Real Analysis Homework 11, due 2007-12-5 in class

1. (10 points) Do Exercise 4 in p. 96.

Solution: Choose ¢ = z, b = —x and integrate over [0, 1] to get

1.1
// lf@t+2x)— ft—z)|dtde < c.
0 Jo

Hence the function F (¢t,x) = |f (t + ) — f (t — x)| is integrable on E = [0, 1] x [0, 1] . Consider the
linear transformation ¢ =t + z, n =1t — x. We have

[ Feaie=3 [[ #(S250 am=3 [[ 1r©- s dean

where E* is the diamond-shaped region in (£, n) space with vertices (0,0), (1,1), (1,-1), (2,0). In
particular we know that |f (¢€) — f (1)| € L (E*). By Fubini Theorem, there exists & € (3,3) such
that as a function of n we have

f (&)~ f(DI €L(BY), Ef={n:(%.n)ecEY}, |BY >1

By |£ ()| < |f (S0) = £ ()| + |f (&)l we see that [£ (n)] € L (E, ). Since f (i) is periodic with

period 1 and ’Ego > 1, we know that f € L(0,1). o]

2. (10 points) Do Exercise 6 in p. 97.

Solution: By definition, we have (assume f € L' (R))
f(x) = / £ (t) cos ztdt —z'/ f(@)sinztdt, z€R.

We claim that if f, g € L* (R), then the function f (t — y) g (y) € L* (R?) (a a function of (¢, y)). To
see this, note that

FE—p) g <IFE—pllg@|, V ty) eR?
and by Tonelli’'s Theorem we have

JLre=waenaan< [[ 1re-nls@laa= [ lswid [ 17010 <.

Similarly [[z.[f (¢t —y) g (y)]” dtdy < co. Hence the claim is true. Now

(%)(x)z/w (f*g)(t)COSxtdt—i/oo (f * ) (t) sin ztdt

=/Z </O;f(t—y)g(y)dy> COSxtdt—i/Z (/:f(t—y)g(y)dy> sin wtdt

=1+l

where by Fubini Theorem

11:/_00 9 () </_OO f(t—y)cos:ctdt> dy:/_oo 9 () </_oo f(@)cos:c(y+9)d9> dy

= /OO g ) (/_OO f (@) [cos zy cos x6 — sin zy Sin 6] de) dy

—00

= </Zf(9) com&d@) </Zg(y) comydy) - (/Zf(&)sina:@d&) </Zg(y) sina:ydy)

=Re|f(2)-5@)].



Similarly we have

b=—/fgwwlff@—wmmwﬁw

= —/Oo g () </_oo f (@) [sinzy cos xf + cos zy sin 0] d0> dy

—00

— (/OO G COSa:HdG) (/OO g (y)sin a:ydy) — </<>0 f(@)sin a:@d&) (/OO g (y) cos acydy)

=im|f @) §(@)].
We conclude the identity

™ @) =f(x) §@), YzeR

3. (10 points) Do Exercise 10 in p. 97.

Solution: Let V,, (r) be the volume of the ball in R™ with radius r > 0. For convenience, denote
Vo (1) = V,,. We have

Lemma 0.1 There holds the formula
1
vV, = / Vi1 (\/1 — 92) do.
—1
Proof. Let S = {(z1, -, @) 12§+ -+ 22 < 1}. Then

1
S -1 |J/E

Tn

1
dl’l cet dwn_]'] dan = / ’Exn‘ déUn
1

where
EfL"n = {(LU]_, o '7$n*l) : (xlv e '7$nfl>xn) € S}
= {(xlv' : '7337171) : $%+ : '+$$L71 < 1_37%}
and so

1
Vo = / V-1 (\/1 — a:%) dxy,.

-1

Remark 0.2 Similarly we have

Vo(r) = /T V-1 <\/ r2 — 92> d9 forany r>0. 0.1)

Lemma 0.3 We have
Vo () =r"V, forany r>0. (0.2)

Proof. We can prove (0.2) using (0.1) and induction. Assume (0.2) holds for all dimensions less
than or equal to n — 1. Then

Vn(r)=/_iVn_1( r2—92>d0=/_7;Vn_1 (7“ 1(2)2) a9

1 1
= / Vi1 (r 1— ,LL2> rdp = / W, (x/l — ,LL2> rdp (by induction hypothesis)



By the above, we have

Vn:/lvnl(\/m>d9:/

-1 -1
1 n-1
=2V, 1 / (1-6%)7 a9.
0
The proof is done.
4. (10 points) Do Exercise 11 in p. 97.

Solution: We already know that (from calculus)

/ e dr = N

—00

By Tonelli’s Theorem we can easily get

/n PP ax = (Va)".



