Real Analysis Homework 2, due 2007-9-25 in class

Show Your Work to Each Problem

1. (10 points) Use Lemma 3.16 to prove Lemma 3.15. Note that in proving Lemma 3.16 we
do not have to use Lemma 3.15.

Solution: Let {7, k}i\;l be a finite family of nonoverlapping intervals. It suffices to show that
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For each k, consider smaller interval I} C Iy with |I}| > |I| —e/2F. Since {I,}1_, are nonover-
lapping, the set I and U]kvzzl & has positive distance. We can apply Lemma 3.15 to get
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The proof is done. o)
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2. (10 points)

(a) (b points) Assuming the validity of Theorem 3.30 and the existence of non-measurable
sets in R™ at this moment. Show that there exist two nonempty sets £1 and FE»> in
R"™ such that F1 N E> = &, but

’El U Ez‘e < ‘E]-’e + ’Ez‘e :

Hence the condition d (E1, F2) > 0 in Lemma 3.16 can not be replaced by just E1 N
E, = @.

(b) (5 points) Construct a sequence of nonempty sets E, C [0,1], k =1,2,3..., so that
limsup Ey, = [0,1], liminf E), = @. (0.1)

Solution: (a). This is easy by Theorem 3.30. Choose E C R™ to be a nonmeasurable set.
Then there exists some nonempty set A C R™ such that

Al <|ANE| +]|A—-E|, (0.2)

where AN E and A — E are disjoint. One can easily see that if (0.2) holds, then both A N
E and A — E are nonempty. (b). Choose for example the sequence

E1 = [0,1]
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Then we have (0.1). o



3. (10 points) Assuming there exists a non-measurable set contained in [0, 1], do Exercise 17
in p. 48.

Solution: Let E = f~1(A), where A is a nonmeasurable set contained in [0,1]. Here
f: C (Cantor set) — [0, 1] is the Cantor-Lebesgue function in p. 35. It is continuous. Then since
|E| =0, E is measurable. But f (F) = A is nonmeasurable. o

4. (10 points) Do Exercise 18 in p. 48.

Solution: We first asume that 0 < |E|, < oo.

It is clear that for any interval I, |I,| = |I|. For any € > 0, choose a sequence of intervals I,
covering F, such that

S Ikl < |E|, +e.
k
Now the translation Ej, C J,, ({x);, and so

Bule < D1yl =Y 1kl < 1B, +e
k

k

which gives |Ep|, < |E|, . Conversely |E|, = ‘(Eh)fh}e < |E}p|, . We are done.

If |E|, = oo, then we must have |Ej|, = oo also (note that from the above observation, if
|Eh|, < oo, it will force |E|, < 00).

Assume FE is measurable. For any ¢ > 0, there exists open set G O F such that |G — E|, < e.
This implies
|Gh — Enl, =G - E|, <¢

where (G, is also an open set. Hence Ej, is also measurable. e



