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Abstract. In a gravitational force field, a bounded orbit of an infinitesimal point mass is called
a satellite orbit. The purpose of this paper is to establish a variational theory for the existence
of some relative periodic satellite orbits in periodic gravitational force fields. The gravitation
field can be generated by a relative equilibrium or a uniformly rotating asteroid. Our approach
is to regard the aggregate of primaries together with the small satellite as a restricted full two-
body problem, and then look for direct and retrograde relative periodic satellite orbits by direct
methods of calculus of variations. Regularity of the action-minimizing satellite orbit is obtained
by providing satisfactory lower bound estimates for the distance between the satellite and the
mass center. An upper bound estimate for this distance is also provided as a contrast to classical
existence proofs by continuation from infinity.

1. Introduction

In a gravitational force field, we call a bounded orbit of an infinitesimal point mass a satellite
orbit. A satellite orbit may represent the motion of a small planet circling around the outskirts
of a multiple star system, an artificial satellite around an asteroid, a satellite around a planet in
the solar system, or a planet of one primary mass in a multiple star system. There are satellite
orbits not within these classes but in this paper we will focus on relative periodic orbits belonging
to the first two classes.

The restricted n-body problem concerns the motion of a zero mass in a gravitation field gener-
ated by n−1 celestial bodies (primaries) whose motions are governed by Newton’s law of universal
gravitation. The zero mass is moving under the influence of a periodic gravitational force field
if the primaries are in periodic motion. Classical methods for proving existence of (relative) pe-
riodic satellite orbits include the analytic continuation method, power series method, equating
the Fourier coefficients, and the fixed point method [27, §8.4]. Under various conditions, satellite
orbits that are either near a primary or far outside the territory of all primaries are known to exist.
There are two typical families of such orbits, called the direct (or prograde) and the retrograde
families according to the direction they revolve about the primaries in the non-rotating coordinate
system. Detailed descriptions along with comprehensive bibliographies can be found in the books
of Wintner [30], Szebehely [27], and Siegel-Moser [26]. See also Meyer [17] for relatively recent
advances.

A classical criterion for the existence of periodic orbits in a ring due to Whittaker [28], later
generalized by Signorini [25] and Birkhoff [4], is based on interpreting periodic orbits as closed
geodesics on a surfaces plus some boundary convexity conditions on the ring. Similar conditions
also appear in Moeckel’s [19] construction of some transit orbits based on Maupertuis’ principle
and isolating blocks. Our present work is based on direct minimization method which establishes
both the direct and retrograde families inside concentric circular rings. The ring varies its size
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depending on how close the relative period T is to the period 2π of primaries. When T as a
parameter approaches 2π, the inner and outer radii of the ring increases to infinity. This result
relates the classical treatises of Wintner [29] and Moulton [21], one deals with the case where a
mass ratio of primaries is nearly zero, the other deals with the case where a distance ratio is nearly
zero. Our approach can be generalized to restricted n-body problems with one axis of symmetry,
where the families of satellite orbits near infinity (see Meyer [18]) can therefore be continued to
nearby satellite orbits.

As far as the restricted three-body problem is concerned, this paper can be considered a con-
tinuation of [8] where the author proves the existence of the retrograde family (on a rotating
frame) with general masses. A generalization of [8] along with some direct orbits were obtained
in [9]. The direct and retrograde families of satellite orbits “outside” all primaries can be viewed
as limiting cases in [8] with masses m1, m2 � m3. It is tempting to seek a unified variational
treatment for more general restricted problems that are of astrophysical interests. Our idea that
the minimizing method is a feasible approach has originally inspired by two sources: the work of
Gordon [14] and Chenciner-Montgomery [11]. We refer to [10, 12] (and references in there) for
some influential ideas that inaugurated the minimizing theory for symmetric periodic solutions.
We shall also mention a related work by Arioli-Gazzola-Terracini [2] which characterizes some ret-
rograde Hill’s orbits as minima of the action functional. Discussions for Hill-type satellite orbits
can be also found in [17, 26, 27, 30].

Another incentive of our present work comes from the so-called full two-body problem. The
classical Newtonian two-body problem, also called the Kepler problem, concerns the motion of
two celestial bodies with perfect spherical symmetry, in which case each celestial body can be
replaced by a point mass without altering the potential energy outside the celestial body. While in
practical problems the celestial body is frequently assumed to be oblate or elliptic, the potential,
nonetheless, has the Newtonian potential as its first order approximation. The error term is
comparatively small when the celestial bodies are nearly spherically symmetric or if the sizes
of celestial bodies are small compared to their mutual distance. Many systems of astrophysical
interests are in one or both categories.

In recent years there are growing attention on the motion of spacecrafts around an irregularly
shaped asteroid. There are several space missions targeting on primitive asteroids or comets as
they are believed to be constituted by remains of the early universe. In such a system the error
term is often not negligible and the two-body system can not be regarded as simply a small
perturbation of the classical Kepler problem. For this type of system, often called the full two-
body problem, proving rigorously the existence of Keplerian-like orbits becomes a nontrivial task.
Numerically the dynamics near an irregular asteroid is much more complex and abundant than
the classical Kepler problem. We refer to [13] and expository papers [16, 22] for recent advances
and related references.

The purpose of this paper is to establish a variational theory for the existence of satellite orbits
in periodic gravitational force fields. Consider for instance the planar restricted n-body problem
with n − 1 Keplerian-like primaries, the infinitesimal point mass orbiting around the (n − 1)-
body system can be viewed as moving under the influence of a periodic gravitational force field
resulted from the primaries. More generally, given a periodic orbit of the (n− 1)-body problem,
the aggregate of these n− 1 bodies generates a periodic gravitational force field under which the
satellite (i.e. the n-th mass) moves. In this paper we regard the aggregate of primaries together
with the small satellite as a restricted full two-body problem, and then look for periodic and
quasi-periodic satellite orbits. Finding satellite orbits around an irregularly shaped asteroid is a
problem of the same nature.



SATELLITE ORBITS IN PERIODIC GRAVITATIONAL FORCE FIELDS 3

With the viewpoint described above, there are two issues needed to be taken care of: proving
existence of satellite orbits, and proving that they are free from collisions. The existence part
will be proved through variational arguments in section 3. The problem of collision avoidance
is somewhat different from the classical n-body problem because we are not dealing with point
masses. For this purpose, in section 4 we provide lower bound estimates for the distance between
the satellite and the centroid of the system, under suitable assumptions. Upper bound estimates
for this distance will be provided in section 5. Together with the estimates in section 4, we can
therefore draw circular rings in which the action-minimizing satellites move. Sections 6 and 8
include some concrete examples.

2. The Restricted Full Two-Body Problem

By suitable choice of unit for the mass, the total mass of the system may assumed to be 1 and
the equations of motion for the satellite orbit in the gravitational force field can be written

q̈ =
∂

∂q
U(q, t),(1)

where

U(q, t) =
1
|q|

+ U0(q, t)(2)

is a time-dependent potential and U0(q, t) is the correction term of U(q, t) from the point-mass
potential 1/|q|. The Lagrangian of the system is

L(q, q̇, t) =
1
2
|q̇|2 + U(q, t).

The action functional AT is defined by

AT (q) =
∫ T

0
L(q, q̇, t)dt,

where q belongs to the Sobolev space H = H1([0, T ],C).

Given ρ > 0. Define

Hρ = {x ∈ H1([0, T ],C) : |x(t)| ≥ ρ for all t}.

Clearly Hρ is weakly (and strongly) closed since weak convergence in H implies uniform conver-
gence. The punctured complex plane C \ {0} is denoted by C×.

In this paper we are concerned with the restricted full two-body problem, the asteroid or
aggregate of primaries being regarded as one celestial body which generates a time-dependent
potential of the form (2) with U0 satisfying the following assumptions. Let Dr denotes the closed
disk centered at the origin with radius r.

(A1) (Regularity) For some ρ0 ∈ (0, ρ), U0 ∈ C0((C \ Dρ0) × R) is locally Lipschitz in q and
|U0(q, t)| |q| → 0 as |q| → ∞.

(A2) (Periodicity) For any q ∈ C×, U0(eitq, t) is independent of t.

The assumption (A1) is a natural one since U0 is in practice the sum of higher order terms in
the series expansion of U in terms of 1/|q|. The second assumption (A2) says that the potential
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field is spinning with a constant angular velocity ω = 1. These two assumptions combined implies
that |U0(q, t)| |q| → 0 uniformly as |q| → ∞. Furthermore, the quantity

Rρ = sup
|q|≥ρ,t∈R

|U0(q, t)|(3)

decreases to zero as ρ → ∞. This quantity measures how far U is away from the point-mass
potential when |q| = ρ.

For example, let q = q1 + iq2 and

U0(q, t) =
(q2

1 − q2
2) cos 2t+ 2q1q2 sin 2t

(q2
1 + q2

2)5/2
.

Then Rρ = 1/ρ3 and

U0(eitq, t) =
q2

1 − q2
2

(q2
1 + q2

2)5/2

depends only on the position q. This type of U0 arises in the study of satellite orbits near an
elliptical asteroid (see [24] and section 8).

Given T > 0. Consider the function space

ΛT = {q ∈ H1
loc(R,C) : e−iT q(t+ T ) = q(t) for any t}

consisting of relative T -periodic loops. Given ρ > 0,

ΛT,ρ = {q ∈ H1
loc(R,C) : q |[0,T ]∈ Hρ}

consists of paths in ΛT that stays at least a distance ρ away from the origin.

Consider the rotating coordinate system which rotates the inertial plane about the origin with
angular velocity ω = 1. Paths in ΛT (or ΛT,ρ) become closed loops in this rotating frame and, by
assumption (A2), the potential becomes time-independent.

The major result of this paper is on the existence of certain relative periodic solutions to (1)
on the space ΛT,ρ. Now we wish to find a reasonable topological constraint for paths in ΛT,ρ.
Observe that any path q in ΛT,ρ can be continuously deformed in C× to the curve q(0)eit(1+ 2kπ

T
)

on t ∈ [0, T ] with end points held fixed for some k ∈ Z. We say two paths q1, q2 in ΛT,ρ are
homotopic if they correspond to the same k or, equivalently, if one can be continuously deformed
in C× on [0, T ] to the other through paths in ΛT,ρ. Now we select a different notation for its
homotopy classes. Let

Γ(k)
T,ρ = {q ∈ ΛT,ρ : q is homotopic to q(0)eit(1+ 2kπ

T
)}.

The set Γ(k)
T,ρ consists of paths which become closed loops with winding number k around the

origin on the rotating frame with angular velocity ω = 1. In other words, k is the number of times
q winds around the origin relative to the rotating frame which fixes the gravitation field. When
k < 0, loops in Γ(k)

−2kπ,ρ are contractible in C× to a point. Clearly ΛT,ρ =
⋃
k∈Z Γ(k)

T,ρ.

A satellite orbit in Γ(k)
T,ρ with T > −2kπ is said to be a direct or prograde satellite orbit because

the direction it revolves about the origin (mass center) in the inertia frame is the same as the
rotational direction of the gravitation field; we call it a retrograde satellite orbit if T < −2kπ. For
k ≥ 0 all satellite orbits in Γ(k)

T,ρ are direct.

Suppose we have found by minimizing AT a satellite orbit q ∈ Γ(k)
T,ρ with |k| ≥ 2, it is possible,

and indeed likely, that q ∈ Γ(k/|k|)
T/|k|,ρ. Since there is no evidence available to us showing that
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a satellite orbit which minimizes AT on Γ(k)
T,ρ may not be a path in ΛT/|k|, our main results

(Theorem 4, 5, 18, 19, 21) and examples (section 6, 8) are therefore confined to k = −1, 0, 1.

The case k > 0 corresponds to cases where the satellite rotates about the primaries with
average angular velocity ωs ≈ 1 + 2kπ

T > 1 = ω. If the satellite orbit moves like Keplerian circles,
then Kepler’s third law of planetary motions says that the nearly circular orbit is of rather small
size compared to the largest mutual distance among primaries, but that would not result in a
Keplerian-like motion unless it is a small planet in direct motion around a primary and all other
primaries are relatively distant from them. For similar reasonings the case −k > T

π corresponds
to cases where |ωs| ≈ −2kπ

T − 1 > 1 = ω and the satellite is actually a small planet in retrograde
motion around one primary with other primaries staying far off. From this observation we only
consider k = 0 or −1 for the restricted n-body problem (section 6).

3. Existence of Action Minimizers

In this section we prove the existence of action minimizers in a subset of the function space ΛT,ρ.
We follow a standard argument in the calculus of variations which asks for coercivity and weak
lower semicontinuity of the action functional. The idea of proof for coercivity (Lemma 1) is the
same as that of [7, Proposition 2.1], and the proof for weak lower semicontinuity (Proposition 2)
is similar to the Newtonian case (see for instance [14, §3A] or [6, Proposition 1]).

Let

Λ∗T,ρ =
{
q ∈ ΛT,ρ : q(t) is not a contractible loop in C× for t ∈ [0, T ]

}
.

According to the definition of ΛT , on the time interval [0, T ] a path q ∈ ΛT is a closed loop in the
inertia frame if and only if T is an integral multiple of 2π. Therefore ΛT,ρ = Λ∗T,ρ except when
T = 2kπ, k ∈ N. The space Λ∗2kπ,ρ is the proper subset of Λ2kπ,ρ consisting of 2kπ-periodic loops
with nonzero winding numbers about the origin (on the inertia frame).

Lemma 1. Given T, ρ > 0. Assume (A1) and (A2) hold. The action functional AT restricted to
Λ∗T,ρ is coercive; that is, AT (q)→ +∞ as ‖q‖H1 → +∞.

Proof. Let Rρ be given by (3). Then

|U0(q, t)| ≤ Rρ
for all |q| ≥ ρ and t ∈ R.

Associated to each q we consider the following auxiliary term

δq := max
t∈[0,T ]

|q(0)− q(t)|.

If T is not an integral multiple of 2π, then

δq ≥ |q(0)− q(T )| = |1− eiT | |q(0)| =
√

2(1− cosT )|q(0)|.

When T = 2kπ for some k ∈ N, the assumption that q is not a contractible loop in C× implies
the existence of some τ ∈ (0, T ) such that q(τ) is a negative real multiple of q(0), and thus

δq ≥ |q(0)− q(τ)| ≥ |q(0)|.

In either case, there exists some positive constant C independent of q such that

δq ≥ C|q(0)|.
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For any t ∈ [0, T ],

|q(t)| ≤ |q(0)|+ δq ≤
(

1
C

+ 1
)
δq

where hence ∫ T

0
|q|2dt ≤

(
1
C

+ 1
)2

δ2
q T

By the Cauchy-Schwartz inequality,

δ2
q ≤

(∫ T

0
|q̇|dt

)2

≤ T
∫ T

0
|q̇|2dt.

The H1-norm of q is therefore controlled by the value of its action:

‖q‖2H1 =
∫ T

0
|q|2 + |q̇|2dt

≤
(
( 1
C + 1)2 T 2 + 1

) ∫ T

0
|q̇|2dt

< 2
(
( 1
C + 1)2 T 2 + 1

)
(AT (q) +RρT ) .

This implies AT restricted to Λ∗T,ρ is coercive. �

Proposition 2. Given T, ρ > 0. Assume (A1) and (A2) hold. The action functional AT restricted
to Λ∗T,ρ attains its infimum.

Proof. Using the fact that weakly convergent sequences in H1([0, T ],C) converge uniformly, the
weak limit of any weakly convergent sequence in Λ∗T,ρ satisfies the boundary constraints required
in Hρ, ΛT , as well as the topological constraint required in Λ∗T,ρ. Therefore Λ∗T,ρ is a weakly (and
strongly) closed subset of ΛT .

Let q(k) be a sequence in Λ∗T,ρ which converges weakly to q̃ ∈ Λ∗T,ρ. Note that U0(q, t) is locally
Lipschitz continuous with respect to q and the Lipschitz constant can be independent of t, due to
the assumption (A2). Since |q(k)|, |q̃| ≥ ρ, it follows that the sequence 1

|q(k)| +U0(q(k), t) converges

uniformly to 1
|q̃| + U0(q̃, t). By uniform convergence the sequence q(k) converges strongly to q̃ in

L2([0, T ],C), then by weak lower semicontinuity of norms,

‖ ˙̃q‖2L2 = ‖q̃‖2H1 − ‖q̃‖2L2 ≤ lim inf
k→∞

‖q(k)‖2H1 − ‖q̃‖2L2 = lim inf
k→∞

‖q̇(k)‖2L2 .

Consequently,

AT (q̃) =
1
2
‖ ˙̃q‖2L2 +

∫ T

0

1
|q̃|

+ U0(q̃, t) dt

≤ 1
2

lim inf
k→∞

‖q̇(k)‖2L2 + lim
k→∞

∫ T

0

1
|q(k)|

+ U0(q(k), t) dt

= lim inf
k→∞

A(q(k)).

This shows that AT is weakly sequentially lower semicontinuous on Λ∗T,ρ.

Now suppose q(k) is a minimizing sequence of AT on Λ∗T,ρ. It is H1-bounded, by Lemma 1, and
hence has a weakly convergent subsequence. Without loss of generality, assume q(k) converges
weakly to q̃. Then q̃ ∈ Λ∗T,ρ and

AT (q̃) ≤ lim inf
k→∞

A(q(k)) = inf{AT (q) : q ∈ Λ∗T,ρ}.
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This proves that q̃ is indeed a minimizer of AT on Λ∗T,ρ. �

Using again the fact that weakly convergent sequences in H1([0, T ],C) converge uniformly, the
spaces ΛT,ρ and Γ(k)

T,ρ are weakly closed. Note that Γ(k)
T,ρ ⊂ Λ∗T,ρ whenever T 6= −2kπ. It follows

immediately from Proposition 2 that

Corollary 3. Given T, ρ > 0 and k ∈ Z. Assume (A1) and (A2) hold. The action functional AT
restricted to Γ(k)

T,ρ attains its infimum provided T 6= −2kπ.

4. Satellite Orbits without Collisions

The gravitational force field is in general generated by celestial bodies (primaries) which occupy
a closed region Ω(t) with positive measure. If the system moves rigidly with the mass center fixed
at the origin, then the region Ω(t) rotates with a constant angular velocity so that the assumption
(A2) is fulfilled by choosing suitable unit for time. A solution q of (1) is said to has collision if
q(t) ∈ Ω(t) for some t. A non-collision C2 solution q of (1) is said to be a regular or classical
solution.

In this section we provide a criterion for an action minimizer q obtained in the previous section
to stay a prescribed distance away from the origin, and show that q is indeed a classical solution
of (1) under certain conditions.

In order to shorten the statements of our main results, we introduce here an auxiliary function
κ : R2

+ → R defined by

κ(T, ρ) = min
s∈(0,∞)

{
1

2T 2
(s− ρ)2 +

1
s

}
.

The value of κ(T, ρ) has a closed form. Let

α = α(T, ρ) = 2−
1
3

(
2ρ3 + 27T 2 + 3

√
3T
√

4ρ3 + 27T 2
) 1

3
.

Then the function 1
2T 2 (s− ρ)2 + 1

s in s reaches its minimum value on (0,∞) at

smin =
1
3

(
ρ+

ρ2

α
+ α

)
.

Therefore

κ(T, ρ) =
1

2T 2
(smin − ρ)2 +

1
smin

.

Our main results are

Theorem 4 (Existence of Direct and Retrograde Satellite Orbits). Given T, ρ > 0,

T 6= 2π. Assume (A1) and (A2) hold. Suppose ρ ≤
∣∣1− 2π

T

∣∣− 2
3 , Rρ is given by (3), and U0(q, t) is

of class C1 whenever |q| > ρ. If

3
2

∣∣∣∣1− 2π
T

∣∣∣∣ 23 + 2Rρ < κ(T, ρ) +
ρ2

2

∣∣∣∣1− 2π
T

∣∣∣∣2 ,(4)

then there exists a classical solution q of (1) which minimizes AT on Γ(−1)
T,ρ and |q(t)| > ρ for any

t ∈ R. The satellite orbit q is retrograde if T ∈ (0, 2π); it is direct if T > 2π.
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Theorem 5 (Existence of Satellite Orbits near Relative Equilibria). Given T, ρ > 0.
Assume (A1) and (A2) hold. Suppose ρ ≤ 1, Rρ is given by (3), and U0(q, t) is of class C1

whenever |q| > ρ. If

3
2

+ 2Rρ < κ(T, ρ) +
ρ2

2
,(5)

then there exists a classical direct solution q of (1) which minimizes AT on Γ(0)
T,ρ and |q(t)| > ρ

for any t ∈ R.

Theorem 4-5 are special cases of the following theorem; we have split the result into two separate
theorems due to the very different nature of these satellite orbits when k’s are of different signs.
Theorem 4 can be applied to the problem of satellite orbits near infinity as in [21, 17]; it is also
applicable to satellites for asteroids. Theorem 5 applies to satellite orbits that rotate with the
same frequency as the primaries.

Theorem 6. Given T, ρ > 0, k ∈ Z. Assume (A1) and (A2) hold. Suppose T 6= −2kπ, ρ ≤∣∣1 + 2kπ
T

∣∣− 2
3 , Rρ is given by (3), and U0(q, t) is of class C1 whenever |q| > ρ. If

3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 + 2Rρ < κ(T, ρ) +
ρ2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 ,(6)

then there exists a relative periodic solution q of (1) which minimizes AT on Γ(k)
T,ρ and |q(t)| > ρ

for any t ∈ R.

The region of (T, ρ) satisfying (6) with k = 1 is empty; that’s why we specified our results for
the cases k = −1 and k = 0. We will see later (section 7) how this can be overcome when there
are additional symmetries.

In practical problems, the region Ω(t) is contained in some closed disk Dρ with radius ρ and
with center at the origin. Let ρ0 be the smallest possible radius with this property. When the
potential generator is far from being spherically symmetric, the term Rρ0 is sometimes too large
to conclude (6). Nonetheless, Theorem 6 may still be applicable because what we truly need is the
existence of some ρ > ρ0 such that (6) holds, and Rρ is often negligible when ρ is large. Providing
existence of such ρ and by considering

η = sup{ρ : ρ0 ≤ ρ ≤
∣∣∣∣1 +

2kπ
T

∣∣∣∣− 2
3

and (6) holds},(7)

we obtain a sharper lower bound estimate η for the distance between the action minimizer and
the origin.

By considering the rotating coordinate system z = x+ iy = e−itq, the equations of motion (1)
become

ẍ− 2ẏ =
∂V

∂x

ÿ + 2ẋ =
∂V

∂y
,

where the amended potential

V (x, y) =
1
2

(x2 + y2) +
1√

x2 + y2
+ U0(eit(x+ iy), t)

=
1
2

(x2 + y2) +
1√

x2 + y2
+ U0(x+ iy, 0)
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becomes time-independent, according to the assumption (A2). In terms of z or (x, y), the La-
grangian of the system becomes

L(x, y, ẋ, ẏ) =
1
2

(ẋ2 + ẏ2) + (xẏ − ẋy) + V (x, y).

Lemma 7. Given T, ρ > 0, k ∈ Z. Assume (A1) and (A2) hold. Suppose T 6= −2kπ and

ρ ≤
∣∣1 + 2kπ

T

∣∣− 2
3 . Then

1
T

inf
Γ

(k)
T,ρ

AT ≤ 3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 +Rρ,

1
T

inf
ΛT,ρ
AT ≤ 3

2

(
min
k∈Z

∣∣∣∣1 +
2kπ
T

∣∣∣∣) 2
3

+Rρ.

Proof. The second inequality follows immediately from the first since ΛT,ρ =
⋃
k∈Z Γ(k)

T,ρ.

Taking polar coordinates for the rotating coordinate system, (x, y) = (r cos θ, r sin θ), the action
functional can be written

AT (q) =
∫ T

0

1
2

[
r2(1 + θ̇)2 + ṙ2

]
+

1
r

+ U0(r cos θ + ir sin θ, 0) dt.

On Γ(k)
T,ρ, r and θ satisfy

r(T ) = r(0), r(t) ≥ ρ for all t, θ(T )− θ(0) = 2kπ.

The infimum of AT on Γ(k)
T,ρ is bounded from above by the action value of the special path in Γ(k)

T,ρ

given by r(t) =
∣∣1 + 2kπ

T

∣∣− 2
3 and θ(t) = 2kπt

T ; that is,

inf
Γ

(k)
T,ρ

AT ≤
∫ T

0

1
2

[
r2(1 + θ̇)2 + ṙ2

]
+

1
r
dt+RρT

=
3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 T +RρT.

�

Lemma 8. Given T, ρ > 0, k ∈ Z. Assume (A1) and (A2) hold. If q ∈ Γ(k)
T,ρ, min

[0,T ]
|q(t)| = r ≥ ρ,

then

1
T
AT (q) ≥ r2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 + κ(T, r)−Rr.

Proof. Using polar form (x, y) = (r cos θ, r sin θ), as in the previous lemma. Let

r = max
t∈[0,T ]

r(t) = max
t∈[0,T ]

|q(t)|.
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By the symmetry and topological assumptions imposed to Γ(k)
T,ρ, t+ θ(t) equals θ(0) at t = 0 and

equals T + 2kπ + θ(0) at t = T . Therefore,

AT (q) =
1
2

∫ T

0
r2(1 + θ̇)2 dt+

1
2

∫ T

0
ṙ2 dt+

∫ T

0

1
r

+ U0(r cos θ + ir sin θ, 0) dt

≥ r2

2

∫ T

0
(1 + θ̇)2dt+

1
2T

(∫ T

0
|ṙ|dt

)2

+
T

r
−RrT

≥ r2

2T

(∫ T

0
|1 + θ̇|dt

)2

+
1

2T
(r − r)2 +

T

r
−RrT

≥ r2

2T
(T + 2kπ)2 + Tκ(T, r)−RrT.

This implies the lower bound estimate we claimed. �

Proof. (of Theorem 6) As observed earlier, T 6= −2kπ ensures that Γ(k)
T,ρ ⊂ Λ∗T,ρ. By Corollary 3,

AT attains its infimum in it.

Let q be a minimizer of AT on Γ(k)
T,ρ. r = min

[0,T ]
|q(t)|. Then r ≥ ρ and the strict inequality implies

that q is in the interior of Γ(k)
T,ρ.

Combining estimates in Lemma 7 and Lemma 8, by (6),

1
T
AT (q) ≤ 3

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 +Rρ <
ρ2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 + κ(T, ρ)−Rρ

implying that the minimizer q of AT on Γ(k)
T,ρ is actually in the interior of Γ(k)

T,ρ, for otherwise r = ρ
and Lemma 8 would fail. Such an action minimizer is an interior critical point of AT on ΛT,ρ
since Γ(k)

T,ρ is relatively open in ΛT,ρ. Therefore q solves the Euler-Lagrange equation (1) of AT .
The smoothness assumption on U0(q, t) for |q| > ρ ensures smoothness of q. This completes the
proof of Theorem 6. �

In figure 1, the gray regions represent the sets of (T, ρ) satisfying the inequality

Q(T, ρ, k) = κ(T, ρ) +
ρ2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 − 3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 ≥ 0

with k = −1 and k = 0. The dashed curves are the graphs of ρ =
∣∣1 + 2kπ

T

∣∣− 2
3 . The sets of

admissible (T, ρ) in Theorem 6 given by (4) are the gray regions beneath these dashed curves.
Their shapes depends on how Rρ varies with ρ. We will see in section 6 some concrete examples.

When k = −1, we see from the figure that the region is approximately within the strip T ∈
[5.3, 7.2]. When T is close to 2π, there is plentiful room for admissible ρ, and consequently the
action minimizer obtained in Theorem 6 stays far away from the origin. More precisely, given a
compact interval [T−, T+] with T− > 0, one can verify that

smin = ρ+ f(T, ρ) and κ(T, ρ) =
1
ρ

+ g(T, ρ)

where f(T, ρ) = O(ρ−2) and g(T, ρ) = O(ρ−2) as ρ → ∞, uniformly for T ∈ [T−, T+]. This can
be easily seen by applying implicit function theorem to (smin − ρ)/T 2 − s−2

min = 0 or, equivalently,
to the identity

ρ2(smin − ρ) + 2ρ(smin − ρ)2 + (smin − ρ)3 = T 2.
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Figure 1. Admissible T and ρ with k = −1 and k = 0.

By assumption (A1) we have Rρ = o(ρ−1) as ρ→∞, and thus one may choose ρ > 0 and ε = ε(ρ)
such that (4) holds for any T ∈ [2π − ε, 2π + ε] \ {2π}.

Remark 9. The right-hand side of the inequality in Lemma 8 can be replaced by a larger one,
and inequalities (4), (5), (6) can therefore be replaced by larger ones. Indeed, the equality in
Lemma 8 holds if and only if

(i) q(t) = q(0)eit(1+2kπ/T ) (and in particular r = r),
(ii) U0(reiθ, 0) = −Rr for any θ ∈ R,
(iii) κ(T, r) = 1/r.

The last condition is never fulfilled. By definition κ(T, r) is the minimum value of

f(s, T, r) =
1

2T 2
(s− r)2 +

1
s

over s > 0. But
f(r, T, r) =

1
r
,

∂f

∂s
(r, T, r) = − 1

r2
< 0.

This proves that κ(T, r) < 1/r.

5. An Upper Bound Estimate for Satellite Orbits

Suppose q ∈ Γ(k)
T,ρ is an action-minimizing satellite orbit as obtained in Theorem 6. In the

previous section (Lemma 8) we have used the quantities

r = min
[0,T ]
|q(t)|, r = max

[0,T ]
|q(t)|

to deduce a lower bound estimate for AT (q) which implicitly gives a lower and upper bound for
r. The η = η(T ) in (7) provides a lower bound for the r, with which we obtain a criterion for q to
be a regular orbit provided that the realm of primaries is within distance η from the origin. The
purpose of this section is to provide a simple upper bound estimate for the maximum distance r.
Our intention is to deduce a simple upper bound for r, the estimate is rather crude for the sake
of brevity. Better estimates can be easily achieved by refining the calculations in this section.
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Before moving further, let us remark here some ideas behind the inequality (6). The inequality
fails to hold without the term κ(T, ρ). This auxiliary function is introduced for two reasons:
on the one hand it is a “penalty” for q to move along radial directions and stay close to the
origin, so that (6) can be valid for certain T and ρ when r is relatively small; on the other hand
it removes the explicit dependence of r from the lower bound estimate for AT (q) in Lemma 8.
The calculations in this section are variants and extensions of some calculations in the previous
section; here we bring back the terms involving r and use them to find an upper bound for r.

By Lemma 7 and Lemma 8, and the simple fact that Rρ is decreasing in ρ, we have

r2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 ≤ 3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 + 2Rη,

yielding an upper bound for r:

r ≤

(
3
∣∣∣∣1 +

2kπ
T

∣∣∣∣ 23 + 4Rη

) 1
2 ∣∣∣∣1 +

2kπ
T

∣∣∣∣−1

=: g(T, η, k).(8)

This, of course, depends on the error term U0 from the point-mass potential.

Following the proof of Lemma 8 but without using κ(T, ρ), one easily obtains

1
T
AT (q) ≥ r2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 +
1

2T 2
(r − r)2 −Rr

≥ η2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 +
1

2T 2
(r − r)2 −Rη.

Applying Lemma 7 again, then

r − r ≤ T

(
3
∣∣∣∣1 +

2kπ
T

∣∣∣∣ 23 − η2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 + 4Rη

) 1
2

=: h(T, η, k).(9)

As an addendum to Theorem 6, from inequalities (8) and (9) we conclude that:

Proposition 10. Let q ∈ Γ(k)
T,ρ be an action-minimizing satellite orbit obtained in Theorem 6. Let

ρ = η and let functions g(T, k, η) and h(T, k, η) be as in (8), (9). Then

r ≤ g(T, η, k) + h(T, η, k).

We remark here that g(T, η, k) + h(T, η, k) is decreasing in η. This relates the simple fact that
better upper bound estimates for r lead to better upper bound estimates for r. In practice we
don’t have explicit formulation for η but we may find some approximated η∗ < η. Replacing ρ by
η∗ instead of η, then the inequality

r ≤ g(T, η∗, k) + h(T, η∗, k)

provides a less sharp upper bound estimate for r.

6. The Circular Restricted n-Body Problem

Consider the circular restricted three-body problem with primaries m1 = 1−µ, m2 = µ orbiting
on C around the origin with angular velocity ω = 1. Let x1 and x2 be their positions. Equations
of motion for this two-body system is

ẍi =
mj(xj − xi)
|xj − xi|3

, {i, j} = {1, 2}.
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We now fix a solution for this problem

x1(t) = µeit, x2(t) = −(1− µ)eit

and look for satellite orbits around this system.

The equation of motion for the satellite q is

q̈ =
m1(x1 − q)
|x1 − q|3

+
m2(x2 − q)
|x2 − q|3

=
∂

∂q
U(q, t),

where

U(q, t) =
1− µ√

|q|2 + µ2 − 2µ|q| cos(θ − t)
+

µ√
|q|2 + (1− µ)2 + 2(1− µ)|q| cos(θ − t)

.

Here θ is the argument of q. Let

∆1 =
(
µ

|q|

)2

− 2µ
|q|

cos(θ − t),

∆2 =
(

1− µ
|q|

)2

+
2(1− µ)
|q|

cos(θ − t).

Then

U(q, t) =
(1− µ)
|q|

(1 + ∆1)−
1
2 +

µ

|q|
(1 + ∆2)−

1
2 =

1
|q|

+ U0(q, t).

The error term U0(q, t) can be written

U0(q, t) =
(1− µ)
|q|

[
−1 +

∆1

2
+ (1 + ∆1)−

1
2

]
+

µ

|q|

[
−1 +

∆2

2
+ (1 + ∆2)−

1
2

]
− 1

2|q|
[(1− µ)∆1 + µ∆2] .

Take ρ1 = 2 +
√

6. Observe that

1− µ
|q|

,
µ

|q|
≤ 1
|q|
≤
√

3
2
− 1 ≈ 0.2247 provided |q| ≥ ρ1.

For each i, we have

|∆i| =

∣∣∣∣∣
(
|xi|
|q|

)2

± 2|xi|
|q|

cos(θ − t)

∣∣∣∣∣ ≤
(

1
|q|

)(
1
|q|

+ 2
)

≤ 1
|q|

(√
3
2

+ 1

)
≤ 1

2
provided |q| ≥ ρ1.(10)

Using this upper bound estimate for |∆i| together with the elementary inequality∣∣∣1− s

2
− (1 + s)−

1
2

∣∣∣ < s2 for any s ∈
[
−1

2
,
1
2

]
,
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for |q| ≥ ρ1 we have

|U0(q, t)| ≤ (1− µ)
|q|

∆2
1 +

µ

|q|
∆2

2 +
1

2|q|
|(1− µ)∆1 + µ∆2|

≤ 1
|q|3

(√
3
2

+ 1

)2

+
µ(1− µ)

2|q|3

≤ 1
|q|3

(
21
8

+
√

6
)
.

Thus

Rρ ≤
1
ρ3

(
21
8

+
√

6
)
≈ 5.0745

ρ3
for ρ ≥ 2 +

√
6 ≈ 4.4495.

In the first graph of figure 2, the thin lobe between the two dashed curves is contained in the
region of (T, ρ) satisfying (4). Its boundary is the lower branch of the zero level of

κ(T, ρ) +
ρ2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 − 3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 − 2
ρ3

(
21
8

+
√

6
)
.

The portion of the lobe above the line ρ = 2 +
√

6 is a set of admissible (T, ρ) satisfying all
required conditions in Theorem 4. The projection [T1, T2] of this region on the T -axis is roughly
[6.14, 6.43], a (not too) small neighborhood of 2π. Theorem 4 ensures that, whenever T ∈ [T1, 2π)
(resp. (2π, T2]), there exists a direct (resp. retrograde) satellite orbit with relative period T which
winds around the binary and its distance from the mass center is at least 2 +

√
6.

In the second graph of figure 2, where the time interval is scaled to [T1, T2], the solid curve
represents the graph of a function η∗ ≤ η, where η as a function of T on [T1, T2] is implicitly
defined by (7), and η∗ is similarly defined except the Rρ in (6) is replaced by the larger term
1
ρ3

(
21
8 +
√

6
)
. As observed at the end of section 5, the dashed curve given by

m∗(T ) := g(T, η∗(T ),−1) + h(T, η∗(T ),−1), T ∈ [T1, T2]

provides upper bound estimates for r. From this figure we see that the action-minimizing satellites
are extremely far from the primaries only if T is extremely close to 2π. For instance, when T = 6.2,
from the figure we have η∗ ≈ 14.2 as a lower bound for r and m∗(6.2) ≈ 33.5 as an upper bound
for r. The motion of the action-minimizing satellite orbit is confined to the circular ring with
inner radius η∗ and outer radius m∗(6.2).

Remark 11. Take a sequence Tj of relative periods converging to 2π such that

m∗(Tj) < η(Tj) for each j.

Let q(j) be an action-minimizing satellite orbit with relative period Tj . The satellite orbits q(j)

can coexist without collisions since the circular rings they correspond are pairwise disjoint.

Following the same idea, we can show the existence of direct and retrograde satellite orbits
around any other kind of relative equilibria. Now we consider another example; the arguments
and calculations for other examples are similar.

Consider the circular restricted four-body problem with primaries m1 = 1 − 2µ, m2 = m3 =
µ ∈ [0, 1/2] orbiting on C around the origin with angular velocity ω = 1. Let x1, x2, x3 be their
positions. Equations of motion for this three-body system is

ẍi =
mj(xj − xi)
|xj − xi|3

+
mk(xk − xi)
|xk − xi|3

, {i, j, k} = {1, 2, 3}.(11)



SATELLITE ORBITS IN PERIODIC GRAVITATIONAL FORCE FIELDS 15

4 5 6 7 8 9
T

2

4

6

8

10

12

14

r

EstimatesA.nb 1

ρ

T
6.15 6.2 6.25 6.3 6.35 6.4

6.5

10

20

30

40

50

6.5

10

20

30

40

EstimatesA.nb 1

ρ

T

Figure 2. The first graph: admissible T and ρ with k = −1. The second graph:
lower bounds for r and upper bounds for r

The following circular equilateral solution, whose mutual distances are all equal to one, generates
a gravitation field which satisfies assumptions (A1) and (A2).

x1(t) =
√

3µeit, x2(t) = (
√

3µ−
√

3
2

+
i

2
)eit, x3(t) = (

√
3µ−

√
3

2
− i

2
)eit.

Now we look for direct and retrograde satellite orbits around this solution.

The equation of motion for the satellite q is

q̈ =
m1(x1 − q)
|x1 − q|3

+
m2(x2 − q)
|x2 − q|3

+
m3(x3 − q)
|x3 − q|3

=
∂

∂q
U(q, t),

where

U(q, t) =
1− 2µ
|x1 − q|

+
µ

|x2 − q|
+

µ

|x3 − q|
.

Let θi(t) be the argument of xi(t) and θ(t) be the argument of q(t). As in the case of two bodies,
let

∆i =
(
|xi|
|q|

)2

− 2|xi|
|q|

cos(θ − θi), i = 1, 2, 3.

Then

U(q, t) =
(1− 2µ)
|q|

(1 + ∆1)−
1
2 +

µ

|q|
(1 + ∆2)−

1
2 +

µ

|q|
(1 + ∆3)−

1
2 =

1
|q|

+ U0(q, t).

The error term U0(q, t) can be written

U0(q, t) =
(1− 2µ)
|q|

[
−1 +

∆1

2
+ (1 + ∆1)−

1
2

]
+

µ

|q|

[
−1 +

∆2

2
+ (1 + ∆2)−

1
2

]
+
µ

|q|

[
−1 +

∆3

2
+ (1 + ∆3)−

1
2

]
− 1

2|q|
[(1− 2µ)∆1 + µ∆2 + µ∆3] .
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We have seen that for any q with |q| ≥ ρ1 = 2 +
√

6, the inequality (10) supplies upper bounds
for each ∆i. Proceed as before, for |q| ≥ ρ1 we have

|U0(q, t)| ≤ (1− 2µ)
|q|

∆2
1 +

µ

|q|
∆2

2 +
µ

|q|
∆2

3 +
1

2|q|
|(1− 2µ)∆1 + µ∆2 + µ∆3|

≤ 1
|q|3

(√
3
2

+ 1

)2

+
µ(2− 3µ)

2|q|3

≤ 1
|q|3

(
8
3

+
√

6
)
.

Note that in above, using the fact that the mass center is the origin, the term (1−2µ)∆1 +µ∆2 +
µ∆3 is exactly the moment of inertia of the system devided by |q|2. Now an estimate similar to
the previous case is obtained:

Rρ ≤
1
ρ3

(
8
3

+
√

6
)
≈ 5.1162

ρ3
for ρ ≥ 2 +

√
6 ≈ 4.4495.

Here we do not produce the figure for the region of admissible (T, ρ) resulted from this estimate
because it looks almost identical to the one in figure 2. Its projection [T1, T2] on the T -axis is
also roughly [6.14, 6.43]. As the restricted three-body problem, we now draw the same conclusion
from Theorem 4 with the binary replaced by the Lagrange equilateral solution.

Remark 12. In a system with one primary circling in a small neighborhood of the origin, direct
and retrograde satellite orbits near this primary also exist since the potential field due to other
remote primaries can be regarded as small perturbations of the point-mass potential due to this
primary. Consider for instance the Eulerian relative equilibrium with primaries m1, m3 � m2,
initially aligned on the x-axis in the order x3 < x2 < x1. The potential field near m2 is close to the
point-mass potential due to m2. In addition to the lower bound estimate ρ for action-minimizing
satellite orbits from Theorem 6, in this case a satisfactory upper bound estimate, such as the one
given by Proposition 10, for the distance between action-minimizing satellite orbit and m2 is also
needed. The measurement Rρ of the error term should be modified to the supremum of |U0(q, t)|
over some annulus.

Remark 13. It would be interesting to extend our main theorems to cases where the potentials
satisfy a periodic condition weaker than (A2). For instance, satellite orbits around elliptical
Keplerian orbits, which were obtained by power series methods when a mass ratio of primaries
is nearly zero [1, 3], can probably be characterized as action-minimizers in suitable loop spaces.
The main difficulty in the generalization will be due to the fact that action-minimizing periodic
satellite orbits, if exist, are probably those with very long periods obtained by the fixed point
method [5, 20].

7. Potentials with Additional Symmetries

When the gravitational force field has additional symmetries, the estimates in Theorem 6 can
be improved, as we shall see in this section.

Fix m ∈ N, assume the following dihedral symmetry assumption:

(Dm) (Dm-Symmetry) For any q ∈ C×, U0(q, 0) = U0(q, 0) = U0(e
2πi
m q, 0).

For example, if the periodic potential is generated by a Lagrange’s equilateral relative equi-
librium with equal masses, then the time variable or coordinates can be chosen properly so that



SATELLITE ORBITS IN PERIODIC GRAVITATIONAL FORCE FIELDS 17

the potential satisfies the D3-symmetry (the special solution (11) with µ = 1/3); if the periodic
potential is generated by some Euler’s collinear relative equilibrium with two equal masses on two
sides, then D2-symmetry is fulfilled. The potential illustrated in section 2,

U0(q, t) =
(q2

1 − q2
2) cos 2t+ 2q1q2 sin 2t

(q2
1 + q2

2)5/2
,

is another example of potential satisfying D2-symmetry.

Given T > 0, m ∈ N, and k ∈ Z. Consider the function space

Σm,k
T = {q ∈ H1

loc(R,C) : e−i(
T
m

+ 2kπ
m

)q(t+
T

m
) = q(t) for any t}.

This is a weakly closed subspace of ΛT and Σ1
T = ΛT . As Corollary 3, it follows immediately from

Proposition 2 that

Corollary 14. Given T, ρ > 0, k ∈ Z, and m ∈ N. Assume (A1) and (A2) hold. The action
functional AT restricted to Γ(k)

T,ρ ∩ Σm,k
T attains its infimum provided T 6= −2kπ.

The special path selected in the proof of Lemma 7 is a circular path which clearly belongs to
Σm
T for any m ∈ N. Therefore Lemma 7 can be also written as follows.

Lemma 15. Given T, ρ > 0, k ∈ Z, m ∈ N. Assume (A1) and (A2) hold. Suppose T 6= −2kπ

and ρ ≤
∣∣1 + 2kπ

T

∣∣− 2
3 . Then

1
T

inf
Γ

(k)
T,ρ∩Σm,kT

AT ≤ 3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 +Rρ,

1
T

inf
ΓT,ρ∩Σm,kT

AT ≤ 3
2

(
min
k∈Z

∣∣∣∣1 +
2kπ
T

∣∣∣∣) 2
3

+Rρ.

The next lemma is similar to Lemma 8.

Lemma 16. Given T, ρ > 0, k ∈ Z, m ∈ N. Assume (A1) and (A2) hold. If q ∈ Γ(k)
T,ρ ∩ Σm,k

T ,
min
[0,T ]
|q(t)| = r ≥ ρ, then

1
T
AT (q) ≥ r2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 + κ(
T

m
, r)−Rρ.

Proof. Writing (x, y) = (r cos θ, r sin θ), r = max
t∈[0,T ]

|q(t)|, as in the proof of Lemma 8. Let r =

max
t∈[0,T ]

|r(t)|. Since q ∈ Σm,k
T ,

AT (q) =
1
2

∫ T

0
r2(1 + θ̇)2dt+

m

2

∫ T
m

0
ṙ2dt+

∫ T

0

1
r

+ U0(r cos θ + ir sin θ, 0) dt

≥ r2

2

∫ T

0
(1 + θ̇)2dt+

m2

2T

(∫ T
m

0
|ṙ|dt

)2

+
T

r
−RrT

≥ r2

2T

(∫ T

0
|1 + θ̇|dt

)2

+
m2

2T
(r − r)2 +

T

r
−RrT

≥ r2

2T
(T + 2kπ)2 + Tκ(

T

m
, r)−RrT.
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This implies the lower bound estimate we claimed. �

Combining estimates in Lemma 15 and Lemma 16, and following the proof of Theorem 6, we
obtain a generalization of Theorem 6:

Theorem 17. Given T, ρ > 0, k ∈ Z, m ∈ N. Assume (A1), (A2), (Dm) hold. Suppose

T 6= −2kπ, ρ ≤
∣∣1 + 2kπ

T

∣∣− 2
3 , U0(q, t) is of class C1 whenever |q| > ρ. If

3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 + 2Rρ < κ(
T

m
, ρ) +

ρ2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 ,(12)

then there exists a relative periodic solution q to (1) which minimizes AT on Γ(k)
T,ρ ∩ Σm,k

T and
|q(t)| > ρ for any t ∈ R.

The special cases k = −1 and k = 0 generalize Theorems 4 and 5:

Theorem 18 (Existence of Direct and Retrograde Satellite Orbits). Given T, ρ > 0,

m ∈ N, T 6= 2π. Assume (A1), (A2), (Dm) hold. Suppose ρ ≤
∣∣1− 2π

T

∣∣− 2
3 and U0(q, t) is of class

C1 whenever |q| > ρ. If

3
2

∣∣∣∣1− 2π
T

∣∣∣∣ 23 + 2Rρ < κ(
T

m
, ρ) +

ρ2

2

∣∣∣∣1− 2π
T

∣∣∣∣2 ,(13)

then there exists a classical solution q of (1) which minimizes AT on Γ(−1)
T,ρ ∩Σm,−1

T and |q(t)| > ρ

for any t ∈ R. The satellite orbit q is retrograde if T ∈ (0, 2π); it is direct if T > 2π.

Theorem 19 (Existence of Satellite Orbits near Relative Equilibria). Given T, ρ > 0,
m ∈ N. Assume (A1), (A2), (Dm) hold. Suppose ρ ≤ 1 and U0(q, t) is of class C1 whenever
|q| > ρ. If

3
2

+ 2Rρ < κ(
T

m
, ρ) +

ρ2

2
,(14)

then there exists a classical direct solution q of (1) which minimizes AT on Γ(0)
T,ρ ∩ Σm,0

T and
|q(t)| > ρ for any t ∈ R.

Following the arguments in section 5, the inequality (9) can be easily modified to

r − r ≤ T

m

(
3
∣∣∣∣1 +

2kπ
T

∣∣∣∣ 23 − η2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 + 4Rη

) 1
2

=: hm(T, η, k).(15)

Combining with inequalities (8), we have the following refined upper bound estimate for r:

Proposition 20. Let q ∈ Γ(k)
T,ρ ∩ Σm,k

T be an action-minimizing satellite orbit obtained in Theo-
rem 17. Let η be as in (7), set ρ = η, and let functions g(T, k, η) and hm(T, k, η) be as in (8),
(15). Then

r ≤ g(T, η, k) + hm(T, η, k).

As remarked at the end of section 5, the function g(T, η, k) + hm(T, η, k) is decreasing in η.
Clearly a sharper upper bound estimate g(T, η∗, k) for r yields a sharper upper bound estimate
for r. In practice we don’t have explicit formulation for η but we may find some approximated
η∗ < η. By taking ρ = η∗ instead of η, the inequality

r ≤ g(T, η∗, k) + hm(T, η∗, k)
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Figure 3. Admissible T and ρ with k = −1 and k = 0, m = 2 and m = 3.

provides a less sharp upper bound estimate for r.

In figure 3, the gray regions are the sets of (T, ρ) satisfying the inequality

Qm(T, ρ, k) = κ(
T

m
, ρ) +

ρ2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 − 3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 ≥ 0

with k = −1 and k = 0. The top two graphics are for m = 2 and the other two are for m = 3.

As in figure 1, the dashed curves are the graphs of ρ =
∣∣1 + 2kπ

T

∣∣− 2
3 , and the branches of gray

regions below the dashed curves are sets of (T, ρ) for which the inequality of Theorem 17 is valid
for some Rρ > 0. Figure 3, in comparison with figure 1, shows the improvements of Theorem 17
from Theorem 6 when there are additional symmetries.

The sets of admissible (T, ρ) in Theorem 17 given by (12) are subsets of the gray regions beneath
these dashed curves. Their shapes depends on how Rρ varies with ρ. Theorem 18 applies to the
example of restricted three-body problem in section 6 with m = 2 if µ = 1/2 (the Strömgren
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problem), and the restricted four-body problem in section 6 with m = 3 if µ = 1/3. The resulting
regions of admissible (T, ρ) is slightly larger than the one in figure 2.

8. Satellite Orbits Near an Asteroid

A model for spacecraft motion about an elliptical asteroid rotating with angular velocity ω = 1
can be written, in the body-fixed frame z = x+ iy = e−itq,

ẍ− 2ẏ =
∂V

∂x

ÿ + 2ẋ =
∂V

∂y
,

where the potential V takes the form

V (x, y) =
1
2

(x2 + y2) +
1√

x2 + y2
+ V20(x, y) + V22(x, y).

The terms V20 and V22 are some order |q|−3 terms multiplied by some small gravity field coefficients
C20 and C22. See [15, 23] and references therein.

Discussions in section 6 clearly applies to this case. In practical problems, the error term Rρ for
an asteroid is often much smaller than those for circular restricted n-body problems, thus resulting
in a much larger region of admissible (T, ρ). In this section, as applications of Theorem 17, we
consider only cases with additional symmetries.

The error term U0 in (2) is uniquely determined by (A2) and

U0(x+ iy, 0) = V20(x, y) + V22(x, y).

The simplest model for the restricted full two-body problem is

V20 = 0, V22 =
3C22(x2 − y2)
(x2 + y2)5/2

.

The “ellipticity” coefficient C22 varies between 0 and 0.05 for physical systems [16]. We shall
therefore assume the estimate

Rρ ≤
0.15
ρ3

.

We also assume that the asteroid is small enough, for instance it is assumed to be contained in
the disc Dρ0 centered at the origin with radius ρ ≤ 0.5. The above estimate is assumed to hold
for ρ ≥ ρ0.

Applying Theorems 18 and 19, the regions of (T, ρ) satisfying (13) and (14) contains the gray
areas below the dashed curves as shown in in figure 4. The boundary of the gray region is the
zero level of

κ(
T

m
, ρ) +

ρ2

2

∣∣∣∣1 +
2kπ
T

∣∣∣∣2 − 3
2

∣∣∣∣1 +
2kπ
T

∣∣∣∣ 23 − 0.3
ρ3
.

In the upper left graph (k = −1) of figure 4, the set of admissible (T, ρ) projected to the
T -axis is roughly [T1, T2] ≈ [5.51, 7.12], a large neighborhood of 2π. This shows that direct and
retrograde satellite orbits exist for a long range of T . The upper right graph shows the graph of
η∗ (solid curve), a lower bound for the η ≤ r given by (7), and an upper bound m∗ (dashed curve)
for r given by

m∗(T ) := g(T, η∗(T ),−1) + hm(T, η∗(T ),−1), T ∈ [T1, T2].
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For each T ∈ [T1, T2], the heights of the solid and dashed curves provide lower and upper bound
estimates for r, r.

The lower two graphs (k = 0) corresponds to the relative equilibria or synchronous motions of
the system with small C22 ≤ 0.005, in which case the relative period T can be any small positive
number. It is probable that action minimizers are some relative equilibria. There are at least
two relative equilibria in our case, one is on the long axis and the other on the short axis of the
elliptical asteroid. Their action values are in general different.
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Figure 4. Admissible T and ρ with k = −1 and k = 0, m = 2.

As a corollary of Theorem 17, when k = 1 we have

Theorem 21 (Existence of Fast Direct Satellite Orbits Around Small Asteroids). Given

T, ρ > 0, m ∈ N. Assume (A1), (A2), (Dm) hold. Suppose ρ ≤
∣∣1 + 2π

T

∣∣− 2
3 and U0(q, t) is of class
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C1 whenever |q| > ρ. If

3
2

∣∣∣∣1 +
2π
T

∣∣∣∣ 23 + 2Rρ < κ(
T

m
, ρ) +

ρ2

2

∣∣∣∣1 +
2π
T

∣∣∣∣2 ,(16)

then there exists a classical direct solution q of (1) which minimizes AT on Γ(1)
T,ρ ∩ Σm,1

T and
|q(t)| > ρ for any t ∈ R.

This region of admissible (T, ρ) is nonempty for m sufficiently large and it is rather small in
size. The lower branch of the gray areas in figure 5 shows the region of (T, ρ) which satisfies
(16) for sufficiently small Rρ. Here m = 8, a highly symmetric gravitation field is required. The
satellite orbit is direct in both the inertia and the rotating frame.
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Figure 5. Admissible T and ρ with k = 1, m = 8.
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