Real Analysis Midterm Exam, November 13, 2007

Show detailed argument to each problem.

1. (10 points) Suppose E is a Lebesgue measurable subset of R with |E| < co. Prove that
|E| =sup{|K|: K C E and K is compact}. (0.1)

solution:

Let E,, = ET[—n,n], n € N. We have E,, /" E and so |E — E,| — 0 as n — oo (note that |E| < c0).
For any ¢ > 0 one can find m € N so that |[E — E,| < /2 for all n > m. For E,, one can find a closed
subset F' C E,, such that |E,, — F| < ¢/2. Hence |E — F| < |E — Ep| + |Ey, — F| < e. In particular F is
compact since E,, is bounded. We also have

|E|<|E—F|+|F|<e+|F|
where F' C E and F' is compact. (0.1) is proved. o

2. (10 points) Assume E (t) is a continuously differentiable increasing function on [0, co) such that 0 <
E(t) < C for all t € [0,00), where C is some positive constant. Show that for any ¢ > 0, we have

© a o
te[0,00): E'(t) >¢ S;.
solution:
By Tchebyshev inequality we have

:© ) a_ 1 Z 0o , 1 h i C
te (0,00): E'(t) >¢ gg E(t)dtgg tlimE(t)—E(O) S?

0 00

since 0 < E (t) < C for all t € [0, 00). o

3. (10 points) Let f, : E — R be a sequence of measurable functions defined on a measurable set
E CR™. Let n o
A= z€E: lim f,(x) exists
n—o0

Is A a measurable set or not? Give your reasons.
solution:
Let F* (z) = limsup,,_,o fn (z) and Fi () = liminf, . fy (x). We know that both functions are
measurable on E. Hence the sets
C Si:={ze€FE:F*(x) =00 and Fi(z)=o0}
Sy ={z€FE:F*(x)=—-00 and F;(x)=—o0}

S
are all measurable. Let S =51 S2. Now E — S is also measurable, and F* — F} is a measurable function
on F — S. By the relation
A={z e E—-S:F"(z)— F.(z) =0}

we know that A is a measurable set. o

4. (10 points) Give an example of a sequence of measurable functions {f;} defined on a measurable

set ¥ C R™ such that the following strict inequalities hold:
z z z z

liminf frdr < liminf  fidxr <limsup  fidx <  limsup frpdzx.
E k—oo k—oo g k—oo FE E k—oo

solution:



On the interval [0, 1], let

£ .o
C 1, xze O,%
fe(z) = £ o, k=1,357,...
0, z€ 31
and £ u
C 0, ze€ (),%
fr (z) = £ ‘o, k=24,68,...
2, ze 31
then Z 7 X
0= liminf fydx <liminf  fide = -
g k—oo k—oo g 2
and Z 7 ,
1 =limsup frder < limsup frdr = -.
k—o0 E E k—oo 2

@]

R
5. (15 points) Assume f € La,b] and let h(z) = [ f, = € [a,b]. Is the function h (z) a measurable
function on [a, b]? Give your reasons.

solution:

By looking at f* and f~, without loss of generality, we may assume that f > 0 on [a,b]. Now there
exists a sequence of simple functions 0 < fx /' f a.e. on E, where f; € LJa,b] also for all k. Monotone

Convergence Theorem implies 7 7
xT x

Je — f=h(z) as k— o0
a a R
for all € [a,b]. As fi is a bounded function on [a,b], we know that f f& is a continuous function of
x € [a,b]. Hence h (z) is a measurable function on [a, b].

Another solution:

R R R R
We have h(z) = * f*— " f  andboth " f*and [ f~ are increasing functions on [a,b]. We know
that an increasing function on [a,b] is continuous a.e. on [a,b]. Hence h (z) is a measurable function on
[a, b] . o]

6. (15 points) Suppose E C R is measurable with |E| = A > 0, where A is a finite number. Show that
for any ¢t with 0 < ¢ < A, there exists a subset A of E such that A is measurable and |A| = ¢. That
is, the Lebesgue measure |-| on R satisfies the Intermediate Value Theorem.

solution:

- N - - N\ - N\ -
fy)—f(x)="(-00,y) E — (-o0,z) E =T(z,y) E <y-—u

T
Define f (z) = [(—o0,z) E|, x € R. Then for < y we have f (z) < f (y) and

This means that f (x) is a continuous function on R with lim, ,_ f (z) = 0, lim; o f () = . For any
0 <t < A, by the mgan value theorem of continuous functions, we have f (s) = ¢ for some s € R. Hence
the set A = (—o0,s) FE satisfies |A| =t. o

R
7. (15 points) Let y = T’z be a nonsingular linear transformation of R™. If . f (y) dy exists, show that
we have the following change of variables formula:
VA VA

f(y)dy = |detT| f(Tz)dx. (0.2)
E T-1E



solution:

Casel: If f (z) = xg,, E1 C E, then LHS of (0.2) is |E1|, and the RHS is given by
Z - -

|det T| Yg (Tz)de = |detT|- T71E; .
1

We see that (0.2) holds by Theorem 3.35.

Case2: Assume f > 0. Then there exists a sequence of simple functions 0 < s, / f on E where
Sn = Q1XEy T Q)X Byny s k(n) depends on n.
Now by Casel

YA z z
sn(Y)dy=a1  Xp, (Y)dy+ -+ arm)y  XBi (Y)Y
E 7 E E 7
= ay|detT| XE, (Tx)dx + - - - + ) |det T| XEp(y (1) d
Z T*léi‘ - T-1F
= |detT| GXE + QX By (T2)dx
ZTflE
= |detT| sp (Tx) dz
T-1E
and by the I\Z/|onotone Convgrgence Theorem we obtain .
lim s, (y)dy=  f(y)dy, lim |det T| Sp (Tx)dr = |det T| f(Tz)dx.
nTmee B E n—oo T-1E T-1E
The conclusion follows.
For general f, use
Z Z Z Z Z
f = ff— f =|detT| fH(Tx)dw — |det T f(Tx)dx
E E 7 E T-1E T-1E
= |detT| f(Tz)dx.
T-1E

@]

8. (15 poﬁnts) Let p > 0 be a constant aﬁd let f, fx, & = 1,2,3,..., be measurable functions on
B I plfi—fIP - 0ask — ooand p[fg/” < M (M > 0is a constant) for all k, show that
g fIP < M also.

solution:

For any € > 0 we have
z

lfix —fIP—=0 as k— oo
E

™ | =

{Ifx = fIP > e}l <

due to the Tchebyshev inequality. Hence fj converges to f in measure on E. In particular, there exists a

subsequence fi,; such that it converges to f a.e. on E. Fatou’s lemma implies
z - - Z zZ - -

liminf fi, 7= |f <liminf  fi,, © < M.
E J—0 E jooo g
The proof is done. o)

R
Remark 1 (be careful) . |f, — f|’ — 0 as k — oo does not, in general, imply that |f, — f|” — 0 a.e. on
E as k — oo. Also for p > 0 the inequality

P <|fe— fI”+ | fel?

is wrong in general. It holds only for 0 < p < 1.



