P1

OF‘Q'\ r ClOSd, v u/‘\td'ﬂ-vel"

Def: X s afop space - A collection A of subsets of X
s said to be |ocqllj Tl ™ X, of eveny pt of X

has o nod that tersects on\j ﬁ‘n?—ta_lj W\qm] clemaunst s

of 4 .

es. X=R xth standard top .

A:: {(n, Nn+2) | "G'Zj (s lOCa.QQa "‘t‘n?‘ég. :
What abouk A= (=n,n)| nez} ?
lemma) 39.|

lex A ke o locang fivl colleckion of subsets of X, then
@) ’4&1\8 SubcollectHon Q{A s Iocu,Q!Za findtg

G) The collecton @=1A 5,y of the closures of elewertts
of A (s loccx\lﬂ {Tneee .
@) T5—

A = LA (compaie ukth §17, ex6 (2) )

Ae AcA

pf: @) Hikal .
b ) An\) cpen set Ll that lrsacts A must ako
nisecks A

Thes ?{- u (S & mloo*
of % that Tntersects only Rurtaly many elomads A oS4
than Ll con ™tarsect ok most “the saime. numbey of
sets of te collectktn (X
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Def:

Def.

Lomm

P2

©) In anvwm.o_, we have A'Z‘JA’KCAEJGA,_A (317, exb ) )

To pave_tha other diection , let Xe H{A‘ .
[ot LJ be.a nbd of X that thlevzects on|.j —ch\édgj mqmj elmavzlg

of & )09 Ay -, Ae. IF x& one of A, -, Ac , thn
UNA NA N N A Il be o nbd of % thak Tnkeuects
ho dament of A, and thus doest Trterect thetr wr\wr\ LIA
etthar, which Qvehadicts o the asuwplan —hat %e LJA

DX musk lee in e et A, A D> xe UA K

A collection (S of subsets of K s sod to be courtably
lOC(LQ% Gorte of B can be writtan oS —the coutobe wiion
of colledtons (R, , eoch of which ©s locntl«j fontke .

Lot A be o collecton of subsels of tespae X
A coleckion > of subsets of X s soid to be o
efnemound of 4 F V¥ BRe® , tae’s an AcHA

CﬁT\‘J(&TnT%_ R. Such (> T clled an open refmameuk T4

ol Be 1> ae open ; s Called g closed tefvamand of
Re> are closed .

n 39,2

lex X

be a metrizable space. I A 7s an open cowertg of X,

thon thee. T mopen(:dve(\r%(}ofx te{m(ré_,& that &

countqb)(é @% Rmiba
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Def: 0|
e
Thm: T

Choos:

now
then

(¢t xg
ong\

').‘

P3

Lls‘ms We(t—orden‘ng tharom @ (cf: 810
set~ A Weth on ardefing s said o be well-ordered If-
rery nonenysty subset of A has a smallest eleweck .

L A aset, thae 2dts on ada(tng on A —Hvx}(sWe\l—arda{“«é .

2 0 well-ordering <y A Copen ovelTg of X)) . Chocse O\
cd fr X . st ne 2Z..
ony Ue A, defia Sall) by {x1B(xfDcU Y
dofive. T (UDF Sa(UDN b V' (1o s orcor 31556 danack)
TN T W= 4 usV

f U<V < W (0 adeftng )
TalD)= S (W), o= SaODN L, Tn (W= SywNLAV

SalU), SV, Sulw)
P\\:‘% Tlr\' dxtavnwa

(W), Ta(vd, Tu(W)
So CleﬁtV{D Tn (U) efc disjoT\d‘

Vv

w

ShQ Sa(V) =1 X| B(x,wYcV i, we have  f vEwed
:l(wadz-'ﬁ SV xe Ta(W), 9e Ta(w)

TV, ten XeS,0) S B CV , bk V<W 2 VOTWY=p
4e T W = daxd 2% )

Sofar we have Ta(UD € Sa(U) S L+ buk Ta(Ld s ritoen,
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P4

baur oel T o Gnd an open coveltvy vefiiny 4, 5o Iets mkfy To(UD st

Defg Bn(U) U B3 « mwrC Bl <l
XG‘Tn(U>

moeover, osswming the mmé s U<SV<W , tHun we have

the amesponding. B, (W), En(VY, Ealw). Tlny&x@dm&%%?&
ble o A& Ealv), GeBalw), thn d(xyd 2 L

~|

Sna d (A YD 25

‘f A€ Ta(v), 4€Talv)
ar\O\ EﬂéV}, En(\l\/) A
Fattened" Ta(V), TunwW) bj-;ﬁ

= They sKll hove & dstana. of = left.

(¢ BV
Defe (On= I Bn(W) | U ¥ ts & ;e—fmmd of A et

s also locq,QQé fonels

Oy ITs IOCaQ,Qa forba , b/, }j
Y xe X, B&(ar/ Z’Z) Qn intrsect 5 \_,/

a-‘_ VhOS'l" ong elema‘&* O-F- CS-Y) Bd(ﬂ,sh) has diameter- 3%

S0 d«mﬂ% (% doest covey X .

Bt we clam thed (9= 3(9 do
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Now
xe

P5
(¢ well-odored) )

V4
e X, Sin A covers X , we an find the Swallest
lemeut [J in A thet orrtains X S LI s cpen,
B+ cU frsmen , u. xeS,(U) fr smgn.

) sth L s the smallest element ™A that andains 7.

() adlso o xe Enly)> W) S =%xe (9,, fr-soma_n

(9= O, coves X | %

nEZ
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We. [y

ot 4

BH:C"

Grtuen

@ X s cpt T aewy Gpen Covertng A of X W

=

P6
A—Spam. X s paro, compact of evewy open coverms./( of
X has a loca.%d {onte open refrnemed (3 thdrarves X

U\IVC([QLC{_WQJ? of S&(j?na’”m?ac‘. MS_S” .
afilo

efiomont B Shat o X
e‘{“t"“&“* 3 Given R refvemet 0-[1,.4 , V¥ Red chosee.

WA st BCA . Sha D s ke, o aves ug o Lonete

llecttn of A hat- avers X !
Hhs, we s compack Tmply parcompact bk net v vero.

: R s pavacpt bud-net ¢pt

) REnstpt. T show et R @ pars conpack,

be any open coering of R . Lok Ro=®, Bi= 1, -
nn), - - o Coukeble collecttrn of open sts .
EL Bmmd Ts cpt / So wecan find Rrxtely wany

cleminds of 4 —Het covers EmmI. Dencte thaim '9\1

Aw(\) Ry Amﬁ,\ Iﬂtﬂsed' A‘v:\// AMF,,‘\AP'\""') B\\/E_mﬂ//m:_g, , Gnd\
denste thes fintte collechterm bv Cm f"f@\@‘z‘}{%\l-t@,\;‘
@ B5totE !

(2. ‘C:mzf A‘?ﬂ (RN [—'mﬂ,wx-\])’s

Then
Fonrd

= ITnlC“m (s & Rftnemawk of 4 , thok s loca.Oﬁa_
9 0ond O covestry of R R ts parnCpt .
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P/

Thae's some. sivmilowi+ey between opt % Panept : Reld
Thm 26,2 says , eveny dused subspa of acptspaw s pt.

Thm 1.2 Evevy closed subspace of o para compact spoce.
S pava comdact

P-(:: ot Y be & dosed So\bSpaCQ of X ,whtch s PQMCP’E-
et & be on open covefirg of T, . i Aed  then
A= Ao & somg A’ open th K. De nety. thig cdlleckion
by 4", thn ATU D) s anoper\cwem%%r X.

Sin@ X s paracpt , o has & locally feette gpeny

renewad (D of ths Covs\/?na that coervs X.
Thas L=IROY | Re R] Ts the dostved refongned

(of_A

Rud thate Ts some cleor ditberenc betwezn cpt ond pavecpt

Q%. Thm 26,3 says, Q\E,v\& qi SubsFacQ of o Hausdovdf
Space s dosedd . Buk & parecht subspad of-a Hausdoff

Spac oy 0ot be desed: Rl R ts Havsdakf |

S (0.1) , s homeomarplic to R, fhus s
puacpt, buk clealy Hs not dosed tn R .

%

N
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P8

lomma4(.3 (B. Uichad) )

Lok X

E\:QwJ
)

),

Q
!(aQ‘IV

3
) An open coreltrg of X and locally Gntta

pf: «

Assum

4
e.\

be requler. Then the @ouodrn% ave equivalewt -

open cove(?r\g of X has o refonamout thatls
An open covefine of X and courdably locul(j Lol

Y A Cove(?hg of X and IOCalla Limtta .

A closed cou‘:‘(?né of X and locaﬂa fertka

Y=02)

0 the open Cﬁ\'em'\é A D'F X has ate:ftmmad' 0 thakis

an open cavd?h.é of X and s unkal loca&ta Linvta.

we
ond

Stn@.

whase

Wauk 0 fond a eftwemet £ of 1 +hadls loca(lta Lineka

covers X
B s Ccuhia\o'a [DCRQ% fcta , we can withe (3= LJ =4 B,,
each (Bn (S loCQ.Qﬂna *('\Enw .

for exch ne2¢ ank L 03, , define o RUEFHS B, 6

Sn

Lat

(hen

clotn
|
1

H& 2HB A%, s
D=UN L (e, U0 emsl) s 56083
in =1Sn (WD) l e 6?)«3 d“e"\ e % °

Cn Ts & oo met of R, (¢ SaudcU)
n: @=L €, s acmvlc\n%o(— X ar\ \omﬂ.a Li~cte .

{3 e X, let Ne be the smallest Tn'terqe\r that %€ Bno

- e B, ad U antins . Sthe No @ the Smallest
'ntna—er/ % doeswt be_l(ma, +o anb) B, ¥ <o
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%\,dn.{ of Sp(Hd, %€ S%(U>€‘G%C C .. T coves X.

5 Showd thak € ts ‘°°"M'3 Lt , o xe X, W nad to
md & wbd st i Trrteveck GY\lw) -(-‘(.,\}QQ_L«,\ mom\j dowaut s of 6
%rs+, et that B,, (s lGCﬂﬂ;a, fondka ¥n b'j DssumP-\-?dn.
ot Mo be the smallost-iwtegey that Xe @3, then Vnsn,

we can chwse. o wbck Wi of x sit. Tt onla irter Secte
'Qﬂ?"‘Qltj W\QV\L\ e weuts of Br) (¢ B’\ (s lOCQMu\ 'Gtu?h)

(SR X Al B, g n<n,, £ X wbd TKBRED
Tnfack, Wa only Trtpwects -Frn*rEQL) many elemeds of G,

becowse , tf Wn N Qn(Vgﬁ%(b v soma. Ve @R, , thn
WnOV£D STV . Buk Stha W, only Trtenecl
\Cfn‘f&‘v\ Wy demeuds of (=31 , an enly ttpsects
Bttty many etmesc, o6 Ern

Moegver, Sthe xel) € B, (we choso ) , and ﬁranj n,

Sl N Be=d, ¥i<n, 4w U an nt have ony

hrgeckion With Salv) VYV n>n, , veld,

> UnG,=d ¥n>n,

S WAaW, - aw, nll s a nhbd of x thak
meracts only -ﬁn?‘bt.lv) many clowends of
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P10

@)= (3 Eveny, cpen aefing of X s o vefvawedd thesk T
a covefltng of- X and loCa.QQa forle” = " Evev&o-pencwe\mé,
of X hos & vfone mead that’s o closed COUQ!/(\VS_ of X ond

OPM
'G/Y Ny XC-X/ K@A ‘CVYSOWLQ AC—,& St K ?S\-e%w\ct\-, =
o Wlod Wx of x st We T AL Lo I be tha collect @

Lopen sets UC X st T CA H somg Aedy . Clmly
® twvers X

we/il apph] () to ® Bl7 assumv’u‘on ), = has o
maud Hhad s o Cove\(?né, of X ond locmﬂla Lfinrta .

s X ble G e X, s \ocaubt&n?ég by Lowmma .1 (b)
IS o reftremed of A e VCU frmale @ and UCA

6 Hen® s e of G s arefoumedtof 4 then VcA

nec sset | vcA, frr Ve § , which Wmans@mm-‘
be o~ 9 vefnomat of A,

()= @ Lok 4 be anopon covelivg of X. By 3 we hare
losed cavewf?n% (3 of K whitet Ts o veftvewak of A and &
frtto. ~ We waut to expand B € (D %\tg\dc(z

{o/an open set, such thak & rematns locaﬂca_ fonta

ol SR\ & refrnemendkc of 4
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P11

Stopd]: defeag the open set (unlle “Shrincing' , wel “orpavd )

T lom%'ﬁn?&, S Vae X, I st L Thvects On\u1

-(-’Cn\rtp.lu\ many domauks of (R Ty TU s xeX ¥ s aco\re((\rg
of X, ond by G) agatn, ot has o closed vefovewedt 6,

+hot

s loe fontte . Ard stha@ s ovve fRnamaeck of § Ul
Ce € ts a subset of some Lx  Whie h itewsects —Gm*&(uj

movy uments of- R, so C a@n hvect -most thet many
elemont of R i, any CeC irwects ‘P(?\FEQ(L) wany clowauts
from| (3

Nowt By each Be B, defing CR)= 1¢|ce€, cnB=4f

Thon| dofme B(R) =X\ Cl?lmc , ten E(R)DO R

But
0P G R B also locally foidte, €3 e =y c JUC

@,

be

o FARYE R BRWOXTHIC
"¢ closef
E(RD ts asubcollectonm of & ,Eo_bg lomma, /39|

Celly ce8E® U

cle—‘tlz(g)c ts dosed S B(E) Ts open However, E(R)

Foo b, and ol to be ovefinameut of A . To cowect

thy, ¥ B0, chooe FRYE 4 comtaming B (V@

(s ok eftrewact of 4 ) . Defena Q-{E®0 ERD | Be®R}
B2

‘HmI hts T o vefmement of 4
an

sihe Be BERNER ¥R, § dso cavers X
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P12

3‘\1{) 2° Show) thot © T loco&ba fenvte .

SthcQ
fencky
Stheg

Y.

G ts ooy Rtk Vre X, 3 Ve s Vi only e

Io) wany elgmoucts Lom G , dencta tham bj C, ,Cp
G s a Covertry_of- X, we know

= VOX=%0 (9,0 = 40 (HC)s W e 0 C,

each Cp Onllal tortects (:Tn?éa_(c,) W\qmj clomouts of @
Ce hos nmemphy, tntorsectton wWith soma elomowdt fom O
O (BRI FRY) ¥ frsmeRe -

n Ce 0 E(B,,}é;.@ , ond sthe EGRY:= XN U C
U
Con Rk Q PIBR8R B, 35855 C

€
tf C; inlnects B(RNO FRo) , then T

must olso titeects Ro . However, we knoo that Co @n

Only tnteveects -Ft‘n?b(ﬂ many elemaunts of (R (s ts bum
our constmctn of tha C )
S Cr can Mikects od-mest- the sama humber of

elowmouts of @

= W Inheects t‘n?{o,(u) many clomads of O, ¥re X
A locu.QQa_ Ffortto.

%
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