PDE Teaching for Spring, 2023

Revised on 2023-3-10

1 Second order linear PDE with constant coefficients; clas-
sification and canonical form.

We now consider the linear second order equation with constant coefficients, given by
Uy + 2bUgy + CUyy + 2duy + 2eu, + ku = f(x,y), u=u(z,y) (1)

where a, ..., k are all constants with a? + 0? + ¢* > 0 and f (z,y) is a given function defined on
some open set 2 C R?. We want to find a C? function u (z,y) satisfying (1) on some open set (may
be just a subset of Q). Note that for a C* function u (z,y), we have uy, (z,y) = uy, (z,y) on its
domain.

Remark 1.1 Note that if v = u(zy, ... ,x,) depends on n variables, the discussions below are
similar. For convenience, we assume that u = u (z,y) depends only on 2 variables.

We can write (1) in the matrix form as

e (52 ) ()22 (2) (0 ) piwmstenn

which is helpful for us to understand the effect of the change of variables. As we shall see soon, the
"type" of the equation (1) is determined only by the sign of the determinant of the coefficient
matrix.

Remark 1.2 We shall use the notation Tr A to denote the trace of a square nxn matriz A € M (n).
The basic properties of the trace operator are

Tr(citA+ caB) = c1Tr (A) + cxTr (B)
{ Tr(A)=Tr(A"), Tr(P7*AP)=Tr(A), Tr(AB)=Tr(BA),

where A, B, P € M (n), P isinvertible, and c1, co € R. However, unlike det (AB) = det (A) det (B) , we
do not have Tr (AB) =Tr (A)Tr (B).

Lemma 1.3 Assume u(x,y) is a C* function defined on some domain 2 C R2. If we introduce the
linear change of variables given by

¢ =¢(x,y) = Ar + By, n=mn(z,y)=Cx+ Dy, A, B, C, D are all const., (3)

€ _ T (A B
(n)—J<y), where J_(C'D , detJ #£0, (4)
then the equation (2) for the function U (£,n) (where U (Az + By, Cx + Dy) = u (x,y)) becomes

1.€.,

e lr( @ b JT. Ue Ugy + (lower order terms) = F (£,1), (5)
b ¢ Uey Unp

where Tr (-) is the trace of a matrix.



Remark 1.4 Denote

C

M:(Z i) NzJ(Z b)JT, det J # 0. (6)

We see that the matrix N is also symmetric. By a theorem from linear algebra, all eigenvalues
of both M and N are real. Moreover, the sign of det M and det N are the same due to det N =
(det J)2 det M, where det J # 0. In particular, the sign of the eigenvalues \i, \s are unchanged
under the change of variables. Finally, if J is an orthogonal matriz (i.e. J' = J=1), then both
M and N are stmilar and have the same eigenvalues. Qur goal is to diagonalize M (i.e. make
N to be diagonal), which will reduce equation (1) into canonical form.

Proof. We have
U(Az + By,Cx + Dy) = u(z,vy),

and by the chain rule we have
u, = AUz + CU,, u, = BU¢ + DU,, ( Z ) =Jr ( Ve ) , Yu=J'VU, (7)

which is equivalent to the operator identities:

0 0 0 0 0 0

0 0
A B
9 - jT ¢ _
( 5 o C D
One step furthermore, we get

9 8(‘9):<A@—|—C’Q>(---):A282+2AC 52 —|—O2%

which can be written as

8x2 — 9z \ox o€ on a¢2 o¢on

92 9 0 _ 0 0 _ 9?2 9?2 9?2
o5y = Bs (8—y) = (Ag + Ca—n) (-+1) =ABgz + (AD + BC) 555, + CD 55
2% _ 9 o\ _ o) 0 _ n20? 9? 2 02
W_a—y@—y) - (Ba—§+Da—n ()= B2 +2BD - + D,

i.e. we have

9 9 9 97 92 o?
2 2
(u )= (%) (& %)= % &) ©
oy on oxdy  Oy? ocon  on?

which gives the Hessain matrix relation:

3%u 3%u 92U 92U
Oz?  Oz0y _ JT w2  Owd 2. _ 7T 2
oxdy  Oy? Owdz 022 ~~

where V2u denotes the Hessian matrix of w. Thus the equation

Trace [( Z b ) ( Hao Hay )} + (lower order terms) = f (z,y)

¢ Ugy  Uyy

becomes (note that for any two matrices A, B, we have the identity Trace (AB) = Trace (BA) in
linear algebra)

a b T Ugg Ufﬂ
Trace ( b e ) J ( Ue Uy J | + (lower order terms)
= Trace |J < a b ) Jr. ( Use Uy ) + (lower order terms) = F' (£, 7) (11)
b c Uy Unn
The proof is done. O



Definition 1.5 Since the matriz
a b
=5 1)

is symmetric, it has two real eigenvalues \; and \s. If both of them are positive (or both are
negative), then we say the equation (1) is elliptic (this is equivalent to det M = ac—b* > 0). If one
eigenvalue is positive and the other is negative, we say the equation is hyperbolic (this is equivalent
to det M = ac — b* < 0). If one eigenvalue is zero and the other is nonzero, we say the equation is
parabolic (this is equivalent to det M = ac — b*> = 0). Note that by

det(J(Z [;)JT):(detJ)zdet(Z IZ) where det J # 0,

-

we see that the type of the linear equation (2) is invariant under a linear change of
variables.

Since the matrix M in (6) is symmetric, by linear algebra theory, we can find orthonormal
basis {v1,v2} (they are eigenvectors corresponding to A;, Ay) such that

PTMP = ( Aol AO ) , PT=p1 (12)
2

where P is the orthogonal matrix P = (v, v3) (v1,ve are column vectors of P). Assume that
v; = (o, B) and vy = (p, q) and let

(-GG =G 7-Go) w

i.e. we choose J = PT. Then

a b\ r ((Ug Uy \| _ r(ab)p (Ve Ug
Trace |J ( b e ) J ( U Uy =Trace | P b e P U Upy
N s N J/

v~

_ A0\ [ Ue Uy | _
= Trace (O )\2) (Usn U, = MUege + AUy, (14)

which will reduce the leading terms au,, + 2buy, + cu,, + - - - of the PDE (1) into canonical form
i

By (14), we can conclude the following classification result for equation (1):

Lemma 1.6 (Canonical form.) If the linear equation (2) is elliptic, then one can find a suitable
linear change of variables (using eigenvalues and eigenvectors)

¢E=Axr+ By, n=Czx+ Dy, A, B, C, D are constants,
so that the equation for U (£,n) has the form
Uee + Uy, + (lower order terms) = F' (€, 7). (15)
For hyperbolic case, the equation has the form
Uee — Uy, + (lower order terms) = F (€,n), (16)
and for parabolic case, the equation has the form

Uge + (lower order terms) = F (€, 7). (17)



Remark 1.7 The formsin (15), (16) and (17) are said to be in canonical forms. Another canon-
ical form of the hyperbolic case is

Uey + (lower order terms) = F (§,7) . (18)

One can show that an equation of the form ., — u,, = 0 can be converted into an equation of the
form 4Ug, = 0 (by the change of variables ¢ = x +vy, n = x —y). Therefore, canonical form (16)
and (18) are equivalent.

Proof. For the elliptic case, by multiplying the equation by a minus sign if necessary, we may
assume A\; > 0, As > 0 (both are eigenvalues of the coefficient matrix). By the change of variables
(13), we can convert in into the form

MUge + AUy, + (lower order terms) = F'(€,7), Ay >0, Ay > 0.
If we let
=t =k 0(&n)=U(VAE V). (19)
then we have
MUge + AUy, + (lower order terms), where A >0, Ay <0
= Ugg <§, 77) + Usi (5, ﬁ) + (lower order terms) = F (é, 77) :

Thus we have arrived at the form (15). For the hyperbolic case, we have A; > 0, A2 < 0. Then
we replace (19) by

f= . = 0 (6n) = U (VRE V) (20)
and get
MUge + AUy, + (lower order terms), where A >0, A2 <0
= Ug <§, ﬁ) — Uy (5, ﬁ) + (lower order terms) = F (f, 77) :

For the parabolic case, by multiplying the equation by a minus sign if necessary, we may assume
A1 > 0, A2 = 0. Then we replace (19) by

== imn U(6n)-v(VAda) (1)

and get
MUge + AUy, + (lower order terms), where A >0, A =0
= Ugg (f, ﬁ) + (lower order terms) = F (é, ﬁ)
The proof is done. 0
Definition 1.8 In case equation (1) is parabolic with canonical form
Uge + (lower order terms) = F (§,1), (22)

and there is no U, term in (lower order terms) of (22), we say the equation is degenerate. Oth-
erwise, we say it is nondegenerate. A degenerate parabolic equation is just a second order ODE
in & of the form (view n as a parameter):

Uee +aUc +0U = F (£,m), a, b are constants. (23)

We will not study a degenerate parabolic equation. From now on, if we study a parabolic
equation, we always assume that it is nondegenerate.



1.1 Refined canonical form; getting rid of the first derivative terms.

One can go further to get rid of the first derivative terms in (15), (16) and (17) of Lemma 1.6.
For simplicity, we can just look at two examples.

Example 1.9 (For elliptic and hyperbolic equations.) Assume we have an elliptic equation
i canonical form:
U§§+Unn+3U§+4Un—|—5U: F(g,n), (24)

where we can write 18 as
(Ugg + 3U5> + <U,m + 4Un> +5U =F (5, n)
N—— N———

We let v (£,m) be the new function given by

v (&m) = et (&, n)

for some constants a, b and we choose a =3/2, b=4/2 to get

v(&m) = €272 () (25)
and compute
4
ve = 3537 <;U + Us) , oy = esttan <§U + Un) (26)
and .
Vge = e28t2n (—U + 30U + Ugg) , Upy = e2ét2n <4U + 4U, + Unn) . (27)
4 ——— ———

Hence we obtain

9
Vee + Uy = 25727 KU& + 3U5) + (Um7 + 4Un) + (— + 4) U}
—_——— N—_—— 4

and conclude

e ™~

9
Vee + Ugy = €253 | Uge + 3Ue + Uy, + 40U, + 5U + (Z + 4) U —50

1 5
= XTEE (6 ) + (v,

i.€.
) 3¢.4
Vge + Unn — ZU = ¢ (57 77) > where ¢ (57 77) = eiﬁ"‘gﬁF (67 77) : (28)

The new equation for v has no first derivatives terms. Note that, in general, one cannot choose
two constants a and b to get rid of the three terms 3U¢ +4U, +5U. Therefore, the term — (5/4) v in
(28) cannot be removed in general. The same method applies to the hyperbolic equation. We
omit it.

Example 1.10 (For nondegenerate parabolic equations.) Assume we have the nondegener-
ate parabolic equation in canonical form:

U§§+3U§+4Un+5U:F(§,n). (29)
where we can write 18 as
(Ugg + 3U5) + (4U,7 + 5U) =F (f, 77) . (30)
—— ——
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Now we let v (§,n) be the new function given by

v(&m) = es&tAny (&,m), A is a constant to be determined (31)

and compute

Ve = e2tHM . BGU+Ue), wv,= 3t . (AU + U,7> :

——
(32)
Vee = €%£+)‘n (%U + 3U§ + Ugg) s
——

where, since there is no Uy, term in the original equation, we do not have to compute v,, (otherwise,
we will get U,,, and this does not make sense). Now, unlike the elliptic case in which we can compute

Uy to produce the term U, (see (27)), here to produce the term 4U, in (30), the only method is
to look at 4v, and get

du, = 26N (4/\U + 4U7,> . (33)
N——

Now we conclude

9
vee + dv, = 26T (ZU + 3U¢ + Uge +4\U + 4U7,)
9
— 28N | Uge + 3U; 44U, + (Z + 4/\) Ul . (34)

By (??), if we choose A = 11/16, we will have (9/4 + 4\) U = 5U and (34) becomes

3

vee +4vy = ¢ (€,m),  where v (E,n) =¥ TH(E,n), ¢(En) = e THIE(E ). (35)

As a comparison, we see that we have got rid of the terms 3Ug and 5U in (35). From the above
computation, we also see that it is tmpossible to reduce the nondegenerate parabolic equation
(29) (the coefficient of U, is not zero) into the form

vee +cv = ¢ (€,1) (36)

for some constant c.
We summarize the above in the following lemma:

Lemma 1.11 For elliptic or hyperbolic equation

Ugg + U7777 + (lUg + bUn +CU = F(f,n),
———

where a, b, c are all nonzero constants, in general we can at most get rid of the two terms aU¢ +
bU, only. For nondegenerate parabolic equation

Uge + als +bU, + U = F (£,1).

where a, b, c are all nonzero constants, in general we can at most get rid of the two terms alUg +
cU only.

By the above two examples, we can improve Lemma 1.6 as:



Theorem 1.12 (Refined canonical form.) If the linear equation (2) is elliptic, then one can
find a suitable linear change of variables (using eigenvalues, eigenvectors and scalings) and
multiply the solution by some suitable exponential function so that, eventually, the equation
has the form

UE£+Unn:CU+¢<€777)7 020(5,77), (37)

for some constant ¢ € (—o0,00) and some function ¢ (§,n). If the equation (2) is hyperbolic, the
equation has the form

Vee — vy =cv+9(&m), v=v(n), (38)

for some constant ¢ € (—o0,00) and some function ¢ (&,m). If the equation (2) is parabolic and
nondegenerate, the equation has the form

vee = coy + o (E,m), v=v(En), (39)

for some constant ¢ € (—o0,00), ¢ # 0, and some function ¢ (&, 1) .
Proof. The proof is now obvious. We omit it. OJ

Remark 1.13 (Important.) The constant ¢ in the elliptic case can be ¢ > 0 or c =0 or ¢ <
0. For ¢ > 0, we can make it equal to 1 by doing the change of variables

E=vae q=ven o(Eq)=n <%%)

and for ¢ < 0, we can make it equal to —1 by doing the change of variables

E= V=, ii==an, v<§n>=v<¢i_—c¢i__c>

Thus in the elliptic case, we may simply assume ¢ =1 or 0 or —1. The same for the hyperbolic
case. Finally, for the parabolic case, the constant ¢ can be ¢ > 0 or ¢ < 0. So eventually
we can simply assume ¢ = 1 or —1. However, since most parabolic equations come from physical
phenomenon involving the behavior of some quantity v (£,m) depending on space and time. So & will
represent space variable (we rewrite it as x) and n will represent time variable (we rewrite it
as t). In that case a nondegenerate parabolic equation in its refined canonical form looks
like (assume ¢ (£,m) = 0 for simplicity)

(). vy =0z 0or (2). vy = —Vsy, (40)

where, physically, the quantity v,, describes the process due to diffusion (say, from high temperature
to low temperature, or from high concentration to low concentration, ... etc). We call (1) the
"forward heat equation” (or just heat equation) and (2) the "backward heat equation”.
Since in reality, time cannot go backwards, so in a parabolic equation, we always fucus on the
behavior of a solution v (x,t) as time goes forwards, i.e., as t is increasing. One can use
simple examples to see that, as time goes forwards, the heat equation (1) will make solution
better, while the backward heat equation (2) will make solution worse (look at e 'sinx and
e'sinx respectively). Thus, as time goes forwards, equation (1) is well-posed, while (2) is ill-
posed. Hence, we will focus only on (1).

Finally, by the above remark, we conclude the following final canonical form:



Theorem 1.14 (Final canonical form.) If the linear equation (2) is elliptic, then one can
find a suitable linear change of variables (using eigenvalues, eigenvectors and scalings) and
multiply the solution by some suitable exponential function so that, eventually, the equation has
the form

vt (&),

Vee + Uy = @ (§,m), (41)
v+ (&),
where v = v (§,n). If the equation (2) is hyperbolic, the equation has the form
vt (&m),
Vee — Uy = § 9 (&), (42)
—v+ (&),

where v = v (§,n). If the equation (2) is parabolic, nondegenerate and forward, the equation
has the form

vee =vy+0(&m), v=uv(n). (43)
Proof. The proof is now obvious. We omit it. 0

Definition 1.15 Let v = v (&,n) . The equations vee + vy, = 0, veg — vy, = 0 (view 1 as time), v, =
vee (view n as time), are called Laplace equation (elliptic equation), wave equation (hyper-
bolic equation), and heat equation (nondegenerate forward parabolic equation), respec-
tively.

Remark 1.16 In this elementary course we will focus only on Laplace equation, wave equation
and heat equation, or focus only on equation (44) below.

2 General solutions of hyperbolic equations without lower
order terms.

In this section, we look at equations of the following form with no lower order terms and f (z,y) = 0,
i.e.
AUy + 2bUyy + cuyy =0, u=u(z,y), a, b, careconst., (44)

where a, b, ¢ are constants with a* + b* 4+ ¢* > 0. Note that (44) can be written as

Trace[(a b)(um Uy )}:O, det(a b)zac—bQ.
b ¢ Upy Uy b ¢

We want to find the general C? solution u = u (z,y) of (44) defined on R?
The canonical form of (44) is given by

Uee + U,y =0 (det M > 0, elliptic)
U — Uy =0 or Ugp=0 (detM <0, hyperbolic) (45)
Uee =0 (det M =0, parabolic but degenerate),

where M is the coefficient matrix of (44). The result is that, for hyperbolic and parabolic cases
in (45), we can solve them easily (but not for elliptic equation). The method is either by a
change of variables (diagonalization method) or by a factorization method.

8



Lemma 2.1 Let A, B, C, D be constants with AD — BC # 0. Consider the first order equation
Aug + Buy = g(Dz — Cy), u=u(zy) (46)

where g (+) is a given continuous function defined on R. Then the general solution of (46) is given
by

u(z,y) = F(Bx — Ay) + G (Dx — Cy), (47)
where F () is an arbitrary C* function defined on R and the C* function G (0) satisfies
/ g(0

In particular, if the function g (-) on R is arbitrary, then the function G (-) on R is also arbitrary.

Remark 2.2 The condition AD — BC' # 0 is necessary. The case AD — BC' = 0 will be discussed
later on. See (77).

Remark 2.3 Also note that AD— BC' # 0 implies that the two families of lines Bx— Ay = A\, Dx—
Cy = n are not parallel. As a consequence of this, the two terms F (Bx — Ay), G (Dx — Cy) in
(55) are essentially different.

Proof. We do the linear change of variables

—A

w= Bx — Ay, z= Dx—Cy, Jacobian is g_c‘:AD—BC’#O, (49)

which is a global linear change of variables from zy-space to wz-space. Now the function u (x,y)
becomes U (w, z) and we have

Au, + Buy, = A[U,B+U.,D|+ B[U, (-A)+ U, (-C)| = (AD - BC)U, =g(2),

which gives
v.— 9% up_poxo

~ AD - BC’
and so
U(w,z)=F(w)+G(z) =F(Bx — Ay) + G (Dx — Cy),
where G’ (z) = Ag(j)gc. The proof is done. O

Remark 2.4 In the above change of variables (49), we prefer not choose z =y (for B # 0) or
z=ux (for A #0). If you choose z =y or z = x, the method is still correct but the computation
will be more involved.

2.1 Solving hyperbolic equations; factorization method.
In this section, we will use factorization method to solve a hyperbolic equation
AUy + 20Uy + cuyy =0, u=u(z,y), a, b, careconst.,

where a, b, ¢ are constants with a? + %> + ¢? > 0 and ac — b* < 0, which means the determinant of
the coefficient matrix is negative. The idea is to decompose a second order PDE into two
first order PDEs.



Lemma 2.5 Let a, b, ¢ be three given constants with ac —b* < 0 (same as b*> —ac > 0). Then one
can find constants A, B, C, D satisfying

AC = a, AD + BC = 2b, BD =c. (50)
In particular, we have
(AD — BC)* =4 (b* —ac) >0, AD — BC #0. (51)

This means that, if we have ac — b* < 0 (same as b* — ac > 0, we can factor the second order
homogeneous polynomial ax® + 2bxy + cy? as

az® + 2bxy + cy? = (Az + By) (Cx + Dy), AD — BC #0, (52)

where the two lines Az + By = 0, Cxz + Dy = 0 on R? are not parallel (same as Bx — Ay =
0, Dx — Cy = 0 are not parallel).

Remark 2.6 If ac > b2, then (50) and (52) cannot be satisfied (check it yourself). Therefore, the
method in this section cannot be used to elliptic equations.

Remark 2.7 Ifa =1, we can choose A = C =1, and then solve
B+ D = 2b, BD =c¢

to get

B:b:i:\/b2—c, D_bj:;\/b?—_c’ fOT’ c;é()

and
B=2b, D=0, for c=0.

Remark 2.8 Ifa >0, b=0, ¢ <0, we can choose A =C = /a and B=+/—c, D = —+/—c.

Proof. (Read it yourself. We omit it.) If a = 0, then by ac = 0 < b?, we must have b # 0. The
numbers

C
A=1, B=—, C=0, D=2b
’ 2b7 ) ’

satisfy (50). If ¢ = 0, then we still have b # 0. The numbers

a
A=—, B=1 C=2, D=0
2b7 ) Y )

satisfy (50). If ac # 0, then b+ vb? — ac # 0 and b — v/b? — ac # 0. The numbers

2
A—1, poiftvbioae o p_ ac

a b+ Vb2 —ac
satisfy (50). Finally, in each case we can see that AD — BC' # 0. O

We now focus on the hyperbolic (ac — b* < 0) case in (44). That is, the eigenvalues \;, A of
the coefficient matrix have different sign and we may assume \; > 0, Ay < 0.

Lemma 2.9 (Factorization method for hyperbolic equation.) Assume (44) is hyperbolic, i.e.,
ac < b?. Then one can decompose it as

0 0 0 0
gy + 20Uy + CUy, = (A% + Ba_y) {(C’% + Da_y) u] =0 (53)

10



for some constants A, B, C, D satisfying
AC = a, AD + BC = 2b, BD = c, AD — BC #0. (54)
In particular, the general solution of (44) is given by
u(x,y) = F (Br — Ay) + G (Dx — Cy), (x,9) € R? (55)
for arbitrary C* functions F (-), G (-) defined on R.
Proof. For a C? function u, we have
(80085002
= A(Cuy + Duy), + B (Cu, + Duy)y = ACuy, + (AD + BC) uyy + BDuy,.
Now by Lemma 2.5, there are numbers A, B, C, D satisfying
AC=a, AD+BC =2, BD=c¢, AD—BC#0. (56a)

Hence, for a C? function u, it satisfies au,, + 2bug, + cu,, = 0 if and only if it satisfies

(4282 [(c2 +p2)] -0 -

where A, B, C, D satisfy (56a). We can find solutions of (57) by solving two first order PDE. Let

0 0

It satisfies (Aa% + B%) v = 0. Hence v (x,y) = f (Bxz — Ay) for arbitrary C! function f and the

equation for u becomes
Cu, + Du, = f (Bx — Ay), feC'

By Lemma 2.1, the general solution for u (z,y) is

where F, G are two arbitrary C? functions defined on (—o0, c0) (since we want u (x,y) to be a C?
solution, we must require F, G to be C? functions). The proof is done. O

Remark 2.10 (Important.) Lemma 2.9 says that to solve the second order hyperbolic equation,
it suffices to solve two first order equations.

Definition 2.11 We call the 2-parameter family of lines
Bxr—Ay=X\, Dx—-Cy=mn, AD—-BC#0
where \, n are arbitrary constants, the characteristic lines of the hyperbolic equation (53).
Example 2.12 Consider the second order linear equation in two variables:
Upy — gy — 2uy, =0, (7,y) ER? u=u(r,y):R* =R

What is the type (elliptic, hyperbolic, or parabolic) of this equation ¢ Use factorization method
to find the general solution of the equation.

11



Solution:

The equation has the form aug, + 2bugy + cu, = 0, where a = 1, b = =2, ¢ = —2 and
ac — b* = —6 < 0. Therefore the equation is hyperbolic. We know that one can decompose it into
two first order equations of the form (by Remark 2.7, we can choose A = C' = 1)

Ugy — Wiy — 2Uy,y = (0p + BOy) (0p + DOy) u = uyy + (B + D) uyy + BDuy,.
Thus we solve B, D to satisfy the equation (note that now we have A = C' = 1)
B+D=-4, BD=-2.

We obtain (B, D) = (=24 V6, -2 — v/6) or (B, D) = (=2 — V6, —2 + v/6) . Thus we choose (B, D) =
(—2 +v6,—2 — \/6) and get

Uy = Bty = 2ty = |0+ (=24 V6) 0, |0 + (-2 - V6) 9, ] (58)
and the general solution is
w(z,y) = F(Br = Ay) + G (D — Cy) = F ((=2+V6) 2 —y) + G (-2 - V) 2 )
:F((\/E—z)x—y)+G<(x/6+2)x+y>, (59)
where F (z) : R — R and G (2) : R — R are two arbitrary C? functions. O

Remark 2.13 In terms of polynomial, the decomposition (58) is the same as
2 —day — 2y = (Zl]+<—2+\/6) y) <x+<—2—\/6> y) (60)

2.2 Solving hyperbolic equations; change of variables method.

Remark 2.14 By (63) below, we see that this method is essentially the same as the factorization
method. Computationally, you can just use the factorization method. Note that solving the equation
Uey = 0 is the same as solving two first order equations. See equation (57) also.

We can also use a change of variables method to solve the equation
gy + 2bUgy + cuy, =0,  where ac < b (61)

Introduce the change of variables

§=Bx— Ay, n=Dx—Cy, Jacobian= ‘ g :é ’ = AD — BC, (62)
where A, B, C, D are constants satisfying
AC = a, AD + BC = 2b, BD = ¢, AD — BC # 0, (63)

where we note that the existence of A, B, C, D satisfying (63) is guaranteed by Lemma 2.5. Since
AD — BC # 0, this change of variables is good on all R% Let U (£,7n) be the function u (z,y) in
(&,7n) variables. We have:
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Lemma 2.15 (Change of variables method for hyperbolic equation.) Under the change of
variables (62), (63), the equation for U (&,n) is given by

—(AD — BC)* Uy =0 (same as Ug, = 0 since AD — BC #0), (64)

which has general solution given by U (£,m) = F (&) + G (n) for arbitrary C* functions (we want
U (&,m) to be a C? function) F (€) and G (n) defined on R. As a consequence, the general solution
u(z,y) of (61) is

u(z,y) = F(Bx — Ay) + G (Dx — Cy), (v,y) € R?

for arbitrary C? functions F (¢) and G (n) defined on R.

Proof. We have
(u, = BU: + DU,, uy = —AUs — CU,,

Ugpye = B2U§§ + 2BDU§7] + DQUTW,
Uy, = —ABUg — (BC + AD) Ug, — CDU,,,
\ Uyy = A2U§§ + QACUgn + OQUnn

and so

AlUgy + 20Uy + Cly,y
{ a [B2U§§ —|— QBDUEU —|— DQUnn]

+2b [—ABU& — (BC -+ AD) Ugn — CDUm]] +c [A2U5§ + 2ACU§T] + CQUWU]
(GB2 — 2bAB —+ CAQ) Ugé

-~

+ (a2BD — 20BC — AD + 24C) Ug, + (ZLDZ —2bCD + cc@) Upy.

By

AC=a, AD+BC =2, BD=c, AD-BC#0,
we have

aB? — 2bAB + cA? = ACB? — (AD + BC) AB + BDA? = 0

aD? — 26C'D + cC? = ACD? — (AD + BC)CD + BDC? = 0
and

a2BD — 20BC — 2bAD + 2AC.

= 2ACBD — (AD + BC) BC — (AD + BC) AD + BD2AC
— 2ABCD — B*C? — A2D? = — (AD — BC)* #0.

Hence the equation for U (£, 1) is
—(AD — BC)*’Ug, =0 (same as Ug, = 0).

Its general solution is U (§,n) = F (§) + G (n) for arbitrary C? functions F (£) and G (n) defined on
R. U

Example 2.16 Consider the second order linear equation in two variables:
Upy — gy — 2uy, =0, (7,y) ER? u=u(z,y):R* =R

Use change of variables method to reduce it to canonical form (Uge — Uy, =0 or Ugy = 0) and
then solve it.
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Solution:

Recall that the numbers A, B, C, D satisfying
AC =a =1, AD + BC =2b= —4, BD =c¢= -2, (65)
are given by A=C =1, B= —2++6, D = —2 — /6. By Lemma 2.15, if we do the change of
variables
{ ¢ =Bxr— Ay = (—2—1—\/6):(:—?/

n=Dx—Cy=(-2-6)z—y,

the new for U (§,7) is given by Uy, (£, 1) = 0. The general solution for U (¢,n) is U (§,n) = F (§) +
G (n) . Hence the general solution for u (z,y) is

(66)

w(e,y) = F (Bu— Ay) + G (D = Cy) = F ((~2+ V6) v —y) + G (-2~ V6) 2 — y)
—F((V6-2)z—y)+G((V6+2)a+y), (67)

where F'(z) : R — R and G (z) : R — R are two arbitrary C? functions. O

2.3 Solving hyperbolic equations; diagonalization method (eigenvalue-
eigenvector method).

Remark 2.17 Interesting question: Can you find the relation between this method and the
factorization method ?

Example 2.18 Consider the second order linear equation in two variables:
Upy — Mgy — 2uy, =0, (7,y) €ER? u=u(r,y):R* =R
Use diagonalization method to reduce it to canonical form (Uge — U,,, = 0) and then solve it.

Solution:

One can write the equation as

1 —2 Upy  Ugy -
frace {< -2 =2 ) ( Uzy Uy )] =0

The eigenvalues of the coefficient matrix are Ay = 2, Ay = —3 with corresponding orthonormal
eigenvectors
1 —2 1 1
n=w () e (a) o

By (13) and (14), we introduce the change of variables (recall that the change of variables matrix
J is chosen as J = PT see (13))

2 1 1 2
§=——Fr+—72y, n=—F72r+—y.

VERRYE] VERRYE]

Then, in terms of the variables (£,7), we have

2Wee — 3U,, = 0.
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Finally, we let £ = \/55 , = \/Lgr], we have the final canonical form:

Uég — Uﬁﬁ = 0 (which can be decomposed as (% + %) {(% _ %) U] =0)

and its general solution is
U(é,ﬁ) :F(f—ﬁ> —i—G(—é—ﬁ) (same as G(é—l—ﬁ) )s

where F'(z) and G (z) are two arbitrary C? functions. Hence the general solution for u (z,y) is

o[ PG ) - (e ) .

By the identity

& VB2 D
. 2 1 1 2 .
we can write F BV x4+ Tic \/—1_5 y)asF ((\/64—2) x—l—y) and by the iden-

tity

2 1
—Z+ = _ —2v/15 + /10  Je42
L 4+ Z V15 + 2v/10
V10 V15

we can write G ((_\/LTO + \/Lfs) T+ <¢%T) + V%) y) as G ((—\/6—1— 2> T+ y) Thus the general

-~

solution can also be expressed as

u(x,y)zF((\/g+2>a:+y>+G<<—\/6+2>x+y>, (70)

which is the same as (59) and (67). O

3 (General solutions of parabolic equations without lower
order terms.

3.1 Solving parabolic equations; factorization method.

We now come to the parabolic case for the equation
AUy + 2bugy + cuy, =0, where ac= b2 (71)

Here we may assume a, b, c¢ are all nonzero (otherwise we will get into a trivial case). By the
identity ac = b* > 0, we know that a, c have the same sign. By multiplying the equation by a minus
sign if necessary, we may assume that a > 0, ¢ > 0. However, b can be either b > 0 or b < 0.

As there is no lower order terms in (71), the parabolic equation is degenerate. Hence it is
essentially an ODE. We have the following;:
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Lemma 3.1 (Factorization method for parabolic equation.) Assume the equation (71) is
parabolic, i.e. ac ="V% witha >0, b#0, ¢ >0 (if b =0, then we are in the trivial case; hence we
assume b # 0 and multiply the equation by —1 if necessary, we can assume a > 0 and ¢ > 0). Then
one can decompose it as

0 0 0 0
AUy + 2bUgy + Uy, = (A% + Ba—y) {(A% + Ba_y) u} =0 (72)

for some constants A > 0, B # 0. More precisely, we have

A=\/a, B=+/c, if b>0
{A:\/E, B=—\c, if b<O. (73)
The general solution of (71) can be expressed as either one of the following two forms
(1). u(@,y) = F (Bx— Ay) + =G (Bz — Ay) (74)
or
2). ulz,y)=F (B — Ay) + %G (Bx — Ay) (75)

for arbitrary C* functions F (2), G (z) defined on R.

Remark 3.2 Ifa =0 (thenb=0, ¢c#0) orc=0 (thenb =10, a # 0), then we are in a trivial
case. The equation now has the form cuy, = 0 or au,, = 0. We have not much to discuss.

Remark 3.3 See Remark 3.6 below for a third form of the solution.

Remark 3.4 The two forms in (74) and (75) are the same due to the identity

%G (Bx — Ay)
_ (Bx—Ay) + Ay
= 1B G (Bx — Ay)
Br— A
= %G (Bx — Ay) (absorb this term into F (Bx — Ay) ) + %G (Bx — Ay). (76)

Proof. For a C? function u, (72) is the same as

A (Auac + Buy)w + B (Auw + Buy) = AQUQ;Q; + 2ABU$y + B2uyy = 0

=
Hence we need to solve
A’=qa, AB=b, B’=c,

which is solvable due to ac—b* = 0. Ifa > 0, b > 0, ¢ > 0, then we can choose A = \/a, B = +/c. If
a>0,b<0, ¢c>0, then we can choose A = +/a, B = —,/c.

Let w = (Aa% + Ba%) u. Then by (Aa% + Ba%) w = 0, we see that w = G (Bx — Ay) for some
arbitrary C! function G (z) defined on R. Next we solve

(Aa%j + B(%) u(x,y) = G(Bx — Ay). (77)

Since A > 0 and B # 0, we can do the change of variables w = Bx — Ay, z = z, to get

Aug + Bu, = A[U,B + U,] + BU, (—A) = AU, = G (w)
—_———
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and obtain the general solution for U (w, z) :

U(w,z):F(wH%G(w),

which gives

u(:c,y):F(B:c—Ay)—l—%G(Bx—Ay), if A0,

where now F'(z), G (z) are two arbitrary C? functions defined on R. This is the form (74).
Similarly, we can also do the change of variables w = Bx — Ay, z =y, to get

Aug + Bu, = A(UyB) + B[U, (=A) + U.] = BU. = G (w)
N—————

which gives the general solution of the form (75). O
Remark 3.5 Note that, in solving (77), Lemma 2.1 is not applicable here.

Remark 3.6 (Important.) We can also do the change of variables w = Bx — Ay, z = Az + By in
(77) and get

Aug + Buy, = AlU,B+ U.Al+ B[U, (-A) + U.B] = (A>+ B*) U. =G (w).

-~

We now have .

U (’LU, Z) =F (w) + mG (w) , (78)
which gives the symmetric form
Ax+ B
u(x,y) = F (Bx — Ay) + WBgG (Bx — Ay). (79)

The three forms (74), (75) and (79) are all equivalent due to the following identities:

Az+By 1 _B(B$—Ay)+(A2+B2)JZ' (80)
A2+ B2 A2 4+ B2 A A

and
Ax+By 1 A(Bx — Ay) N (A2 + B%)y (1)
A2+ B2 A2 4 B2 B B ‘

Definition 3.7 Unlike the hyperbolic case, we have only 1-parameter family of characteristic

lines
Br — Ay = A (82)

for the parabolic equation (71), where X is an arbitrary constant.

3.2 Solving parabolic equations; diagonalization method (eigenvalue-
eigenvector method).

What happens if we use diagonalization method to solve a parabolic equation (ac = b?) ? One
can check that the coefficient matrix of equation (71) has two eigenvalues A\; = a + ¢, Ay = 0. The
corresponding orthonormal eigenvectors are

1 a 1 b
‘m(b) ‘m<—)
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and we get the matrix

. 1 a b T . -1

By (14), under the change of variables (recall that the change of variables matrix J is chosen as

J = P7T see (13))

1 1
= — (az + by), = —=— (bx — ay), 83
equation (71) can be reduced to
a+c O ) Ugg Ufn -
Trace [( 0 0 ) ( Ue U, = 0.
Since a + ¢ # 0, the above is same as
Uge =0, (84)
which implies
U(&n) =& )+ fn) (85)
for arbitrary C? functions f (n) and g (n) . The corresponding u (,y) is given by
(#:9) = gty @+ ) s (o =) ) 1 (b~ o))
u(x,y) = —— (ax ———(br—a ———(bx—a
Y a? + b? v a? + b? Y a? + b? Y
azr + by
= H (br — ay) + \/a2:+b?K (bx — ay) (86)

for arbitrary C? functions H () and K (1) . We can compare (86) with (79). Assume we are in the
case a >0, b >0, ¢ > 0, then we have A = \/a, B = /c and so b = \/ac = AB. Hence

ax + by

A%z + ABy

= H (ABz — A%y) + —————

( W+ e

Az + By i
VB

for another two arbitrary C? functions F (n) and G (n). Therefore, (86) is the same as (79).

The check for the case a > 0, b < 0, ¢ > 0 is similar. Therefore, both methods are actually
equivalent.

H (bx — ay) + K (bx — ay)

K (ABx — A2y)

Ax + By

= H (ABx — A%) + e

(ABz — A%y) = F (Bx — Ay) +

4 Hyperbolic and parabolic equations of the form au,, +
2bu,,, + cu,, = 0 with initial conditions.

If we write the equation aug, + 2bu,, + cuyy = 0 as aug, + 2bug + cuy = 0 and view z as space
variable, t as time variable, then a pair of initial conditions (at time ¢ = 0) of the form

u(@,0)=¢(x), w(z,0)=1v(@), zc(-00,00) (87)

can determine the solution uniquely, i.e. the solution exists and is unique. Here ¢ (z) and ¢ (z) are
two given functions defined on (—o0,00). We will demonstrate this by direct computations.

Remark 4.1 (Useful motivation.) Roughly speaking, a hyperbolic equation (imagine it is a wave
equation) comes from Newtonian mechanics, hence as long as the initial position and initial
velocity are known, the whole process of motion is uniquely determined.
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Lemma 4.2 (Hyperbolic equation with initial conditions.) Let ¢ € C? (R) and ) € C* (R) be
two given functions. Assume ac < b* in equation au, + 2bug: + cuy = 0. Consider the hyperbolic
equation with initial conditions:

{(Ag—x-l—B%) [(C’%—I—D%)u}:(), u=u(zr,t)
u(z,0)=0¢(z), u(z,0)=v(x), x€(-0c0,00),

where A, B, C, D are constants satisfying AD — BC' # 0 and here we also assume that
B #0 and D # 0 (they are the coefficients of the operator % ). Then the initial value problem (88)
has a unique solution u (z,t) € C* (R?). Moreover, the solution is given by

(88)

C A BD  [* 5!

where (z,t) € R?. Note: since we assume B # 0 and D # 0, the linet = 0 is not a characteristic
line, which is good. See Remark 4.3 below.

Remark 4.3 (Important.) The assumption B # 0 and D # 0 is essential in the formula (89).
There are 2-parameter families of characteristic lines for the hyperbolic equation

(A% + B%) KC(% + D%) u] =0, (90)

Bx — At = const., and  Dx — Ct = const.. (91)

If we have B = 0, then by AD — BC' # 0, we must have A # 0 and D # 0. Hence the line
t = const. is a characteristic line. Similarly, if we have D = 0, then B # 0 and C' # 0, and again
the line t = const. is a characteristic line. By this, the initial conditions

u(x,0)=¢(z), w(x,0)=v¢(z), =z€ (—o00,00)

namely the lines

happen to occur on the characteristic line t = const. (i.e. t =0). In general, for B = 0, we have
either no solution to the initial value problem or infinitely many solutions to the initial value
problem. The same conclusion holds for the case D = 0. We will leave this as a homework
problem for you to verify. Also see Remark 4.10.

Proof. The general solution of the equation is
u(x,t) = F (Bx — At) + G (Dx — Ct) (92)
for arbitrary C? functions F' (-), G (-) defined on R and we need to solve

{ F(Bx)+ G (Dzx) = ¢ (x)

(93)
—AF'(Bz) — CG' (D) = ¢ () .

Differentiate the first equation with respect to x to get the system of equations:
BF' (Bz) + DG (Dz) = ¢’ (x)
—AF' (Bx) — CG" (Dx) = ¢ (),
ie.
B D F'(Bx) \ ([ ¢ (x)
-A -C G'(Dz) ) \ ¢(z) )’

19



Hence we get / .
(&om ) =amse (37 57) (06)
e (CF (1) 4 DY (@), G (Da) = ot

which are the same as (note that we assume B # 0 and D # 0)

and so

F'(Bx) = (A¢' () + BY (x)),

{ L F (Bz) = BF' (Bz) = 5555 (C¢/ (z) + Dy (2)), o)
LG (Dz) = DG (Dz) = 5255 (Ad () + By (2)) .
If we let ¢ () be an antiderivative of ¢ (x) (it is not unique), we get
F(Bz) = 52— (c¢( )+ D (g;)) + 0
(95)

G (D) = 55250 (A0 (1) + BY (2)) + Cs

for some integration constants C7, Cy. Now by the first equation of (93), we must have C; + Cy =
0. Therefore, we conclude (note that we assume B # 0 and D # 0)

w(z,t)
:F(BI_AWG(M_@):F(B (m_gt)) +G(D (x_gt))
555 |0 (v — 41) + DY (x — 41)]

+ap25c [A¢( t)+Bw (ac——t)]
. AD c, BC 4, BD
AD—BC¢($_5>_AD—BC¢<x_E)+AD—BC

Note that the antiderivative v (x) is not unique. However, the quantity

Y (x - %t) — (x - %) (96)

is unique and is independent of the choice of the antiderivative 1; (x) . For convenience, we can
choose 9 (- =[5 ¥ (s) ds and obtain

0 (x — %t) — ) (a: — %t) = / i;tw (s)ds. (97)

Thus the solution formula for u (x,t) is given by

AD C BC A BD Tt
wlwt) =G —pa?\* ( 5t> ~ap—Bc? (x - Et) TAD - BC J,_, V0 O8)

&(m—%t)—zﬁ(m—%t)

-~

The solution is defined on all (z,t) € R? Since ¢ € C?(R) and ¢ € C*' (R), we have u (z,t) €
C? (R x R). The solution (98) satisfies the initial value problem (88).

To see uniqueness of the solution (98), we may look at the case ¢ (z) = ¢ (z) = 0 for all
r € (—00,00) and from the above derivation, we must have u (x,t) = 0 for all (z,t) € R?. Hence
the uniqueness follows. O
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Remark 4.4 By direct check, one can see that (98) is indeed a solution of (88). First, the solution
u(x,t) has the form F (Bx — At) + G (Dx — Ct). Hence it must be a solution. Second, for any
r € R, we have

w(5.0) = 550 (0) ~ 5 gt @)+ 5 g [ ¥ ()ds=ola)
and
O M AR
+apge (—5) ¥ (@) — 1725% (—4) ¢ (2)

:Z§¥%E<_%)¢@g_zg¥%5(—§)¢ua=¢w»

Thus u (x,t) given by (98) is indeed a solution of the equation satisfying the initial conditions.

Remark 4.5 (Domain of dependence for hyperbolic equations.) By (98), the domain of
dependence interval of the point (xg,to) is the interval [mo — %to,mo — %to} (or the interval
[azo — %to, xTo — %to] if xg — %to is smaller) lying on the x-azis. Only the values of ¢ (x) and ¢ (x)
on the interval will determine the value of u at the point (xg,to) . Draw a picture for the two char-
acteristic lines L1, Lo passing through (zo,to) .

In case equation (88) is parabolic (i.e. A = C, B = D) and has the same initial conditions, we
can still solve it (note that now the equation is degenerate parabolic).

Lemma 4.6 (Parabolic equation with initial conditions.) Let ¢ € C? (R) and ¢ € C%(R) be
two given functions. Assume ac = b? in equation (44) (we view y as time and here we denote it as
t). Consider the parabolic equation with initial conditions (at time t =0):

{ (Aaa—ijB%) [(A%%—B%) u] =0, u=u(z,t) (99)
U($,O>:¢(IL‘), ut(l‘>0):¢($>’ JZG(—O0,00),

where A, B are constants with B # 0 (this is same as in Lemma 4.2; B is the coefficient of
the operator 2 ). Then the initial value problem (99) has a unique solution u(z,t) € C? (R?).
Moreover, the solution is given by

oo (oo 2) [ (o A eme (o 2] o

where (z,t) € R Note: there is only 1-parameter family of characteristic lines Bx — At =
const. for the parabolic equation in (99). Since we assume B # 0, the line t = 0 is not a charac-
teristic line, which is good.

Remark 4.7 Assume B # 0. Note that (100) is still correct even if we have A = 0. In such a case,
we have

uy (2,8) =0, w(z,0)=¢(x), w(z,0)=v¢(z), z¢€(—o00,00),
and the solution is unique, given by
u(z,t)=¢(z)+t(z), x€(-00,00). (101)
However, if we have B = 0, A # 0, then the solution either does not exist or is not unique. See

Remark 4.10 below.
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Proof. Since B # 0, we choose the general solution to have the form (see (75))
t
u(z,t) = F (Bx — At) + EG (Bx — At), B #0, (102)

then we have

{ F(Bx) = ¢ (x)
—AF' (Bz) + £G (Bz) = (z), xz€R,

which gives
BF' (Bx) = ¢/ (x)
N——

—ABF' (Bz)+G (Bx) = By (z), z€R,
——

and we conclude

{ F(Bzr) = ¢ (x)
(103)
G (Bz) = By (x) + A¢' (x)
By the above we will get
t)=F (B At tGB At)y=F | B At tG B At
o) = F (B a0+ 50 B a0 = F (B (o~ 5t) ) + 50 (B (o~ 51))
A t A A
Since we assume ¢ € C? (R) and ¢ € C? (R), the solution u (z,t) given by (104) satisfies u (z,t) €
C2 (R x R). 0

Remark 4.8 By direct check, one can see that (104) is indeed a solution of (99).

Remark 4.9 (Important.) Note that the value of the solution u at (xo,ty) depends only on the
witial data ¢ and v at the point xy — %tg. Another way to see this is that the two characteristic
lines L1, Lo passing through (zo,ty) degenerates into one characteristic line only.

Remark 4.10 (Important.) (This is a continuation of Remark 4.3.) In case B = 0 (of
course, we must have A # 0), equation becomes

{ Uy (2,1) = 0,
(105)
U(JT,O)ZQZ)(:E), ut(xao):¢($)a 376(_00700)7

and the general solution for u(x,t) is u(xz,t) = h(t)x + g (t) for arbitrary functions of h(t) and
g(t), t € (—o0,00). Now we need to require

{ u(z,0)=h(0)z+g(0)=0¢(x), z€(—00,00),

(106)
u (,0) =h (0)z+4¢(0) =9 (x), x€(—00,00).

Clearly, in general, (106) has no solution. But if ¢ (x) and ) (x) are of the form ax+b, cx+d, then
(106) has infinitely many solutions. Again, the reason for this is that the data is prescribed
on the line t = 0, which is a characteristic line. If we change

Example 4.11 Find the solution u (z,t) satisfying:

Upg + Uy +uy =0,  u(z,0) =2 1w (x,0)=¢", xR
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Solution:
By (74) in Lemma 3.1 and the identity
Uzz + 22Uy + Uy = (0p + Op) [(Op + Op) u) =0, A=B=1,
we see that the general solution of this degenerate parabolic equation has the form
u(x,t)=F(x—1t)+zG(x —t)
for arbitrary C? functions F (-), G (-) defined on R. Hence we need to solve
F(z)+ 2G (z) = 22
{ —F'(z) —2G (z) = €”

and obtain

{ F'(z) + G (z) + 2G' (z) = 2z
—F' (z) —2G' () = €”

and then
G () =2z + €e”.

Next, by the identity F' (z) + 2G () = z? we have
F(r)=2"—2G (1) =2° — v (2v + ) = —2* — z¢e”.
The answer for u (z,t) is

u(x,t)=F(x—1t)+2G(x —1t)
:—(x—t)2—(m—t)ex_t—ka:[Q(x—t)—i-ex_t] =(x—1t)(z+1t)+te"!

5 The wave equation with initial conditions.

Remark 5.1 One can see W. A. Strauss PDE book (second edition), p. 11-13, for a brief expla-
nation of how to derive wave equation from a flexible, elastic homogeneous string which undergoes
relatively small transverse vibrations. However, it is difficult to understand his explanation.

In this section, we look at one-dimensional wave equation for the function u (x,t), given by
uy (2,t) = Cuge (z,t), z€R, tER. (107)

Under some assumptions (small amplitude, etc ...), the equation describes the motion of a vi-
brating string, where u (z,t) represents the position of the string (I will not derive this in class).
Here ¢ > 0 is a constant given by

c=4]=, (108)

where T is the tension of the string and p is the density of the string (both are assumed to be
constants, not very realistic at all).
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Remark 5.2 By a change of variable in time:
T =1, t= ct,

the function v (x,ﬂ =u(x,t) =u (:1:, %) will satisfy (107) with ¢ = 1. Hence, the two equations
Uy = CUyy and Uy = Uy, are equivalent. Some books discuss wave equation in the form Uy = Uy,

only. However, we prefer to keep the constant ¢ > 0 in the equation to reveal some of its physical
implications.

As (107) is a physical equation, it has initial conditions. They are the initial position and
initial velocity of the string, given by

u(x,0)=¢(z), w(r,0)=v(x), zek (109)

Remark 5.3 (Useful motivation.) Roughly speaking, the wave equation comes from Newtonian
mechanzics, hence as long as the initial position and initial velocity are known, the whole process
of motion is uniquely determined.

With the above conditions, the solution u (x,t) satisfying (107) and (109) exists and is unique
(which can be seen from (98)). Moreover, if we change ¢ (z) and v (z) a little bit, then the corre-
sponding solution will also change a little bit (we shall see this soon). In this sense, we say that the
problem (107) and (109) is well-posed.

Since one can factorize the equation (107) as

(2 Y [(2 - 2V 0 waten, a0

by previous discussion we know the general solution of (107), defined on the whole space R?, is
given by
u(z,t)=F(x+ct)+G(x—ct), (x,t) € (—00,00) X (—00,00) (111)

for arbitrary C? functions F, G defined on R.

Definition 5.4 Any line of the form x + ct = const. or x — ct = const. is called a characteristic
line of the wave equation (107). A wave equation has 2-parameter family of characteristic lines.

Remark 5.5 (The geometric meaning of the wave equation.) The solution u(x,t) given
by (111) consists of two traveling waves moving in opposite directions (positive and negative x-
direction) with the same speed c (the graph of F' (x + ct) mowves to the left and the graph of G (v — ct)
moves to the right; draw a picture on blackboard). Moreover, since ¢ = \/T/p, if the tension T is
large and the density p is small, then the traveling wave speed is large. This matches with physical
observation.

Without remembering the formula in Lemma 4.2, one can easily derive the solution formula
satisfying the conditions (109). We need to require

{ u(z,0) = F(x) + G (x) = ¢ ()
(112)
w (,0) = cF' (z) — G’ () = ¢ (x).
By this we obtain
P ) Gy ) .
and so
Flz) = ¢<29”) +%/0 b(s)ds+6, G(x) = ¢(2“") _ %/0 P(s)ds+e  (114)
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with suitable constants 0, ¢. Here § +¢ = 0 by (112). Hence we get the unique solution given by

x+ct

S (6 (0t ct) + 6 (a—ct)] + o w(ds. (115)

g

u(z,t)=F(x+ct)+G(x—ct) =

S

We can conclude the following:

Lemma 5.6 Assume ¢ and 1 in the initial conditions (109) satisfy ¢ € C* (R) and € C* (R). Then
the function u (x,t) given by

x+ct

(¢ (x4 ct) + ¢ (x —ct)] + L t Y (s)ds. (116)

1) =

N | —

is the unique C? solution of the initial value problem
{ g (2,1) = gy (z,1)
U(%,O):qb(flf), ut($,0)2¢($), IE(—O0,00)

defined on the domain (x,t) € R

(117)

Proof. (Due to Lemma 4.2, we can omit the proof of this lemma.) Given ¢ € C*(R) and
Y € C'(R), we define u (z,t) as in (116) for (z,t) € R% Tt clearly satisfies u (z,0) = ¢ (x) for all
x € (—00,00). We also have

Cc

we(w,1) = S 16/ (2 ct) = & (2 — ct)] + 3 [ + ct) + 9 (& — cf)]

for all (x,t) € R?, and so u (z,t) satisfies u; (z,0) = 1 (z) for all x € (—o0, 00) . Finally, note that

i (1) = % [0 (z +ct) + ¢ (x — ct)] + g [0 (z 4 ct) — ' (x — ct)]

and

S16" (o) + 6" (o — ) + oo [0 o+ ct) — o (o — 1),

which implies uy (z,t) = c*ug, (z,t) for all (x,t) € R% Therefore, u (z,t) given by (116) is indeed
a C? solution of (117) on the domain (z,t) € R

To check uniqueness, assume we have two C? solutions u; (x,t) and uy (z,t) of (117) on R2.
Then the function w (z,t) = uy (z,t) — ug (x,t) is a C? solution of the problem

{ Ugt (2,1) = gy (1,1)

u(z,0) =0, wu(x,0)=0, z€ (—o0,00)

Uz (T,1) =

on R2. Since we know the general solution of uy (x,t) = c*u,, (x,t) on R? has the form u (x,t) =
F (x +ct) + G (z — ct) for some C? functions F' (-), G () defined on R, we have

{ u(z,0)=F(z)+G(x)=0
(118)
ur (,0) = cF' (z) —cG' (x) =0, € (—00,00)

which implies F' (z) = G’ () = 0 on R. Therefore, both F'(-), G (-) are constant functions and
by u (z,t) = F (z + ct)+ G (x — ct) , u(z,t) is a constant function on R?. Since we have u (z,0) = 0
for all , we must have u (z,t) = 0 on R2. The uniqueness property is verified. ([l
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Remark 5.7 (Important.) We call (116) d’Alembert solution. It was due to him in 1746.
Note that the function

516+ ct) + 6z — ct) (119)
1s an even function in t and the function
1 T+ct
5 | s (120)

1s an odd function in t.

Remark 5.8 (Important.) One can also express the solution as

x+ct

[0 (x+ct) + ¢ (x—ct)] + — Y (s)ds = F(x+ct)+ G (x — ct)

1
t) ==
u(et) =5 5

r—ct

for some suitable function F (z) and G (z). To see this, let

0
wwzié (s)ds, 0€(—00,00), (0)=0
We have
1 r+ct 1 x+ct ~ ~
[ e [T 4 [T e = b —do-a)
and then
u(x,t)—%[(é(x—i-ct)—l—gb(x—ct) D (@ + ct) — b (2 — ct)

(x — ct) (x—ct)) F(z+ct)+G(x—ct),

l\DIr—l

= (%¢(:c+ct)+ x—l—ct) (

where F (z) = 3¢ (2 )+ (2) and G (z ):%qﬁ(z)—w(z), z e R.

Remark 5.9 (Omit this in class) If ¢ € C* (R) and ¢ € C*1(R), then u given by (116) repre-
sents a classical solution u € C* (R x [0,00)) of the initial value problem, but its regularity is not
smoother (or worse) in general. Thus the wave equation does not produce instantaneous
smoothing of the initial data as the heat equation does.

5.1 Domain of dependence and influence of the initial conditions for
wave equation.

For convenience of discussion, we confine to nonnegative time ¢t > 0 (this is not really essential). Recall
that the solution of the initial value problem (117) is

x+ct

u(z,t)==-[p(x+ct)+o(x—ct)] + — p(s)ds, (x,t) € (—00,00) x [0,00). (121)

1
2 20 xr—ct

For each fixed time t = ¢, € [0,00) and fixed xy € (—00,00), we get an interval of the form
[zo — cto, o + cto] . The value of u (xg,ty) depends only on ¢ at xg — ctg, xo + cly, and ¥ on the
interval [zg — cto, To + cto] . The values of ¢ and ¢ outside the interval [xg — cto, zo + cto] Will not

affect the value of u (xg, ) .

Definition 5.10 The interval [xg — cto, o + cto] lying on the x-axis is called the domain of de-
pendence interval of the point (o, 1) .
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Remark 5.11 The above also says that for our wave equation "disturbances” or "sig-
nals" only travel with speed c. To understand this more clearly, see the definition of "domain
of influence”.

In view of this, for each fixed zy € (—00,00), there is a region R C xt-plane (unbounded
closed set, lying on the upper half zt-plane) so that the values of u on this region can be affected
by the values of ¢ (zg) and ¢ (x¢). This region R C zt-plane is called the domain of influence
of the point (zg,0) (equivalently, a point p € R if and only if its domain of dependence interval
contains the point xy). The value of u at any point (z,t¢) lying out of of the region R is not
affected by the values of ¢ (z¢) and v (zo) . The domain of influence region R can be described
as

R={(z,t) e Rx[0,00) : x —ct < xg and z + ¢t > z¢}, (122)

where the two half-lines z — ¢t = g, t > 0, and = + ¢t = xg, ¢t > 0, intersect at the point (x¢,0) .

Remark 5.12 Draw a picture for the region R (or see Figure 1 in p. 89 of Strauss’s undergraduate
PDE book).

Outside the domain of influence of the point (xo,0), the value of u (z,t) is not affected by
the values of ¢ (z9) and ¥ (z¢) . In view of this, we have the following obvious fact:

Lemma 5.13 For any given ¢ (x) and ) (x) , the domain of influence of the interval (lying on the
x-azis) x| < o is the region (lying on R x [0,00)) |x| < o+ct. In particular, if ¢ () = (x) =0 for
|| > o (i.e. both ¢(x) and v (x) have compact support ), then u(x,t) = 0 on the region
|z| > o+ ct.

Remark 5.14 Draw a picture for the above lemma. Note that the wave speed is ¢ > 0 and the wave
is propagating on the x-axis (the space dimension). From this observation, it is easy to see that if
¢ (x) =1 (x) =0 for |z| > o, then u(x,t) =0 on the region |z| > o + ct.

Corollary 5.15 Assume both ¢ (x) and ¢ (z) have compact support. Then u (x,t) given by (116)
has compact support in x for each fized t (however, the support of u (z,t) will become larger if t gets
larger).

Example 5.16 Consider the wave equation with initial conditions:

{ g (T,1) = gy (z,1), ¢>0
u(x,0)=¢(z), w(x,0)=¢(z), x€(—o00,00).

Assume that ¢ =1 = 0 on the interval [-1 — ¢, 1 + ¢]. Determine the region R C R x [0,00) such
that u (x,t) =0 on R.

Solution:

The region R is the trianglular-shaped region given by

R:{(x,t):x—th—l—c}ﬂ{(:z:,t):x+ct§1+c}ﬂ{(m,t):tZO}.

Remark 5.17 Draw a picture for the above answer.
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5.2 Space-time separable solutions of the wave equation.

We look for certain special solutions of the wave equation uy (x,t) = c*u,, (x,t) with the separable
form:

u(z,t) = f(x)g(t),
where f (x) and g (t) are C? functions defined on (—o0,c0) . Plug it into the equation to get
f(z)g" (t) =f" (x) g (t)

and then we get the identity (assume the denominators are nonzero)

RO
2g(t) [0

The above identity cannot hold unless there is some constant K such that

g0 _ @)
2g(t) ~ fla)

There are three possibilities for the constant K : K =\ >0, K =0, K = —)\? < 0. For the first

case, we have
RO AR

g (t)  f(x)

=K, V x & domainof f, V¢ & domain of g.

A>0,
which gives
g(t) = c1e™ 4 e f (r) = die™ +dye ™, € (—00,00), te€ (—o0,00), (123)

where ¢, co, dy, dy are integration constants. For the second case, we have

g0 _ @)

S Fw
which gives
gty =ct+cy, f(x)=dix+dy, € (—00,00), te (—00,00). (124)
For the third case, we have
O _ @ e s,

cg(t)  flz)

which gives

g (t) = ey sin(Aet)+cacos (Aet),  f(x) =dysin(Ax)+dycos(Ax), x € (—00,00), t€ (—00,00).
(125)
Thus we have:

Lemma 5.18 (Classification of space-time separable solutions of the wave equation.)
The following are the space-time separable solutions of the wave equation

(Cle)\ct 4 626—)\015) (dlez\x 4 d2€—)\:c)
u ([L’, t) = (Clt + Cz) (dll' + dg)

[c1 sin (Act) 4 ¢ cos (Act)] [dy sin (Ax) + da cos (Ax)], = € (—00,00), t € (—00,00)
(126)

and there are no others. Here A\ (A > 0), ¢1, ca, dy do are all arbitrary constants.
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Remark 5.19 (Important.) The space-time separable solutions are important if we want to use
Fourier series to express solutions of the wave equation, especially using the third solution in

(126).

Example 5.20 For eachn € N and L > 0, there is a solution, defined on R?, of the wave equation
of the form (choose A = nm/L in the above lemma)
nwe nwe nwx

Uy (,t) = [An sin <Tt> + B,, cos <Tt>] sin (T> , A,, B, are const., (127)

which satisfies the initial-boundary conditions (fixzed-end condition) on the domain (x,t) €
[0, L] x [0,00) :

(tn) gy (2, 8) = € (tn) 5 (2, 1), (2,1) € [0, L] x [0, 00)
U (0,t) =u, (L,t) =0, Vtel0,00) (boundary cond.)

U (2,0) = Bysin (22), (uy), (2,0) = A, sin (222), YV z € [0,L] (initial cond.).
(128)
For each n € N, we call the above u,, (z,t) a harmonic of the wave equation uy = uy, with fized
ends at x = 0 and x = L (by Fourier series expansion applying to solutions of the wave equation
with fized ends, any such solution can be expressed as an infinite sum of different harmonics).
For each n € N, the initial data u, (x,0) = By, sin (%) in (127) has n zeros on the interval [0, L] .
Note that for a wave equation with fixed-end boundary condition, we also need the initial physical

conditions
u(z,0)=¢(z), wu(x,0)=v(x), =xe€l0,L], (129)

to guarantee a unique solution (imagine the vibrations of a guitar string). One can rewrite u, (z,t)
as
U, (z,t) = Ry [cos 6,, sin (%t) + sin 6, cos (%t)] sin (?)
nmwc nmx
= Rysin (5440, ) sin (20, 130
sin ( — sin { — (130)

where R, = /A2 + B2 and the angle 0,, satisfies cosf, = é—:, sinf,, = g_Z‘ Note that the value
of uy, (z,t) lies between —R,, and R,,. We call R, the amplitude of u, (z,t) and call ,, the phase
of uy, (x,t) . The solution (130), defined on [0, L], is periodic in time with

2L
Up (m,t—i——) =u, (z,t), VYzxel0,L], teR
The time 2L is called the period of the solution u, (z,t).

5.3 Conservation of the total energy for wave equation.

Lemma 5.21 (Equipartition of energy for wave equations with compact support initial
data.) Assume both ¢ (x) and 1 (x) have compact support (this assumption is essential) in (117)
and u € C? (R x (—o00,0)) solves the initial value problem (117). Define the kinetic energy and
the potential energy for the solution u (x,t) as

k(t):= = /_00 u? (z,t)dx  and p(t) := %/_00 u? (x,t)dr, t€ (—00,00). (131)

o0 oo

Then we have
kE(t)+c*p(t) isa constant, YV t¢€ (—00,00). (132)
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Moreover, fort € (—oo,00) such that |t| is large enough, we have
kE(t)=cp(t), Vte (—oo,0). (133)

In particular, we have
k(t) = *p (t) = const. (134)

when |t| is large enough.
Remark 5.22 Be careful that there is a coefficient ¢® before p (t).
Remark 5.23 By (132), we see that the energy is equal to

E(t)+cp(t) =k (0) +c*p (0

L utmom—/ rode=3 [Cr@as S [T @l o)

where we see that the improper integrals are actually proper integrals since ¢ (x) and v (x) have
compact support ...

Proof. To prove (132), by Corollary 5.15, we know that w (z,t) given by (115) have compact
support in x for each fixed t € (—o0, 00) . Computing

{ wi (1) = £ 6/ (2 + ct) — & (& — ct)] + L[ (2 + ct) + 4 (& — ct)]

(136)
[ (z+ct) + ¢ (v — ct)] + 5 [ (v + ct) = (x = ct)]

we can see that both w, (z,t) and u, (z,t) also have compact support in z for each fixed t €
(—00,00) . Hence the two improper integrals in (131) both converge (both are actually proper
integrals). Hence, the differentiation with respect to time can commute with the integral.
That is, we have

%[k(tﬂ—cp(t)} %[1/ u? :Etd:E-i——/ xtd:p}

:/oout(x,t)utt(x,t)d:v+c/ Uy (,1) Uyt (,1) d

o) — 00

=c? /00 [ (T, ) Uz (2, 8) + Uy (2,1) Uy (2, 1)) dc

e}

ZCQ/OO%[ut(x,t)ux(ﬁ,t)]d:v: c [ug (x,t) uy (z, t)Hx iooo:O, Vtée (—o0,00)),

where we have used the fact that both v, (x,t) and wu, (x,t) also have compact support in z for each
fixed t € (—o00,00). The proof of (132) is done.
For (133), by (136) we have

(M

(2@t + 6 a2 o+ )¢ - )

"

-~

_|_

-1/12 (x + ct) i¢2 (x — ct) +2¢ (z + ct) Y (z - ct)]

1
Z N
up (v t)=q "L

¢ (x+ct)d(z+ct)+¢' (x+ct) P (z —ct)

-~

—¢’(m—ct)¢(x+ct)—Eb'(x—ct)qﬁ(x—ct)

\ ~~

o’
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and
.

»

C

(& o ) 4 (6 (o= ) 4200 o+ ) (o - 1)

EN
+3 _1&2 (z+ct) +V* (2 — ct) =29 (x4 ct) o (v — ct)]
Czu?v ($7t> = A h g
Platct)y(@z+ct)—¢ (x+ct)y (v —ct)
+£ -
@)@t ct) = ¢ (x — ct) ¢ (z — ct)

\

By above, it suffices to show that
r ( 2 226/ (2 4+ ct) & (@ — )] + 1 [20 (@ + o) vz — ct) ) .
- +5 [0 (x4 ct) Y (x —ct) — ¢ (x — ct) ¥ (x + ct)]
/00 ( % 2¢' (x4 ct) ¢ (x — ct)] + 1 [-2¢ (z + ct) ¢ (x — ct)] ) .
- +5 [ (w+ct)Y(x—ct)+ ¢ (x —ct) Y (z + ct)]

o)

which is equivalent to showing that

o0 ( —2¢ (x4 ct) ¢ (x — ct) + ¢ (x + ct) ¢ (z — ct) )

/ dz = 0. (137)
- +cd' (x4 ct) Y (x — ct) — cd’ (x — ct) P (x + ct)

Since, for any = € R, the two points p = x + ct, ¢ = x — ct have distance 2¢ |t|. They both can not
stay in the support of ¢ and ¢ for large |t| for any = € R. Hence if |[t| > 0 is large enough, we must

o0

have
O (x+ct)d (x—ct) =1 (x+ct)y (x—ct)
=¢' (x+ct)p(x—ct)=¢ (xr—ct)yp(x+ct)=0 forall z € (—00,00).

The proof is done. O

Remark 5.24 (Read the following by yourself.) If you have difficulty assuring the identity
d oo o0 d [e.e]
pr u? (x,t) dr = / (Eu? (x, t)) dx = 2/ u (x,t) uy (x,t)de, V' te (—o0,00),
you can use definition and mean value theorem to see that for fixed ty € (—o0,00) (let F (t) =

ffooo uf (x,t)dx, t € (—o0,00)) we have

d o F(to+h)—F(t
— / u? (x,t) dr = lim (to+ 1) (to)
dt |,y J - h—0 h
%} (x,tg + h) —uf (x,t >
= Illin(l) uy (Tt + f)z u (&, O)d:v = }llirr(l) 2uy (x,t0 + 6 (x,h)) ug (x,t9 + 0 (x, h)) dz,

where the number 0 (z, h) lies between 0 and h and so to+ 0 (z, h) lies between ty and to + h (note
that h may be positive or negative). As we will let h — 0, we may assume that h € [—1,1] and so
to+ 6 (h) € [to—1,to+ 1] for all h € [=1,1]. One can find a large number M > 0 so that

2uy (z,to + 0 (h)) uy (x,tg + 0 (h)) =0 for all |x| > M and all h € [-1,1], (138)

which gives

/OO 2uy (z,to + 0 (h)) uu (z,to + 0 (h)) do = /

M
2uy (x,to + 60 (h)) ug (z,tg + 0 (h))dx, ¥V h € [—1,1].

00 —M
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Since the integrand 2u; (z, s) uy (z, s) is a continuous function in (z,s) € [—M, M|x[to — 1,1y + 1],

we have
M M

lim 2uy (x,8) uy (x, 8) do = / 2uy (,tg) ug (x, o) d,
s=to -M

which is an elementary fact in Advanced Calculus (note that the situation here is easier because we
are doing integral on a compact interval [—M, M|. The above implies

o0

}llin%) 2uy (z,tg + 60 (h)) ug (x,tg + 60 (h)) do
M o M [e’e)
= lin;l 2uy (z,8) uy (x,8) de = / 2uy (z,tg) uge (x, tg) do = / 2uy (,to) uy (x,tg) do
s—to ) _ g -M —o0

and we have

4
dt

/ ul (z,t) dr = / 2uy (,to) uy (x, o) dz,
t=tg Y —O0 —0o0
where ty € (—00,00) is fized but can be arbitrary. The proof is done.

Another energy property for the wave equation is the following;:

Lemma 5.25 (Conservation of energy for wave equations with fired-end condition.)
Assume u € C?(R?) is a solution of the wave equation uy (v,t) = ugz, (x,t) and there is some

L > 0 such that
u(0,t) =u(L,t) =0, VYte (—o0,00), (139)

i.e. u(x,t) satisfies "fixed-end" condition, then the total energy over the interval [0, L] :

1

3 (/OLuf (z,t)dw + ¢ /OLU?C (x,1) d:c> , te€(—00,00) (140)

1s tndependent of time.
Proof. We first note that by (139) we have u; (0,t) = u; (L,t) = 0 for all t € (—o0, 00). Compute

d |1 /L 2 ( t) d + 2 /L 2 ( t) d

—|= u; (xz,t)dx + ¢ uy (x,t) de

da 12\, "7 0o =

L L L
= / Uty dx + 02/ Uy Ugp AT = cz/ (UgUgy + Ugtiy) dx
0 0 0
Lo
= 62/ — (wpug) dv = A uy (L, t) uy (L, ) — g (0,) u, (0,8) =0, Vt € (—o0,00).
0 Ox —— ~——

Hence the total energy over the interval [0, L] is independent of time. O

The above will be the coverage of the midterm exam on 2023-4-13.

32



6 Nonhomogeneous wave equation.
We now consider the nonhomogeneous wave equation
Uy (7,1) — Py (2,1) = f(2,1), (2,t) € R? (141)
with initial conditions
u(z,0)=¢(z), w(r,0)=1v(x), z¢&(—00,00). (142)
Here the functions f (z,t) € C'(R?), ¢ (x) € C?(R), ¢ (z) € C* (R) are all given.

Remark 6.1 (Important.) Note that here we assume f(x,t) € C*(R?) instead of f(x,t) €
C° (R?). We will explain the reason later on.

By linearity, it suffices to look at the case when ¢ (z) = v (x) = 0 due to the following observa-
tion:

Lemma 6.2 If w (z,t) € C* (R?) solves the problem

{ wy (T,1) — Cwee (x,t) = f(2,t), (v,t) € R?

(143)
w(z,0) =0, w(z,00=0, xz€R

and v (z,t) € C? (R?) solves the problem
Vit (T, 1) — gy (2,8) =0, (z,t) € R?
{ v(z,0)=¢(x), v(20)=v(), zekR,
then u (z,t) = w (z,t) + v (z,t) € C* (R?) solves the problem
g (1,1) — Py (,t) = f(2,t), (2,t) € R?
{ u(z,0)=¢(x), u(x,0)=v(x), =xecR.

(144)

(145)

Since we already know how to solve (144), it suffices to focus on (143). We want to derive a
solution formula for u (z,t) € C? (R?) satisfying (143).

We shall use the change of variables method (characteristic coordinates method) to
solve (143). This method is quite straightforward and natural. We first note the following simple
fact:

Lemma 6.3 Let p(z,y) be a C! function defined on R2. Then the following two conditions are
equivalent: satisfying

(D.p(AA)=0 and p;(\A) =py, (A, A), VAER (146)
146
(2).p(\,A) =0 and p,(\,A\)=0, VAIeR
Proof. Assume p (A, \) =0 for all A € R. By the chain rule we have
_d _Op d\x  Op dx
0= ﬁp()\,)\) =5 (AN Y + a (A N) o= Pe (AN A) +py, (A N). (147)

By (147), we see that the two conditions in (146) are equivalent. Moreover, both conditions imply

pe (M A) =p, (M A) =0, VAeR. (148)
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The proof is done. 0

Recall that (see Section 2.2) when we solve the homogeneous wave equation uy — c*u,, = 0, we
can use the change of variables (by use of the two characteristic lines)

E=x+ct, n=x—ct (149)

to reduce the equation into a simple form (let @ (£,7n) = u (z,t)). By

Up = ClUg — Cly, Uy = Ug + Uy (150)
Ut = 02’&& — 262’12577 + 0212777], Ugpye = 11& + 2’&&7 + arm?
the simple new equation for @ (§,n) is
APy (€,7) = O, (151)

where, in (151), we have used the identity g, = @, for a C? solution. Hence we obtain the general
solution for @ (&, n) :

a(&,n)=F(&)+G(n) (152)
and then the general C? solution of uy; — c*u,, = 0 is given by
u(x,t)=F(x+ct)+ G (v —ct) (153)

for arbitrary C? functions F' (z) and G (z) defined on (—o0, c0).
For the nonhomogeneous equation wuy (z,t) — c*ug, (z,t) = f(x,t) with initial conditions in
(143), we can do the same change of variables and the equation for @ (£, 7) becomes

§+n 5_”)
2 7 2¢c )

—%%@@m=f< (154)

To solve (154), we also need to convert the initial conditions for u (z,t¢) into the initial
conditions for 4 (&,n). Since we have u (z,t) = @ (x + ct,x — ct), the condition u (z,0) = 0 for
all z € (—o00, 00) becomes

(M) =0, VA& (—00,00). (155)

Next, by
ue (z,t) = clig (x + ct,x — ct) — cy (x + ct,x — ct), (156)

the condition u; (x,0) = 0 for all z € (—o0, 00) becomes
Ge (A, A) =1, (A, A), YV Ae(—o00,00). (157)
Now by Lemma 6.3, the conditions in (155) and (157) are equivalent to the following:
(). a (XA =0, (2). e (M, A) =0, Ve (—00,00). (158)

Thus the initial value problem (143) for the new function % (£,7) becomes the following equation
with condition on the diagonal line:

0 1 _
fey (6:1) = 5 (B (1) =~ 13 <€+T77 52677

(€6 =0, (&€ =0, YEER

)’ viEmeER (159)
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We first integrate the equation with respect to 7 to get g (§,7). We need to take the condition
Ge (€,€) = 0 into consideration. In calculus, if we want to find a one-variable function H (7) satisfying
H' (n)=g((n), H (&) =0, then the answer is unique and is given by

H () = /E " 9(0) do (160)

Motivated by the above, we write the equation in (159) as

2 - 2or (552 559

and apply the integral | ; do onto it to get

1 0 0
ieteon) = genten =~z [ (S5 50w weo-o oo

Next, we integrate the above with respect to £ to get @ (£, n) and we need to take the condition
@ (£,€) = 0 into consideration. By the same trick as in (160), if we want to find G (&) satisfying
G' (&) =p(&), G(n) =0, then the answer is unique and is given by

3
G(§) = / p(r)dr. (162)

Therefore, by similar trick, we write the equation in (161) as

0 . 1 n r+0 r—20
Eu(ran)__@/r f( 2 5 %2 )d9

and apply the integral frf dr onto it to get

a(f,n)z/j {_r;/r"f(r-ge’ 7"2—09) d@] dr, (163)
which is the same as
a6 ) :4—;/; Unrf(r‘ge, 7“2_69> d&] dr, Y (€,7) € R2. (164)
It satisfies
w(€,§) =0, (£, =0, VEeR. (165)

Therefore, we conclude that the unique solution of problem (159) is given by the formula (164). To
get a better picture for the domain of integration in (£, )-plane, we write (164) as

(€0, 10) = 412 /&) [/WO f (% 52;0) ] ¢, ¥ (&,m0) € R? (166)

or as the double integral
/S
o) =g [[ 1 (552550 acan (167)

The domain of integration A in the (&,m)-plane for the above double integral is given by (for
convenience, in the picture below we assume 7 < &)

A : DRAW A PICTURE HERE IN (&,n)-PLANE Il
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We note that A is the region inside a right triangle bounded by the three lines L; : £ = &, Lo :
n =mno, and L3 : & = n (the point (&y,170) is on L1 () L2). Going back to (z,t)-plane, by the relation
£+ §£—n

E=x+ct, n=x—ct = rg=— t= ,
2 2c

we have the following correspondence (denote the point corresponding to (£o,70) as (zo, to)):

( (1 (&0,m0) = (w0 + cto, zg — cty) <= (x0,to) = (5°+’7°, 5020”0) (top point of the triangle),

3

(1).

(2). Ly : £ =¢& <= line x + ct = xy + cty (characteristic line with negative slope),
(3). Ly:m=mny <= line z — ct = xy — cty (characteristic line with positive slope),
(4).

4). Ly : £ =n <= line t = 0 (the z-axis).

\

(168)
Denote the region of (168) as A C (z,t) plane, which is a triangle with top point at (zo,%o) . Its
picture is given by

A : DRAW A PICTURE HERE IN (z,t)-PLANE !l

As a consequence of the above, from Advanced Calculus, we have the change of variables identity
for double integrals (the absolute value of the Jacobian J = 0 (&, n) /0 (z,t) is 2¢, ¢ > 0) :

i (o, m0) = 12 // (§+77 s 77) d&dn = zlc//Af(x,t) drdt = u (xo, o) - (169)

The last step is to express the double integral [ [ A [ (x,t)dxdt as an iterated integral. Based on
the shape of 2\ it is easier to integrate with respect to x first and then with respect to t. We
have

1 1 to :E0+C(t()7t)
umm@:%//f@wmm:§g /‘ fot)de | dt, (zo,t0) € B2 (170)
A 0 T

o—c(to—t)

Back to general u (z,t), we can express the solution as

t z+c(t—s)
u@w:i/ / F(0,5)d8 ) ds, (x,1) € R (171)
2c 0 x—c(t—s)

At this moment, we are ready to state the main theorem in this section, which is:

Theorem 6.4 (Solution for nonhomogeneous wave equation with zero initial data.) As-
sume f € C1 (R?). Then the function u (z,t) given by

1 t z+c(t—s)
u(x,t) = —/ / f(0,5)dd ) ds, (v,t)€R? (172)
2c 0 z—c(t—s)

lies in the space C* (R?) and is a C? solution of the initial value problem

{ g (T,1) — gy (z,t) = f(2,t), (z,t) € R

(173)
u(x,0) =0, wu(r,00=0, ze€R

on the domain (x,t) € R% Moreover, the C? (R?) solution of the problem (173) is uniquely given by
(172).
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Proof. One first give a direct proof that, for f € C*, the function u (z,t) given by (172) is indeed
a C? solution of problem (173) defined on R2. For this purpose, we recall the following derivative
formula from Calculus: Assume « (z), f(x) : [a,b] — [c,d] are differentiable with respect to
z € [a,b] and h(x,y) : [a,b] X [c,d] — R is a C' function. Then we have the identity (also see
Remark 6.5 below)

d (8@ , B()
i /o hi(z,y)dy =h(z,B(x)) B (@) = h(z,a@)d (z) + /( | he (z,y) dy. (174)
Now let u (z,t) be the function given by (172). We first note that
z+c(t—s)
/ f(0,s)dd is C" in s€(—o0,00), feC"(R? (175)
z—c(t—s)
and
z+c(t—s)
/ f(0,s)dd is C* in (z,t)eR* feC"(R?. (176)
z—c(t—s)
We clearly have
1 0
u(x,()):—/ (--)ds=0, VzeR (177)
2¢ Jo
and
1 d /t /:p+c(t—s) 1 /t ) /x+c(t—s)
Uy (2,1) = —— f(O,s)df | ds| = — — f(0,s)dd | ds
( ) 2cdz [ 0 ( x—c(t—s) ( ) 2c 0 Ox x—c(t—s) ( )
1 t
=5 [fx+c(t—23s),s)— f(x—c(t—s),9)]|ds (178)
0
and
)= [ Ll tel-5),5)~ o clt—9), ] (179
Ugs (T, %) o x+c s),s xr—c s),s)|ds.
On the other hand, by the identity (174), we have
1 d t z+c(t—s)
w (z,t) = —— [ (h(x,t,s))ds, where h(x,t,s)= / f(0,s)do
2cdt 0 z—c(t—s)

. 1 [t
= h(x,t,t) (this is zero) + 2—0/0 5 (h(z,t,s))ds

1 t x+c(t—s)
- %(/ f(0.5)d0 ) ds
€Jo z—c(t—s)

:2lc/0 [fx+e(t—s),s)c—flz—c(t—s),s)(—c)]ds

=5 [ UGret=s) 9+ Flo—ct-s).00ds (150)
which gives
ut<x,0)=2ic/00(---)ds=o, VareR (181)
and also .
utt(a:,t):f(x,t)—ir%/oﬁ%[f(:chc(t—s),s)+f(:1:—c(t—s),s)lds. (182)

-~
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By the identity

0
5[f($+6(t—8)75)+f($—0(t—5)75)}26@1, [fztclt—s),8) = flr—clt—s)s),

- J
~~ ~~

we conclude

The check is done.
Now we check uniqueness. If there is another C* solution w (z,t) of the problem (173) on R?,
we can look at the difference

1 t z+c(t—s)
v(a:,t)——/ / f(0,s)d0 |ds —w(x,t), (x,t)c R
2c 0 z—c(t—s)
Then v € C? (R?) and it satisfies
v (7, 1) — g (2,8) =0, (z,t) € R?
v(z,0)=0, wv(z,0)=0, xekR.
By Lemma 5.6, we must have v (z,t) = 0 on R% The proof is done. U

Remark 6.5 (Change the order of differentiation and integration.) If h (z,y) and % (z,y) are
both in C° ([a,b] X [c,d]), then the function

d
H@)= [ Wy welad
is differentiable with respect to x € [a,b] and satisfies

H' (z) = % (/th(x,ymy) :/j%@,@@, Ve, (184)

In particular, we note that H' (x) is continuous on [a,b] due to 3% € C°([a,b] x [c,d]).

Remark 6.6 (Important observation.) In calculus, if f (s) € C°(R) is a continuous function
on R, and we integrate it twice over R, then the result will be a C? function on R, i.e.

u(t):/Ot</0pf(s)ds>dp€CQ(R). (185)

Note that here dimR = 1 and the times of integration over the domain space R is 2. However, if

f € C°(R?) and we look at

t x+c(t—s)
u(x,t) = i/ (/ f(0,s) d@) ds = 1 // f(0,s)dbds (top point of A\ is (x,t) ), (186)
2c 0 z—c(t—s) 2c A

then we have dimR? = 2 and the times of integration over the domain space R? is 1 (2 iterated
integrals over R is equal to 1 double integral over the domain space R?). Therefore, we expect
u(z,t) given by (186) to lie in the space C' (R?) only (and this is so in general !!!).
Finally, if we assume f € C'(R?), then u(x,t) given by (186) will lie in the space C*(R?). In
Evans PDE book, p. 81, Theorem 4, the author also assumes that f € C* (R?) in order for u (z,t)
to be a C* solution of the problem (173) on R2.
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Remark 6.7 (Important observation.) Another way to see that if f € C° (R?), then the func-
tion u (z,t) in (186) will, in general, lie in the space C' (R?) only. This is because f (0,s) is con-
tinuous in 6 and we only do integral with respect to 0 once. Similarly, f(0,s) is continuous in s
and we only do integral with respect to s once.

Example 6.8 For simplicity of computation, we assume f € C° (R?) and look at the double integral
over a rectangle:

u(x,t) = / f(0,5s)d0ds (top right point of O is (x,t) ),
O

where O is the domain [0, ] x [0,t] C R%. In terms of iterated integrals, it is equal to

u(z,t) /fesdeds_//fesdeds

and if we choose f (0,s) = |0s| = |0]|s| € C° (R?), we get

t T t T
u(z,t) = // 10| |s| dOds = / / 0| |s| dOds = / |s| ds - / 10| db,
O 0 Jo 0 0

(z,t) |a:|/|\ds ug (1) —|t|/ 0] db,  uz (z,t) = gy (x,t) = || |t].

which satisfies

However, uy, (z,t) does not exist at x = 0 and uy (z,t) does not exist at t = 0. u(x,t) is a C!
function on R?, but not a C* function on R

By Theorem 6.4, we can state the following:

Theorem 6.9 Consider the following initial value problem for nonhomogeneous wave equation:
Ug (T, 1) — Pty (2, 1) = f(2,t), (2,t) € R
u(a:,()):qﬁ(x), ut<x>0):w(x)a JTER,

where f € C'(R?), ¢ € C*(R), v € C*'(R), are given functions. Then the solution u (z,t) €
C? (R?) of (187) is unique, defined on R?, and is given by the formula

(187)

%[qﬁ(aﬁLct)—l—(zﬁ(x—ct +—f“jw (s)ds
u(x,t) = (188)

1 z+c(t—s) 2
ol ([0 10y a0) ds, (1) € R,

Remark 6.10 (Important.) By the representation formula (188), we can conclude the following:
The domain of dependence of the solution u at the point (xg,to), to > 0, is given by a compact
triangular set A in the upper (x,t) plane, enclosed by the three lines:

linet =0 (z-azis); line x + ct = xg + cto; line v — ct = xg — cty. (189)

Note that in case ty < 0, the description (189) is still correct. Now the compact triangular set V
is in the lower (x,t) plane.

In the above lemma we assume f € C* (R?) so that u € C? (R?) . However, if f (z,t) depends
only on z (or only on t), then it suffices to assume that f € C°(R). We have:
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Corollary 6.11 Assume f (z,t) in (173) is a continuous function depending only on z, i.e.,
f(z,t) = f(z) € C°(R). Let G(z) € C*(R) be a function satisfying G" (z) = f(z) for all
x € R, then the function u (x,t) in (172) has the form

u () = 212 G tet)+Cx—ct)—2G @], (1.1) € R (190)

where u € C* (R?) . Note that the solution u (z,t) depends on both space and time.

Remark 6.12 One can check that the solution (190) does not depend on the function G (x) as long
as it satisfies G" (x) = f (z) for all v € R. That is, if we replace G (x) by G (z) = G (x)+az+b for
some constants a, b, then we still have G (z) = f (z). Using this G (z) in (190) will give the same
answer u (z,t) .

Proof. The proof is straightforward. Let F (z) be such that F’ (z) = f (z) for all z € R and G (z)
be such that G’ (z) = F (x) for all z € R (and so G” () = f (z)). We have

t z+c(t—s) t
u(x,t):%/o (/ f(@)d@)ds:i Fz+c(t—s)—F(z—c(t—s))] ds.

—c(t—s) 2c 0
By
i(_l(}’(x—i—c(t—s))):F(a:+c(t—3)), %(%G(w—c(t—s))) Flo—c(t—s))
we get
w(e,t) = 216{(‘1G<x+c<t—s>>) . (Fo@-ctt-a) }
:—2—C2G( )+2—62G(:1:+ct)—2—c26’( )—|—2—C2G(a:—ct)
212[G(x+ct)+G(:U—ct)—2G()], (2.1) € RZ.
The proof is done. O

Corollary 6.13 Assume f(x,t) in (173) is a continuous function depending only on t, i.e.,
f(z,t)=f(t) € C°(R). Then the function u(z,t) in (172) has the form

w(z,t) /f t—sds_/</f >dp€C2(R2), V (z,t) € R (191)
Note that u (x,t) depends only on time t and is a C? function of t € R.

Proof. By (172), we have

u(x,t):%C/Ut (/:j:j)f(e s d0> ds——/ (/m(t 7 )d@) ds:\/otf(s)(t—s)di

We have

u (x,t) = f(t) —i—f (t—s)) dS—fU ds, uy(z,t)=f(t),
u(z,0)=0 ut(x,O)zo,

Uy (T, 1) = Uy (2,8) =0, uy (7,8) — Pugy (z,8) = f ().
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Remark 6.14 (Inte'restzng obse’r"uatwn !1) A remarkable thing is that for a continuous function f (t) €
C°(R), the function u (t) := fo (t —s)ds is a C? function of t € (—00,00) (not just a C*

function). Note that fo (t—s) ds 1s a convolution-type integral and we have

%/Of(s)(t—s)dS:/of(s)ds and d2/f (t—s)ds=f(t), VteR. (192)

On the other hand, since u(t) satisfies u” (t) = f(t), u(0) = 0, v/ (0) = 0, we can also express

u(t) as the double integral
t P
:/ </ f(s)d3> dp, VteR. (193)
o \Jo

/f t—sds—/ </f ds>d,0, (194)

which can be verified using the change of order of integration in the ps-plane, i.e.

/Ot </Opf(8)ds> de/Ot (/:f(S)dp> dS:/Otf(S)(t—s)ds. (195)

From (194), we see that fo (t — s)ds is a C? function of t € (—00,00) .

Therefore, we have

This is the end of second-order equations
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