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Abstract

This paper is devoted to the study of a reaction-diffusion-advection sys-
tem modeling the dynamics of a single nutrient, harmful algae and algal
toxin in a flowing water habitat with a hydraulic storage zone. We intro-
duce the basic reproduction ratio Rg for algae and show that Rg serves as a
threshold value for persistence and extinction of the algae. More precisely,
we prove that the washout steady state is globally attractive if Rg < 1, while
there exists a positive steady state and the algae is uniformly persistent if
Ro > 1. With an additional assumption, we obtain the uniqueness and
global attractivity of the positive steady state in the case where Ry > 1.

Keywords: Spatial model of harmful algae, steady states, basic reproduction ra-
tio, threshold dynamics, global attractor.
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1 Introduction

Blooms of the harmful algae have increased the intensity worldwide in coastal as
well as inland waters. The blooms have direct impacts for human health, and food
webs in aquatic ecosystems [3]. For example, Prymnesium parvum (golden algae)
is responsible for such harmful algal blooms worldwide that have caused large fish
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kills and millions of dollars in economic losses. There is a paradox in the persistence
of harmful algae [15]. Intuitively, strong flow washes out suspended algae, and con-
tinual strong flow can overcome the reproductive capacity of planktonic algae. On
the other hand, the characteristics of the shorelines and the bed of the channel can
reduce the speed of flow, producing slow-flowing regions constituting a hydraulic
storage zone that affects the persistence of harmful algae and their toxins [3, 4].
Thus, we may expect that the reproductive capacity of algae may suffice to permit
population growth, even to bloom proportions. This prediction was confirmed by
Grover et al. [4, Section 3.3]. Recently, a potential technique was suggested to
manage and mitigate harmful algal blooms through flow manipulations in some
riverine systems [8, 9, 17]. This possibility motivates the theoretical modeling of
harmful algal dynamics in flowing habitats [3]. In order to investigate the differ-
ences between a fringing cove and a main lake arising in a single cove, Grover et al.
[3] proposed two-compartment models in which one compartment is a small cove
connected to a larger lake. Hsu et al. [5] further analyzed such a two-compartment
model with seasonal temperature variations.

To understand longitudinal patterns arising along the axis of flow, the authors
in [3] proposed two reaction-diffusion-advection systems modeling the dynamics of
one nutrient, one single population of algae, and algal toxin with spatial variations
in an idealized riverine reservoir where a main channel was coupled to a hydraulic
storage zone. Next, we shall adopt notations and physical settings used in [3] to
describe the model systems. Suppose that L represents the length of the channel;
A and Ag represent cross-section area of a flowing zone, and a static storage zone,
respectively. We assume that advective and diffusive transport occur only in the
main flowing zone, not the storage zone; « (time™!) represents the exchange rate
of nutrient, algae, and toxin between the flowing and storage zones. Flow enters at
the upstream end of the channel (z = 0), and an equal flow exits at the downstream
end (r = L). Flow is parameterized as a constant dilution rate D (time™'), and
assuming constant water volume in the channel implies that advection occurs at a
speed v (v = DL). The flow of water in the channel in the direction of increasing
x brings fresh nutrient for algal growth at a concentration R® into the reactor at
x = 0, and a balancing flow exits at the dam (z = L), removing algae, nutrients,
and algal toxin. Nutrient, algae, and algal toxin are assumed to diffuse throughout
the main channel with the same diffusivity 6. Both advective and diffusive transport
occur at the upstream boundary (z = 0). The downstream boundary is assumed
to be a dam, over which there is advective flow but through which no diffusion can
take place.

The nonlinear function f(R) describes the nutrient uptake and algal growth at
the limiting nutrient concentration (R). We assume that f(R) satisfies

f(0)=0, f(R) >0, feC?



A typical example is the Monod function

,umaxR
K+ R’

f(R) =

where fimax (day™!) represents the maximal growth rate and K (uM) represents the
half saturation constant. Let R(z,t), N(z,t) and C(x,t) ( Rs(x,t), Ng(x,t) and
Cs(z,t)) be the dissolved nutrient concentration, algal abundance and dissolved
toxin concentration at location z and time ¢ in the flowing channel (the storage
zone), respectively. Assume that m (day™') and k (day~!) represent the mortality
of algae and toxin degradation, respectively. It was known that many cyanotoxins
produced by cyanobacteria that contain nitrogen, a potential limiting nutrient for
algae [1]. Because of this fact, these toxins can get recycled back into the system as
a nutrient resource after they decompose. We assume ¢ is a dimensionless coefficient
that specifies the allocation of the limiting nutrient to toxin production [1]. For
such case, the authors in [3] proposed the following reaction-diffusion-advection
system modeling the dynamics of limiting nutrient, harmful algae and their toxins:
’%ff =628 % gy [f(R) — m]N + a(Rs — R) + kqcC,

at 5%2! v+ a(Ns — N) +[(1 - e) f(R) —m]N,

& 5%5 — 1%+ a(Cs = C) + (RN — kC,
e = — —<Rs — R) — qn[f(Rs) — m]Ns + kqcCs,
2% = —a4-(Ns — N) + [(1 = €) f(Rs) — m]Ns,

\88% = _O‘A (Cs—C)+ ef(RS);’—]CVNS — kCyg,

(1.1)

for (z,t) € (0,L) x (0,00) with boundary conditions

vR(0,t) — 6%8(0,t) = vRO,

vN(0,t) — 0%Y(0,t) = vC(0,t) — §95(0,t) = 0, (1.2)
9R(L,t) =9 (L, t) = 9E(L,t) =0,

and initial conditions

R(x,0) = R%(x) >0, N(x,0) = N°=z) >0, C(z,0) = C°%x) >0,
Rg(x,0) = R%(x) >0, Ng(x,0) = N2(z) >0, Cs(z,0) = C%(x) >0,

for x € (0, L), where ¢y (g¢) represents the nutrient quota of algae (toxin).

We should point out that another reaction-diffusion-advection model in [3] (see
system (4) therein) was mathematically analyzed in [7]. For many flagellate toxins,
the toxin contains little of the limiting nutrient [11]. In such a case, the model
(4) in [3] is more appropriate. As a continuation of the work in [7], our current
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paper is devoted to the study of the global dynamics of model (1.1). Next, we
compare the main differences of mathematical approach between system (1.1)-
(1.3) in the current paper and system (3.1)-(3.3) in [7] (i.e., system (4) in [3]).
Since the equations C' and Cyg of system (3.1)-(3.3) in [7] are decoupled from the
equations R, Rg, N, and Ng, it suffices to study the subsystem (3.25)-(3.27) in
[7], which can be further reduced into a cooperative and subhomogeneous system
(see system (3.21)-(3.23) in [7]). One can use the theory of monotone semiflows
to establish the uniqueness and global stability of positive steady state for system
(3.21)-(3.23) in [7]. Then the theory of chain transitive sets can be applied to prove
the uniqueness and global stability of positive steady state for system (3.1)-(3.3)
in [7]. However, we may not drop the C' and Cg equations from system (1.1)-(1.3)
in the current paper due to the recycling terms kqcC and kqcCs appearing in
the first and fourth equations of system (1.1), respectively. With the help of a
conservation (see Lemma 2.2), system (1.1)-(1.3) can be reduced into a subsystem
(see (3.1)-(3.3)). Notice that, without any additional assumptions, system (3.1)-
(3.3) is neither a cooperative system nor a subhomogeneous system, and hence,
the mathematical arguments used in [7, Section 3] no longer work for our case.
Thus, the uniqueness and global attractivity of the positive steady state becomes a
challenging problem. Our strategy here is to obtain a threshold result on the global
extinction and persistence of the algae for system (1.1)-(1.3) by appealing to the
theory of uniform persistence and chain transitive sets (see Theorem 3.3). Under
an additional assumption m = k, we find that system (3.1)-(3.3) can be reduced
into a cooperative and subhomogeneous system (see (4.4)-(4.6)), and hence, the
uniqueness and global stability of positive steady state of system (1.1)-(1.3) can be
obtained by using the similar arguments in [7, Section 3] (see Theorem 4.1).

The organization of this paper is as follows. In section 2, we study the well-
posedness and introduce the basic reproduction ratio Ry for system (1.1)-(1.3),
which can determine the local stability of the trivial steady state. In section 3, we
prove that the solution semiflow associated with system (1.1)-(1.3) is asymptotically
compact and admits a global attractor under appropriate conditions. Then we
establish a threshold result on the global extinction and persistence in terms of R
by appealing to the theory of uniformly persistence and chain transitive sets. In
section 4, under the assumption that the mortality of algae coincides with toxin
degradation (m = k), we find another conservation law (4.2) and then reduce (1.1)-
(1.3) to a limiting system which generates a monotone semiflow. We further prove
the global attractivity of the positive steady state in the case where Ry > 1. A
brief discussion section completes the paper.



2 The basic reproduction ratio

In this section, we first study the well-posedness of the initial-boundary-value prob-
lem (1.1)-(1.3), and then introduce the basic reproduction ratio for algae growth.

Let X = C([0,L],R%) and X+ = C([0,L],RS). Then (X, X") is an ordered
Banach space equipped with the usual supremum norm. In order to simplify no-
tations, we set ug = R, u1 = N, uys = C, ug3 = Rg, uy = Ng, us = Cg and
u = (ug, u1, Uz, ug, Uy, us). We assume that the initial data in (1.3) satisfying

(ud, ul, ud, ug, u, ud) == (R°, N°,C°, R%, N3, C2%) € XT.

For the local existence and positivity of solutions, we appeal to the theory developed
in [10] where the existence and uniqueness and positivity are treated simultane-
ously (taking delay as zero). The idea is to view the system (1.1)-(1.3) as the
abstract ordinary differential equation in X+ and the so-called mild solutions can
be obtained for any given initial data. More precisely, we consider the following
integral form:

up(t) = V(t)ul + [ To(t — s)Bo(u(s))ds
(t) = T;(t)u; —i—fo (t — S)Bi(u(s))ds, i=1,2,
(1) = ?+f0 (s))ds, i =3,4,5,

where T;(t) is the positive, non-expansive, analytic semigroup on C([0, L], R) (see,
e.g., [18, Chapter 7]) such that u = T;(t)u?, i = 0,1,2, satisfies the linear initial
value problem

ou 9%u 8
vu(0,t) — 55“( ) ‘?—“(L t) :0, t>0,

w(x,0) =ud(z), i =0,1,2,

{V(t) }+>0 is the family of affine operators on C(]0, L], R) (see, e.g., [13, Chapter 5])
such that u = V(¢#)u} satisfies the linear system with nonhomogeneous boundary
condition given by

Bt 5@—u , >0, 0<z<L,

vu(0,t) — 5%(0,15) =vRO), g—Z(L,t) =0, t>0,
u(,0) = ug(z),



and the nonlinear operator B; : C'([0, L], R%) — C([0, L], R) is defined by

() = —gn[f(uo) — mlur + a(us — wo) + kqcus,
Bi(u) = a(us —ui) + [(1 — €) f (uo) — m]us,
(0) = aus —us) + ef(uo)—u1 kus,
Bs(u) = —a;{‘s (us — uo) — qn[f(us) — mlug + kqous,
(u) = —@A%(M —ur) + [(1 =€) fus) — m]ua,
(u)

= —ozfs (us — ug) + 6f(U3)—U4 — kus.

\

By the standard maximum principle arguments (see, e.g., [18, Chapter 7)), it fol-
lows that V(¢)C([0, L],R,) c C([0, L],Ry) and T;(t)C([0, L],R;) C C([0, L], Ry)
for all £ > 0. The operator V' and semi-group 7 are related to [10, Eq.(1.9)] by
setting 3(z,t) = vR©). Since f(0) = 0, it follows that B;(u) > 0 whenever u; = 0,
V 0 < i <5, and hence, B := (Bo, B1, By, Bs, By, Bs) is quasipositive (see, e.g., [10,
Remark 1.1]). By [10, Theorem 1 and Remark 1.1], we have the following result.

Lemma 2.1. System (1.1)-(1.3) has a unique noncontinuable solution and the
solutions to (1.1)-(1.3) remain non-negative on their interval of existence if they
are non-negative initially.

In the following, we will demonstrate that mass conservation is satisfied in the
flow and storage zones for the equations given by (1.1)-(1.3). Let

(2.1)

{V@w:me+%N@w+%aLm
VS(ZE, t) = Rs<l‘,t) + qNNg(x, t) + chs(l‘,t>.

Then V(x,t) and Vg(x,t) satisty the following coupled differential equations

W =52 % L aVs—aV, 0<a <L, t>0,

%:—aﬁvsjtaﬁv, O<z<L,t>0,
vV (0,t) — 022(0,¢) = vRY), SL(L,¢) =0, t >0,

V(z,0)=V%z) >0, Vs(z,0) = V&(z) > 0.

(2.2)

By similar arguments to those in [4] and [6, Lemma 2.3], we have the following
results on the global dynamics of system (2.2).

Lemma 2.2. System (2.2) admit a unique positive steady-state solution (R(®, R()
and for any (V°(z), V3(x)) € C([0, L], R?), the unique mild solution (V (x,t), S(m, t))
of (2.2) with (V(z,0),Vs(z,0)) = (VO(x),V(x)) satisfies

lim (V (x,t), Vs(z,1)) = (RO, RO)Y uniformly for x € [0, L].

t—o00



It is easy to see that (R(,0,0, R(®,0,0) is a steady state solution of system
(1.1)-(1.3). Linearizing system (1.1)-(1.3) at (R®,0,0, R(©,0,0), we get the fol-
lowing cooperative system for (N, Ng) compartments:

B =G v aWs =N+ (1= S RO) —mIN.
208 = —a4-(Ns — N) + [(1 — €) f(R™) — m] N,
in (x,t) € (0,L) x (0,00) with boundary conditions
ON ON
and initial conditions
N(z,0) = N°(z) > 0, Ng(x,0) = No(x) > 0. (2.5)

Substituting N(x,t) = eMw(z) and Ng(x,t) = eMwg(x) into (2.3), we obtain the
associated eigenvalue problem

Mo = 6w — vw' + alwg — w) + [(1 — €) f(RY) — m]w,
AMwg = —Oz%(ws —w) +[(1 — &) f(R®) — m]wg, (2.6)
vw(0) — ow'(0) = w'(L) = 0.

We impose the following condition

OZAAS > (1—€) f(RY) —m. (2.7)

By similar arguments to those in [7, Lemma 3.3], we have the following result.

Lemma 2.3. Assume that condition (2.7) holds. Then the eigenvalue problem
(2.6) has a principal eigenvalue, denoted by N*, with an associated eigenvector
(w*(-), ws(-)) > 0.

In the following, we shall adopt the ideas in [21, 22] to define the basic reproduc-
tion ratio for algae. Let S(¢) : C([0, L], R?) — C([0, L], R?) be the Cy-semigroup
generated by the following system

%—]X:é%g—u%—f—l—a(]\fg—]\f)—m]\/, O<z<L, t>0,

8a%:—OéAS(Ns—N)—mNs, O<z<L,t>0,

A
vN(0,t) — 09%(0,t) = 9¥(L,t) =0, t > 0.

T

It is easy to see that S(t) is a positive Cy-semigroup on C([0, L], R?).



In order to define the basic reproduction ratio for algae, we assume that both al-
gae individuals in the flow and storage zones are near the state (0, 0), and introduce
fertile individuals at time ¢ = 0, where the distribution of initial algae individuals
in the flow and storage zones is described by ¢ := (2, ¢5) € C(,R?). Thus, it
is easy to see that S(t)¢ represents the distribution of fertile algae individuals at
time t > 0.

Let L : C([0, L], R?) — C([0, L], R?) be defined by

oo - [ (UTUE L ey ) SOa0

It then follows that L(¢)(+) represents the distribution of the total new population
generated by initial fertile algae individuals ¢ := (9, 5), and hence, L is the next
generation operator. We define the spectral radius of L as the basic reproduction
ratio for algae, that is,

Ry :=r(L).
By [22, Theorem 3.1 (i) and Remark 3.1], we have the following observation.

Lemma 2.4. Ry — 1 and \* have the same sign.

3 Threshold dynamics

In this section, we establish a threshold type result on the persistence and extinction
of algae population in terms of Ry.
By Lemma 2.2, it follows that the limiting system of (1.1)-(1.3) takes the form

ON 0*N ON

5 052 Var a(Ng = N) +[(1 = ) f(R®”) — gy N — goC) — m]N,
%—f - 5‘?;7? . ”g_i +a(Cs— O) + EZ—Zf(R@) — qnN — goC)N — kC,

O = —as (s = M)+ (1= (R - g Ns - acCs) —mlNs,  (3)
% = —QAAS(CS - C)+ EZ—Zf(R(O) —qvNs — qcCs)Ns — kCs,

for (z,t) € (0, L) x (0,00) with boundary conditions

{J/N(O, t) — 62¥(0,t) = vC(0,t) — §25(0,t) = 0, 52)
ON(L,t) = %(L,t) =0,
and initial conditions
{N(m, 0) = N°(z) > 0, Ns(x,0) = N3(x) > 0, 3.3
C(x,0) = C%z) >0, Cs(z,0)=C%x) >0, 0 <z < L.
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We first study the dynamics of system (3.1)-(3.3). The biologically relevant
domain for system (3.1)-(3.3) is given by

5= {(N°C° Ng,C5) € C([0, L], RY) = qvN°(2) + goC°(x) < RO
v Ng(x) +qcC3(z) < RY on [0, L]}. (3.4)

The following result shows that the set ¥ is positively invariant for the solution
semiflow associated with (3.1)-(3.3) .

Lemma 3.1. For any ¢ := (¢1, o, 03, 04) € X, system (3.1)-(3.3) has a unique
mild solution (N(xz,t),C(x,t), Ng(z,t),Cs(z,t)) on [0,00) with initial data ¢, and
(N(x,t),C(z,t), Ns(x,t),Cs(z,t)) € X for all t > 0.

Proof. Let T(t) and T5(t) be the semigroups generated by

% W—yg—g—(a—i—m)u O<z<L,t>0,
—624(0,t) =0, S“(L,t) =0,

and
{%——5W—Vg“—(oz—l—k)u O<z<L,t>0,
vu(0,t) — 624(0,¢) = 0, 2%(L,t) =0,
respectively, T3(t)p3 = e ¢3 and Ty(t)py = e §+k)t¢4. Set
N(t) T.(t) 0 0 0
| C®) B 0 Tyt) O 0
W= Ny | TO=L 0 0 me o
Cs(t) 0 0 0 Tyt

Then (3.1)-(3.3) can be written as the following integral equation

u(t) =T(t)o +/0 T(t — s)F(u(s))ds,
where F = (F\, Fy, Fy, F)) : 5 — C([0, L], RY) by

Fi(¢) = ags + (1 — E)f(R(O) — NP1 — qod2)P1,
Fy(¢) = agy + EQ—Nf(R(O) — NP1 — Qo d2) 1,

Fy(¢) = a—¢1 + (1 =€) f(RY — qnos — qoda)ds,

A
Fi(9) = as=é2 + e F(RO) — gy — qo)os.
s qc



By [10, Corollary 4] or [18, Theorem 7.3.1], it suffices to show that

hlir(r)1+ dist(¢p + hF(¢),X) =0, V ¢ € 3. (3.5)

For any ¢ € ¥ and h > 0, we have

¢1 + I (
P2 + hE5(
o3 + th(
¢s+ hEy(

¢+ hF(¢) =

o O O O

By our assumption on f, it is easy to see that
1
f(R)=H(R)R, where H(R) = / f'(tR)dr, ¥ R > 0.
0

Then we have

RO — [gn(¢1 + hF1(8)) + go(¢2 + hF(9))]
= (RY — gy — qed)[l — hanor H(RY — qno1 — qoda)] — halqnds + qods)
> (RO — qnd1 — god)[1 — hayér H(R®) — qnéy — qedo)] — haR©,  (3.7)

and

RO — [gn (s + hF5()) + qc(¢a + hFu(9))]

= (R — qnos — qeda)[1 — hands H(RY — qnes — goda)] — hOéAis(QNCbl + qc¢2)

> (R — qn¢s — qoga)[1 — hands H(RY) — qnos — qoda)] — haAiSR“)- (3.8)

By (3.6), (3.7) and (3.8), it follows that (3.5) is true. O

In view of Lemma 3.1, we can define the solution semiflow II, : > — ¥ associated
with (3.1)-(3.3) by

I,(P) = (N(-,t, P),C(-,t, P), Ns(-,t, P),Cs(-,t, P)), ¥ t >0,  (3.9)

where P := (N°(-),C%(), N2(-), C%(-)) € &.

Since two equations in (3.1) have no diffusion terms, its solution semiflow II;
is not compact. To obtain the existence of the global attractor of II;, we further
assume that there is a constant r > 0 such that for any (N,C, Ng,Cs) € X, we
have

x? M(N,C, Ng,Cg)x < —rx'x, VxeR? (3.10)

10



where

maoy1 Mg

M<N7 CaN57CS) = ( T ) ;

and
A (0)
my = —a—s + (1 = e)f(RY —gvNg — qcCs) — ml,

—qn(1 =€) f'(R” — qvNs — qcCs)Ns,
2
q q
My = e~ f(R® — quNg — qoCs) — Eq—JCVf/(R(O) — gnvNs — gcCs) Ny,

qc
miz = —qo(1 — €) f/(RY) — qvNg — qcCs) N,
A
M2z =~ = k —eqn f'(RY) — qyNs — qcCs)Ns.
mamR
Remark 3.1. Assume that f(R) = f(ﬁR and
A L R qN dc
a—> (1= f(RO) —min{m, k} + =225 1925 4 (1—¢)—=|. (3.11

> (1= O (R) —minfm k) + S o 0925

Then (3.11) implies (2.7) and (3.10). Biologically, the condition (3.11) means that
the cross section of the main channel is large compared to that of the storage zone,
or the exchange rate is sufficiently large.

Next, we introduce the Kuratowski measure of noncompactness (see, e.g., [2])
k(B) := inf{r : B has a finite cover of diameter < r}

for any bounded set B. We set x(B) = oo whenever B is unbounded. It is easy to
see that B is precompact(i.e., B is compact) if and only if x(B) = 0. By similar
arguments to those in [6, Lemma 4.1], we have the following result.

Lemma 3.2. Assume that (3.10) holds. Then the solution semiflow I1(t) is k-
contracting in the sense that limy_, £(IL(¢)(B)) = 0 for any bounded set B C X..

The following result shows that solutions of system (3.1)-(3.3) converge to a
compact attractor in 2.

Theorem 3.1. Assume that (3.10) holds. Then 11(t) admits a global attractor on
2.

Proof. By Lemma 3.2, it follows that II(¢) is k-contracting on ¥. By Lemma 3.1, it
follows that II(¢) is point dissipative on X, and forward orbits of bounded subsets
of ¥ for II(t) are bounded. By the continuous-time version of [12, Theorem 2.6],
I1(¢) has a compact global attractor that attracts every point in X. O

11



By the strong maximum principle and the Hopf boundary lemma (see [14]), we
have the following result.

Lemma 3.3. Let

(ur(z,t, @), ua(x, t, @), uz(x, t, @), us(z,t,9)) := (N(x,t),C(z,t), Ns(x,t), Cs(x,1))

be the solution of system (3.1)-(3.3) with initial data ¢ € X. If there is aty > 0 such
that u;(-,to, ®) £0, for some i € {1,2,3,4}, then u;(x,t,¢) > 0 for all x € [0, L]
and t > tg.

The following result indicates that R is a threshold index for global extinction
and persistence of the algae.

Theorem 3.2. Assume that conditions (2.7) and (3.10) hold. Let

Wo = {¢ = (1,02, 03, ¢4) € 2 61(-) £0 and ¢3(-) £0},

and
OWo = E\Wo ={¢ € X: ¢1(-) =0 or ¢3(-) = 0}.
Let (N(z,t,¢),C(x,t,¢), Ng(x,t,¢),Cs(z,t,0)) be the solution of system (3.1)-
(3.3) with initial data ¢ € 3. Then the following statements hold true:
(i) If Ry < 1, then the trivial solution 0 := (0,0,0,0) is globally attractive in ¥.

(ii) If Ry > 1, then system (3.1)-(3.3) admits at least one positive steady state
(N(x),Ng(z),C(z),Cs(x)), and there exists an n > 0 such that for any ¢ €
Wq, we have

liminf N(z,t,¢) > n and liminf Ng(z,t, ¢) > n,
t—o00 t—o00

uniformly for all x € [0, L]. Furthermore, any compact internal chain tran-
sitive set T of TI(t) with T # {0} satisfies minger p(¢) > n, where p(¢) :=
min{mingep,z) ¢1(z), Mmingeo,z) P3()}.

Proof. We first assume that Ry < 1. By Lemma 2.4, it follows that \* < 0. From
the first and third equations of (3.1), it follows that

N < §ON OV | o(Ng— N)+[(1— ) f(R®) —m]N, t >0,

Ox?
o5 < —ai-(Ns — N) +[(1 = ¢) f(R) = m]Ng, t >0, (3.12)
vN(0,t) — 09Y(0,t) = 9¥(L,t) =0, t > 0.
By Lemma 2.3, there is a strongly positive eigenfunction w := (wy,w;g) corre-

sponding to A\*. Since for any given ¢ € X, there exists some a > 0 such that
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(N(x,0,0), Ns(x,0,0)) < aw(x), V x € [0,L]. Note that ae* () is a solution
to (2.3)-(2.5) on [0,00) with initial data aw(z). Then the comparison principle
implies that

(N(2,t,0), Ns(z,t,0)) < ae* i (x), ¥Vt >0,

and hence, lim; o (N(z,t,¢), Ns(z,t,¢)) = 0 uniformly for = € [0, L]. Thus, the
equations for (C,Cyg) in (3.1) are asymptotic to the following linear system

@:682—C—y@—(a+k)0+a05, O<z<L, t>0,

ot Ox2 ox
s = —(a4- +k)Cs +a4-C, 0 <z < L, t >0,

f 3.13
vC(0,t) — 092(0,t) = $(L,t) =0, t >0, (3.13)

C(x,0) = C%z) >0, Cs(z,0)=C%x) >0, 0<z < L.

By [7, Lemma 3.3] and the theory of asymptotically autonomous semiflows (see,
e.g., [20, Corollary 4.3]), it follows that lim; . (C(z,t, ¢), Cs(x,t,¢)) = (0,0) uni-
formly for z € [0, L]. This proves statement (i).

Next we assume that Ry > 1. Then Lemma 2.4 implies that A* > 0. By (2.7)
and similar arguments to those in [7, Lemma 3.3] (see also Lemma 2.3), it follows
that there exists a sufficiently small positive number &, such that

0t > (1- f(RO) — & —m,
Ag

and Az, > 0 is the principal eigenvalue of the eigenvalue problem

Ao = dw"” — vw' + a(ws — w) + [(1 — €) fF(RV) — & — m]w,
Awg = —aA%(ws —w) + [(1 =€) f(RY) — & — m]ws, (3.14)
vw(0) — ow'(0) = w'(L) = 0.

Furthermore, W := (wsq, weg) is the strongly positive eigenfunction corresponding
to A%, -
By Lemma 3.3, it follows that for any ¢ € W,, we have
N(xz,t,¢) >0, Ng(z,t,¢) >0, Vae|0,L], t>0.
This implies that I1(¢)W, C W for all t > 0. Let
My = {Qb e oW, : H(t)gb € OWy, vVt > 0},

and w(¢) be the omega limit set of the orbit O%(¢) := {II(¢)¢ : t > 0}. We further

prove following two claims.

Claim 1. w(zp) = {0}, ¥V ¢ € Mj.
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For any given v € My, we have Il(t)y) € My, ¥V t > 0. Thus, for any given
t > 0, we have N(-,t,¢) = 0 or Ng(+,t,1) = 0. In the case where N(-,t,¢) =0
for all ¢ > 0, substituting N(-,¢,1) = 0 into the first equation of (3.1), we obtain
Ns(-,t,9) =0, ¥t > 0. Then the equations for (C, Cys) satisfies the system (3.13),
and hence

tlir?o(c(xa t w)v Cs(l', 12 ’QD)) = (07 0)7

uniformly for € [0,L]. In the case where N(-,y,%) = 0 for some t; > 0,
Lemma 3.3 implies that N(z,t,¢) > 0, V2 € Q,V t > t5. Thus, Ng(-,t,7)) =
0, V't > to. From the third equation of (3.1), it follows that N(-,¢,7) =0, ¥t > t,,
which is impossible. This shows that w(y)) = {0}.

Note that
(N’Cgl(()’o)f( qnN—qcC) = f(RY), (Ns,céﬂ(o,o)f( qnNs—qcCys) = f(R™)

It then follows that there is a o9 > such tat

o
1—¢€’

F(RO — gyN — go0) > f(R) — YV [[(N,C)]| < 0.

and

$o

F(RY — qyNg — qcCs) > f(RY) — T

V [[(Ns, Cs)|| < oo.

Claim 2. 0 is a uniform weak repeller for Wy in the sense that lim sup, , . ||TI(t)¢|| >
0o, V¢ € W.

Suppose, by contradiction, there exists ¢y € Wy such that limsup,_, . [|[T1(¢)¢o—
0|| < o9. Then there exists t; > 0 such that

||(N(.I',t,¢0, O(xat7¢0)|| < 09 and ||(N5(x7t7¢0a OS(xat7¢0)|| < O-Oa\V/t > b, x € [07 L]
It follows that the equation for N and Ng in (3.1) satisfy

ON > 60N — N 4 o(Ng— N)+[(1 — €) f(RO) — & —m]N, t > t,
> —ai-(Ns = N) +[(1 =) f(R?) =& —m]Ns, t > 1, (3.15)

vN(0,t) — 09%(0,t) = IN(L,t) =0, t > t;.

Recall that w := (ws, wsyg) is the strongly positive eigenfunction corresponding to
Ag,- Since N(z,t,¢9) > 0, Ns(w,t,¢9) > 0, V x € [0, L], t > 0, there exists a
sufficiently small number py > 0 such that (N(x,t1,¢9) > 0, Ns(x,t1,¢o)) > pow.
Note that poe)‘ﬁo (tftl)ﬁi, t > ty, is a solution of the following linear system:

o = 0ox — v L a(Ns = N)+[(1—¢) f(RO) =& —m]N, t >t

Ox2

O = —az-(Ns = N) + [(1 = ) f(R) — & — m|Ns, t > 1, (3.16)

VN(0,t) — 625(0,t) = 2X(L, 1) = 0, t > ¢4,

14



with initial data pyw. Then the comparison principle implies that
(N(z,t,00), Ns(z,t, 00)) > poe’ "™, vt >t;, z€0,L).

Since A, > 0, we see that (N(z,t,¢0), Ns(7,t, ¢o)) is unbounded. This contradic-
tion proves the claim.
Define a continuous function p : ¥ — [0, 00) by

p(o) =i { min 01(e), min on(o) ¥ 9 € 5 (3.17)
By Lemma 3.3, it follows that p='(0,00) € W, and p has the property that if
p(¢) > 0 or ¢ € Wy with p(¢) = 0, then p(Il(¢t)¢) > 0, V¢ > 0. Thus, p is a
generalized distance function for the semiflow II(¢) : ¥ — X (see, e.g., [19]). By
Claims 1 and 2 above, it follows that any forward orbit of I1(¢) in My converges to
0, 0 is isolated invariant set in ¥, and W*(0) N Wy = @, where W#(0) is the stable
set of 0. It is obvious that there is no cycle from 0 to 0 in Mp. By [19, Theorem 3],
there exists an 7 > 0 such that any compact internal chain transitive set Z of I1(¢)
with Z # {0} satisfies minger p(¢) > 7. For any ¢ € Wy, we see from Claim 2 that
w(¢) # {0}. Letting Z = w(¢), we then obtain minye, g p(v) > n for all ¢ € Wy,
This implies the uniform persistence stated in statement (ii). By [12, Theorem 3.7
and Remark 3.10], it follows that II(¢) : ¥ — 3 has a global attractor Ay. It then
follows from [12, Theorem 4.7] that II(t) has an equilibrium (N, C, Ng, Cs) € Wy,
which satisfies N(z) > 0, C(z) > 0, Ng(x) > 0, Cs(z) > 0,V z € [0, L].
From the second equation of (3.1), it is easy to see that C'(z) satisfies

5C" (z) — vC'(z) — (o + k)C ()
:A—aég(xz - e‘é—]chA(R(O) —qvN — qcC(2))N <0, z € (0,L),
vC(0) —0C"(0) = C"(L) = 0.
By the strong maximum principle and the Hopf boundary lemma (see [14]), we

obtain C(z) > 0, ¥ « € [0, L]. From the fourth equation of (3.1), it is easy to see
that Cg(x) satisfies

A R A . R A
(a——+k)Cs(z) = a—C(z) + €q—Nf(R(O) — qnNs — qcCs)Ng(z) > a—C(x),
As As qc As

A~ ~

which implies that Cs(z) > 0, ¥V 0 < 2 < L. Therefore, (N(z),C(z), Ng(z), Cs(z))
is a positive steady state solution of (3.1)-(3.3). O

Recall that X = C([0, L], RY) is the biologically relevant domain for system
(1.1)-(1.3). For convenience, we set

Xo = {(R°(),N"(-),C°(), Rs(-), Ng(-), Cs(-)) € X : N°(-) #£0 and Ng(-) £0},

15



and 0X, := X\ Xj.
By appealing to the theory of chain transitive sets, we are able to lift the
dynamics of (3.1)-(3.3) to the full system (1.1)-(1.3).

Theorem 3.3. Assume that conditions (2.7) and (3.10) hold. Let
(R(z,t), N(x,t),C(x,t), Rs(z,t), Ns(x,t), Cs(x,1))

be the solution of (1.1)-(1.3) with initial data in X*. Then the following statements
are valid:

(i) If Ro < 1, then

lim (R(x,t), N(x,t),C(x,t), Rs(x,t), Ns(x,t), Cs(x,t)) = (R(O),O,O, R(O),O,O),

t—o0
uniformly for x € [0, L].

(i) If Ro > 1, then (1.1)-(1.3) admits at least one positive steady-state solution
(R(z), N(z),C(x), Rg(x), Ng(x), Cs(x)), and there exists an n > 0 such that
for any

(R()(')? NO(')? CO(')= R%()v Ng()v Cg()) € Xo,
we have
hmlan(x t,¢) >n and hmlnf Ng(z,t,¢) >,

—00

uniformly for all x € [0, L].

Proof. Note that system (1.1)-(1.3) is equivalent to the following one:

(9% =055 =8 + a(Ng = N) +[(1 = f(V = gwN = goC) = m]N,
5 =058 — v +a(Cs = O) + e f(V — qnN — goC)N — kC,
= _O‘A (Ns = N) +[(1 =€) f(Vs — gvNs — gcCs) — m| N5,

% = —ag; (CS —C)+€elZf(Vs —avNs — qcCs)Ns — kCs,

o _ gy vo + a(Vs — V),

ot Oz2
Vs __ - A -
(ot — %Yag (Vs = V),

(3.18)
for (x,t) € (0, L) x (0,00) with boundary conditions

vN(0,t) — 69¥(0 t)_yC(O t)—6%5(0,t) =0,
vV (0,t) — 6%2(0,t) = vRO) (3.19)
IN(L,t) = %C(L,t) = Z5(L, t) 0,
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and initial conditions

{N(m, 0) = N%z) >0, C(x,0) = C(x)
Cs(z,0) = CY(x) >0, V(x,0) =V (z)

for x € (0, L), where V and Vg are defined in (2.1).
The biologically relevant domain for system (3.18)-(3.20) is given by

3= {(N°,C° NS, C2, VO V) e C([0,L],RS) : qnN(z) + qoC(x) < VO(x),
avNg(z) + qcCe(x) < V§(x) on [0, L]}. (3.21)

For convenience, we define
S = {(N°,C° NS, C9, VO, V) € £: N°(-) £ 0 and N3(-) # 0},

and 8?]0 = i\io. We first show that X is positively invariant for system (3.18)-
(3.20). Indeed, let @ := (NO(-),C%(-), N3(-),C%(-), VO(-),V2(:)) € 2 and let

(N(1,Q),C(-1,Q), Ns(,1,Q), Cs(-,1,Q), V(-,1,Q), Vs(+, 1, Q)

be the solution of system (3.18)-(3.20) with initial data ). Recall that

{R(ac, t) = V(z,t) — qvN(z,t) — qcCl(z, 1), (3.2

RS(x>t> = VS(xvt) - QNNS('Tat) - QCCS(xvt)'
Then( (7 7@) N( Q) (7t7Q>7RS('7t7Q)7NS( t Q) CS(

t
(13)andR(,0,Q)>0 N(-,0,Q) >0, C(-,0,Q) >0, Rs(-,0,Q)
0, Cs(+,0,Q) > 0. By Lemma 2.1, it follows that

(R('7tv Q)7N('at7Q)’ C("t7Q)’ ( Q) ( Q) ( Q)) > 07 Vi > 0.

This implies that

,Q)) satisfies (1.1)-
>0, Ng(-,0,Q) >

(N(£,Q),C(,1,Q), Ns(-,1,Q),Cs(-,,Q), V(-,£,Q), Vs(-,1,Q)) € T, ¥ £ > 0.

Thus, we can define the solution semiflow II, : & — & of (3.18)-(3.20) by

(Q) = (N(1,Q),C(1,Q), Ns(-,£,Q), Cs(-,1,Q), V(-,1,Q), Vs (-,1,Q)), ¥t > 0,

where @ := (N°(-),C%(-), N3(-),C(-),V(-), VI(-)) € E. For any Q € X, let & :=
w(Q) be the omega limit set of @ for II;. It is easy to see that

(RO(')? NO(')ﬂ CO(')> ROS(')ﬂ Ng(), Cg‘()) € Xo
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if and only if (N9, C° N9, C9, VO, V) € 5.
By Lemma 2.2, we have

lim (V (z,t), Vs(z,t)) = (R, R©) uniformly for = € [0, L].

t—o0

It then follows that for any (N(-),C(:), Ns(+),Cs(+)) € C([0, L],R}) with
((N(),C(), Ns(),Cs (), V(-), Vs(+)) € @,

there holds (V(-), Vs(+)) = (R, R®). Thus, there exists a set Z C C([0, L], R%)
such that @ = Z x {(R®, R©)}. Since X is closed, it follows that & C X. For any
given (N(-),C(+), Ns(+),Cs(+)) € Z, we have

(N(),C(-), Ns(-),Cs(-), RO, ROy € & C 5.

By the definition of 3, we obtain (N(-),C(:), Ng(-),Cs(-)) € ©. This shows that
ci.

In view of [23, Lemma 1.2.1'], we see that w is a compact, invariant and in-
ternal chain transitive set for II,. Moreover, for any (N(-),C(-), Ns(-),Cs(-)) €
C([0, L], RY) with (N(-),C(+), Ns(-),Cs(+)), V(-), Vs(-)) € @, there holds

ﬁt |@ (N()vc()7N5<)7 CS(')? V()7 VS()) = (Ht<N()7 C()? NS(')? CS())? R(O)vR(O))v

where II; is the semiflows associated with (3.1)-(3.3) on . It then easily follows
that Z is a compact, invariant and internal chain transitive set for II; : ¥ — 3.

In the case where Ry < 1, it follows from Theorem 3.2 (i) that 0 is a global
attractor for II; : ¥ — 3. By the continuous-time version of [23, Theorem 1.2.1],
we obtain Z = {0}, and hence, @ = Z x {(R®, RO} = {(0,0,0,0, R® RO},
This implies that (0,0,0,0, R, R©) is globally attractive for II, in %, that is,
system (3.18)-(3.20) has a globally attractive steady state (0,0,0,0, R R©) in
5. In view of (2.1), we see that statement (i) holds true.

In the case where Ry > 1, it follows from Lemma 2.4 that A* > 0. Thus, there
exists a p > 0 such that

A (0)
aA—S>(1—€)f(RO)—m—P,

and the eigenvalue problem

2w = dw” — vw' + a(ws — w) + [(1 =€) fF(RO) —m — plw,
Mg = —az-(ws —w) + [(1 =€) f(R?) —m — plws, (3.23)
vw(0) — éw'(0) = w'(L) = 0,
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has a principal eigenvalue, denoted by A} > 0, with an associated eigenvector
(w5(+), ws,(-) > 0. We further show that 7 # {0}. Otherwise, we have @ =
T x {(R®, RO} = {(0,0,0,0, R® RO} This implies that

lim ||( ( t),C(-,t),NS(-,t),Cs(',t),V(',t),VS(',t)) (O 0 0 0 R(O) R )” =0.
It follows that

lim [|(V (-, ) = anN (1) = geC () = RO|| =0,

t—o00

and
Jim [1(Vs(1) = awNs( 1) = goCs(1) = RO = 0.

Consequently, there exists a t; > 0 such that

FV(0) = auN (1) = qeC 1) > f(RO) = T2 Vi >

and
f(vs(',t> - QNNS('vt) - QC’CS('7t)) > f(R(O)> - ﬁ, Vit>t.

From the first and third equations in (3.18), we have

aN>5W—1/——I—oz(NS—N)—i—[(l—e)f(R(O))—m—p]N, O<z<L,t>t,
> —aib(Ns = N) +[(1 = ) f(RO) —=m = p]Ns, 0 <z < L, t > 1y,

N(O,t) 5‘9N(0 t)=9%(L,t)=0, t > 0.
Since N°(-) # 0 and NJ(-) # 0, it follows from the strong maximum principle (see,
e. g, [14, p. 172, Theorem 4]) and the Hopf boundary lemma (see, e.g., [14, p.
170, Theorem 3]) that N(-,¢) > 0, Ng(-,¢) > 0, V ¢ > 0. Hence, there exists a

sufficiently small number a > 0 such that (N(-,t1), Ns(-,t1)) > a(w;(-), ws,(-)).
By the comparison theorem, it follows that

(N('7t>7 NS('>t>> > ae)\;(titl)(w;(')awgp(')) Vit>t, xe [OaL]

Since A5 > 0, (N(z,t), Ns(,t)) is unbounded, which is a contradiction. In view
of T # {0}, we see from Theorem 3.2 (i) that mingezp(¢) > 7. Since @ =
T x {(R©, RO)} it then follows that statement (ii) is valid. O

4 Global attractivity

In this section, we established the uniqueness and global stability of the positive
steady state for system (1.1)-(1.3) under the condition that m = k.
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Let

l1—€ qc

Ws(l‘,t) = Cs(l',t) - Lq_N-ZVS(:Evt)

1—eqc

It then follows from system (3.1)-(3.3) that W (x,t) and Wg(z,t) satisfy

{W(m,t):c(w,t)— o N, (4.1)

aa_Vt":(SaQW—ya—W—(aer)WJraWS, O<z<L,t>0,

ere Ox
%:—(a%ij)Ws—i—aA%W] O<z<L, t>0,
vW(0,t) — 69%(0,t) = 9 (L,t) =0, t >0,
W(z,0) = W%z) >0, Ws(z,0) =Wa(z) >0, 0 <z < L.
By [7, Lemma 3.3] with & = m, it follows that

tlim (W(z,t), Ws(x,t)) = (0,0), uniformly for = € [0, L]. (4.3)
—00

(4.2)

Then system (3.1)-(3.3) can be reduced to the following one:
{W = 02N — N 4 o(Ng — N) + [(1 — &) (RO — £ N) —m]N,

ot 922
205 = —a4-(Ns — N) + [(1 — €) f(R® — {2 Ng) — m]N5,
for (z,t) € (0, L) x (0,00) with boundary conditions
ON ON
N Y e = (L.t) = 4.
UN(0.1) =60 (0,1) = DX (1,1) =0, (4.

and initial conditions
N(z,0) = N°(z) > 0, Ng(x,0) = No(x) >0, 0 <z < L. (4.6)
The biologically relevant domain for system (4.4)-(4.6) is given by

Q= {(NO,Ng) e C([0,L],R%) : JJ—NNO(Q:)

< RO, JJ—NNg(:L') < RY on [O,L]} :
—€ — €
We define the solution semiflow ®; : 2 — Q of (4.4)-(4.6) by
(I)t(NO(')a Ng()) = (N('vtv (NO()7 Ng()))v NS<'7t7 (NO()> N?‘())))? vVi=>0,

where (NY(-)N2(+)) € Q. Tt is easy to see that the solution semiflow ®, is strongly
monotone (see, e.g., [18, Chapter 7]) in the sense that

©,(N°(-), N3()) > @(N°(-), N§()), Vit >0,

whenever (N°(-), N9(-)) > (N°(-), N3(-)), and strictly subhomogeneous (see, e.g.,
23, section 2.3]) in the sense that

®(ON"(-),ONG() > 0P(N°(-), Ng(-)), ¥ (N°(-), Ng(-)) >0, 6 € (0,1).

For convenience, we let Qy = Q\{(0,0)}, 0 := Q\Qo = {(0,0)}.
By similar arguments to those in [6, Lemma 3.2, Theorems 3.1 and 3.2], we
have the following result.
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Lemma 4.1. Assume that m = k and (2.7) holds. For any (N°(-), NJ(-)) € Q,
let (N(-,t), Ng(-,t)) be the solution of (4.4)-(4.6). Then the following statements
are valid:

(i) If Ry < 1, then tlim (N(z,t), Ns(z,t)) = (0,0) uniformly for x € [0, L];
— 00
(ii) If Ro > 1, then (4.4)-(4.6) admits a unique positive steady-state solution
(N(z), Ng(z)) and for any (N°(-), NI(-)) € Qp, we have
tlim (N(z,t), Ng(x,t)) = (N(2), Ns(z)), uniformly for z € [0, L].
—00

Now we are in a position to prove the global attractivity of the positive steady
state for system (1.1)-(1.3) under the additional assumption that m = k.

Theorem 4.1. Assume that m =k and (2.7) holds. Let
(R(l’, t)v N(l‘7 t)a O(ZL’, t)7 RS('Z'7 t)a Ns(ZE, t)) OS('I? t))

be the solution of (1.1)-(1.3) with initial data in X*. Then the following statements
are valid:

(i) If Ry < 1, then

lim(R(az,t) N(z,t),C(x,t), Rs(x,t), Ng(z,t), Cs(z, 1)) = (R©,0,0, R©,0,0),
t—o0
L.

(ii) If Ro > 1, then (1.1)-(1.3) admits a unique positive steady-state solution
(R(SC%N(QT) C(w), Rs(w), Ns(x), Cs()), and for any
°(

uniformly for x € [0,

( ')7 ()7 ()7Rg()7Ng()7Cg()) € XOu
we have
tli}rgo(R(:c,t), N(z,t),C(x,t), Rs(x,t), Ng(z,t), Cs(z,t))

= (R(x), N(z), C(z), Rg(x), Ng(z), Cs(x)), uniformly for z € [0, L].

Proof. Statement (i) follows directly from Theorem 3.3(i). In order to prove state-
ment (ii), we rewrite the system (1.1)-(1.3) with m = k as an equivalent form:

'aN 562N aN ¥4 a(Ng—N)+[1—e)f(V— LN — gcW) —m]N,
aé\is = —ai (NS—N)+[(1—e)f( {2 Ns — qcWs) — m|Ns,
g ol V),

%5 =—af (VS V),

w 582W v (a4 m)W + aWs,

ot oz
Ws _ _ A
T = (O‘As —|—m)Ws—|—aASW,

(4.7)
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for (x,t) € (0, L) x (0,00) with boundary conditions

vN(0,t) — 62%(0,t) = 0, vV (0,t) — 62£(0,¢) = vRO,
vW(0,t) — 62%(0,t) = 0, (4.8)
IN(L,t) =9 (L,t) = ZY(L,t) =0,

and initial conditions

N(z,0) = No(a:) 0, Ns(z,0) = N§(x) (4.9)
0 .

>

for z € (0, L). Here (V,Vs) and (W, Wg) are defined in (2.1) and (4.1), respectively.
The biologically relevant domain for system (4.7)-(4.9) is given by

Q= {(N°, N2, V°, V0, W°, W2) € C([0, L], RY) x C([0, L], R?) :

1qiv_€N0(x) + qeW'(z) < VO(2), 1q—iV€N§(x) + geW3(z) < V3(),
Wo) + —— W NO(z) > 0, W) + —— T NO(2) > 0 on [0, L]},
1—¢ qc 1 —c¢€ qc

For convenience, we define
Qo = {(N°, NG, VO VO, WO W) € Q: N°(-) # 0 and N3(-) # 0},

and 99 := Q\ . We first show that 0 is positively invariant for system (4.7)-(4.9).
Indeed, let Q := (N°(-), N3(-), VO(-), VE(-), WO(-), W2()) € Q and let

(N("t7Q)aNS('at7Q)’ ( t Q) ( t Q) ( t Q) ( t Q))
be the solution of (4.7)-(4.9) with initial data ¢). Recall that
R(z,t) = V(z,t) = LN (z,t) — geW (2, t),
R5<I,t) = Vg(x,t> - q—NNs(JI t) - qCWS(x,t),
C(z,t) = W(z,t) + =% N(x,t),

1—e qc

Cs(l',t) = W5<x7t) + ﬁZ_ZNS(-%at)

Then (R('vta Q)v N('7t7 Q)7 C('vta Q)a RS('vta Q)v NS('vta Q)v CS<'7t7 Q)) satisfies (11)_
(1.3) and

(4.10)

RS('voaQ)z()? NS(‘,O,Q)ZO, CS( 0 Q)Z
By Lemma 2.1, it follows that

(R<'7t7 Q)?N('atv Q)?C('7t7Q)7 ( i Q) ( i Q) ('7t7 Q)) > 0, vVit>0.
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Thus, we can define the solution semiflows ®, :  — € associated with (4.7)-(4.9)
by
a)t(Q):<N('7t7Q)7N5('7t7Q)7 ( t, Q) ( t Q) ( 2 Q) ( 2 Q>)7Vt207

where Q (NO(), N§(-), VO(), V(-), Wo(-), Wg(:)) € Q. For any Q € Q, let
Wy := w1(Q) be the omega limit set of @ for ;. Note that

(R°(:), N°(), C°(), R(-), N5(). C5()) € Xo

if and only if (NO(-), NO(-), VO(-), VO(-), WO(-), WI(-)) € Q. By Lemma 2.2 and [7,
Lemma 3.3], we have

tlim (V(z,t), Vs(z,t)) = (RO, R©), uniformly for z € [0, L],
—00

and
Jim (W (x,t), Ws(x,t)) = (0,0), uniformly for z € [0, L].
For any (N(-), Ns(-)) € C([0, L], R}) with
(NC)s Ns (), V), Vs(), W(-), Ws()) € @n,

there holds (V(-),Vs(:)) = (R®, R®) and (W (-), Ws(- )) (0,0). Thus, there
exists a set 7y C C([0, L],R2) such that &, = Z; x {(R©, R©,0,0)}. Since Q
is closed, it follows that &; C €. For any given (N(-), Ns(~)) € 7,, we have
(N(-), Ns(-), RO R© 0,0) € & C Q. By the definition of Q, it follows that
(N(:), Ns(+)) € Q. This shows that Z; C €.

By [23, Lemma 1.2.1'], it follows that w; is a compact, invariant and internal
chain transitive set for ®,. Moreover, for any (N(-), Ng(-)) € C([0, L], R%) with
(N(), Ns(-),V (), Vs(-), W(-), Ws(+)) € Wy, there holds

&)t |¢TJ1 (N()aNS()’V()7VS<)7W()7WS()) = (q)t(N(')7NS<'))7R(O)’R(O)aov())a

where ®;(N(-), Ng(+)) is the semiflows associated with (4.4)-(4.6) on Q. It then
easily follows that Z; is a compact, invariant and internal chain transitive set for
P, : QQ — Q.

In the case where Ry > 1, it follows from Lemma 4.1 (ii) that (4.4)-(4.6) has a
globally attractive steady state (N(-), Ng(-)) in Q. Clearly, (0,0) is also a steady
state of system (4.4)-(4.6). Note that (0,0) and (N(-), Ng(-)) are isolated invariant
sets in Q and no subset of {(0,0)} U {(N(-), Ns(-))} forms a cycle in Q. Since T,
is a compact, invariant and internal chain transitive set for ®; : 2 — €, it follows
from a continuous-time version of [23, Theorem 1.2.2]) that either Z; = {(0,0)} or
7, = {(N(:), Ns(-))}. By similar arguments to those in the proof of Theorem 3.3
(i), we can further show that Z; # {(0,0)}. Thus, we have Z; = {(N(-), Ng(-))},
and hence, @ = {(N(-), Ns(-), R®, R© 0,0)}. This, together with (4.10), implies
that statement (ii) holds true. O
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We remark that the condition m = k£ makes sense biologically if we go one step
further to set m = k = 0. This is a special case where algal mortality (m) and
toxin decay (k) are negligible compared to flows, and hence, the loss processes are
governed entirely by flow.

5 Discussion

In this paper, we analyze a reaction-diffusion-advection system modeling the lon-
gitudinal distribution of harmful algae and algal toxin that contains substantial
amounts of nitrogen [1]. When the toxin contains little or none of the limiting
nutrient [11], another system was proposed in [3] (see system (4) therein), that is,
system (3.1)-(3.3) in [7]. Without recycling terms, the authors of [7] established a
threshold type result on the global attractivity of system (3.1)-(3.3) of [7] in terms
of the basic reproduction ratio for algae. For the general case of system (1.1)-(1.3)
in this paper, we can only establish the global extinction and persistence of the
algae (Theorems 3.2 and 3.3). Imposing an additional assumption that m = k,
we can further obtain the global attractivity of the positive steady state of system
(1.1)-(1.3) (Theorem 4.1).

It was recognized that inflows and salinity are also significant factors affecting
phytoplankton community dynamics and structure. Prymnesium parvum (golden
algae) can be tolerant of large variations in temperature and salinity, and is ca-
pable of forming large fish-killing blooms. Such kind of blooms have dramatically
increased in frequency in inland waters of the United States, especially in west-
ern Texas [16]. As mentioned in [16], factors that can reduce the population of
Prymnesium parvum might include grazing by toxin resistant zooplankton and
pathogenic effects of virus. It was also known that some cyanobacteria may inhibit
Prymnesium parvum blooms [16].

Mathematical modeling of algal dynamics is an important topic in theoretical
ecology, since it can help us to understand the complex factors influencing harmful
algal blooms and to gain insight that can guide mitigation and management. Based
on the discussions in the last paragraph, we can extend models (1.1)-(1.3) here and
(3.1)-(3.3) of [7] in several ways. For example, we may study the influence of
seasonal temperature and salinity variations on the evolution dynamics. In order
to understand the competition between P. parvum and cyanobacteria, the two-
species model should be taken into account. As mentioned in [7, Section 4], we
may also introduce the population of zooplankton into model (1.1)-(1.3) and study
the resulting algae-zooplankton system. We leave these interesting problems for
future investigation.
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