Real Analysis Homework 7, due 2007-10-31 in class

1. (10 points)

(a) (7 points) Do Exercise 15 in p. 62.

(b) (3 points) Use Exercise 15 in p. 62 to prove the following: Let f : E — RU {400} be a measurable
function where |E| < oo and | f| < co a.e. on E. Show that for any £ > 0 there exists a constant
M > 0 and a closed set F' C E such that |[E — F'| < ¢ and

|f (@) <M forall ze€F.

This says that a finite function is, up to a set of small measure, a bounded function.

Solution: For (a). Foreachn=1,2,..., let
E,={z e E:|fi(x)| <n forall k}.

Then by |fx (x)] < M, < oo for all £ and all x € E, we have E, / E as n — oo with lim, . |E,| =
|E| . Since |E| < oo, we also have lim,, . |[E — E,| = 0. Choose M such that |E — E),| < £/2 and choose
a closed set F' C F)j such that |Ey, — F| < /2. Then we have |E — F| < £ and the following holds

|fx ()] < M forall z € F and all k.
For (b). By (a), if we choose fi (x) = f (z) for each k € N, then we are done. o
2. (10 points) Do Exercise 16 in p. 63.

Solution:

(==). By definition, for any £ > 0 we have
lim | € B:|f @)~ fi @] > e}l = 0.
Hence for the same £ > 0 we have

H{z e E:[f (@)~ fr(@)|>e}|<e
if £ > K, for some large K > 0.

(<=). Fixed an arbitrary ¢ > 0 first. We want to show that for any § > 0 there exists K > 0 such that
if k> K we have

{z e E:[f () — fr (@) > e}| <. (0.1)

Now for any § > 0, if § > ¢, then by the assumption we automatically have the existence of a K > 0 such
that if £ > K we have
{ze E:|f(x) - fr(@)|>e} <e <4

Hence we assume ¢ < . Again by the assumption we have the existence of a L > 0 such that if £ > L we
have
Hz e E:|f(x)— fr(@)| >0} <.

Buttheset {z € E:|f(z) — fr (@) >0} C{z € E:|f(z) — fr ()| > e}, and so we have (0.1).

The Cauchy criterion is: For any ¢ > 0 there exists K > 0 such that if m, n > K we have

{z € E:[fm(x) = fu(@)] >} <e. 0.2)



3. (10 points) Do Exercise 18 in p. 63.
Solution: Given f : E — RU{+oo} measurable and let
wy(a) = {f >a}|, where —oo <a < oo.
As a function of a, wy (a) is decreasing on (—oo,00). If fi, /' f on E, then set
Ey={fy>a}, k=12 3, ..

We have Fy C E» C E3 C ---and if f(z) > a, we will have f; (z) > a for all k£ large enough (since
fx /" fon E). Thus

{f>a}=UEk

k=1
and so wy, (a) /" wy (a) for all a € (—o0, c0).

If f — f in measure on E, given € > 0 let
AL ={lf-fil >}, A ={f—ful <e}.

We have E = Al J A2 (disjoint union). Hence for each fixed a € R we have

E, = (EkﬂA@ U <EkﬂAi>a Ey ={fx > a}

where lim;,_. | Ex () 43| = 0 (due to convergence in measure) and

Ee(VA; = {fi > a}(W{If ~ il e} c {f >a—e}.

We have
wi (@) = B = [Be V4| + [B ) 42] < | Be ) A} + oy (@ - 2)

and so
limsupwy, (a) <wy(a—e) forany e>0.
k—o00

Similarly we have

{(f>a+et({If = ful e} C {fr>a}

which gives
Iikm infwy, (@) >wr(a+e) forany e>0.
—00
We conclude
wrla+e) < Iikm infwy, (a) <limsupwy, (@) <wp(a—e) forany e>0.
—00 k—o0
Thus if wy (x) is continuous at x = a, we have lim,_ wy, (a) = wy (a). o

4. (20 points) Do Exercise 19 in p. 63.

Solution: Let S = [0,1] x [0,1]. The idea is to separate the x variable from the y variable. For each
n=1, 2, 3, ...., define

n—1

Fa@y) = F (o) e 6y (@) + f (ny ) s g (2), - (2,9) €8
k=1

where for each &, 7, € [£=2, £) and rj, € [2=2, 1] are arbitrary constants.

n



For each k, the function hy (z,y) := f (rg, y) Aot kY (z) : S € R satisfies

mn=0 o {4~ =22

and on [E=1 &) x [0, 1] we have

n

{ene 2 0) x> o

_ [%%) x {y €10,1]: f (s, ) > a}

which is a measurable set (due to Exercise 12, p. 48). Hence we can conclude that hy (z,y) is a measurable
function on S for each k. As a consequence the function f, (z,y) is also measurable on S.
For each (zo, o) € S we have (assume that zo € [£=L, £))

n ’'n

k-1 k
2 0c0) = £ 000 = 1 Gr) = f o). 7€ |2 )
and so f,, (zo,y0) — f (xo,y0) as n — oo. Hence f (x,y) is a measurable function on S. o



