CHAPTER 8

Introduction to Banach Spaces and L” Space

1. Uniform and Absolute Convergence

As a preparation we begin by reviewing some familiar properties of Cauchy sequences and
uniform limits in the setting of metric spaces.

DEFINITION 1.1. A metric space is a pair (X, p), where X is a set and p is a real-valued function
on X x X which satisfies that, for any z, y, z € X,
(a) p(x,y) > 0 and p(x,y) = 0 if and only if z = y,
(b) p(z,y) = ply, ),
(c) p(x,2) < p(x,y) + p(y,z). (Triangle inequality)
The function p is called the metric on X.

Any metric space has a natural topology induced from its metric. A subset U of X is said to
be open if for any z € U there exists some r > 0 such that B,(z) C U. Here B,(z) = {y € X :
p(z,y) < r} is the open ball of radius r centered at x. It is an easy exercise to show that open balls
are indeed open and the collection of open sets is indeed a topology, called the metric topology.

DEFINITION 1.2. A sequence {z,} in a metric space (X, p) is said to be a Cauchy Sequence if
Ve > 0,3N € N such that p(xy,, z,) < € whenever n,m > N.

The metric space (X, p) is said to be complete if every Cauchy sequence is convergent.

DEFINITION 1.3. Let (X, p) be a metric space. For any nonempty set A C X, the diameter of
the set A is defined by
diam(A) = sup{p(z,y): z,y € A}.
The set A is said to be bounded if its diameter is finite. Otherwise, we say it is unbounded.
Let S be a nonempty set. We say a function f : S — X is bounded if its image f(.S) is a bounded
set. Equivalently, it is bounded if for any 2 € X, there exists M > 0 such that p(f(s),z) < M for
any s € 5. We say f is unbounded if it is not bounded.

DEFINITION 1.4. Given a sequence {f,} of functions from nonempty set S to metric space
(X, p). We say {fn} converges pointwise to a function f : S — X if lim,_,~ fn(s) = f(s) for any
s € S; that is,

Vse S Ve>0,dN; €N suchthat p(fn(s), f(s)) <e, Vn > N;.

In this case, the function f is called the pointwise limit.
We say {fn} converges uniformly to a function f : S — X if the above Ny is independent of s;
that is,
Ve>0,3N €N suchthat p(fn(s),f(s)) <e, ¥Vn>N,VseS.

The function f is called the uniform limit of {f,,}.
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116 8. INTRODUCTION TO BANACH SPACES AND LP SPACE

The next two theorems highlight some important features of Cauchy sequences and uniform
convergence.

THEOREM 1.1. (Cauchy Sequences) Consider sequences in a metric space (X, p).
(a) Any convergent sequence is a Cauchy sequence.
(b) Any Cauchy sequence is bounded.

(¢) If a subsequence of a Cauchy sequence converges, then the Cauchy sequence converges to
the same limit.

PROOF. (a) Suppose {z,} converges to z. Given € > 0, there is an N € N such that p(x,,z) <
/2 for any n > N. The sequence {z,} is Cauchy because

P20, Tm) < p(@n, x) + p(x,2m) <& forany n,m > N.

(b) Let {z,} be a Cauchy sequence. Choose N € N such that p(z,,z,,) < 1 for all n,m > N.
Then for any =z € X,

p(@n,z) < plan,an) +p(rN, @)

< max{p(:rl, :UN)a P(J'Q, xN)a ) P(J;N—l, ZL‘N), 1} + p(:ENa SL’),
where the last equation is a finite bound independent of n.

(c) Let {z,,} be a Cauchy sequence with a subsequence {z,, } converging to x. Given ¢ > 0,
choose K, N € N such that

p(zp,,x) < for any k > K,

RO m N O

P(Tn, Tm) < =

for any n,m > N.
Taking ny such that £ > K and ngi > N, then

p(xn,x) < p(zn, Tn,) + p(2n,,x) <e forany n> N.
This shows that {z,} converges to x.

Il
THEOREM 1.2. (Uniform Convergence) Given a sequence of functions {f,} from a nonempty

set S to a metric space (X, p). Suppose {fn} converges uniformly to a function f:S — X.
(a) If each f, is bounded, then so is f.

(b) Assume S is a topological space, E C S. If each f, is continuous on E, then so is f.

PRrROOF. (a) Choose N € N such that p(f(s), fn(s)) <1foranyn > N and s € S. Givenz € X,
choose M > 0 such that p(fn(s),x) < M for any s € S. Then f is bounded since

p(f(),2) < p(f(s), () + p(fn(s),2) <1+ M for any s € .

(b) Given ¢ > 0, e € E. Choose N € N such that p(f(s), fu(s)) < ¢/3 for any n > N and
s € S. For this particular IV, fx is continuous at e, and so there is a neighborhood U of e such that
p(fn(e), fn(u)) < e/3 whenever u € U. Then

p(f(e), f(w)) < p(f(e), fn(e)) + p(fn(e), fn(w) + p(fn(u), f(u) < e Vuel.

Therefore f is continuous at e, and is continuous on F since e € F is arbitrary.

O
DEFINITION 1.5. A vector space V over field I is called a normed vector space (or normed space)

if there is a real-valued function || - || on V, called the norm, such that for any x,y € V and any
a€el,
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(a) ||z|| > 0 and ||z|| = 0 if and only if x = 0.
(b) [[az| = |af]|z].-
(¢) llz+yll < ll2ll + Iyll. (Triangle inequality)

A norm | - || of V' defines a metric p on V' via p(x,y) = ||z — y||. All concepts from metric and
topological spaces are applicable to normed spaces.

There are multiple ways of choosing norms once a norm is selected. A trivial one is to multiply
the original norm by a positive constant. Concepts like neighborhood, convergence, boundedness,
and completeness are independent of the choice of these two norms, and so we shall consider them
equivalent norms. A more precise characterization of equivalent norms is as follows.

DEFINITION 1.6. Let V' be a vector space with two norms || - ||, || - ||'. We say these two norms
are equivalent if there exists some constant ¢ > 0 such that

1
EHxH’ < |lzf] < c|jz||! for any x € V.

EXAMPLE 1.1. The Euclidean space F¢, F = R or C, with the standard norm || - || defined by
1
Izl = (2 + - + [l )2
is a normed space. Now consider two other norms of F¢ defined by
|z]loo = max{|xi], -, |zq|}, called the sup norm;
lzllh = |z1|+ -+ |zq|, called the 1-norm.

Verifications for axioms of norms are easy exercises.

In the case of sup norm, “balls” in R? are actually cubes in R? with faces parallel to coordinate
axes. In the case of 1-norm, “balls” in R% are cubes in R? with vertices on coordinate axes. These
norms are equivalent since

[2]loo < [lzfl < [lzfly < df|]|oo-

DEFINITION 1.7. A complete normed vector space is called a Banach space.

EXAMPLE 1.2. Consider the Euclidean space F?, F = R or C, with the standard norm || - |. The
normed space (R, -||) is complete since every Cauchy sequence is bounded and every bounded
sequence has a convergent subsequence with limit in R? (the Bolzano-Weierstrass theorem). The
spaces (R%, || - |1) and (R, | - |ls) are also Banach spaces since these norms are equivalent.

EXAMPLE 1.3. Given a nonempty set X and a normed space (Y, || - ||) over field F. The space
of functions from X to Y form a vector space over I, where addition and scalar multiplication are
defined in a trivial manner: Given two functions f, g, and two scalars «, 8 € F, define af + B¢ by

(af +Pg)(x) = af(x) + fy(z), = cX.
Let b(X,Y) be the subspace consisting of bounded functions from X to Y. Define a real-valued
function || - ||oc on b(X,Y") by
[1flloe = sup [[f(2)]-
rzeX

It is clearly a norm on b(X,Y), also called the sup norm. Convergence with respect to the sup norm
means uniform convergence.

If (Y,]| - ||) is a Banach space, then any Cauchy sequence {f,} in b(X,Y’) converges pointwise
to some function f : X — Y, since {f,(x)} is a Cauchy sequence in Y for any fixed z € X. In
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fact, the convergence f, — f is uniform. To see this, let € > 0 be arbitrary. Choose N € N such
that || fn — fmlleo < €/2 whenever n,m > N. For any x € X, there exists some m, > N such that
| fm. () — f(z)]] < &/2. Then for any n > N,

[fn(@) = @) < [[fn(@) = fono @) + | fin, () = f2)]] <.

This proves that the convergence f, — f is uniform. By Theorem 1.2(a), f € b(X,Y’), and so the
space b(X,Y’) with the sup norm is a Banach space.

ExXAMPLE 1.4. Let (X,7) be a topological space and let (Y,|| - ||) be a Banach space over
F =R or C. Denote by C(X,Y) the space of continuous functions from X to Y. Let Cp(X,Y) =
C(X,Y)Nb(X,Y), the space of bounded continuous functions from X to Y. Given any sequence
{fn} in Cp(X,Y’) which converges uniformly to f € b(X,Y). By Theorem 1.2(b), f € Cp(X,Y).
This shows that Cp(X,Y) is a closed subspace of b(X,Y’). Note that a subspace of a Banach space
is complete if and only if it is closed (see Exercise 1.1), so Cp(X,Y") is Banach space.

DEFINITION 1.8. A series ) p-; ai in a normed space X is said to be convergent (or summable)
if its partial sum ) ,_, a; converges to some s € X as n — oo. We say Y oo ai is absolutely
convergent (or absolutely summable) if Y77, |lax| < oo.

In the following we prove some useful criteria for completeness and uniform convergence of series.

THEOREM 1.3. A normed space X is complete if and only if every absolutely convergent series
18 convergent.

PROOF. Suppose X is complete, > 27 | aj, is absolutely convergent. We need to show the conver-
gence of s, = > ;_; ar. Given € > 0, choose N € N such that Y7 v |lax| < €, then ||s,, — 5] <&
whenever n,m > N. Thus {s,}>2, is a Cauchy sequence, and so it converges.

Conversely, suppose every absolutely convergent series in X converges. Let {s,}°2; be a Cauchy
sequence in X. By Theorem 1.1 it suffices to show that {s,} 2, has a convergent subsequence
{80, }321- Now choose nj, such that

1
ng < Ng41, HSnk — 5%+1H < ok for any k € N.
Then the series S5, + Y pey (snk 1 snk) converges absolutely, so that it converges to some s € X.
This implies that s,, = sy, +Z§;11 (anl — snj) converges to s as k — 0o, completing the proof. [

COROLLARY 1.4. (WEIERSTRASS M-TEST)
Let b(X,Y) be the space bounded functions from a nonempty set X to a Banach space (Y,| - |).
Given a sequence of functions {fn}o2q in b(X,Y). If | fulle < My for anyn € N and Y07 | M,
converges, then y_° | f, converges uniformly.

PROOF. The assumption says that » > | f, is absolutely convergent. By Theorem 1.3 (and
Example 1.3), the series converges in b(X,Y), implying that the convergence is uniform. O

Exercises.
1.1. Show that a subset of a complete metric space is complete if and only if it is closed.

1.2. Let ¥5 = {0,1}", the space of infinite sequences of {0, 1}; that is,
Yo ={(a1,as2,...): ar =0 or 1 for each k}.



2. THE ¢P SPACE 119

Given A > 1, a,b € X9, let
o |ax — byl
oty =3 1,
k=1

Show that (32, py) is a complete metric space.
1.3. Consider the space of real sequences s. Let
|ag — b

plob) =2 2F(1 + Ja — by|)

k=1

Show that (s, p) is a complete metric space.

1.4. Show that all norms in F%, F = R or C, are equivalent. Consequently, F¢ with any norm is
complete.

1.5. Consider the space C°[a,b] N C*¥(a,b), k € N, and let
1£llex = 1 Flloo + 1 lloo + 1" lloo + -+ + 117 ®loo-
Show that (C%[a,b] N C*(a,b), || - ||c+) is a Banach space.

1.6. Consider the space BV |[a, b] of functions on [a, b] with bounded variations. Let

I llsv = If (@)l + VZ'(f)-
Show that (BVa,b], | - ||pv) is a Banach space.

2. The /P Space

DEFINITION 2.1. Let F =R or C. Given 0 < p < oo, define

1
P
? ={a=(a1,a,---):a € F for any k,z lag|? < oo}, llall, = (Z |ak|p> ,
k

k
% = {a = (ar,az,-+) s ax € F for any k,supla| < o0}, [lafloc = suplay].
k k

The space £*° consists of bounded sequences in F. Addition and multiplication of sequences are
defined componentwise:
(a1,a2, )+ (b1,b2,---) = (a1 +br,a2+bg,- )
(GI,GQ,"')'(bl,bQ,"') = (alblaa2b27“'>'
Clearly ¢? with any 0 < p < oo is a vector space, since ||aal, = |||/a]|, for any o € F and
abel’ = Y ap+b <D (2max{|agl, [bxl})? < 22> (gl + |brlP) < oo,
k k k
a,be > = suplar+bg| < suplag|+sup|by| < oo.
k k k

THEOREM 2.1. (YOUNG’S INEQUALITY) Given u,v >0, 1 < p,q < oo with % + % =1. Then

uP vl
w < — 4+ —.
p q
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PROOF. It is convenient to write ¢ = z% (g=occifp=1,q=1if p=00). The curve y = 2P~!

can be alternatively written 2 = y9~!. The desired inequality follows easily by observing

u P v q
U :/ 2Py = u—, V= / yildy = v—, U+V > uv.
0 p 0 q

O
THEOREM 2.2. Given 1 < p,q < oo with % + % = 1. Let a,b be sequences of complex numbers.
(a) (HOLDER'S INEQUALITY FOR #P) If a € /P, b € ¢4, then ab € ¢* and
lablly < flallp|[bllq-
(b) (MINKOWSKI'S INEQUALITY FOR {P)
la + bllp < lallp + [[bllp-

PROOF. In (a), the cases p =1, ¢ = 0o and p = 00, ¢ = 1 are obvious. Consider 1 < p,q < 0.
The cases |lal|, = 0 or ||b]|; = 0 are also obvious, so we assume 0 < ||a||,, ||b|lq < oc.
Let A = a/||al|p, B = b/||b|lq- By Young’s inequality,

S A Z(\Ak\er \Bk|q> _ Al IBlg 1Ly
p —~\ P q p q poq

lablly = > laxbel = llalplble Y [AxBil < lallplbllg-
k k

IN

The cases p =1 and p = oo for (b) are obvious. For 1 < p < oo, (¢) follows easily from (b):

la 007 = > lar + bl
k

< Z lax + bk’p_l‘ak‘ + Z lax + bk‘p_lfbk‘
k k

p-1 1 Pt 1
p P p P
(Z|ak+bk|p> (Z|ak|p) + (Zak+bk|p> <Z|bk|p>
k k k k
= la+ o5 (llallp + [1B]l,).
Thus [la + bll, < [lally + [|b]],- m

IN

When 1 < p,q < o0, % + % = 1, we say p, q are conjugate exponents. It follows from Hélder’s
inequality that (¢7, || - ||,) is a normed space when 1 < p < oo.

THEOREM 2.3. For any 1 <p < oo, (] -|p) is a Banach space.

PRroOOF. Completeness of £°° is a special case of Example 1.3. Consider 1 < p < oo. Let
{a™M}2°, be a Cauchy sequence in (7. For each k, {aén)},ib’ozl is a Cauchy sequence in F since

1

P

o =] = | S e | = [ o]
j=1
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Then there is a sequence a = (a1, a2, ---) such that, for each k,

a,(cn)—>ak€]R as n — oo.

Fix arbitrary M € N. Given € > 0, there exists some N € N such that

1

M » P 00 p P
<Z‘a,(€n)—a,(€m)‘ ) S(Z‘a,&n)—agﬂ)‘ ) <e Vn>m>N.
k=1 k=1

Let m — oo, then let M — oo, we find

1
00 P
Ha(n) B a”p _ (Z ‘a’l(cn) _ ak)p) <e for any n > N.
k=1

Thus ||a™ —al|, — 0 as n — oo, and so ||all, < [la — a™ ||, + [|a™)], < o0, @ € ¢P. This verifies
completeness of /P. O

THEOREM 2.4. The space £P is separable if 1 < p < oo, and the space £°° is not separable.
PROOF. The space £*° is not separable because it has an uncountable subset
s={a=(ay,a9,...) €L :a,=00r1Vn}

with ||a — b||oo = 1 for any a # b € s.

Consider 1 < p < oco. Let D be the set of finite sequences with rational coordinates. Clearly D
is countable. Given a € P and any ¢ > 0, we can choose N € N such that )%\ |ap? < €P/2.
Now choose by, - ,by € Q such that Zfevzl lax, — bg|P < eP/2. Let b = (b1, -+ ,bn,0,0,---) € D.
Then

oo N 0o
la=bl5 = Y lax =0l = D lax— bl + > af? < &
k=1 k=1 k=N+1
Thus |la — b|[, < €. This shows that D is dense since ¢ > 0 is arbitrary. O

Exercises.

2.1. Consider the 7 space with 0 < p < 1. Verify that p,(a,b) = > 7, |ar — bk/P is a metric on
¢P. Prove that (¢7, p,) is a complete separable metric space.

2.2. Show that
¥ > 14+px—-1) forany z>0,p>1.

Then use it to give an alternative proof for Young’s inequality.

2.3. Prove the following generalization of Young’s inequality: Given 1 < p1, -+ ,p, < 00 with
Y ore1 i =1. Ifuy, - ,up >0, then

p1 Pn

u u
up -y < =

P Pn

Use it to formulate a generalization of Holder’s inequality for ¢P.
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2.4. Consider sequences of real numbers. Show that the space ¢y of sequences converging to
zero with sup norm is a Banach space, and for any 1 < p < ¢ < 00, a € P,
PSS o, alloo < lallg < laflp.

Are these norms on /P equivalent?

2.5. Explain why the set s in the proof of Theorem 2.4 is uncountable.

3. The L? Space

In this section we consider a space LP(F) which resembles /7 on many aspects. After general
concepts of measure and integral were introduced, we will see that these two spaces can be viewed
as special cases of a more general LP space.

DEFINITION 3.1. Given a measurable set E C R%. For 0 < p < oo, define the space LP(E) and
the real-valued function || - ||, on LP(E) by

1
LP(E) = {f: f is measurable on F and / IfIP <o},  |Ifllp = </ f\p> .
E E
The essential supremum of a measurable function f on F is defined by
esssup f = inf{a € (—o0,00] : m({f > a}) = 0}.
E

The space L>°(FE) and the real-valued function || - || on L*°(E) are given by

L>(E) =A{f: f is measurable on E and esssup |f| < oo}, | flloc = esssup|f].

E

Functions in L*°(E) are said to be essentially bounded.

The measurable function f in the definition of LP(FE) for 0 < p < oo can be complex-valued,
but functions in L*°(E) are assumed to be real-valued. We leave it to the readers to check that
m({f > esssupy f}) = 0 for any f € L>®°(E) (Exercise 3.1). In other words, f < esssupg f and
If] < || fllco almost everywhere.

Being “essentially bounded” is different from being “bounded” in that the former is regardless
of measure zero sets. For instance, the function

3 reQ
)= { sinz ze€R\Q
is unbounded but essential bounded with esssup f = 1.

For any 0 < p < oo, two functions fi, fo in LP(E) are considered equivalent if f; = fo almost
everywhere on E. The space of equivalence classes, still denoted by LP(E), are called LP(E) classes
or LP(E) spaces.

Similar to P, the space LP(FE) is a vector space for any 0 < p < oo. Indeed, |laf|, = |af fll,
for any scalar a, ||af|, = |af|| f]|, and

frge LX(E) = |f+gl" < @max{|f],[g]})" < 2"(If" + [g]"),
fr9e L¥(E) = [If +9lloc < 1flloc + l[glloo-
The second line follows by observing that

[f1 < 11 lloo ave.

9] < [lg]lso ave. } = [f+ 9] < | flloe + |9]loc a-e.
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When 1 < p < oo, the function || - ||, is a norm on LP(E). This follows from the theorem below,
the proof for which is similar to that of ¢P.

THEOREM 3.1. Given 1 < p,q < oo with %—f—% =1. Let f, g be measurable functions on E C R?.
(a) (HOLDER'S INEQUALITY FOR LP) If f € LP(E), g € LY(E), then fg € L'(E) and

1fglly < [1fllpllglq-

(b) (MINKOWSKI'S INEQUALITY FOR LP)

1+ glly < [1fllp + [lgllp-

PROOF. (a) The cases p =1, ¢ = oo and p = 00, ¢ = 1 are obvious. Consider 1 < p,q < oo. If
| fllp =0 or ||g|lg =0, then fg = 0 almost everywhere on E, and the asserted inequality is obvious.
We may now assume 0 < || f||,, [|glly < oc.

Let F = f/||fllp, G = g/||gllq- By Young’s inequality,

FpP |G|? FI5 G||2 1 1
[wa < [LEEL O8I IGK 1,1,
E E P q p q p q
I 791l

/ ol = 17 1lll / FG| < |fl,lllla-
FE FE

(b) The case p = 1 is obvious, and the case p = co has been proved. Now we consider 1 < p < 0.

Note that ¢ = ;2. Minkowski’s inequality follows easily from (a):

17+ gz = /E|f+g|P

IN

p—1 p—1
< [E\f+g! m+/Erf+gr 1l

- (/Erfmp) ([Emp) +</E\f+glp) (/Emrp)
1+ gl (LAl + gl
Thus |1+ glly < 171l + 0

The special case p = ¢ = 2 of the Holder inequality is also known as the Cauchy-Schwarz
inequality. The assumption 1 < p < oo is necessary. For example, let E = [0,1], f = X[o,3]>
9= X1 Then for 0 <p <1,

1 1
1\r [1\? 4.1
I+ lals = (5)"+(5)" =27 <1 =17+l

COROLLARY 3.2. Suppose 0 < p < q < 0o, m(F) < co. Then

(s )" it f )

In particular, LY(E) C LP(E).
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. S SR
PrOOF. Let r = pt then gp Tr = 1. Therefore,

D
q

L (Lam#) (L) = ([in0) mm.
Then the corollary follows from

S I=
Q=

i1 = ([ mp)’l’sufuqm<E>"qf=||f||qm<E>

COROLLARY 3.3. Suppose 0 <p <r < q<oo. Then LP(E)NLYE) C L"(E).
PROOF. Given f € LP(E)NLY(E). Let r =0p+ (1 —6)q, 6 € (0,1). Then
F177 e LVO(E),  |f|"70 e LVOTO(E),
Apply Holder’s inequality with conjugate exponents 1/6, 1/(1 — 0), we find

L= |f|9pf|9<1—9>q 3
(L) (L)

Thus f € L"(E). O
EXAMPLE 3.1. Consider f(z) = 2", r # 0, defined on [0, c0).
r<0 = fe€lLP[l,c0)ifand onlyifp>—1/r,
feLP0,1)if and only if 0 < p < —1/r.
[
(

IN

r>0 = f¢&LP[l,oc0) for any p > 0,
f € LP(0,1) for any p > 0.
This example shows that the assumption m(FE) < oo is necessary in the above corollary, and
LYE) CIP(E)if 0 < p< g <ooand E = (0,1).
Obviously, L*°(E) C LP(E) when m(E) < oco. The inclusion is generally proper. To see this,
consider the function g(z) = log x, it belongs to LP(0, 1) for any 0 < p < oo but it is not in L>(0, 1).

THEOREM 3.4. (RIESZ-FISHER) For any 1 < p < oo, the space (LP(E), | -||p) is a Banach space.

PROOF. Consider p = oo first. Note that convergence in L*(F) means uniform convergence
outside a set of measure zero.
Let {fn} be a Cauchy sequence in L>®(E). For each n,m € N, |f, — fi| < ||fr. — fm|loo except

on a set Zp ,, of measure zero. Let Z = |J Z,m, then Z has measure zero and
n,meN

In particular, for any x € E\ Z, {fn(x)} converges. Let f(x) = lim, o fn(z) for z € E'\ Z and
set f(x) =0 on Z. Then (similar to arguments in Example 1.3)

frn — f uniformly on £\ Z.
This implies that f,, converges to f in L*>°(FE), and so L>°(F) is complete.
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Now we consider 1 < p < oco. By Theorem 1.3, we only have to show that every absolutely
convergent series converges to some element in LP(FE).
Let > 72, fr be an absolutely convergent series. Then Y 72, || fxll, = M is finite. Let

n

gnzz‘ka Sn:ka~
k=1

k=1

n
By Minkowski’s inequality, ||gnll, < 3 || fellp, < M. Thus [, gh < MP? for any n. For any = € E,
k=1

the function g, (x) is increasing in n, and so g, converges pointwise to some function g : E' — [0, 00].
The function g is measurable and, by Fatou’s lemma,

/ ¢? <liminf [ ¢F < MP.
E n—oo E
Therefore g is finite almost everywhere and g € LP(E). When g(z) is finite, Y 5~ fr(z) is absolutely
convergent. Let s(z) be its value, and set s(x) = 0 elsewhere. Then the function s is defined
everywhere, measurable on F, and
n
Z fr = s — s almost everywhere on E.
k=1

Since |s,(x)| < g(x) for all n, we have |s(z)| < g(z), where hence s € LP(FE) and [s,(z) — s(x)| <
2¢g(x) € LP(FE). By the Lebesgue dominated convergence theorem,

/\sn—s]p—>0asn—>oo.
E

This proves that > -, fi converges to s € LP(E), and thus proves completeness of LP(E). O
THEOREM 3.5. If 1 < p < oo, then LP(E) is separable.

PRrROOF. Consider E = R%. Consider the collection of dyadic cubes; namely, consider cubes of
the form [k1, k1 + 1] X ... X [kg, kg + 1], k1 ..., kg € Z, bisect each of these cubes into 2¢ congruent
subcubes, and repeat this process. Let D be the set of finite linear combinations of characteristic
functions on these dyadic cubes with rational coefficients. Clearly D is countable. We need to show
that its closure D is exactly LP(R?).

It follows easily from Minkowski’s inequality that D is a linear subspace of LP(R?). Any char-
acteristic function Yo on bounded open set O belongs to D since it can be expressed Y req Xep €.
for some dyadic cubes cg.

Given bounded measurable set E, choose bounded open sets Oy D E such that m(O,\ E) < 1/n
for each n, then by the Lebesgue dominated convergence theorem

/Rdlxok—xp;]p—>0 as k — oo.

Therefore xg € D, then so are simple functions Z]kV:1 ar X, with bounded measurable Fj’s. This
includes all nonnegative simple functions with compact supports.

For any nonnegative f € LP(R?), choose an increasing sequence {f,} of nonnegative simple
functions with compact supports such that f, * f as n — oco. By the monotone convergence



126 8. INTRODUCTION TO BANACH SPACES AND LP SPACE

theorem,
/ |fn—fIP =0 asn— oo.
R4

Therefore f € D. This implies D = LP(R?) since any function in LP(RY) is the difference of two
nonnegative functions in LP(RY).

Now consider arbitrary measurable set £ C R%. Let D' = {g-xg : g € D}. Then D' is a
countable set consisting of finite linear combinations of characteristic functions on dyadic cubes
which intersect with £/ and with rational coefficients. ~

Given f € LP(E). Let f = fon E, f = 0 on R¥\ E. Choose {f;.} C D such that Jpa |l fe—fP—0
as k — oco. Then

/|fk'XE—f|p§/ \fk—f|p—>0ask—>oo.
E Rd
This proves that D’ is dense in LP(E). O

Given h € RY. Let 7,f(z) = f(x + h) be the translation operator. Similar to the case L'(R%),
we have continuity of variable translations with respect to || - ||,

THEOREM 3.6. If1 <p < 0o and f € LP(RY), then
lim [ f — fll, = 0.
h—o0

PROOF. Let C be the collection of LP(R?) functions satisfying this property. It follows easily
from the Minkowski inequality that it is a linear subspace of LP(R?). Note that C is closed. To see
this, take any sequence {f,} in C which converges to f in LP(R?), we have

HThf - pr < HThf - Thfn”p + H'rhfn - anp + an - pr
< limndn = fallp + 21 = fallp-

Let h — 0, then let n — oo, we find that limsup,;,_,q |7 f — f|l, =0, so f € C.

We proceed as the proof of the previous theorem. Clearly characteristic functions on cubes are
in C, so characteristic functions on bounded measurable sets are also in C, then it follows that simple
functions with compact supports are in C as well.

Suppose f € LP(R?) is nonnegative. Choose nonnegative simple functions f, with compact
supports such that f, ~ f as n — oo. Then f, € LP(R?) and, by the monotone convergence
theorem, || f, — f|l, — 0 as n — co. Therefore f € C. This implies C = LP(R?) since any f € LP(R?)
is the difference of two nonnegative measurable functions in LP(R%). O

REMARK 3.1. Theorem 3.6 is false for p = co. This can be easily seen by considering, for
example, the characteristic function on the unit ball.

Exercises.
3.1. Given any f € L*(FE). Show that m({f > esssupy f}) = 0.

3.2. Use the generalized Young’s inequality in Exercise 2.3 to formulate a generalization of
Hélder’s inequality for LP(E).

3.3. Suppose m(E) < oo. Show that || f|lec = limp—eo || f||p- How about if m(E) = co?
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3.4. Let f be a real-valued measurable function on E, m(E) > 0. Define the essential infimum
on E by

essEinff = sup{a € (—o0,00] : m({f < a}) = 0}.
Show that, if f > 0, then essinfg f = 1/esssupg(1/f).

3.5. Consider LP(E) with 0 < p < 1. Verify that p,(f,g) = [5|f — g/’ is a metric on LP(E).
Prove that (LP(E), pp) is a complete separable metric space.

3.6. Given 1 < p < o0, fn, f € LP(FE). Suppose f, converges to f almost everywhere. Prove
that each of the following conditions implies || f, — f|l, — 0 as n — oo.

(a) There exists some g € LP(F) such that |f,| < g for any n.
(b) [ fullp = I fllp as n — oo

3.7. For what kind of f € LP(F) and g € LY(E), % + % =1, do we have equality for the Holder
inequality? For what kind of f,g € LP(FE) do we have equality for the Minkowski inequality?
3.8. Given 0 < p < ¢ <oo, f € LP(E)NLYE). From Corollary 3.3 we know f € L"(FE) for any

r € (p,q). Show that || f]|, as function of r is absolutely continuous on any compact subinterval of
(p,q). This implies, in particular, that this function is differentiable a.e. on (p, q).

3.9. Consider 1 < p < oo. Give a proof for the Minkowski inequality using convexity of z?, and
without using Holder’s inequality.

3.10. Show that L*°(FE) is not separable whenever m(E) > 0.

4. Dense Subspaces of LP

In the proof of Theorem 3.5 we constructed a countable collection of step functions which is
dense in LP(FE). These step functions are linear combinations of characteristic functions on some
dyadic cubes. This implies that the space of simple functions is also dense in LP(R?). In this section
we prove that the space of smooth functions with compact supports, and the space of functions with
rapidly decreasing derivatives are also dense in LP(R?).

Let us begin by recalling that (L'(R9), %) is a commutative algebra without identity, but there
are “good kernels” {Ks} which approximate the identity in the sense that, for any f € L'(R?),

f+*Ks— f ae. and ||f*Ks— f|1 =0 asd 0.

For example, kernels satisfying the following conditions are approximations to the identity:

(1) [ Ks =1 for any § > 0.

(2) There exist some C' > 0 such that |Ks| < 5% for any 6 > 0.

(3) There exist some C’ > 0 such that |Ks(x)| < ‘:ﬁ% for any 6 > 0, z € R?\ {0}.
Conditions (2) and (3) imply

(4) There exist some C > 0 such that [ K5 =1 and [ |K;| < C for any 6 > 0.

(5) For any 1> 0, [,5, [Ks(z)|dz — 0 as 6 \, 0.

Recall also that, for any f,g € L'(R?), f x g € L'(R?%) and
1 *gllx < [Ifl2llglls-

We may extend these results to LP(R?) for 1 < p < oo, based on two auxiliary inequalities:
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LEMMA 4.1. Given 1 < p < o0.
(a) If f € LP(RY), g € L' (RY), then f* g € LP(RY) and
1+ gllp < 1 fllpllgll-

(b) (MINKOWSKI’'S INTEGRAL INEQUALITY)
If1 <p<oo, feLP(R? x RY), then

. dy]lé/ /. |f€vy\pdy] .

Both inequalities are simple applications of Holder’s inequality. The first one is a special case
of Young’s convolution inequality (see exercise 4.1). We leave details and proofs as exercises.

LEMMA 4.2. Given 1 <p < oco. If f € LP(RY), g € CI"(R?), 0 < m < oo, then f* g € C™(RY)
and D*(f x g) = f x D% for any multi-index o with |a| < m.

f(z,y)dz
Rd

ProoF. Consider 1 < p < oo. Let ¢ = -5 be the conjugate exponent of p, then 1 < g < co.
Consider m = 0. Given h € R¢,
(Feaasn) = (Fea@) = | [ rwrn=ngman- [ 1=

= /fx— gy + h)dy — /fm— ‘

~ | [ st - <>>dy'

| fllpllThg — gllg  (by Hélder’s inequality).

IN

By Theorem 3.6, the last term converges to zero as h — 0. Note that when p = 1, the term
|Thg — gl|4 converges to zero as h — 0 since g is uniformly continuous. This proves f x g € CO(RY).

Consider m = 1. Given ¢t > 0 and i € {1,---,d}. By the mean-value theorem, there exist
s € [0,¢] such that
(Frg)ette) = (fro)(@) = [ FW)lg(z+te—y)—glz—y)dy

g(x + se; — y)tdy

/ 7y

i)t.
amig(av + se;)

Since a%ig € CYRY), f * a%ig € CO(RY), we see that %(f % ¢g) exists and equals f a%ig. This
implies f * g € C'(R?) since i is arbitrary. The proof for general m follows by induction. O

THEOREM 4.3. Given 1 < p < oo. Let {Ks} be kernels satisfying (1),(2),(3). Then for any
f e LP(RY),
| f*xKs—fllp—=0 as ¢\/0.

PRrROOF. Observe that

£ Eola) = @) < [ 1@ =)= @5l
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By Minkowski’s integral inequality,

rems=aly < |[ | [ 1060 - s@iisswia) w|

< [ L= rorigsra) "

= [0 - s gramm
N /R Iy f = Fllp|K5(y)ldy.

Given € > 0, choose i > 0 such that ||7_, f — f||, < € whenever |y| < 7. Then

1f = Ks = fllp < 5/ IKé(y)ldy+/ 2[|Fllp K5 ()| dy.

lyl<n ly|=n
The theorem follows by letting § — 0 and then € — 0. g

Recall that the support supp(f) of a measurable function f is the largest closed subset for
which every open neighborhood of every point from it has positive measure. Alternatively, it can
be expressed as the intersection of sets in

{K cR%: K is closed and f = 0 a.e. on K°}.

LEMMA 4.4. Given measurable functions f and g. We have f* g =10 on (supp(f) + supp(g))°.
In particular, supp(f * g) C supp(f) + supp(g).

PROOF. Observe that
(f * 9)a / fa= oWy = [ fle =gy =0
supp(g)

if v —y ¢ supp(f) for every y € supp(g). That is, f x g = 0 on (supp(f) + supp(g))°. O
THEOREM 4.5. C3°(R?) is dense in LP(R?), 1 < p < oc.
PROOF. Given f € LP(R?). For any N € N, let
o= { {6 B <

0 otherwise.

Clearly fy converges almost everywhere to f as N — oo, and |f(z) — fn(x)|P < 2P|f(z)[P. By the
Lebesgue dominated convergence theorem, ||f — fn|[, = 0 as N — oco. From this observation, it is
sufficient to consider the case of bounded f with compact support.

Choose a nonnegative function K € C§°(R?) with [p, K = 1. Let

Ks(x) = Lk <x1 el

50 ?,,?) for § > 0.
Then the family { K} satisfies conditions (1), (2), (3) stated at the beginning of this section (check
it!). By Lemma 4.2 and Lemma 4.4, f * K; € C5°(R%). By Theorem 4.3, ||f * K5 — f|l, — 0 as

0 \, 0. This completes the proof. O
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DEFINITION 4.1. The Schwartz class S(R?Y) is defined by
S(RY) = {f € C®(RY) | sup [z*DPf(x)| < 0o for any multi-indices o, 8}.
z€RY

Roughly speaking, the Schwartz class consists of smooth functions whose derivatives decrease
to zero faster than the inverse of any polynomial. This function space is of special importance in
Fourier analysis and distribution theory.

COROLLARY 4.6. For any 1 < p < oo, the Schwartz class S(RY) is a dense subspace of LP(R?).

PROOF. It follows easily from Theorem 4.5, C3°(R?) C S(R?), and the observation that S(R%)
is a subspace of LP(R%). O

Exercises.

4.1. Prove the Lemma 4.1(a). More generally, given 1 < p, ¢, < oo such that % + % =1+ %,
and given f € LP(R%), g € LY(R?), prove the following Young’s convolution inequality:

1f = gllr < 1 £llpllglle-
Hint: Find suitable p’, ¢’ such that 1% + % + % = 1, then apply generalized Holder’s inequality.

4.2. Use Holder’s inequality to prove Minkowski’s integral inequality.

4.3. Verify that kernels {Ks} in the proof of Theorem 4.5 satisfies (1), (2), (3) stated at the
beginning of this section.

4.4. Suppose 1 < p,g < oo and %—i—% = 1. Show that if f € LP(R?), g € LI(R?), then
f g€ CORY.

4.5. Show that f(x) = e_z%_ﬂx(o’oo) belongs to S(R), and g(z) = f(z —a)f(b— x) € C°(R),
where a < b are fixed.

4.6. Given bounded open sets G C G such that Gy C G2. Construct a function f € C§° such
that f =1 on Gy and f =0 on GS.

5. Linear Transformations

This section is brief introduction to the concepts of bounded linear operators and dual spaces.
Those who unacquainted with undefined concepts here are referred to any standard textbook on lin-
ear algebra. Those who discontented with brevity of discussions herein are referred to any standard
textbook on functional analysis. For concepts intimately related to our discussions for LP spaces,
we prove them here.

In this section we consider only normed spaces, even though many concepts can be extended
to more general topological vector spaces. For convenience, we shall use the same notation || - || for
norms of various spaces, and we shall simply write X for (X, | - ||), for instance. It is often evident
which norm we are referring to. When it is necessary to avoid confusion, we denote the norm of the
space X by | - ||x.

DEFINITION 5.1. Given two normed spaces X and Y, a linear transformation (operator) 7" :
X — Y is said to be bounded if there exists some M > 0 such that

|Tx|| < M|z| foranyz e X.
Denote the space of bounded linear operators from X to Y by B(X,Y).
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THEOREM 5.1. A linear operator T : X — 'Y is bounded if and only if it is continuous.

ProoOF. Clearly any bounded linear operator is Lipschitz continuous. If T" is continuous, then
T-1(B1(0)) D Bs(0) for some § > 0. Then, whenever |z| < 1, we have

G

T 2
Tx|| =T | +— <= .
ol = | (25| el < 30

2
Tzl =2
T = =

SR\

<

For general x, we have

Thus T is bounded. 0
It is a simple exercise to show that
T
sup ||[Tz|| = sup ITz] = sup ||Tz|| = inf{M : |Tz| < M|z||Vz € X}.
]| =1 a0 [z ]| <1

Their common value is denoted by ||T’||. This notation is justified in the following theorem.

THEOREM 5.2. B(X,Y) with the function T — ||T|| is a normed space. If Y is a Banach space,
then so is B(X,Y).

PROOF. We only verify the triangle inequality for || - ||, for the other two axioms of norm are
obvious. Given S, T'€ B(X,Y), and z € X.
1S+ T)xf| = [[Sz + Tz < || Sl + [|Tl| < [ ]| + [[T] [|]]-

This implies the triangle inequality ||.S + T'|| < ||S|| + ||T||-

Given a Cauchy sequence {T},} in B(X,Y). For any x € X, the sequence {T,,z} is a Cauchy
sequence in Y, and so it converges. Let T': X — Y be defined by Tz = lim,, oo Tr,z. Clearly T is
linear. Given ¢ > 0, choose N such that |T,, — T),|| < € for all n,m > N. Fix n > N and z € X,

|Thx — Tz|| = lim ||Thx — Tzl <elz].
m—0o0
Therefore,
1Tz < || Tz — Tnzl| + [Tzl < (e + ([T ]|
This shows that T is bounded. Furthermore,
T, —T|| = sup ||Thx —Tz| <e forany n> N.
1

llell=
This implies that ||T;,, — T'|| — 0 as n — oo, since € > 0 is arbitrary. O

DEFINITION 5.2. A linear functional f on a normed space X over F (= R or C) is a linear
transformation from X to F. The space B(X,F) of bounded linear functionals on X is called the
dual space of X. It is usually denoted by X*.

COROLLARY 5.3. The dual space X* of any normed space X over R or C is a Banach space.

Observe that any composition of bounded linear operators is a bounded linear operator. Indeed,
it Se B(X,Y), TeB(Y,Z),then TS € B(X, Z) and ||T'S|| < ||T]| ||S|| since

TSz < T[Szl < [T |S[Il«]|  for any 2 € X.

In particular, the space B(X,X) of bounded linear operators on X (often denoted by B(X) for
simplicity) with composition is an algebra with identity.
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EXAMPLE 5.1. Given 1 < ¢ < oo and let p be its conjugate exponent. Given g € L4(R%). By
Hélder’s inequality, the linear map G : LP(R?) — R defined by G(f) = [z fg is bounded and
IGI < llgllq-

EXAMPLE 5.2. Given g € L'(R%), 1 < p < co. Define the convolution operator G : LP(R%) —
LP(RY) by G(f) = f * g. Lemma 4.1 tells us that G is a bounded linear operator and ||G|| < ||g|1-
More generally, if ]% + % =1+ %, g € LI(R?), then Young’s convolution inequality (exercise 4.1)

tells us that G : LP(R?) — L"(R?) is a bounded linear operator and |G| < ||g]/4-

DEFINITION 5.3. Given T' € B(X,Y). The adjoint of T, denoted by T, is a linear operator
from Y* to X* defined by

(T*y*)(z) = y*(Tx),
where y* € Y*, x € X. In other words, T*y* =y* o T.

It is straightforward to verify that 7% is linear. T™y* is indeed a bounded linear functional on
X since it is simply composition of y* and T'. Moreover, T* € B(Y™*, X*) since

IT*y"[| = lly* o Tl = sup [ly"(T)|| < P, Iy Tzl < IT[ly"|  for any y* € Y™
1 z||=

llell=
A commonly used notation for z*(z) is (z*, ), where z* € X* and z € X.

REMARK 5.1. If S € B(X,Y), T € B(Y, Z), then (T'S)* = S*T™*. This follows trivially from the
definition of adjoint:

(TS) 2" =2"0(TS)=(2"0T)oS=S5"(T"2") = (S*T*)z* for any z* € Z*.

DEFINITION 5.4. T'wo normed spaces X, Y are said to be isomorphic if there exists a bijective
T € B(X,Y) with inverse T-! € B(Y, X). In this case we say T is invertible. Such an operator T
is called an isomorphism. We say X, Y are isometrically isomorphic if there exists an isomorphism
T : X — Y which is also an isometry.

Two normed spaces are considered equivalent if they are isometrically isomorphic. This clearly
defines an equivalence relation on the class of Banach spaces.

REMARK 5.2. We remark here that T is invertible implies T* is invertible, and (T*)~! = (T—1)*.
Indeed, given any z* € X*,

T(T Y @) =T (@ o T =a*(ToT™ ') =2*
Thus (T~1)* is a right inverse of T*. The proof for being a left inverse is similar.

DEFINITION 5.5. Given any normed space X, there exists a canonical isometric isomorphism 7
from X to a subspace of X**. It is defined by 7(z)(z*) = z*(x). The mapping 7 is often called
the canonical embedding from X to X**. For convenience, the term 7(z) is often written xz, thereby
treating elements in X as elements in X**.

We say a normed space X is reflerive if the canonical embedding 7 : X — X** is an isomorphism.

Note that, by Corollary 5.3, any reflexive normed space is a Banach space. The following theorem
can be served as incentives to consider isometric isomorphisms and separable Banach spaces.

THEOREM 5.4. (BANACH-MAZUR THEOREM)
Every separable Banach is isometrically isomorphic to a closed subspace of C°[0,1].
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We omit the proof of the theorem. Note that the space Q[t] of polynomials with rational
coefficients is a countable dense subset of CY[0, 1], according to either the Weierstrass approximation
theorem or the Stone-Weierstrass theorem. The Banach-Mazur theorem tells us that C°[0, 1] is the
“largest” separable Banach space.

Exercises.
5.1. Verify identities above Theorem 5.2.

5.2. Determine the operator norm ||G|| in Examples 5.1 (without using any theorem in the next
section), and Example 5.2 for the case g = 1.t

5.3. Given 1 < p < o0, % + % = 1. Suppose K € Lq(Rd X Rd). Consider the integral operator T’
defined by

1)) = [ Knfo)ds, e DR

(a) Given f € LP(R?). Show that for almost every z, the function K (z,y)f(y) is integrable
with respect to y.
(b) Show that T is a bounded operator from LP(R?) to L¢(R?), and ||T| < || K ,-

5.4. Assume the following axiom?:

For any linear subspace Xo of X, £ € X{, there exists { € X* such that £ |x,= € and ||| = ||¢]|.
Now prove the following statements under this assumption.
(a) For any = € X, ||z|| = sup{|z*(z)| : z* € X*, ||z*| < 1}.
(Hint: Consider a function which sends ax to «f|z||, where « is a scalar.)
(b) For any T € B(X,Y), ||| = sup{ly*(Tz)| : 4" € Y, ]| <1, 2 € X, ]l < 1}.
(¢) |IT)| = ||T*| for any T € B(X,Y).

6. Dual Space of LP

In this section we characterize the dual space of LP(I), where I is an interval. A more general
theorem will be proved after general measures and integrals were introduced.

The key ingredients of the proof are the following two lemmas. The first one says that, roughly
speaking, any bounded linear functional on LP(I) induces a canonical indefinite integral. Gener-
alization of this lemma to higher dimensional spaces requires further knowledge about indefinite
integrals.

LEMMA 6.1. Let I be a bounded interval, I = [a,b], 1 < p < co. For any G € LP(I)*, there
exists g € L'(I) such that G(xa) = [, g for any measurable set A C I.

ProOOF. Without loss of generality, assume I = [a, b]. First note that G(x4) = G(xp) if AAB
has measure zero. Let ¢(s) = G(X|4,5]), 5 € I. Then for any subinterval [s,¢] C I,

¢(t) - ¢(5) = G(X[a,t]) - G(X[a,s}) = G(X[a,t] - X[a,s]) = G(X[s,t])'

IDetermination of the operator norm for Example 5.2 amounts to finding sharp form of Young’s convolution
inequality. The case ¢ = 1 is elementary, but the case ¢ # 1 is challenging and requires further tools. See:
W. Beckner, Inequalities in Fourier Analysis, Ann. Math. (1975).

2Lt is a special and simple version of a more general proposition known as the Hahn-Banach theorem, which is a
consequence of the axiom of choice.
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Given almost disjoint subintervals {[a;, b;] : i = 1,--- ,n} of I with total length 0.
Do 1ob) = dla)l = Y (6(bi) — dlai) sgn (d(bs) — d(ai)
i=1

=1

= Z G(X[ai,bi]) sgn (¢(bz) - ¢(al>)
i=1
= G (Z sgn (¢(b;) — ¢(ai))X[ai,b¢]>
i=1

< all < lalst/r.

> sen (¢(bi) = &(ai)) Xfa, b
=1

P
This implies that ¢ € AC[a,b]. By the fundamental theorem of calculus, g = ¢/ € L'(I) and

t
G(X[s,) = B(t) — d(s) = / g(u)du for any subinterval [s,t] C I.
It follows that G(xa) = [, g for any measurable set A in I (exercise 6.1). O

LEMMA 6.2. Let 1 < p < o0, % + % = 1. Let E C R be measurable. Suppose g € L'(E) and for

some M > 0,
[ s <216
E

for any simple function ¢. Then g € L1(E) and ||g|lq < M.

PROOF. Assume 1 < p < oo. Let 9, be a sequence of nonnegative simple functions with
1

compact support such that i, 7 |g|?. Let ¢, = »E sgn(g). Then ¢, is a simple function and

1 141
an:lbnp\m >Pn = Yn.

/E%S/EwngéMWan:M(/E%);,

implying that [, < M?. By the monotone convergence theorem, [, [g|? < M9. The case p =1
is left to the reader (exercise 6.2). g

Then,

THEOREM 6.3. (RIESZ REPRESENTATION THEOREM FOR LP(I), I C R)
Suppose 1 < p < oo, %—l—% =1, I C R is an interval. For any G € LP(I)*, there exists unique

g € Li(I) such that
G() = [ fo for any 1 € 22(1).
Moreover, ||G|| = ||g|lq- The map G — g is an isometric isomorphism from LP(I)* to L9(I).

PROOF. Denote the o-algebra of measurable sets in I by B. Consider the case I = [a,b]. By
Lemma 6.1, there exists g € L'(I) such that G(xa) = [, g for any A € B. Given any simple
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function ¢ = " | aixg,, where {E;} C B are disjoint.

n n n
=Y wGtm) =30 [ 9= a [ xng= [ e
i=1 i=1 B i=1 E I
Therefore,

‘ / sog‘ — 1G()| < 1G] el

By Lemma 6.2, g € L4(I) and ||g||, < ||G||. Consider the linear functional G' on LP(I) defined by

é( f) = J; fg. Tt is continuous, by Hélder’s inequality. Since simple functions are dense in LP(I),

we see that G = G. Hélder’s inequality also tells us that |G| < ||gl4, and so ||g|l; = ||G||. The
function g € L9(I) is unique, for if G(f) = [ fg for all f € LP(I), we would have

/f(g—f]):() for all f € LP(I).
I

Then g — g gives the zero functional on LP([I), so that ||g — g|l; = 0. That is, g = g in L(I).
Now we consider unbounded interval I. Let {I,,} be an increasing sequence of bounded intervals
such that (J>2 | I, = I. Then for any n, there exists unique g, € L(I) such that g, = 0 on IS and

Z/fgn for any f € LP(I) with f =0 on I;.
I

Moreover, ||gn|l; < ||G]|. By uniqueness, g,+1 = gn a.e. on I, for each n. We may assume without
loss of generality that g,+1 = g, on I,. Then the function

g(z) :==gn(x), z€I,

is well-defined on I. Furthermore, |g,(z)|  |g(z)| as n — oco. By the monotone convergence

theorem,
/ 91" = lim / gnl? < 1G],

In particular, g € LI(1), ||gllq < ||G]|. For any f € LP(I), let f, = f x1,. Then [fn| < |f], fn = f
pointwise on I as n — oo. It follows that ||g, —g|lq = 0, || fn — fllp = O (see exercise 3.6), and hence
angn - ngl < ”(fn - f)gnHl + Hf(gn - g)”l
< lfn = Fllp lgnlla + 17 lp lgn = gllg = 0 asn — oc.
Then, by continuity of G on LP(I),

/ fo=tim_[ . = lim G(5.) = G(7).

n—oo

Moreover, |G| < ||glq, and so [|g|; = ||GH Uniqueness of such g follows as in the case of bounded
1. This completes the proof. O

COROLLARY 6.4. If1 < p < 00, then LP(I) is reflexive.

PROOF. Let ¢ be the conjugate exponent of p. Consider i, : LP — (L9)* defined by i,(f)(g9) =
[ fg. The Riesz representation theorem tells us that i, is an isometric isomorphism. Likewise,
iq(9)(f) = [ gf defines an isometric isomorphism i, from L7 to (LP)*. By Remark 5.2, its adjoint
i o (LP)™ — (L9)* is invertible and (if)~' = (i;')*. The corollary follows by observing that
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the canonical embedding 7 : LP — (LP)** is equal to (if)~' o 4,. Verification for this relation is
straightforward: given f € LP, G € (LP)*,

(NG = ) = Gyoig oG = [i'G
= (NGO = () GG = (1) ein(F)(G).

Exercises.

6.1. Let I C R be a bounded interval. Given 1 < p < oo, G € LP(I)*, g € L'(I). Suppose
G(xs) = [; g on any subinterval J C I. Show that G(xa) = [, g for any measurable set A C I.

6.2. Prove Lemma 6.2 for the case p = 1.

6.3. Let I C R be an interval. Suppose g € L*°([). Show that for any ¢ > 0 there exists
fe LYI), || f]lx # 0, such that

/Ifg > 1/ (lglloe — ).

6.4. Let I = [0,1]. Consider the linear functional G on C(I) defined by G(f) = f(1). Use
this linear functional and the assumption in Exercise 5.4 to show that L!(I) is not isometrically
isomorphic to L>°(I)*.

6.5. Determine a representation for (/)*, 1 < p < oc.

7. Maximal Functions on LP

We have seen that the Hardy-Littlewood maximal function plays a critical role in the theory
of differentiation. It is defined for functions in L. (R%), and that certainly includes LP(R?) for

loc

1 < p < 0o. Here we denote the Hardy-Littlewood maximal function of f by f*:

1
FHa) = B 7.
(z) = sup / o |f]

0<r<oco m(Br ($))

Recall that for any f € L'(R?), its maximal function f* is not in L'(R%) unless f = 0 a.e.. In
sharp contrast, for any f € LP(R?%) with 1 < p < oo, we always have f* € LP(R?). Furthermore, the
mapping M : LP(R?) — LP(R?) defined by M(f) = f* is bounded (but nonlinear). This result, to
which this section is devoted, has important applications in harmonic analysis and ergodic theory.

DEFINITION 7.1. Let f be a measurable function on E C R%. The distribution function of f on
FE is defined by

wep(a) =m({x e E: f(x) > a}).
Clearly w is monotone decreasing. If m(FE) < oo, then w is bounded, so it has bounded variation

and its total variation is m(FE). We begin with an observation which links Lebesgue integral with
improper Riemann integral:

THEOREM 7.1. Suppose f > 0 is measurable on E C R% and its distribution function w = Wy E
is bounded. Given any real-valued C function ¢ on (0,00), we have

/<z> = —ul” /¢>
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PRrROOF. Given 0 < a < b < o0o. Let B, = {a < f < b}. We claim that

b
/ pof = —gi)w’Z—i—/ ¢ (@)w(a)da.
Ea,b a

The theorem follows by observing E = (J;2, E; /k,k and letting a — 0+, b — oo.

We first observe that ¢ o f is measurable (since ¢ is C'), so the Lebesgue integral on the left
side makes sense. Also, ¢'w has a countable number of discontinuities, so the Riemann integral on
the right side also makes sense.

Since ¢ is of bounded variation on [a,b], it can be written as the difference of two bounded
increasing functions, so there is no loss of generality by assuming that ¢ is increasing. Then, given
any partition P = {ap < a1 < --- < ap, } of [a, b],

Lﬁof _ ;/E bof

Ap—1-%

3

v

S élar1)m(Eay_y )
k=1

k=1
n—1
= ¢lao)w(ao) = ¢lan—1)wlan) + Y wlaw) (dlar) — dplax-1))
k=1

n—1
= d(a)w(a) = dplan—1)w(b) + Y wlar)¢' (&) (ak — k1)
k=1
for some &, € [ag—1,ax]. Let |[P| — 0, we find a lower bound for fEa,b oo f:

b
d(ayw(a) — dB)w() + / w(e)d!(a)da

Similarly,

¢(ak)m(Eak—17ak)

/Ea,bqﬁof’ <

M= T1:

¢(ak) (wlag-1) —w(ax))

k=1
n—1
= ¢la)w(an) = dlan)w(an) + Y wlag-1) ($lax) = $(ar-1))
k=1

n—1
= dlan)w(a) — pb)w(b) + D wlar—1)¢' (m) (ak — ar—1)
k=1

for some 7, € [ag—_1, ag]. Let |[P| — 0, then the lower bound for fE , ¢ o f we found above becomes
an upper bound, so they must be equal. 7 ]
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THEOREM 7.2. Suppose f € LP(E), 1 <p < co. Then

/E P = /0 o Ly pla)da

ProOF. The distribution function wy| g of |f| on £ is bounded because (as the proof of Cheby-
shev’s inequality)
9) uge(e) = @m((fl>e)) < [ U< oo
>a

Replace the function f in Theorem 7.1 by [f| and let ¢(s) = s?. Denote wjs g by w for
convenience. Then the corollary follows once we have proved

lim o lw(a) = 0 = lim o w(a).
a—0+ a—00
The second identity follows trivially from (9). We leave the first identity as exercise. O
THEOREM 7.3. If f € LP(R?), 1 < p < oo, then f* € LP(R?) and
15l < CllfNlp

for some constant C which depends only on d and p.

PROOF. The case p = oo is obvious since || f*|loc < || f]loo- Assume 1 < p < co. Denote the
distribution function of f* on R? by w.
Given o > 0. Let g = f - X{If|>2}- Then

@) < lg@)+ 5.

0<r<oo m(Br)

Therefor, {f* > a} C {g* > §} and hence

1
Fe s s s | @l = @

2c

« 2c
wia) <m({g* > %)) < Xl = / fl Vas>o.
2 & @ Jyfz2}

Note that g € L' because E = {|f| > $} has finite measure and LF(E) C L'(E).

Loy = [ e e
N P22 f(x)|da d
< 2 | /{ﬂzg}“ /(@) ld do

2| ()]
= QCp/ / o?7?|f(z)|dadz  (by Tonelli’s Theorem)
R? J0

2cp _1ja=2|f
= [ e
2Pcp

= z)|Pdz
= [ @

)

. O

S

This completes the proof by taking C' = 2(



