Real Analysis Homework 10, due 2007-11-28 in class

1. (10 points) Given the function
22— 12

f(l' y)_ma (:L‘,y)EI:(O,l)X(O,l)

compute the following iterated integrals (hint: use trigonometric substitution) :
Z,MZ, T Z,MZ, il

flx,y)dx dy and flx,y)dy dx.
0 0 0 0

Is f (z,y) € L(I) or not? Give your reasons.
Solution:

For fixed = we have
Z, Z, 2 2 Z tan—11

12 2402
s —y = x©—x“tan<f
x,y)dy = ——dy = d(xtanf
0 f( y) Y 0 (.’L’2+y2)2 Y 0 ($2+ZL'2 tanZ 9)2 ( )
1 £ tan il 1 M TH T 1
= = cos20dfd = = -sin tan"'= cos# tanl= = _——.
T 9 x x 1+ 22
Hence 7 .Uz
1ML 22— 2 ﬂdx—z
0 0 ($2+y2)2 Y 4
Similarly (by symmetry) we have
Zy 22 — 42 R
o (@2+yr)’ 1ty
and so 7 .Uz
1H4 22— 2 d:cﬂd _
Since the two iterated integrals are different, by Fubini theorem, f (z,y) & L (I). o

2. (10 points) Do Exercise 1 in p. 96.

Solution:

(a). Weset B, ={yeR:(z,y) € E}and £, = {z € R: (z,y) € E}. By Tonelli’s Theorem, we
have 7z Z uz T z Az !
xe (z,y) drdy = xe (@, y)dy dx= xe (@, y)dc  dy.
E R E; R E,
R RR
By assumption we know ,, xg(z,y)dy =0ae. inzeRandso ,xg(z,y)dzdy = |E|=0. By
Tonelli’s Theorem again, we have |E,| =0 a e.inyeR.

(). Let E = (ac y) €R?: f(x,y) = .ItisameasurablesetinR?. Set £, = {y € R: f (z,y) = oo} and E,
{x eR: f(x,y) = oo}. By (a) we have
1

|E;] =0 inR for ae. z€R

—0in R2
|E| =0in R* < |E,/=0 inR for ae. ycR.



3. (10 points) Do Exercise 2 in p. 96.

Solution:

S
Let hy (z,y) = f(z). As a function on R?", it is measurable since f(z) : R® — R {#oc} is
measurable. More precisely, for any a € R we have
a

©(x,y)€R2”:f(:L’,y)>a ={zeR": f(x) >a} xR"

where by repeated application of Lemma 5.2, we know that the RHS is a measurable set in
R2". Similarly, the function ks (z,y) = g (v) is also a measurable function on R?”. Then by Theorem
4.10, we know that

— . p2n l:
hi(z,y) -ho(z,y) = f(2) g (y) :R™* = R {+oo}

is also a measurable function on R?".

Given E1 C R", E, C R™, both are measurable in R”. By xg, () X xg, (v) = XE1xE, (x,y), We
know that x g, x £, (z,y) > 0 is a measurable function on R2". Hence the set E; x E» is measurable
in R2",

By Tonelli’'s Theorem

ZZ Z Mz T
|Ey x Ep| = XE1xE; (,y) drdy = XEixE, (T, y)dy  dx
7 Buf> 1 f72 iz 1
= XEixE, (T,y)dy dx = [xE, () X xE, W)]dy dx
ZEl FE> 7 Eq E,

XE (@) dx - xE, (y)dy = |E1| x |Ep|.

FE1 E>

4. (10 points) Do Exercise 3 in p. 96.

Solution:

We first know that f (z) — f (y) is measurable on (0,1) x (0, 1) . By Fubini Theorem, if F'(z,y) =
f (z)— f (y) is integrable on (0,1) x (0,1), then for a.e. y € (0,1), F (z,y) € L*(0,1) (as a function
of z). Hence f (z) € L1 (0,1). o



