SEMI-TOPOLOGICAL GALOIS THEORY

HSUAN-YI LIAO, JYH-HAUR TEH

ABSTRACT. We introduce splitting coverings to enhance the well known analogy between field
extensions and covering spaces. Semi-topological Galois groups are defined for Weierstrass polyno-
mials and a Galois correspondence is proved. Combining results from braid groups, we solve the
topological inverse Galois problem. As an application, symmetric and cyclic groups are realized
over Q.

1. INTRODUCTION

It is well known that there is a Galois correspondence between subgroups of the fundamental
group of a topological space X and covering spaces over it which is analogous to the Galois cor-
respondence between field extensions and Galois groups. Since splitting fields play fundamental
roles in Galois theory, it is natural to ask what kind of covering spaces correspond to splitting
fields? This is the main motivation of our study in this paper. To answer this question, we study
covering spaces defined by Weierstrass polynomials on X. A Weierstrass polynomial f € C(X)][z]
is a polynomial with coefficients in the ring of complex-valued continuous functions on X such that
whenever we fix a point z in X, each root of f,(z) is simple. We introduce a new concept called
splitting covering which plays the role similar to the one plays by splitting field in Galois theory.
Another motivation of our study is related to the inverse Galois problem which asks if every finite
group can be realized as a Galois group over the field of rational numbers. After a century since
Hilbert used his famous irreducibility theorem ([9, Theorem 1.23]) to realize the symmetric group
Sy over QQ, this problem is still open. Many partial results are known, for example, Shafarevich
used tools from number theory to show that every solvable finite group can be realized over Q.
We refer the reader to the book ([5]) for more results. We define semi-topological Galois groups of
Weierstrass polynomials and ask a what we call the topological inverse Galois problem(Question
4.1): Does every finite group appear as the semi-topological Galois group of some Weierstrass poly-
nomial with coeflicients of Q-polynomials restricted to some subset of C? We solve this problem in
Theorem 4.2.

The paper is organized as follows: in section 2, we construct splitting coverings of Weierstrass
polynomials f and show that such coverings are the smallest among covering spaces that f splits.
We define semi-topological Galois groups of Weierstrass polynomials and study their properties.
In section 3, we apply Chase-Harrison-Rosenberg Theorem to get a Galois correspondence be-
tween covering spaces and separable subrings. We use this result to prove one of the main results
(Corollary 3.12) in this paper that the group of covering transformations of a splitting covering is
isomorphic to semi-topological Galois group. In section 4, we solve the topological inverse Galois
problem(Theorem 4.2) and obtain a criterion for realizing groups over Q(Theorem 4.4). To exem-
plify the relation to the original inverse Galois problem, we apply our methods to realize symmetric
and cyclic groups over Q.
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Throughout this article, unless otherwise stated, X, Y, Z will denote topological spaces which are
Hausdorff, path-connected, locally path-connected and semi-locally simply connected.

2. SPLITTING COVERINGS

2.1. Weierstrass polynomials. Let C(X) be the ring of all continuous functions from X to C
and f,(2) = an(z)2" +an_1(x)2" 1 +---+ap(x) be an element in C(X)[z], the polynomial ring with
coefficients in C(X). In general, there may not exist a continuous function « : X — C such that
fz(a(x)) = 0 for all z € X. For example, on the unit sphere S!, there is no continuous function in
C(S') which satisfies the equation 22 — z = 0.

Definition 2.1. A polynomial f.(z) = 2" + an_1(2)z"t + -+ + ag(x) € C(X)[z] is called a
Weierstrass polynomial of degree n on X if for each x € X, f, has distinct n roots. For such f,
the set E = {(x,2z) € X x C: fy(z) = 0} is called the solution space of f. A root (or solution)
of f is a continuous function a : X — C such that fy(a(x)) =0 for all x € X.

From [3, Theorem 4.2, pg 141}, we know that the solution space of a Weierstrass polynomial under
the first projection is a covering space over X, and the solution space of a Weierstrass polynomial is
connected if and only if the Weierstrass polynomial is irreducible. Since a Weierstrass polynomial
f € C(X)[z] may no have solutions in X, it is natural to ask if we can find solutions of f in some
covering spaces over X . This is analogous to finding roots of a polynomial in some field extensions
in Galois theory. We will soon see that the universal cover of X plays the role of algebraic closure.

Definition 2.2. Let A : Y — X be a continuous map. The pullback \* : C(X) — C(Y) is defined
by X\*(y) := v o XA which induces a ring homomorphism X* : C(X)[z] — C(Y)[z] by

N (an2™ + an_ 12"Vt ag) = (an o N2+ (an_10N)2" 14+ (ag o \).

The following result is used throughout this paper, we quote here for the convenience of the
reader.

Theorem 2.3. ([6, Lemma 79.1]) Suppose that p : (E,eq) — (X,z9) is a covering map and
f+(Yyo) = (X, 20) is a continuous map. The map f can be lifted to a map f: (Y,y0) — (E,eq)
if and only if fo(m1(Y,90)) C pe(m1(E,eg)). Furthermore, if such a lifting exists, it is unique.

Proposition 2.4. If f is a Weierstrass polynomial of degree n and 'Y 2 X is a connected covering
space, then any two roots of p*f are either equal everywhere or equal nowhere; in particular, p* f
has at most n roots.

Proof. Suppose that «, 3 are roots of p*f. Let A ={y €Y | a(y) = B(y)} which is closed in Y. Let
E Dbe the solution space of f, and pri, prs be the first and second projection respectively. For y € A,
there is a neighborhood U of p(y) such that pr; 1 (U) =[]/, U; is a trivial covering over U and for
x € U, each U; contains a root of f(z). We may take a smaller neighborhood if necessary such
that pro(Ur),- -+ ,pro(Uy) lie in some disjoint open subsets Vi, -+, V;, of C respectively. Assume
that a(y) € Vi. Then the set W := o~ 1(V4) N 3~ (V1) Np~1(U) is an open neighborhood of y in
Y and from the property of U, W C A. Hence A is open in Y. Consequently, A is empty or whole
Y. In other words, two roots of p*f are either equal everywhere or equal nowhere; thus, p* f has
at most n roots. ]

Definition 2.5. Let f € C(X)[z] be a Weierstrass polynomial of degree n on X andp : E — X
be a covering map. We say that f splits in E if p*f has n distinct roots in E and a continuous
function o € C(E) is a root of f in E if a is a root of p* f. The Weierstrass polynomial f is said
to be irreducible if it is irreducible as an element in the ring C(X)[z].
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Theorem 2.6. (Algebraic closure) Let f be a Weierstrass polynomial on X of degree n. Then f
splits in X where p: (X,Zo) — (X, x0) is the universal covering of X.

Proof. Let Ei,---, E be all path-connected components of the solution space m : £ — X of f.
Then for each i, m; := 7|g, : E; — X is a covering space of X. Let (m;) !(xg) = {ei1, - ,ein}
From Theorem 2.3, for each e; j, there exists a unique lifting, p; ; : (X, Zo) = (Ej, €;;) of p. Define

«;j = q; o p;; which are roots of p* f where ¢; : E; — C is the projection to the second factor. We
have the following commutative diagram

X

Di,j o
p E; ‘ C

X
Note that if (i,5) # (i',5'), then ¢;(e;;) # qy (e ). Hence o j(Zo) # oy ;(Zo). Since 11412 +
-+ 41, =n, the maps o; j,j = 1,--- ,15,%=1,--- , k are all the roots of p* f. O

2.2. The existence and uniqueness of splitting coverings. Let Y 2 X bea covering space
of X. We denote the group of covering transformations by A(Y/X), that is,

AY/X)={®:Y — Y | ® is a homeomorphism such that p® = p}.

Definition 2.7. We say that a covering Y 2 X is a Galois covering over X if A(Y/X) acts on
a fibre of X transitively (hence all fibres).

The following result is a fundamental property of Galois coverings.

Theorem 2.8. ([6, Corollary 81.3]) Let Y be a covering space over X. Then'Y is a Galois covering
over X if and only if p.m1(Y,yo) <m1(X, z0). In particular, the universal covering of X is a Galois
covering.

Definition 2.9. Let Y % X be a covering space and x € X. The cardinality of p~'(x) is called
the degree of Y over X, denoted by [Y : X|. If H is a subgroup of G, we denote |G/H| by |G : H].

The following result is clear.

Lemma 2.10. If Z %Y and Y B X are two covering spaces with finite fibres, then Z 23 X is a
covering and [Z : X| = [Z : Y][Y : X].

Lemma 2.11. If Y % X is a Galois covering, then A(Y/X) has order [Y : X].

Proof. Let G = A(Y/X). Since Y is Galois over X, the quotient space 7 : Y — Y/G is a covering
equivalent to Y % X. Hence the number of each fibre is |G]. O

Lemma 2.12. Let (Z,z) = (Y,y0) and (Y,y0) = (X,x0) be two covering spaces. If Z 2% X is
Galois, then Z 'Y is Galois.

Proof. Since Z is Galois over X, (pq)«m1(Z,20) < m1(X, ). Also note that (pq).m1(Z,z0) <
p«m1(Y,y0). Hence (pq).m1(Z, 20) < p«m1(Y,y0) which implies g.m1(Z,20) < m1(Y, o). Therefore,
Z %Y is Galois. g
Definition 2.13. Let f be a Weierstrass polynomial of degree n on X and Y 2 X bea covering

space where Y is path-connected. We say that 'Y is a splitting covering of f if
3



(1) f splits in Y,

(2) Y is the smallest among such coverings, that is, if V' % X isa covering space that f splits,
then there exists a covering map 7 : Y' =Y such thatp' =por.

Construction of a splitting covering of f: Let hg be an irreducible component of f in C(X)[z]. Let

E1 2% X be the solution space of hg and 7 : F; — C be the projection to the second component.
Then (pif)(z) = (z — m)g1(2) in (piC(X))[z]. Inductively, assume that for i < n, we have

i )(2) = (z =g ---qom) -+~ (2 — gimi1) (2 — 7i)gi(2)
in (p;C(X))[z], where

B =" Ei " B By
pi l
p1
X
and m; : E; — C is the projection to the last component for j = 1,---,i. Note that g; is a
Weierstrass polynomial on E;. For i + 1, let h; be an irreducible component of g; in (p;C(X))[2],

Eiq AR E; be the solution space of h;, pi+1 = p1g2 - - - gi+1 and w11 : Fi1 — C be the projection

to the last component. Hence
Pi1f)(2) = (z = g1 @em1) -+ (2 = i) (2 — Tig1)gisa(2)
in (pt,,C(X))[2]. By induction, we have F; := B, “5%" X and

(" f)(2) = (z —a1) -+ (2 = an-1)(z — an)

in (¢*C(X))[z] where o := g, -- “qj4175, j =1,--- ,n. Hence Ey is connected, and [ splits in EY.
Note that an element in Ey is of the form (--- (((z, 21), 22) - - - , 2n). We identify it as (x, 21, -+ , 2p).
Then «; is the projection to the (j 4+ 1)-th component, ¢ is the projection to the first component
and Ey C Sy where

Spi={(z, 21, ,2p) € X xC": fo(2) =0, i=1,--- ,n, and z # z; if i # j}.
Theorem 2.14. Let f be a Weierstrass polynomial of degree n on X. Then
(1) Ef 4 X is a splitting covering.

(2) Splitting covering is unique up to covering isomorphisms.
(3) Ef 2 X is a Galois covering.

Proof. (1) Let YV % X be a covering space such that f splits in Y with roots S1,- -, Bn.
Let zg € X, (z0,20,1, - ,%0,n) € Ef and yo be any element in p~(zo). After reordering
B1,- -+, Bn if necessary, we may assume that 31(yo) = 20,1, -, Bn(¥0) = 2on. Define 7 :
Y = Efbyn(y) = (), 61(y), -+, Bn(y)). Thenp = qor. Forany e = (x,21, -+ ,2,) € Ef
there exists a path-connected open neighborhood U of z in X such that ¢=1(U) = 1L Us,
p N U) = Hj V;, all U; and Vj; are open in Ey and Y respectively, and ¢|y, and p|y, are
homeomorphisms. Since V; is path-connected and p = g o, w(V;) C U; for some i. Hence
7lv; = (qlu,) ' o(plv;) is a homeomorphism. Therefore, if 7(Y')NU; # 0, then 7(V;)NU; # 0
for some j, and hence U; = n(V;) C n(Y). In other words, either U; C 7(Y) or U; C w(Y)“.
Therefore, 7(Y) is open and closed in Ey. Since (xo,20,1, - ,20,n) € 7(Y) and E; is
connected, 7 is surjective. So Y 5 F ¢ is a covering space.
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(2) Let 79 € X and eg € ¢ '(x). Suppose that YV P X is also a splitting covering. Then
by the proof of part one, there exists a covering map = : £y — Y and a covering map
7' 1Y — Ej such that the diagram

commutes, and 7'(7(eg)) = eg. By Theorem 2.3, T o1 =idy, 7 om = idg,. Hence the
coverings Y 2 X and Ey 4 X are isomorphic.
(3) Let 29 € X and eg,e1 € ¢! (zp). By the argument in the first part, we have 7 : (Ey, e9) —
(Ef,e1) and 7 : (Ef,e1) — (Ey,e) such that ¢ = gom, i = 0,1. By Theorem 2.3,
T 0Ty = Mo o M = idg,, and hence mo € A(Ey/X). Therefore, A(Ey/X) acts transitively
on ¢~ (wo).
O
Recall that in Galois theory, the splitting field of a separable polynomial is Galois over the
base field. The above result makes a parallel correspondence between splitting fields and splitting
coverings.

Proposition 2.15. Let f be an irreducible Weierstrass polynomial of degree n on X with solution
space E 5 X. Suppose that p: Y — E is a covering space and q: Y — X is a Galois covering of
X where g =mwop. Then f splits inY.
Proof. Let mg € X, 7 Y(zo) = {e1, - ,en} and yo € p~1(e1). Assume that v; is a path from e; to e;
in E. Since g1 (Y, yo) = mepum1 (Y, yo) C mem1(E, e1) and by Theorem 2.8, .71 (Y, yo) <71 (X, z0),
we have
gem1 (Y, y0) = [meriasmi (Y yo) [mays] ™ C [meylmami (B, en)[my] ™' = memi (B, ;).

By Theorem 2.3, the map ¢ can be lifted to a map p; : (Y,y0) — (E,¢;) such that the following
diagram

(Y7 ZJO)

q (E,e;) o C
e
(X, x0)

is commutative. Therefore, pro o p1,--- , pra o p,, are all the roots of ¢* f where pro : E — C is the
projection to the second factor. O

Corollary 2.16. Let f be an irreducible Weierstrass polynomial of degree n on X and E 5 X be
its solution space. Suppose that E = X is a Galois covering. Then E = X is a splitting covering
of f.

Proof. From the above result, f splits in £. Let Y 5 X be a covering space such that f splits in
Y. Let aq, -+ , o, be the n roots of p*f. Define ¢ : Y — E by q(y) = (p(y),a1(y)). Then p = wogq.
For any e € E, there is a neighborhood U of m(e) such that U is evenly covered by p and ¢ (see
[6, pg 336]). Let V be the unique path-connected component of 7~1(U) that contains e. Then V
is clearly evenly covered by p and hence Y is a covering space over F. This shows that E is the
splitting covering of f. O



2.3. Another construction of splitting coverings. Recall that any symmetric polynomial in
n variables can be written as a unique polynomial in the elementary symmetric polynomials,

80, " ,Sn_1 Where
1_[(2—2'Z =2" +Z (21, 2n) 2
Hence there is a unique pcjlylnomlal inn Varlables 0(ag,- -+ ,an—1) such that
S(=sn-1(z1,+ zn)s o (=) sz, za), o, (1) S0zt z)) = [ (26— )

1<i<j<n

The polynomial d(ag, - ,a,—1) is called the discriminant polynomial. Define B" := C" — Z(9)
where Z(9) is the set of zeros of 4.

Lemma 2.17. (1) Let

n—1 n
S:: {(ao’.”7an_l7zl7”'7Zn)eBnX(Cn:Zn_{—ZaiZi:H(Z—ZZ')}
=0 =1

and 7 be the projectz'on to B". Then w:S — B"™ is an nl-fold covering space.

(2) Let fo(2) = 2"+ 3204 a;2* € C(X)[2] be a Weierstrass polynomial of degree n on X and let
Spi={(z,21,-+,2n) €E X xC": fo(z) =0, i=1,--- ,n, and z # zj if i # j}. Then
q:Sy— X isan n!—fold covering where q is the projection to X.

Proof. (1) It is proved in [3, pg 88, Lemma 2.2] that the space
n—1
E" ={(ag, -+ ,an,2) € B" xC|z" +Zaizi =0}
i=0
is an n-fold covering over B™ under the natural projection. Since there are n! permutations
on coordinates of (z1,- - ,z,), similar argument shows that S is an n!-fold covering space
over B™.
(2) Let fo(z) = 2" + 32"} a;2* and a : X — B" be defined by a(z) := (ag(x), -, an_1(x)).
Then we get the induced fibre bundle

a*(8) =
X B™.
Define o’ : Sy — a*(S) by d(x, 21, -+ ,2n) := (z,a(x), 21, -+, zn). Then @' is a homeomor-

phism and ¢ = 7* o a’. Hence ¢ : Sy — X is an n!-fold covering space.
O

Proposition 2.18. Let E' be a connected component of Sy and q := q|g. Then E’ L X isa
splitting covering of f.

Proof. By the previous lemma, E’ 5 Xisa covering space. Moreover, f splits into ag,- -+, a, in
E’ where «; : E' — C is the projection to the (¢4 1)-th component, ¢ = 1,--- ,n. The result follows
as in the proof of Theorem 2.14. O

Observe that S = B™ is a Galois covering since the map (a, z1,-- - , z,) — (a, Zo(1)>" " > Zo(n)) 18

a covering transformation for each o € S, where a € B". Consequently, S = B" becomes a locally
trivial principal A(S/B™)-bundle where we consider A(S/B™) with discrete topology.
The following result follows directly from [4, pg 51, Theorem 9.9].
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Proposition 2.19. Let f,(2) = 2" + Y1 ai(2)z" and g.(2) = 2" + 317, bi(z)2" be two Weier-
strass polynomials on a Hausdorff and paracompact space X and a,b : X — B"™ be continuous
functions defined by

a(z) = (ao(x), - an-1(x)), b(x) = (bo(x),- -, bn-1(x)).

Let B, %8 X and Ey %8 X be the splitting covers of f and g respectively. If a and b are homotopic
as maps from X to B™, then E, 9 X and Ey 22 X are equivalent covering spaces.

2.4. Semi-topological Galois groups. All rings are assumed to be commutative rings with iden-
tity if not mentioned explicitly.

Definition 2.20. Let T be a ring and T be a subring of T. We write Autr(T) for the group of all
ring automorphisms ¢ : T — T such that ¢(t) =t for allt € T. Let f be a Weierstrass polynomial
on X, and p : Ey — X be the splitting covering of f. Denote R = ¢*C(X) = {yoq:v € C(X)}
which is a subring of C(Ey). The semi-topological Galois group of f is defined to be the group
Gy = Autp(R[oy, -+ , o)) where oy, -+ ;o : Ef — C are the roots of p* f.

The following result is an observation that the semi-topological Galois group of f is invariant
under extensions over Ej.

Proposition 2.21. Let Ey 4 X be the splitting covering of f and a1,--- ,a, : Ef — C be the

roots of ¢*f. If Y 2 X isa covering and f splits into o, -+ ,al, :' Y — C. Then there exists
an isomorphism ® : ¢*C(X)[aq,- - ,an] — p*C(X)[ad, -+ ,al] such that ®(¢*C(X)) = p*C(X),
O({ar, -+ ,an}) ={al, -+ ,an}, and hence, Gy = Autpcx)p*C(X)[ay, -+, ap].
Proof. By the definition of splitting coverings, there is a covering map 7 : ¥ — Ey such that
p = qom. Observe that 7*aq, -+, m*ay, are all the roots of p* f since (p* f)(7*c;) = (7*¢* f)(7* ;) =
m™((¢"f)(a;)) = 0 and 7*ay, -+ ,7m*ay, are distinct. Therefore, & := 7* : ¢*C(X)[a1, - ,an] —
p*C(X)[af, -+ ,al] is an isomorphism which carries ¢*C(X) onto p*C(X) and {ai, -+ ,a,} to

{a1,---,0an,}. As a result, we obtain an isomorphism ¥ : Gy — Autpcx)p*C(X)[ay, -+, o]

which is defined by ¥(¢)(g) = (7*)é((7*)"1g). O

Example 2.22. Let f.(2) = 2" —x for v € S C C where n € N. Then f is a Weierstrass
polynomial, and its solution space E is an n-fold covering of S*. Let p : R — S' be defined by

p(s) = 2™ which is the universal covering space of S*. (p*f)s(z) = 2™ — €2™!, where s € R. It is
2mwi(s+j—1) . .
easy to see that roots of p*f are a;(s) =e e , j=1,---,n. Note that for j=1,--- ,n—1,
2mi

en aj = ajy1, and the constant function e is an element in R = p*C(SY). Therefore, for
¢ € Gy, e%qﬁ(aj) = (ﬁ(e%aj) = ¢(ajq1). Hence ¢ is uniquely determined by ¢(aq). Let o :
Rlai, -+ ,an] — Rlag, -+, ) be defined by o(7)(s) :=F(s+1) where s € R and 7y € R[aq, -+ , oy
is considered as a function on R. Then for p*y € R, o(p*y)(s) = v(p(s + 1)) = v(p(s)) = (p*)(s)
Hence o|p = idg. Forj=1,--- ,n—1, 0(oj) = ajp1,0(on) = on. Therefore o € Gy. Furthermore,
for j =0,1,--- ,n—1, od(ay) = a1+, and 0" = id. From the above observations, we have
Gf <o > Ly,

Proposition 2.23. (Functoriality) Suppose that X : Y — X is a covering map and f1 is a Weier-
strass polynomial of degree n on X. Let fo = \*f1.

(1) There is a covering map A Eyt, — Ey, such that the following diagram commutes:

Ey, *)\>Ef1

ql ip
y — 2. Xx
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where p: By — X,q: Ep, =Y are the splitting coverings of fi and fo respectively.

(2) If o, -+, = By, — C are all the roots of p* f1, then X*al,--- ,X*an are all the roots of
¢ - -

(3) A" p*C(X)[ar, -+ an] = @C(Y)[Nay, -+, A ] is injective.

(4) The map X induces a group monomorphism A : Gy, — Gy, defined by ) (a) = (A)te(ao
A).

Proof. (1) Since fo splits in Ey, and ¢* fo = ¢*X* fi = (Aoq)* f1, hence f also splits in Ey,. By
the definition of splitting covering, there is a covering map A : Ey, — E; which makes the
diagram commutes.

(2) This follows from a direct computation: (q*f2)y((X*aj)(y)) =((Ao q)*fl)y(ozj(X(y))) =
(P o A) 1)y (M) = (" f1)3 (@i (A(y))) = 0.

(3) Since A is surjective, A* : C(Ey,) — C(Ey,) is injective. For g € C(X), X(p*g) = (poX) g =
(Ao q)*g = ¢*(\*g) € ¢*C(Y). Thus the restriction of A* to p*C(X)[a1,--- ,an] is also
injective.

(4) Observe that for ¢ € Gy,, ¢ fixes X*p*C(X) C ¢*C(X); hence, gb(X*(p*C(X)[al, e ap])) C
N(p*C(X)[a, - ,an]). Therefore, X is well defined. It is a direct checking that A is a
group monomorphism.

]

Proposition 2.24. Let f be a Weierstrass polynomial of degree n on X and split in' Y whereY END'S
is a covering. Let v, -+ ,ay, be the roots of ¢*f in'Y. Suppose that T is a subring of ¢*C(X) and
G = AutrT|on, - ,an]. Then we have the following group homomorphism wyr : AY/X) — G
defined by

wyr(@)(B)(y) = (@71 (B)(y) == B2 (1))
where ® € A(Y/X), 5 € Tlai,--- ,an] and y € Y. Furthermore, for the splitting covering q : Ey —
X of f, the group homomorphism wy = wg, g«c(x) A(E;/X) — G is injective.

Proof. For ® € A(Y/X), it is easy to check that (®~1)* : T[ay, -+ ,an] = Tlai, -+ ,ay] is a ring

automorphism. From the fact that (®~!)*|r = idr, we have (®~1)* € AutrT[ay,- -, ay]. Hence
wy,r is a group homomorphism. Let E; be the splitting covering constructed in the section 2.3
and «a; be the projection to the (i + 1)-th component, ¢ = 1,--- ,n. Suppose that & € ker(w)
and write ® : By — Ef as ®(x,21, -+ ,2p) = (P1(w, 21, ,20),- -, Ppg1(®, 21,- -+ ,2,)). Since
(@ )* () = iy, o ® = q; for i = 1,- -+ ,n. Therefore

Diq(wy 21,y 2n) = qi(P(x, 21, -, 2n)) = ai(T, 21, 4 20) = 2i,
and

Oy (w21, ,2n) = q(P(x, 21, ,2n)) = q(x, 21, , 2n) = T.
Hence ® = idg ; and the result follows. O

3. GALOIS CORRESPONDENCE

3.1. Correspondences between commutative rings and groups. For a Weierstrass polyno-
mial f in X, we have two groups associated to f, namely, A(E;/X) and Gy. We will show that
these two groups are actually isomorphic. In order to do that, we use the Galois correspondence
of commutative rings proved by Chase, Harrison and Rosenberg ([1]). All rings are supposed to
be commutative rings with identity and connected, that is, have no idempotent other than 0 and
1 unless otherwise stated. For the convenience of the reader, we recall the following definition ([1],
[2])-
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Definition 3.1. (1) A commutative R-algebra S is separable if S is a projective S€-module
where S¢ = S ®p S° is the enveloping algebra of S.
(2) Let R be a subring of S and G be a finite subgroup of Autr(S). Then S is said to be
G-Galois over R if R = S¢ := {x € S : o(zx) = x, Yo € G}, and there exist elements
L1, 5 Tn3YLs  Yn OfS such that

Zwia(yi) = 0e,0, Vo € G,
i=1

where e is the identity in G and

5. — { 1 ,ifo=e

“T 1 0 Lifo#e.

Theorem 3.2. (Chase-Harrison-Rosenberg)([1, Theorem 2.3]) Let S be G-Galois over R. Then
there is a one-to-one lattice-inverting correspondence between subgroups of G and separable R-
subalgebras of S. If T is a separable R-subalgebra of S, then the corresponding subgroup is Hp =
{oc€eG:0o(t)=t, VteT}. If H is a subgroup of G, then the corresponding separable R-subalgebra
is SH ={x € S:0(x)=2x, Vo€ H}.

The following notation will be used throughout this section.
Definition 3.3. Let A = {(i1, -~ ,in1) € N* 1 14 =0,--- ,n—k, k=1,---.,n—1} be a

set of (n — 1)-tuples. We define a partial order on A by comparing entries from the back, more
precisely, if I = (i1, ,in-1),J = (J1, "+ ,jn-1) € A, we say that I < J if there is a number £

such that iy_p = ju_p fork=1,--- £ —1 but ip_y < jp_¢. Let a1, -+ ,ap be some symbols qnd
o;:=(ii+1 -+ n) €S, (note that the order of o; isn —i+1). We denote ol := o'l - i~}
and o' == ol o - o} where I = (i1, ,in_1) € A. Let V,, be the following n! x n! matriz:

Vn = (O'Ii (Oélj))i,jzly...’n[.

Example 3.4. For n = 3, alo =1, al' = ay, o2 = a%, als = ag, ol = aqas, ofs = oz%ozz,

olo =id, ot = (123), 02 =(132), 03 = (23), 0/t = (12), 05 = (1 3), and
2

1 o a% oy g QTon
1 ao a% a3 Qo0 a%ag
Vi — 1 a3 o a1 azar adag
3711 o a? a3 ajaz adag
1 oy oz% a1 oo a%al
1 a3 a% a9y (309 a%az
with det(V3) = —[(ag — a1) (a3 — a1)(as — az)]>.

Lemma 3.5. The n-th symmetric group
S, ={cl:1eA}.

Proof. Let B; = {0(07""O’i“—l+1""’i”*1) :0< i <n-—k, fork=n—-101+1,---,n— 1} where
=2~ nand Z{n—1+1,--- ,n}:={oce€S,:0(j)=4, ¥Vj=1,--- ,n—1}. We claim that

B =Z{n—-1+1,--- ,n}
The cases [ = 1 is obvious. Assume that Bj_; = #{n—1+42,--- ,n}. Then B;_1 is a subgroup of S,,.
For 7,p € S,, TBj_1 = pBj_; if and only if 7p~! € B;_;. Also note that if 0 < p,q <1 —1, p #q,
then (ag_lﬂ)(ag_l_ﬂ)_l = o {4 is a cycle of length [, where 0, ;41 is defined in Definition 3.3.
But elements in B;_; have length at most [ — 1, thus

(UZ—1+1)(‘72_1+1)71 S Sn — Bl—l'
9



Therefore B; = ]_[;_:10 szlﬂBl—l and

|Bi| =1|Bi_1| =1ZP{n—1+2,--- ,n} =1.

Moreover, from the definition, we have B C Z{n—1+1,--- ,n},and | Z{n—1+1,--- ;n}| =1l =
|B|. This implies that B; = #{n —1+1,--- ,n}. Thus, by induction,

S, =2{1,---,n} = B, = {o|I € A}.
O

Lemma 3.6. Let T be an integral domain. Suppose that aq,--- ,a, € T are distinct. Then for

each n € N, det(V,) # 0.
Proof. Let Cj, = (oli(als)) =2l for k =1,--- ,n—1. Then V,, = C,_; and det(Cy) =
' (n—k)!

[Ticicjen(aj — i) # 0. Our strategy is to get a recursive formula for det(Cy11) in terms of
det(Ck).

Letc == O—L’ OCIJ . n! . n! n!
= (0N sttt i

7’».7:17

,forl=0,---,(n—k—1). Moreover, for

v € Sy, , we define
(A1 I; ,
Cruy = (07 (y(a J)))i:17...7ﬁ7j:lﬁ+17...7(l+1)m7_17!]€)!-

Then for i1 =0,--- ,n—k—1, I; = (i1, -+ ,i,0,---,0),

P (o5 (@) = (o 0 D o gt (ah) = g s O o)

which implies that
Cruotl = (0 (o)

[.
k+1 — (a j)))i=1,---,ﬁ,j:lﬁﬂ,---,(lﬂ)ﬁ

(LI
(G (Oé ))i:(ik+1)mﬁ7!k)!+17"'7(ik+1+1)mﬁ7!)€)!1j:lmﬁ7!k>]+ly'"7(l+1)#!k)!.

Hence, by definition, we can divide C1 into blocks in the following way:

Cko Ci,1 . Cr,(n—k-1)
Crookr1 Criokrr oo Ch(nek—1)0k+1
Cri1= : : . .
Croopiy ' Craopid ™ oo Chnok-noiy
. ! |
Forj:lﬁ—i-l,--- ,(l—i—l)ﬁ,
I J

_ 0 Jk 1
ad =y ogfog .
Therefore, for p=0,1,--- ,n—k—1,
D iy _ Jv . Jk
opsr(a) =g - ogfag

Multiplying the first row of Cy11 by (—1) and added to each other row, we have

Ck.0 Ck,1 o Chy(n—k-1)
0 Cr10k+1 —Cr1 - Ckin—k—1)0kt1 — Ch(n—k—1
det(Cry1) =det ) ) ( : . ( )
0 C’k,mZ;f_l —Cga - Ck,(nfkfl)o'z;f_l = Ch (n—k—1)

Ifl;ﬁ(), forl:l"(nﬁi'k)"J:l(nEi'k)'—i_l”(l—i_l)mﬁi'k)”
10



I; I; I; _ I; ] I; l l
Cri0hy — Cri = (0" (0}, (a0 J) —ali))i; = (o (adt - adF)o i (g iy — Oher1))i
I;
= E :O‘k+1 O‘i+p+1>‘7 (Qhtpt1 — Qk41))i

Ifi= O, Ck,00£+1 - Ck70 = 0.

Note that ol (g4 p+1—ag41) is a common factor of entries of (p+1)-row forp=0,1,--- ,n—k—1.
We get a matrix D from dividing the common factor of the minor obtained by deleting the first
row and first column, and we have

n!
n—k—1 (n—k)!

det(Ciy1) = det(Cy)det(D H H ol (Qpgpr1 — Qry1))-

To calculate the determinant of D, we 1ntroduce the matrix
Dm = (E;fls)r,szlgn,n—k—m

where
m o __ L TN I q1 q2 qm q0
Es = (0 (7)o ( E : Q1O yo O‘k+m0‘k+r+m))i,j:1,~-77@1?2);
qo++qm=s—1
Note that Dy = D, E} = =Cjforr=1,- —k—m,and D,,_j_1 = E{’fl = (.
Then
m m m
1,1 1,2 Eln k—m
m Em Em
2,1 2,2 ce 2,n—k—m
det(Dy,) = det ) ] _
m m m
En—k—m,l En—k—m,2 En—k—m n—k—m
m m
Ck 1,2 e El n—k—m
m m m m
0 E2,2 - 1,2 ce E2 n—k—m El,nfkfm
= det . )
m m m m
0 Enkm2 E1,2 Enkmnkm_Elnkm

and for r,s > 2, we have the matrix

I LN I
Bl = Bl = (o (@)oY affofy ol (0 — o)
go+-+gm=s—1

= (o7 (7)o ( Z ajl oy alt Z Wt 1 Vg pm ) (Ot tm — Qe 14m)))
o+ +gm=s—1 a+b=qo—1
LL' I Ii m Ii
= (0" (7)o ( Z O‘Z:-laZi—Q O‘Z+mazzj;+1a$_(¢ 1)+(m+1))‘7 (Qetrtm — Qe 14m))

g0+ Fgm+1=5—2

m—+ I;
= (B 0" (Qhrm — Qkg14m)-
So we get a recursive formula

n—k— m(n k)'

det(Dy,) = det(Cy)det(Dp1) H H i (Qpgrgm — Qhgmat1))-

Since D,_r_1 = C, by this formula, we have det(Dl) # 0. Therefore from the formula relates

Cky1 and Cj and the fact that det(D) = det(D1), we see that det(Cyi1) # 0. In particular,

det(Vy,) = det(Cp—1) # 0. O
11



Definition 3.7. Suppose that f is a Weierstrass polynomial in X and p : Y — X is a covering
where f splits with roots a1, -+ . Define V :Y — M, (C), the set of all n x n complex matrices,

by
V(y) = (a" (0 (y)))ij=1, 1
and A:Y - C b
’ A(y) == det(V(y))

Lemma 3.8. Let Y & X be a Galois covering. Suppose that A :' Y — C is a continuous map
satisfying Ao ® = A, for all ® € A(Y/X). Then X € p*C(X).

Proof. Let xg € X and y1,y2 € p~!(x0). Since the group A(Y/X) act transitively on p~!(zg), there
is ® € A(Y/X) such that yo = ®(y;). By the property of A we have A(y1) = Ao ®(y1) = A(y2)
which implies that A takes constant value on each fibre. Since p is a quotient map, by [6, Theorem
22.2], \ € p*C(X). O

Lemma 3.9. Let f be a Weierstrass polynomial on X with roots aq, - - - , oy, in the splitting covering
q:Ef - X. Let R = ¢*C(X) and T be a subring of R containing coefficients of ¢*f and satisfies
the following properties:

(1) Tlay, - o] NR=T,
1
(2) A€ Tlaq, -, o).
Then
(1) Tloa,--- ,an] is G-Galois over T where G = AutrT[aq,- - , ay).
(2) The group homomorphism wyr : A(Y/X) = G = AutrT o, - - , o) is surjective.
Proof. (1) We have

T C T[Oél,"' ,an]G C T[a17... 7an]wY,T(A(Y/X))_
Since Ey is Galois and by Lemma 3.8, we have T' C T'[oy, - - - a9 C Ty, -+ ,an)NR=T.
This means that T is the subring fixed by G.
1
From A € Tla, -+ ,ap], we may define
yi(t) 1
ya(l 0
.( ) =WVEN ] . fort ey,
Y (1) 0
and then
y1(?) 1
ya(t 0
V(t) ( ) =1 .
Yni () 0
By Lemma 3.5,

n!

Za(o/")yi = eco, 0 € Sy.

i=1

Since T' contains all coefficients of ¢* f, G merely permutes aq,--- , . Therefore,
n!
Za(ali)yi = 0e0, 0 €G.
i=1

By definition, T'[a1, - - , a,] is G-Galois over T'.
12



(2) Since Y is a Galois covering over X, from Lemma 3.8,

T CTlay, - ,an)® C T, - a7 AYX) c RAT[oy, -+ o] =T
which implies
T[a17 e ’an]G — T[a17 . 7an]wY,T(A(Y/X))'
Therefore, by part one and Chase-Harrison-Rosenberg Theorem, wy r(A(Y/X)) = G.
O
Theorem 3.10. Let f be a Weierstrass polynomial on X with roots aq,--- ,an in the splitting

covering q : Ef — X of f. Let R = ¢*C(X). Then R[aq, -+ ,ay] contains A™1. Consequently,
Rlai, -+, an] is Gy-Galois over R and the group homomorphisms wg, : A(Ey/X) — G is surjec-
tive.

Proof. Since wy,gr(A(Y/X)) < Gy, Lemma 3.8 implies
RC Rlay, -, an)% C Rlay, -, | rrAY/X) < R,
Hence Rlai,--- ,a,]%" = R. By definition, A € R[aq,--- ,ay], and for each o € Gy,
o(A) =det((o o O'Ii(a[j))z'7j:17...’n]) = sign(o)A.
Therefore, A% € Ry, - -, 0, = R. By Lemma 3.6, A(t) # 0 for all t € E;. Hence ﬁ € R, and
% = % € Rloy, -+ , o). By Lemma 3.9, Ry, -, o] is Gy-Galois over R. O
3.2. The fundamental theorem of Galois theory.

Theorem 3.11. Let f € C(X)[z] be a Weierstrass polynomial of degree n on X with roots
ai, -,y in the splitting covering q : (Ef,e0) — (X,x0) of f. Suppose that T is a subring of
R containing the coefficients of ¢*f where R = ¢*C(X) and

(1) Tlag, -+ ,an) "R =T,

(2) % € Tlat, -, anl.

Then
(1) w=wg,r: A(Es/X) = G = AutyT[aq, -+ ,an] is an isomorphism.
(2) We have the following one-to-one correspondences between (based) covering spaces between
E¢, eq N X,xq), subgroups of A(E¢/X), subgroups of G¢, and separable subrings o
f f f

T, ,ap] over T
(Ef,e0) «— <e> < <> «— T, -, )
! A A U
(L,ly) <«— H «— H r
! A A U
(M,mg) <+— J —  J M’
! A A U
(X,z0) «— A(Ef/X) «— G < T

which are given by the theory of covering spaces, w, and Chase-Harrison-Rosenberg theorem,
that is, H = A(E;/L), H = w(H), L' = Tla, -+ o), and H = G = {p € G | ¢ =
idps}. Moreover, [L: M| =[J: H]=[J' : H.

Proof. By Proposition 2.24, w is injective and by Lemma 3.9, w is surjective. Therefore, w is an
isomorphism.
13



For the second part, since E is Galois over X, it is also Galois over L by Lemma 2.12. Hence
[Ef: Ll =|A(Es/L)| = |H|. Similarly, [Ef : M] = |J|. Therefore,
[L: M) = [E;: M)/[Ey < L) = |J|/|H| = |J : H).
O

Corollary 3.12. Let f be a Weierstrass polynomial of degree n on X with roots aq, -+, in
the splitting covering Ey 4 X of f. Then C(Ey) = ¢*C(X)[oa, - ,an]. In particular, the group
homomorphism wg, : A(Ey/X) — Gy is an isomorphism.
Proof. Clearly, C(Ef) D ¢*C(X)[a1, - ,ay]. Conversely, let H = A(E;/X). Then H acts on
q*C(X)[1, - -+ , o] through the group monomorphism w : A(Ey/X) — Autgc(x)q*C(X)[aq, -+, ay]
defined in Proposition 2.24. By Lemma 3.8, C(E;) = (¢*C(X)[a1,+ ,an)) = ¢*C(X). From
the proof of Lemma 3.9, there are x1,--- ,&p1, Y1, -, Ynt € ¢*C(X)[av1, -+ , o] C C(Ey) such that

n!

ZU(%’)Z/@' = 0ec0, 0 € H.

i=1
Therefore, C(Ey) and ¢*C(X)[a1, - - - , o) are H-Galois over ¢*C(X). In particular, ¢*C(X)[aq, - - , o)
is a separable ¢*C(X)-subalgebra of C(Ey). Furthermore, Hy.c(x)ja1,~,an] = 1€} = He(s,), S0 by the
Galois correspondence from the Chase-Harrison-Rosenberg Theorem, C(Ey) = ¢*C(X)[av1, -+ , o).

]

In general not all covering spaces are equivalent to polynomial covering spaces but it is true for
spaces with free fundamental groups.

Theorem 3.13. ([3, Theorem 6.3, pg 110]) Suppose that w1 (X) is a free group. Then every finite
covering map onto X is equivalent to a polynomial covering map.

It is natural to ask whether any connected Galois covering of finite degree is equivalent to the
splitting covering of a Weierstrass polynomial. The following result is an enhancement of theorem
above.

Proposition 3.14. Suppose that m(X) is free. Then any finite connected Galois covering of X is
equivalent to the splitting covering of some Weierstrass polynomial on X.

Proof. Let Y P X Dbe a finite connected Galois covering of X. Theorem 3.13 demonstrates that
there is a Weierstrass polynomial f on X such that its solution space is equivalent to Y END ¢
Moreover, by Corollary 2.16, the splitting covering Fy 4 X is equivalent to Y & X. O

Corollary 3.15. Suppose that m1(X) is free and Y L X is a finite connected Galois covering of
X. Then A(Y/X) = Autyecx)C(Y) and C(Y) is A(Y/X)-Galois over p*C(X).

Proof. By Proposition 3.14, there exists a Weierstrass polynomial f on X with splitting covering
Ey END'S equivalent to Y Bx , that is, there is a covering equivalence ® : Y — E¢. Therefore, ®*

gives an isomorphism from C(Ey) to C(Y) mapping ¢*C(X) onto p*C(X). As a result of Proposi-
tion 3.12, A(Y/X) = A(Ey/X) = Autp-c(x)C(Y) and C(Y) is A(Y/X)-Galois over p*C(X). O

4. GROUPS AS GALOIS GROUPS

4.1. Realization of groups as semi-topological Galois groups. It is natural in our setting to
ask the following inverse Galois problem:
Question (Topological inverse Galois problem) Does every finite group appear as the semi-topological
group of some Weierstrass polynomial with coefficients of Q-polynomials restricted to some subset
of C?
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In this section we will solve this problem and relate it to the original inverse Galois problem. Let
C™T be the set of complex numbers with real part greater than zero, and let

Fo = {(z1, 22, ,2p) € (CT)" 1 3 # aj, Vi # j}.

Then the n-th symmetric group S, acts on F,, by permuting x;’s. Let C),, be the quotient space
F, /Sy which is homeomorphic to the space B" = C" — Z(9) where Z(9) is the zero set of the
discriminant polynomial ¢ (see Section 2.3).

For a continuous function « : X — C),, represent the class a(z) by [(a1(z),- -, an(x))] where a;’s
may not be continuous functions but the elementary symmetric polynomials formed by a1, -+, ay,
are continuous functions on X. So we have a Weierstrass polynomial f,(z) = [[;_;(z — ai(x)). The
solution space E of f is an n-fold covering over X. We denote the set of all equivalence classes of
n-fold covering spaces obtained from such f by PC; (X).

It is clear that two homotopic maps from X to C, give the equivalent covering spaces ([3, pg
92, Corollary 3.3]) and it is know that C), is an Eilenberg-Mac-Lane space of type (B(n), 1)([3, pg
98]), where B(n) is the Artin braid group which is the fundamental group of C,. By [8, pg 428,
Theorem 11], there is a bijective correspondence

[X,Cpn] = Hom(m(X), B(n))wnj

defined by mapping the free homotopy class of a map o : X — (), to the conjugacy class of the
induced homomorphism a : m(X) — B(n). Therefore, we have a map,

Hom(m(X), B(n))®" = [X, C,] — PC.

The last arrow maps « to the solution space of f, which by definition is a surjection. Moreover,
if we denote 71(F,) by H(n), then we have the braid group sequence ([3, pg 17])

15 Hn) B Bn) 38, -1,

and the following commutative diagrams(a similar diagram is in [3, pg 108])

Hom(m(X), H(n))™

Pno_l

Hom(m(X), B(n))®" —— PC(X)

Tno—l inclusionl

Hom(m1(X), Sp)" —— Cp(X)

where C,,(X) denotes the set of equivalence classes of n-fold covering spaces on X, Hom(7w1(X), S,,)%™ —
Cn(X) is given by the characteristic maps of covering spaces, and the horizonal maps are always
surjective (see [3, pg 99]). In particular, if the fundamental group of the base space X is a free
group, then the homomorphism 7o is surjective, so each n-fold covering space of X is equivalent to

the solution space of a Weierstrass polynomial of this type. The argument is similar to the one in

the proof of [3, pg 110, Theorem 6.3].

Lemma 4.1. Suppose that m1(X) is free. Then Cn(X) = PC;.
The above result is used to prove the following main result of this paper.

Theorem 4.2. Let G be any finite group. Then there is a Weierstrass polynomial on a compact
subset of the complex plane with rational polynomials as coefficients such that G is isomorphic to
its semi-topological Galois group.
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Proof. Since G is finite, there exists a finitely generated free group F' and a normal subgroup N
of F' such that G = F//N. If F is generated by m elements, then we take m disjoint open discs
Dy, -+, Dy, in a compact disk D in C such that 7 (X) = F where X = D — UL, Dj. By the
Galois correspondence of covering spaces, there is a connected covering space E’ 4 X such that
N = ¢,m(E') and A(E'/X) = F/N = G. Since ¢.m1(E’) is normal in 71(X), by Theorem 2.8,
E' % X is Galois. By Lemma 4.1, E’ is equivalent to the solution space E of some irreducible
Weierstrass polynomial f defined on X and for each # € X, roots of f,(z) have images in C™.

Then E % X is Galois, and by Corollary 2.16, E is the splitting covering of f. Let aq,--- ,a, be
the roots of f in E. Define

n 2n—1
00(2) = [] (2 = as(@))(z — au(@) = 22" + 3 (),
i=1 =0

“_»

where is the complex conjugation. Then the function g is a Weierstrass polynomial of degree
2n on X and all a;’s are real-valued functions. Since F is the splitting covering of f, it is also the
splitting covering of g.

Let a : X — B?" be the continuous function defined by a(z) = (ag(z),--- ,a2,_1(z)). Then
a(X) C B is compact where B?** = C?" — Z(§) and § is the discriminant polynomial. Since
Z(4) is closed in C?", the distance between a(X) and Z(6) is a positive number ¢ = d(a(X), V(9)).
Then by the Stone-Weierstrass theorem([? Theorem 7.32]), there are ag,--- ,a2,—1 € Q[z] such
that ||a; — aJH < ¢e/dn, j = 0,---,2n — 1 where ||a; — a;|| = mazyex|aj(z) — a;j(x)|. Hence
- all < X220 [1a; — ayl < /2.

Then for any x € X,

d(a(z),V(0)) = d(a(x),V(0)) — d(a(x),a(x)) > e —e/2 =¢/2.
Therefore we have a map @ = (ag,--- ,d2n_1) : X — B?" and a Weierstrass polynomial g,(z) =

2"+22"015]( )27, Let H(x,t) := (1—t)a(x)+ta(x) for t € [0,1],z € X. Then |a(z)— H(z,t)| =
tla(z) — a(z)| < te/2 < €/2, s0 H : X x I — B?" is a homotopy between a and a. Hence
Proposition 2.19 and Theorem 3.11 imply that G35 = G, = G. O

4.2. Relation to inverse Galois problem. In the following, we fix X a path-connected subset of

C. Let Ey 4 X be the splitting covering of a Weierstrass polynomial f on X, and let ay, -+, ay :
E; — C be all roots of f in E;. We define

h € Q[z], h(x) #0, Vx € X}

and
W= h € Q[z], h # 0} = Q(x).
Lemma 4.3.
AutrToq, -+ o) = AutywWag, -, ap).
Proof. Since T is a subring of W, we have a restriction map 7 : Autw Waq, -+, o] — AutTT [, ap]
by sending ¢ t0 @|7(q, ... a,]- We use that notation ol = al'a - ain where T = (iy,ia, - ,in).

For ¢ € AutrT oy, -+ , ap], define @Z: Wlaq, - ,an] = Wlag, -+ ,an] by

23 fhat) = o> arBral)
I I
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where B = [[;br, By = % and ar,by € Q[z]. Then it straightforward to show that @Z €
AutywWlaq, -+, ay]. In consequence, we obtain amap ® : AutrT[aq, -, an] = AutywWaag, -+, ap]

defined by ®(¢) = v which is a group isomorphism. O

Theorem 4.4. Suppose that Ty, ,a,] N R = T where R = ¢*C(X). Then Gy occurs as a
Galois group of a Galois extension of Q.

Proof. Since A2 € R and A € T[ay,---,an], A2 € T by assumption. So A? = Zih for some
g.h € Q[z] and h(z) # 0 for z € X. By Lemma 3.6, 3z = &2 € R, s0 g(x) # 0 for all # € X. This
implies é € T. Then % = % € Tlai, -, o). By Theorem 3.11, Autp(T[aq, -, o)) = Gy

Lemma 4.3 implies that Auty (Wlaq, - ,a,]) = Gy. Moreover, Wiai,--- ,ay] is the splitting
field of f € W{z], and hence, W{aq, -+ ,a,] is a Galois extension of W. Since W = Q(z) and Q is
Hilbertian([9, pg 18, Theorem 1.23]), G occurs as a Galois group of certain Galois extension L of
Q as wished. O

Corollary 4.5. If T, - -+ , o) = Tar] where o € T, -+ -, ap] s a root of a polynomial h € Tz]
of degree n, then Gy can be realized as a Galois group over Q.

Proof. For ¢ € T[a]NR, ¢ = ag+aja+---+a,_1a""! for some ag,--- ,a,_1 € T. Let € X and
7 Hz) = {e1, -+ ,en}. Then (x) = ap(x)+ar(z)ale;)+- -+ an—1(x)ale;)" oralj=1,---,n.
Since Ef over X is Galois, for each e, there is a unique g; € G such that gj(e1) = e;. Applying all
gj to ¢, their sum is np(x) = nag(x) +a1(x) 35— (g5 - a)(er) + -+ an—1(x) (37, g5 - a1 (ey).
Since »>"_,(g; - aF)(er) = > i1 a®(e;) and it is well known that Py a¥(e;) can be expressed as
a polynomial of coefficients of h, so z;‘:l(gj -a®) € T which implies that ¢ € T. Hence by the
result above, we have our claim. [l

In the following, we apply our method to realize symmetric groups and cyclic groups over Q.
Corollary 4.6. The n-th symmetric group S, can be realized as a Galois group over Q.

Proof. By Theorem 4.2, there is a space X C C and a Weierstrass polynomial f € C(X)[z] such
that Gy = S,,. Suppose that p: Ey — X is the splitting covering of f and f splits into ay,--- ,ap
in By. Let ¢ € T[ou, -+ ,a) N R. Then ¢ = 3" ;aral where I = (i1, ,i,), of = allak . aln.
Since for any o € Gy, op = ¢, we have (nl)p = > g op =3 1a1) ,cq. o(a!). Note that the
sum ) o o(al) = > s, O‘?(UO‘?(Q) e ozi"(n) which is a symmetric polynomial in oy, -+, ay. So
by the fundamental theorem of symmetric polynomials, the sum can be expressed as a polynomial
with rational coefficients of elementary symmetric polynomials in ag,--- , ay, which are just the
coefficients of p*f, and hence }_ o o(a!) € T. This implies that ¢ € T. So by Theorem 4.4, S,,
can be realized as a Galois group over Q. O

Corollary 4.7. Any cyclic group Z, can be realized as a Galois group over Q.

Proof. Let f.(z) = 2™ — x € C(S1)[z] which is clearly an irreducible Weierstrass polynomial on S?.
By Example 2.22, G = Zy. Let p: By — S! be the splitting covering of f and aq,--- , ay, be the
roots of f. Since aq(s) # 0 for all s € Ey, the function §; := £ is a continuous function on Ej.
From «;(s)" = (p*z)(s) = p(s) for any j =1,--- ,n, we have '(s) =1 for all s € Ef. Since Ey is
connected, (; is a constant function. By renumbering the roots if necessary, we may assume that
27l -

Bj = en U = B ! for j =2,--- ,n. Let ¢ € T[ay,--+ ,a,] N R where R = p*C(S!) and write
p =3 aral. We have o = it (Bha1)2(B3an)is - (B )i = gy T2t mdinghitiattin

g’alzl where ¢; = Z;L:Q(j —D)ij, > I =iy +idg+ -+ + iy for I = (iy,i2,--- ,ipn). Since Gy has
n elements, for a point = € S, p~Y(z) = {y1, -+ ,yn}. From ¢ € R, np(y1) = diiieyy) =
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dorbr(@) (i ol (y;)) where by = poaj. By a property of covering transformations, there is

a unique 0; € Gy such that o;(y1) = y;. Then np(y1) = > br(z)(X7, Bgfalzl(aj(yl))) =
c n 1 c n I I c nXl g I
S br(@)B5 (o o (1) = S0y br ()85 (S A5 ot () = Xy br(@) 55 (P=r)ot" (v) =
bo(z) € T where by = b(.... o). This implies that ¢ € T and hence T'|ay,---,a,] N R = T. By
Theorem 4.4, Z,, can be realized as a Galois group over Q. U

Acknowledgements The authors thank the referee for his\her detailed comments which largely
improve this paper, and the National Center of Theoretical Sciences of Taiwan (Hsinchu) for pro-
viding a wonderful working environment.

REFERENCES

1. S. U. Chase, D. K. Harrison, and A. Rosenberg, Galois theory and Galois cohomology of commutative rings, Mem.
Amer. Math. Soc. No. 52 (1965).

2. C. Greither, Cyclic Galois Extensions of Commutative Rings, Lecture notes in mathematics, 1534, Springer-Verlag
(1992).

3. V. L. Hansen, Braids and Coverings, Selected topics. London Mathematical Society Texts 18, Cambridge University

Press (1989).

D. Husemoller, Fibre Bundles, Graduate Texts in Mathematics 20, Springer-Verlag (1966).

. G. Malle and H. Matzat, Inverse Galois Theory, Springer-Verlag (1999).

J. R. Munkres, Topology: A First Course, Prentice-Hall (1975).

W. Rudin, Principles of mathematical analysis, 3rd edition, McGraw-Hill(1985).

E.H. Spanier, Algebraic topology, McGraw-Hill, (1966).

. H. Vélkiein, Groups as Galois Groups: An Introduction, Cambridge Studies in Advanced Mathematics 53, Cam-

bridge University Press (1996).

© 0N 3o A

DEPARTMENT OF MATHEMATICS, NATIONAL TSING HUA UNIVERSITY OF TAIWAN, No. 101, KuaNG Fu RoAD,
HsincHu, 30043, TAIWAN.
E-mail address: s98215020m98.nthu.edu.tw, jyhhaur@math.nthu.edu.tw

18



