd(e) *sing, >0,

(2.14)
#(0;¢)=0, $'(0;¢e)= —1.

and

V() +yi(e) Ae) Psing = —nd(e) Csinyg, 520,

2.15
Y(0;e)=0, Y'(0;e)= —1. (2.15)

If we choose 6 =§* >0, then from (2.13) there exists a constant C = C(6%*)
independent of &, such that 0< y(g) — y(e; %) < CA(e) !, provided ¢>0
is sufficiently small. Choose M > C; from (2.5), (2.8), and the continuous
dependence on parameter ¢, it follows that for all &> 0 sufficiently small

lp(n)—y(m| <6*/4,  for 0<n<M.

In particular, let # = (y,(e) — y(e, %)) A(¢); then
W(yi(e) = y(8;8%)) + 6*/4> u(y,(e) - y(e; 6%)) > — m + 28
or
~(m—6*)+0*/4> — g+ 26*
This is a desired contradiction and we complete the proof for the case
n=2.

Step 2. We now assume inductively that

Hm v(ze(e);e)=(—1)*'n (2.16)

e—0

and
lim Mf.)’g_))z

_4, 2.17
T @) (217)

for all k=3,4,5,..,n—1. We show that (2.16), (2.17) hold for k =n. For
simplicity, we may assume that n is an odd number. We have that (2.16)
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holds for k=2, 3, 4, .., n— 1. Given any é > 0, there exists y%(s; d), y(¢; 5)
and yi(e, 8), satisfying

0<yile;0)<yi(e),  with o(y,(e;0);e)=n—20;
Vi—1(8) < yi(e; 8) < yile; 8) < yile),
with * v(pi(e; 8); &) =v(pi(e; 8); ) = (= 1) " (n—9)
for k=2,3, .., n—1, provided ¢ is sufficiently small, (see Fig. 1).

We claim that

1irr}) Yile;8)—y, (8)=0, for k=2,3,.,n—1, (2.18)
lin}) yele)—yile; 6) =0, k=1,2,3,.,n—1 (2.19)
Let V(x)=(1—cosuv(x;e))+ (v'(x;¢€))*/2x. Then from the fact that

V'(x)<0, we have V(y._(e))> V{(p'(e;8))> V(z(e)), for k=23, ..,
n— 1. Consequently from (2.16), (2.17), we have lim, _ ¢ V(yile; 6))=2, or

lim (_vLy‘kT(f_:_@_,_z)_)i = 2(1 + cos(d — m)). (2.20)
&0 yile; 8) :

|
1
|
|
1
|
|
1

\J

M f————— A= — A

FiG. 1. The graph for the solution v(x, &) of (2.1).
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From (2.20) we obtain

lim [v'(yk(e; 8); 8)| = oo. (2.21)
Consider the following identity:
iz 8)
j vxse)dx=(— 1) *1(m—9).

yr—1(e)

Then we have

0’ (V- (ENYA(E; 8) ~ yi_1(8)) < 6 —m <" (yile; 8))(Vile; 8) — yi—1(e))

when k is even
or
v'(Ph(e; 8))(Vi(E; 8) = yi_1(8)) <m— 0 <" (yi—1(€))(Vil(e; 6) = yi - 1(€))
when k is odd.
In both cases we have

-0

e ) (222)

0< yile; 8)—ye_1(e)<

Hence (2.18) follows directly from (2.21), (2.22). Similarly if we prove

lim [v'(yile; 6); e)l = o0, (2.23)

then (2.19) holds.
Setting a = y'(e; ), b= yi(e; ) in (2.2) yields

1
(v'(yile; 0)5 )" — 7 (v'(yile; 8); )

B

vi(e:8)
= (yi(e; ) — yL(e; 0)) cos(n — 8) -f 7 cos v(x; €) dx > 0.

vL(e;é)

That is, ‘
[o'(yile; 8); e)l = V' (yile; 8); S).
Then (2.23) follows directly from (2.21).
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We are now in a position to show that (2.17) holds for k=n. We set
a=0,b=y,_,(¢)in (2.2) to obtain

1 Yn—1(E)
500 @)=y, @)~ [ cos vix; e dx
2 0

ite:d)

:.yn—l(e)——jo cos U(X; 8) dx.

n—1 .‘rlr((g;a)

-y f cos v(x; €) dx

k=27 ¥ds:8)
n=1 )'}\,(e;&) n—ife)

~ cos v(x; &) a’x—f cos v(x; e) dx.
k=2 "k y(ed) ¥y ile:8)

It is easy to verify the following inequality

Lilei0) oS 0) "Gt s e
e RO, Ty D 0 ke o)
! o | 1
B ‘;6—”‘1 ’5 PRI O S| —];~l ,5
y"ﬂ(g)kgz(yk(F )= Yk -1(e; 8)) )’,,_1(8)(y (e)—yo_ (¢ )
YAE); |
2 yn~l(8)

yile;0) o1 oo o
1+ + (¥i(e; 8) — yile; 6))
) T ) &, U ‘
1 n—1

1
L(E; 8)—yt : _— (v T .
y”_l(g)zz(yk(e,é) JkAl(E,é))‘f'y"vl(g)():;‘1(5) yh_ (e 6)).

<

+

Since lim, _, y,_,(¢e)=cc and 6 >0 is arbitrary, (2.18) and (2.19) imply

. (U,()’nfx(ﬁ))z
m ———— —4 224
0 (o) (224

Hence we establish (2.17) for k = n.
Using the same argument as we did in Step 1 yields
C
0< . (8)_ 0 (8;5)< B 2.25
SRR A FTTwN )Y (223)

for some C=C(6)> 0 and for all ¢ >0 sufficiently small. Since # is odd, we
show that

lim0 vz, (g);8)=m. (2.26)
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Suppose (2.26) does not hold. Then there exists a 6* >0, such that
v{z,(e);e) <m—206* for all &>0. . (2.27)

Let u(x;e)=v(x+y,_,(e);€), w(x;e)= —v(y,_ () —x;¢). From (2.24),
(2.17) and the arguments for the case » =2, we obtain

n—=20%>u(y,_(e)—y,_.(e;6%);¢)
>wW(ya_1(e)—yn_1(e; 6%);e)—0%/4
= —(—n+6%)—5%/4
=7 — 56*/4.

This is a desired contradiction. Thus we complete the proof of Theorem 2.2.

3. THE APPLICATION

-

In [1,2] the authors discussed a mathematical model describing the
deformation of a cantilever by its own weight. It is assumed that a canti-
lever of uniform cross-section, uniform density p, and total length L is held
fixed at an angle o at one end, say the origin, and is free at the other end.
Let 5’ be the arc length from the origin, and 6 = 6(s’) be the local angle of
inclination. Then we have the governing equation

2
6
El g;&z p(L—s")sin 8,
(3.1)
do
6(0)=a, — (L)=9,
ds

where El is the flexural rigidity of the material. Let s=¢'/L, then the
governing equation becomes

d?*0 3 .
—;;2—=K(1—~s)smn//, 0<s<1, K>0,
(P),
&(1)=0, 6(0) = o, —~TLoLn,

where K=(pL’/EI)"” represents the importance of density and length
relative to that of flexural rigidity. Let s = x, v(x)=6(1 —x/K) — n; then we
reformulate our equation as the following:

v"(x)+ xsin v(x)=0, " =dfdx,

(3.2)
v'(0)=0, v(K)y=a—m.

The vertical case o =n was completely analyzed in [2].
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We note that from (1.2) we have v(K;a)=n—o if and only if
v(K; —a)=a—mn For simplicity, instead of (3.2), we study the multi-
plicities of the solutions of the following boundary value problem:

V'(x)+xsinv=0

(3.3)
v'(0)=0, WK)=n—a, for O<a<nm.

To solve (3.3) by the shooting method, we consider the following initial
value problem;

v"(x)+ xsinv=0,

(34)
v'(0)=0, v(0)=a, for —m<a<n.

THEOREM 3.1.  Given o€ (0, 1),

(i) For each n=0,1,2, .., there exists a unique a,,, | =da,,, (o)
Ay 41 €(M—a, 1), satisfying v(z,, , (@ani1)s @0, ) =n—a; moreover, a, =
T=0<ay<das< - <dy,,;<--- <7, and lim

3

n-oo Qopyp 1 =0.

}y(u;a) - axis

Zgla)f-

Z4la)

\/

a- axis

FI1G. 2. The graph of the functions Y3, . (a) and Y, (a) for fixed O <a<mn=0,1,2, ...
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(i) Given any n>=1, for each a€(ay, _,,a41), the equation
o(x;a)=mn—a, has exactly 2n—1 isolated zeros { ¥}, Yo s 1> Yim+1)mets
where 3= y3(asa), Vo1 = Vim+1(@50), Yani1=Vomri(a; ), satisfying
0=z,(a) <y} <ys<z3(a) <p§ < -+ <You_1 <z 1(a) <Y3...; moreover,
for a=dy, , we have yIval(GZN—l’ CX) = ygn—l(a2n~li a):Zval(aZNAX)'

(ii) For each n=1,2,.., as a function of a, VYoesil@) attains
global minimum at a point Wy, €(M—0, ), Gguyy <Mansi1> Salisfying
Vor s il s 1) = 0on(Hans 1 )» Where oy,(a) is the 2nth zero of A(x;a), and
lim, , .- ¥5.41(a)= +00. On the other hand, y5,, (a) is strictly increasing
on [ay,,,n) and lim,_, .- y5,, (@)= +o0. (See Fig.2.)

For analogous results, we have

(\)* For each n=1,2,.., there exists a unique a,= a(a),
Ay, € (—m, —m+a), satisfying v(z,,(dz,); a,) =7 —o. Moreover, 0>a,>
ay> -+ >da,> - > —mn, and lim,, , , a,,= —~N.

(ii)* Given any n >\, for each a € (a,,, a,, 4 1), the equation v(x; a) =
n—a has exactly 2n isolated zeros {yb,, V5 }m=1, where Pom = Vom(a; @),

y{a;q)~axis

[}

Zy ()

Z,(a)

o—axis

FiG. 3. The graph of the functions Y4,(a) and Y,(a) for fixed 0<a<m, n=1,2, ...
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.));H! = y‘i‘m(a; a)’ SatisfinTg .))12 < ZZ(a) < )); < T < )’]2" < Zzll(a) < ),5"’
moreover, fOl' a=a,,, we have yIZH(aln, a) = y;n(abn (X) = ZZn(GZn)‘

(iii)* For each n=1,2,.., yy,(a), defined on (—m, a,, 1, attains a
global minimum at a point 1y, € (—7, 0~ 1) with @y, >Ny, satisfying
Pouliian) = 0y ((H2y), Where oy, ((a) is the (2n— 1)th zero of A (x;a) and
lim, , .+ yb(a)= +oo. On the other hand, y5,(a) is strictly increasing on
(=7, ay,] and m, _ - y3.(a)= +oo. (See Fig. 3.

Proof. From Lemma 2.1 and Theorem 2.2, it is easy to show that there
exists a unique da,,,;, depending on o, @, € (m— o, m), satisfying
WZon s ((@ans1); Qaupr)=1—0, and a,=n—a<a3<ds< - <y <T
We claim lim, , ., d5,, =7 If not, then lim, _, @y, | =7 — d, for some
8,>0. Choose a=7—8y/2. Then from Lemma 32 for any n=1,2, .,
gy ()5 @) > 0(Zan 1 1(@an g 1)5 Aang ) =00 This is a desired contra-
diction io Lemma 3.1. Thus we complete the proof for part (1). Part (i1)
follows directly from Lemma 3.2 and the oscillatory behavior of the
solution v(x; a) and (3.3). We have the relation

(¥ 4 (a; a); @) =m—0. (3.5)
Differentiating {3.5) with respect to a yields

dyh (@30) APy a(a;2);0) (36)

da V' (¥on (@ a); @)

s I i -
Since Yon+ J(aZn -+ 1 (l) = Zon+ l(a2n+ 1)7 we have

S = 0D,

da a=dmy

However, (@) < ¥hnsi(a, @) and lim, ., yy,(@)= +oo; this shows
lim, ., , y».i(a)= +co and the existence of a global minimum #,,,, of
yho 4 1(a, ). From (3.6) we have

0= dy‘2n+ l("2n+1;(x): “A(y|2n+ 1(']2114»1;{1); '12n+1) (37)

i . .
da Ul(.);211+l(’12n+ha)*'72n+1),

and yh . (Mo s 13 %) = 02, (N2 1) follows directly from (3.7). On the other
hand, we have

dylé‘n+ l(a; a) - T (,"'3,,4. l(a; (X), a)
da o' (5, (ase);a)

From the relation 0,(a) < zy4 (@) < Y2us1(@) <Yaus fa), n=1,2, .., it
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follows that dy%,, ,/da>0 for all a€ (e, ,, 7). The analogous results for
(i)*, (ii)*, and (iii)* can be proved similarly.

Remark 1. For each n=2,3, .. if every extremum of the function
y!(a;a) is a local minimum, then 7, is the unique local minimum and
y!(a;a) is strictly increasing (decreasing) for a>#, (a<n,) provide n is
odd (even). Differentiating the identity

o(yi(a;a);a)=mn-a,
twice with respect to a and setting dy),/da=0 yieids

dzy}z(a’ d) _ - (dA/d“)()’ix(a, O(), a)
da* v'(y(a,a); a)

, (3.8)

From Theorem 3.1 (iii) and (ii)*, if dy',/da =0 then y!(a, a)=a, _(a), and
(3.8) becomes ’ - '

dyha,0) _ —(d4/da)(e, (), @)

3.9
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Since 4(a,_ ,(a), a)=0 for all ae (0, n), it follows that
iq.'l:_l,: ~(dA/da)(a,," {(a)’ a)' (310)

da A'(o,_\(a), a)

From (3.9), (3.10), and Theorem 2.1(i), (ii), d’y)(a, «)/da®>0 provide
do, ,/da>0, for all ae (0, m), n=2,3,... Let w(x;a)= (dA/da)(x; a), then
w{x; a) satisfies

w”(x) + xw cos v = xA4°sin v, w(0) =0, wi(0)=0. (3.11)
We recall that .,
v"(x)+ xsinv=0, v{0)=a, v'(0)=0. (3.12)
A"(x)+ x 4 cos v=0, A(0) =1, A(0)y=0. (3.13)
We conjecture that the following hold:

(i) For O0<a<m, w(x;a) and w'(x;a) are oscillatory over [O,Vn)
with zeros p,= p,(a), q,=q,(a), respectively, for n=1,2,.., where
p1=q,=0.

(i1) For 0 <a<m/2, we have
O=p=q,=2,=0, <), <<, <2< Py <Pr<y2<q3< -

< e <yn<qn+l<an<zn+l<pn+l<Bn+l<.yn+l< (314)
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For n/2 <a<mn, we have

0=P1=‘11:7-'1=Bo<ﬁl<)’1<42<°‘1<22<P2<ﬁ2<)’2<‘]3<

< - <yn<QM+l<an<zn+l<pn+l<:Bn+1<yn+]< (315)

From (3.10), (3.14), and (3.15) it is easy to verify that a,(a) is strictly
increasing on (0, 7). In Fig. 4 we plot a graph for the functions K= y,(a; «)
and K= y!(a;a) for 0 <o <n. From the figure there follow the bifurcation
phenomena of problem (P),, 0 <a <, or (4.2) as the parameter K varies.
It is interesting to note that when ¢ =0 the problem (P), has a unique
solution [2] for any K while our results show that given any o, 0 <a <m,
and any positive integer n, there exists K such that (P), has n distinct
solutions.

Remark 2. We note that for any n=1, 2, ..,

lim a,(¢)=(—1)"*'rn (3.16)

a—0

It follows directly from m—oa=a(a)<ay(0)< - <y, (2)< - <m,
and — 4 a>a,(0) > aga)> - >ay,(a)> -+ > —n (3.16) indicates that
the bifurcation phenomena will disappear as o=0.

a — axis

Fic. 4. The graph of the functions K=Y j(a;«) and K= Y!{a; o) for 0 <« <7, which are
the bifurcation pictures for the boundary value problem (3.2).
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Remark 3. As o — 1 we have
(i) lim,_ ,a,(x)=0, foralln=1,2,.
(ll) hmaan yn( n(a) a) - hmu—- 4 yn( n( ) ) 'Yn

(iii) For arbitrary p> 0, we have

lim y!(a; @)= y,_(a) uniformly for all ae [4, n) if n is odd.

o =TI

lim y¥(a; &)= y,(a) uniformly for all ae [y, m) if n is odd.

lim y'(a;a)=y,_,(a) uniformly for all ae (—n, —u] if n is even.

o7

lim y%(a;a)= y,(a) uniformly for all ae (—m, —u]if nis even.

To prove (i) we shall only consider the case n is odd; the argument is
similar for the case n is even. We have the relation

v(z,,(a,,(a)); a,,(oc)):n——oc. (317)

Differentiating (3.17) with respect to o yields

dz, day(®) | da (@) _

da do A(Zn; a,,(a)) da -1

U,(Zil; all ))

From Theorem 1.1 4(z,;a,(«)) is positive for odd n and v'(z,; a,(a)) =
then we have da,(a)/de<0. If lim, , . a,(a)#0, say A=1lim,_, . a,(x¢)>
by Lemma 2.1, we have

0,
0,

0<0X(z,(4); A) <v*(z,(a,(®)); a,(@) = (r— )" (3.18)

Let « -7 in (3.18), then this leads to a contradiction, v(z,(4); 4)=0.
Part (ii) follows directly from Theorem 1.1 (iii) and Theorem 3.1 (i), (i)*.
For part (iii), we consider only the first case, n an odd number. Given
1> 0, from (i) there exists 8, = 6,(u) >0, such that a,{a) < p<mn, provided
ln —a| < 8,. Hence y\(a;a) is well-defined for ae [y, 7) and |n—af <6,.
Consider the identity

yulasx)
J v'(x;a)dx=n—a.
Ya-1(a@)

We have

U,(yln(a; a)’ a)(yln(aa a)“)’n; l(a)) <n—u
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or

n—u

O<ya;0)—yp, (a <
PAGD) =0 @) < s

(3.19)

From (2.21) we have

lim v'(yl(a; ), a) = +oo.

a— g

Then

1
M= m

= .max T i < 00,
aetnm [0/(y)(a; @), a)]

Hence given y >0 for any £>0, choose § = min{e/M, §,}; then

@)=y, (@l <a  forall ae[y,n)

provided |m—«| <§. Hence the first éa'se of part (iii) holds. By similar
arguments it is easy to verify the other cases of part (iii). (See Fig. 4.)
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