Real Analysis Sample Exam, November 6, 2007

Show detailed argument to each problem.

1. A ”totally unlucky” number is one that contains no sevens in any decimal expansion. Compute
the Lebesgue measure of the totally unlucky numbers in [0, 1].

solution:
Among the numbers 0.1....; 0.2....,; --- 0.9....; the lucky numbers has measure s = 1—10. Among
the numbers 0.11....; 0.12....; - - - 0.19....; the lucky numbers has measure 1—10 - 5. Based on this

observation, all of the lucky numbers has measure

s+(1-98)s+[l—-s—(1—=s)s]s+[1—{s+(1—=8)s+[l—s—(1—3s)s]s}]s+---
= s+(1—-8)s+(1—sPs+(1—s°s+---

s
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1—(1—s)
Hence the totally unlucky numbers has measure zero. We are lucky!!! e

2. Let f : [a,b] — R be a finite increasing function. Show that f is a measurable function on
la,b]. For any p € (a,b), evaluate the following limits:

z
1
lim — f Lebesgue integral
h—0* h [p,p+h] ( )
and ] Z
lim — f (Lebesgue integral).

solution:

If f: [a,b] — Ris an increasing function, the number of x € [a, b] such that f is discontinuous at
x is at most countable (see Rudin, p.96). Hence f is continuous a.e. on [a,b] and so measurable.

We also know that both f (p+) and f (p—) exist for any p € (a,b). For fixed p € (a,b), there
exists a number A such that for any ¢ > 0 there exists 6 > 0 so that if z € (p,p+0) then
|f () — A] < e. Hence

Z
1
h pp+n)
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1
fo—A<- (At+e)—A
h ppn)

(A-g)—A<

R R
for all 0 < h < §. Therefore lim,_,o+ % ppsnd =A=1 (p+) . Similarly we have limy, o+ % wongf =

f(p—). o

3. Let E,, C R be a sequence of measurable sets. Let

1
h ppn)

A={x eR: z € E, for infinitely many n}.
Is the set measurable or not? Give your reasons.

solution:

We actually have A 1

Hence the set A is measurable



4. Give an example of a measurable function h : F C R — R such that for some measurable set
B C R the inverse image h~! (B) is NOT measurable.

solution:

Let f(z) : [0,1] — [0,1] be the Cantor-Lebesgue function and let g (z) = = + f(z). It is
easy to see that g (z) : [0,1] — [0,2] is a strictly increasing continuous function. Hence g (z) is a
homeomorphism of [0, 1] onto [0, 2]. Oln eagh interval Iy, Ip, I3, ..., removed in the construction of
the Cantor set, say the interval I; = £,% , the function g (z) becomes g (z) = = + 3. Hence g (z)

sends /; onto an open interval with the same length. Using this observation one can see that
A S
- BE_ - -E - X >

-9 I, —=- g(Ip)-= lg (Ix)| = k] =1
k=1 k=1 k=1 k=1

which implies |g (C)| = 2—1 = 1, where C is the Cantor set. Since g (C) has positive measure, there
exists a non-measurable set A C g(C). Now consider the set B = g~! (A) C C. It has measure
zero, hence it is measurable. Let h = g~!. Then it is a measurable function and 21 (B) = A is not
measurable. o

5. Let E be a measurable set in R™ with |E| < co and f is a measurable function on E. Let
E,={zeE:|f(x)]>n}, n=0,1,23..
Show that f € L (F) if and only if PZO:O |E,| < .
solution:

(=) Assume f € L(E). Then f is finite a.e. in £ (without loss of generality, we can assume

f is finite everywhere in E). It is not hard to see that
Z

lim lfl=0
A0 (] F|>A}

which is like the case of an absolutely convergence sequence. This also implies (by Tchebyshev’s

inequality) 7
lim n|E,| < lim |f| =0. (0.1)
By the relation £ = Eq D Ey D E, D -+ -, |Ep| < 0o, we can decompose E as
E=(Ey—E)U(EL— E)U(E, — E3) - - - (disjoint union)
and observe that 7
n-|E, — Eps1] < fI<(n+1)-|E,— Ep+1|, n=0,1,2,3, .. (0.2)
EnfEn+l
Hence
> > z
n-|E, — Bl < |f] = | f]
n=0 n=0 BEn—Fn+1 E

where (in below we need to use the fact that |E| < oo, and so |E, — Ep+1| = |En| — |En+1]) by (0.1)
we have

X
n-|Ey — Enwa| = ([Ex| — |E2|) + 2 (|E2| — [E3]) + 3 (| Es| — |E4]) + - - -
n=0

= |Er| + |Eo| + |Es| 4+ |Ea| + - -



POO
Therefore  ~_,|E,| < cc.

P
(«<=) Conversely if >~ |E,| < oo, then the set {x € E : |f (z)| = co} must have measure zero,
implying f is finite a.e. in £/ . Again we assume f is finite everywhere in F. Since f is bounded on
E, — E,+1, it is integrable on it. Note that

xX
(n+1)-[Ey — Epva| = 2(|Ea| — [Ez|) + 3 (| E2| — |E5|) + 4 (| Es| — [Ea]) + - - -
n=0

= 2[E| +|Ea| + |Es| + |Ea| + - -+ < 00

By (0.2) we know |f| must be integrable on E. Hence f is integrable on E. o
6. Assume h (x) is a differentiable function on R. Show that A’ (x) is a measurable function on
R.
solution:
Let

A S
fn () = o , z€R.

n

Foreachn =1,2,3, ..., f,(z)is a finite measurable function on R with f,, () — A’ (x) for all € R.
Hence I (x) is a measurable function on R. o

7. In the Lebesgue Dominated Convergence Theorem (Theorem 5.36) if we replace the condition
“fv — f a.e. in E” by “fr — [ in measure on E”, is the theorem still correct or not? Give
your reasons.

solution:
The theorem is still correct.

First note that by Theorem 4.22 there exists a subsequence f, — f a.e. on E. This implies
that |f| < p a.e. in E and so f € L(FE) (since ¢ € L(E)). By the usual Lebesgue Dominated
Convergence Theorem we have

z z

fe, = f as j—oo. (0.3)
E E

We then use contradiction argument to show that _ f, — . f as k — oco. Assume not. Then

there exists a subsequence of fi, still denote it as fi,, 7 =1,2,3, ..., so that
iy 4 7Z -

- fkj_ f:28>0
E E

for all j. But then this subsequence has a further subsequence so that (0.3) holds, a contradiction.&



