PDE Teaching for Spring, 2022

Revised on 2022-4-14

Remark 0.1 This notes is based on "Lecture-notes-on-PDE-first-part-2022.tex".

1 Second order linear PDE with constant coefficients; clas-
sification and canonical form.

We now consider the linear second order equation with constant coefficients, given by
AUy + 2bUgy + cuyy + 2duy, + 2eu, + ku = f(z,y), uw=u(x,y) (1)

where a, ..., k are all constants with a® + 0* + ¢* > 0 and f (z,y) is a given function defined on
some open set  C R2. We want to find a C? function u (x,y) satisfying (1) on some open set (may
be just a subset of ). Note that for a C? function u (z,y), we have uy, (z,y) = uy, (z,y) on its
domain.

Remark 1.1 Note that if w = u(zy, ... ,x,) depends on n variables, the discussions below are
similar. For convenience, we assume that u = u (z,y) depends only on 2 variables.

We can write (1) in the matrix form as

e(39) (22 )] 2 (2) () rmmsion

which is helpful for us to understand the effect of the change of variables. As we shall see soon, the
"type" of the equation (1) is determined by the sign of the determinant of the coefficient matrix.

Remark 1.2 We shall use the notation Tr A to denote the trace of a square nxn matriz A € M (n).
The basic properties of the trace operator are

Tr(ciA+ caB) = c1Tr (A) + cxTr (B)
{ Tr(A)=Tr(A"), Tr(P7AP)=Tr(A), Tr(AB)=Tr(BA),

where A, B, P € M (n), P isinvertible, and c1, co € R. However, unlike det (AB) = det (A) det (B) , we
do not have Tr (AB) =Tr (A)Tr (B).

Lemma 1.3 Assume u (x,y) is a C* function defined on some domain 2 C R2. If we introduce the
linear change of variables given by

¢ =¢(x,y) = Az + By, n=mn(z,y)=Cx+ Dy, A, B, C, D are all const., (3)

£\ x (A B
( )= J y ) where J = c D) det J # 0, (4)
then the equation (2) for the function U (§,n) (where U (Ax + By, Cz + Dy) = u (z,y)) becomes

1.€.,

a b\ [ Ug Ug _
Tr |J ( b . ) J ( Ue U, + (lower order terms) = F (§,n), (5)

where Tr (-) is the trace of a matrix.



Remark 1.4 Denote
M:(Z ﬁ) N:J<Z b)JT, det J # 0. (6)

C

We see that the matrix N s also symmetric. By a theorem from linear algebra, all eigenvalues
of both M and N are real. Moreover, the sign of det M and det N are the same due to det N =
(det J)2 det M, where det J # 0. In particular, the sign of the etgenvalues \1, Ay are unchanged
under the change of variables. Finally, if J is an orthogonal matriz (i.e. J* = J=1), then both
M and N are similar and have the same eigenvalues. Our goal is to diagonalize M (i.e. make
N to be diagonal), which will reduce equation (1) into canonical form.

Proof. We have
U(Az + By,Cx + Dy) = u(z,vy),

and by the chain rule we have

Y

uy = AU + CU,, u, = BU; + DU,), <Z$)=JT(U5), (7)

which is equivalent to the operator identities:

O a2 9_p?.p?

T A TR TR T )
)G (5)-r(2) -(e5)  ®
U y )’ By ’ C D
One step furthermore, we get

92 _ 9 o\ _ 0 0 _ 9?2 92 92
2 =2 (2) = <A8—€ + Ca—n> ()= A2 4 2AC -+ C2

which can be written as

SRS

=2 (2) = (AZ+C2) () = AB& +(AD + BC) 2 + CD

y o]
92 _ 9 o) _ o) 0 _ n20o? 9?2 2 92
a—y2—8—y<a—y>—(Ba—+D— () =B*% +2BD o + D2,

o El 92 92 92 02
2 2
(5 )= (%) (& % )-r(& &) 9)
oy an dzdy  0y? agon o2

U U, U U Uege U
v :JT( 5), ( v W):JT< & 5")J. 10
( Uy ) Uy Ugy  Uyy Uey Uy (10
Thus the equation

Trace [( Z [; ) ( Hao tay ﬂ + (lower order terms) = f (z,y)

Ugy  Uyy

i.e. we have

which means

becomes (note that for any two matrices A, B, we have the identity Trace (AB) = Trace (BA) in
linear algebra)

a b T Ugg U@?
Trace ( b . ) J ( Ue U J| + (lower order terms)
= Trace J< a b ) Jr. ( Use Uy ) + (lower order terms) = F' (£, 1) (11)
b ¢ Uey Uy,
The proof is done. O



Definition 1.5 Since the matriz
a b
=5 1)

is symmetric, it has two real eigenvalues A\ and \s. If both of them are positive (or both are
negative), then we say the equation (1) is elliptic (this is equivalent to det M = ac—b* > 0). If one
eigenvalue is positive and the other is negative, we say the equation is hyperbolic (this is equivalent
to det M = ac — b* < 0). If one eigenvalue is zero and the other is nonzero, we say the equation is
parabolic (this is equivalent to det M = ac — b*> = 0). Note that by

det(J((g lc))JT):(detJ)Qdet(Z g) where det J # 0,

g

we see that the type of the linear equation (2) is invariant under a linear change of
variables.

Since the matrix M in (6) is symmetric, by linear algebra theory, we can find orthonormal
basis {vi,v2} (they are eigenvectors corresponding to A;, Ay) such that

PTMP = ( Aol f ) ., Pl =p1, (12)
2

where P is the orthogonal matrix P = (vy,vs) (v1,ve are column vectors of P). Assume that
v; = (a, 8) and vy = (p, q) and let

()= G)=G)G) =G)erm

ie. J = PT. We have

a b\ or ((Ue Uy || _ r(a by, (Use Ug
Trace |J ( b e ) J ( Ue Uy = Trace | P b oo P U U
%,—/ N J/

-~

3 A0 Ue Uy \| _
= Trace (O )\2) (Ugn U, = MUee + MUy, (14)

which will reduce the leading terms au,, + 2bugy, + cuy, + - - - of the PDE (1) into canonical form
i

Remark 1.6 (Omit this in class.) (Important.) In case the original equation (1) is already a
Laplace equation uz, + uy, = 0, then the matriz M = I is the identity matriz and any orthogonal
matrix P will make

PTMP=P'IP=P'P = (é (1)) P = (v1,13).

With this, (5) becomes

Trace J(l O)JT-(U55 Uﬁ") ., J=P' JJT=P'P=1

0 1 Uey Upp
Use U
— Trace JJT-< & 5’7)}:U +U,, =0, 15
{ U&n Um] &€ nn ( )



which means that under any orthogonal linear change of variables (x,y) < (£,n), the new
equation for U (§,n) still has the same form

Ugg + U7777 =0. (16)

That means if u (x,y) is a solution of the Laplace equation g, +u,, =0 and (x,y) «— (§,n) is an
orthogonal linear change of variable, then the corresponding new function U (§,n) will also satisfy
the same equation Uge + U,y = 0.

Remark 1.7 (Omit this in class.) (Important.) The space of all 2 x 2 orthogonal matrices
forms a group, which we denote it as O (2). It is known that the group O (2) is the set of all
rotations about the origin O in R? (they have det = 1) together with all reflections with
respect to straight lines through the origin O in R? (they have det = —1). In terms of the
polar coordinates (r,0), the first case corresponds to  — 0 + 0y (0o may be positive or negative)
and the second case, if we do reflection with respect to the x-axis, corresponds to 6 — —6. Note
that the Laplace equation under polar coordinates (r,0) has the form

2 10 1 0
(wta*ﬁw)”“@)—o

and one can see that if U (r,0) is a solution, so is U (r,0 + 6y) (rotation about the origin); the same
for U (r,—0) (reflection with respect to the x-axis).

By (14), we can conclude the following classification result for equation (1):

Lemma 1.8 (Canonical form.) If the linear equation (2) is elliptic, then one can find a suitable
linear change of variables (using eigenvalues and eigenvectors)

¢=Ax+ By, n=Cxz+ Dy, A, B, C, D are constants,
so that the equation for U (£,m) has the form
Uge + Uy, + (lower order terms) = F (€, 7). (17)
For hyperbolic case, the equation has the form
Uee — Uy, + (lower order terms) = F (&,n), (18)
and for parabolic case, the equation has the form
Uee + (lower order terms) = F (€,1n) . (19)

Remark 1.9 The formsin (17), (18) and (19) are said to be in canonical forms. Another canon-
ical form of the hyperbolic case is

Uey + (lower order terms) = F (§,7) . (20)

One can show that an equation of the form ., — u,, = 0 can be converted into an equation of the
form 4Ug, = 0 (by the change of variables & = x +y, n = x —y). Therefore, canonical form (18)
and (20) are equivalent.

Proof. For the elliptic case, by multiplying the equation by a minus sign if necessary, we may
assume A\; > 0, Ay > 0 (both are eigenvalues of the coefficient matrix). By the change of variables
(13), we can convert in into the form

MUge + AUy, + (lower order terms) = F'(§,7), A1 >0, A2 > 0.
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If we let

i= =L 0

Nl &) = U (VM€ VAai) (21)

then we have
MUee + AUy, + (lower order terms), where A; >0, A2 <0
— []'55 <£, ﬁ) + Usi (é, 77) + (lower order terms) = F <€, ﬁ) .

Thus we have arrived at the form (17). For the hyperbolic case, we have A; > 0, A2 < 0. Then
we replace (21) by

70 0%
I
I
il
I
3
)
—/~
"y

) = U (V€ V=) (22)
and get

MUge + XUy, + (lower order terms), where A3 >0, Ay <0

= Ugé (é, ﬁ) — Us; (é, ﬁ) + (lower order terms) = F (5, ﬁ) :

For the parabolic case, by multiplying the equation by a minus sign if necessary, we may assume
A1 > 0, Ay = 0. Then we replace (21) by

. ¢ . - .
- e 060 (vie) e
$=5 = &7 16,77 (23)
and get
MUge + AUy, + (lower order terms), where A >0, A =0
= Ugg <§, ﬁ) + (lower order terms) = F (5, 77)
The proof is done. O
Definition 1.10 In case equation (1) is parabolic with canonical form

Uge + (lower order terms) = F (£, 1), (24)

and there is no U, term in (lower order terms) of (24), we say the equation is degenerate. Oth-
erwise, we say it is nondegenerate. A degenerate parabolic equation is just a second order ODE
in & of the form (view n as a parameter):

Uee +aUc +0U = F (£,m), a, b are constants. (25)

We will not study a degenerate parabolic equation. From now on, if we study a parabolic equation,
we always assume that it is nondegenerate.

1.1 Refined canonical form; getting rid of the first derivative terms.

One can go further to get rid of the first derivative terms in (17), (18) and (19) of Lemma 1.8.
For simplicity, we can just look at two examples.



Example 1.11 (For elliptic and hyperbolic equations.) Assume we have an elliptic equation
in canonical form:

Ugg + U7777 + 3U§ + 4U77 +5U = F (f,n) , (26)

where we can write i8 as
(Ugg + 3U§> + (Um, + 4U77> + 5U = F (6, 77)
—— ——

We let v (&,m) be the new function given by

v (&m) = e (&, n)

for some constants a, b and we choose a =3/2, b=4/2 to get

v(&m) = €272 (&) (27)
and compute
s (4
v = e26¥37 <2U + Ug) L vy = €3t <§U + Un) (28)
and .
Vee = €283 (—U +3U; + U&> L oy = 26720 <4U +4U, + U,m> . (29)
4 —_— ——

Hence we obtain

’ 9
Vee + Uy = €25F37 KU& + SUg) + (Um7 + 4Un) + (— + 4) U}
N—— N—— 4

and conclude

SN—— >
-
|
ot
3

9
Vee + Uy = 25727 Uge + 3U¢ + Uy + AU, +5U + (Z +4

5
= ZU + e%f‘i‘%ﬂF (57 TI) )

1.e.

5 3.4
Ve + vgy — v = (§m), where ¢ (&) = 2T (). (30)

The new equation for v has no first derivatives terms. Note that, in general, one cannot choose
two constants a and b to get rid of the three terms 3U¢ +4U, +5U. Therefore, the term — (5/4) v in
(30) cannot be removed in general. The same result holds for the hyperbolic equation.

Example 1.12 (For nondegenerate parabolic equations.) Assume we have the nondegener-
ate parabolic equation in canonical form:

Ug§+3U5+4Un+5U:F(§,77). (31)
where we can write 18 as
(U& + 3U5) + (A;U77 + 5U) =F(&n). (32)
—— ~——

Now we let v (€,n) be the new function given by

v(&,n) = 2ty (&,m), A is a constant to be determined (33)



and compute

Ve = ¢t GU+U:), v, = a6t . (AU + U,,> ,
——
(34)
Vee = 6%54_)‘77 (%U + 3U5 + Ugg) y
—_———
where, since there is no U,, term in the original equation, we do not have to compute v,, (otherwise,
we will get U,,, and this does not make sense). Now, unlike the elliptic case in which we can compute

Uy to produce the term U, (see (29)), here to produce the term 4U, in (32), the only method is
to look at 4v, and get

4vn::eif+M7-<4ALf+-4Ug). (35)
N———

Now we conclude

9
Vee + 4?},7 = S%E—Mn (ZU + 3U§ + Ugg +4\U + 4U77>

9
= 6%54‘)\77 Uee + 3Ue + 4U77 + (Z + 4/\) Uul. (36)

By (??), if we choose A = 11/16, we will have (9/4 + 4\) U = 5U and (36) becomes

vee +4v, = 6 (6,17),  where ¢(€,n) = e3*TIWIF (€,7). (37)

As a comparison, we see that we have got rid of the terms 3U: and 5U in (37). From the above

computation, we also see that it is tmpossible to reduce the nondegenerate parabolic equation
(31) into the form
Vee +cv =0 (38)

for some constant c.
By the above two examples, we can improve Lemma 1.8 as:

Theorem 1.13 (Refined canonical form.) If the linear equation (2) is elliptic, then one can
find a suitable linear change of variables (using eigenvalues, eigenvectors and scalings) and
multiply the solution by some suitable exponential function so that, eventually, the equation
has the form

UE€+Unn:CU+¢(5777)7 ,U:,U(gan)a (39)

for some constant ¢ € (—o0,00) and some function ¢ (§,n). If the equation (2) is hyperbolic, the
equation has the form

Vge — Uy =cv+9(Em), v=v(n), (40)

for some constant ¢ € (—o0,00) and some function ¢ (&,m). If the equation (2) is parabolic and
nondegenerate, the equation has the form

vee = coy+ o (Em), v=v(En), (41)

for some constant ¢ € (—o0,00), ¢ # 0, and some function ¢ (&, 1) .

Proof. The proof is now obvious. We omit it. 0J



Remark 1.14 (Important.) The constant ¢ in the elliptic case can be ¢ > 0 or c =0 or ¢ <
0. For ¢ > 0, we can make it equal to 1 by doing the change of variables

E=vee, q=ven o(E7)=n (%%)

and for ¢ < 0, we can make it equal to —1 by doing the change of variables

eV

Thus in the elliptic case, we may simply assume c =1 or 0 or —1. The constant c in the hyperbolic
case can be c > 0 orc =0 orc < 0. For c <0, by switching the role of £ and n, we may assume c >
0 or ¢ = 0. Hence for the hyperbolic case, eventually, we can simply assume ¢ =1 or 0. Finally,
for the parabolic case, the constant ¢ # 0 can be ¢ > 0 or ¢ < 0. So eventually we can simply
assume ¢ = 1 or —1. However, since most parabolic equations come from physical phenomenon
involving the behavior of some quantity v (£,n) depending on space and time. So & will represent
space variable (we rewrite it as x) and n will represent time variable (we rewrite it ast). In that
case a nondegenerate parabolic equation in its refined canonical form looks like (assume

¢ (&,m) =0 for simplicity)

E=v=et, ==, 6(5,77):1}(5 / )

(). vy =0 0or (2). vy = —Vyy, (42)

where, physically, the quantity v,, describes the process due to diffusion (say, from high temperature
to low temperature, or from high concentration to low concentration, ... etc). We call (1) the
"forward heat equation"” (or just heat equation) and (2) the "backward heat equation’.
Since in reality, time cannot go backwards, so in a parabolic equation, we always fucus on the
behavior of a solution v (x,t) as time goes forwards, i.e., as t is increasing. One can use
simple examples to see that, as time goes forwards, the heat equation (1) will make solution
better, while the backward heat equation (2) will make solution worse (look at e *sinx and e'sinx
respectively). Thus, as time goes forwards, equation (1) is well-posed, while (2) is ill-posed.
Hence, we will focus only on (1).

Finally, by the above remark, we conclude the following final canonical form:

Theorem 1.15 (Final canonical form.) If the linear equation (2) is elliptic, then one can
find a suitable linear change of variables (using eigenvalues, eigenvectors and scalings) and
multiply the solution by some suitable exponential function so that, eventually, the equation has
the form

vt (&),
vee + gy = @ (&:1), (43)
—v+o(5m),
where v =v (§,n). If the equation (2) is hyperbolic, the equation has the form
v&_vnn:{ vt o(&m), ()
¢ (&m),

where v = v (&, n). If the equation (2) is parabolic, nondegenerate and forward, the equation
has the form

vee =vy+o(&m), v=uv(&n). (45)

Proof. The proof is now obvious. We omit it. 0



Corollary 1.16 If the equation (1) has the form

gy + 2buyy + cuyy + 2du, + 2eu, = 0, (46)
where a, ..., e are all constants with a*> + b* + ¢* > 0, then one can reduce it into one of the
canonical forms

Ve +um =0, v —vp =0, wvg—vy =0, v=v(£n). (47)

Definition 1.17 Let v = v (&,n) . The equations vee + vy, = 0, vee — vy, = 0 (view n as time), v, =
vee (view n as time), are called Laplace equation (elliptic equation), wave equation (hyper-
bolic equation), and heat equation (nondegenerate forward parabolic equation), respec-
tively.

Remark 1.18 In this elementary course we will focus only on Laplace equation, wave equation
and heat equation, or focus only on equation (48) below.

2 General solutions of hyperbolic equations without lower
order terms.

In this section, we look at equations of the following form with no lower order terms and f (z,y) = 0,
ie.
gy + 2bUyy + cuyy, =0, u=wu(x,y), a, b, care const., (48)

where a, b, ¢ are constants with a? 4+ b* + ¢* > 0. (48) can be written as

Tmce{(a b)(um Uy >]:O, det(a b)zac—bz.
b ¢ Upy Uy b ¢

We want to find general C? solution u = u (z,y) of (48) defined on R2. The canonical form of
(48) is given by

Uee + Uy =0 (det M > 0, elliptic)
U — Uy =0 or Ug=0 (detM <0, hyperbolic) (49)
Uege =0 (det M =0, parabolic but degenerate),

where M is the coefficient matrix of (48). The result is that, for hyperbolic and parabolic cases
in (49), we can solve them easily (but not for elliptic equation). The method is either by a
change of variables (diagonalization method) or by a factorization method.

Lemma 2.1 Let A, B, C, D be constants with AD — BC # 0. Consider the first order equation
Auy + Buy = g(Dz — Cy), u=u(z,y) (50)

where g (+) is a given continuous function defined on R. Then the general solution of (50) is given
by

where F () is an arbitrary C* function defined on R and the C* function G () satisfies
: g(f

In particular, if the function g (-) on R is arbitrary, then the function G (-) on R is also arbitrary.

9



Remark 2.2 The condition AD — BC' # 0 is necessary. The case AD — BC' = 0 will be discussed
later on. See (81).

Remark 2.3 Also note that AD— BC' # 0 implies that the two families of lines Bx— Ay = A\, Dx—
Cy = n are not parallel. As a consequence of this, the two terms F' (Bx — Ay), G (Dx — Cy) in
(58) are essentially different.

Proof. We do the linear change of variables

—A

w= Br— Ay, z=Dx—Cy, Jacobian is g_c‘:AD—BC’%O,

which is a global linear change of variables from zy-space to wz-space. Now the function u (z,y)
becomes U (w, z) and we have

Au, + Bu, = A[U,B +U.D] 4+ B[U, (—A) + U.(—C)] = (AD — BC)U. = g (2),

which gives

v.— -9 ap_peso

~ AD - BC’
and so
U(w,z)=F(w)+ G (z) = F(Bx — Ay) + G (Dzx — Cy),
where G’ (z) = Ag(_zgc. The proof is done. O

2.1 Solving hyperbolic equations; factorization method.

Lemma 2.4 Let a, b, c be three given constants with ac < b* (same as b> —ac > 0). Then one can
find constants A, B, C, D satisfying

AC = a, AD + BC = 2b, BD =c. (53)
In particular, we have
(AD — BC)* =4 (b* —ac) >0, AD — BC #0. (54)

This means that, if we have b>*—ac > 0, we can factor the second order homogeneous polynomial ax*+
20zy + cy? as
azr® + 2bzy + cy* = (Ar + By) (Cx + Dy), AD — BC #0, (55)

where the two lines Az + By = 0, Cx + Dy = 0 on R? are not parallel (same as Bx — Ay =
0, Dx — Cy = 0 are not parallel).

Remark 2.5 If ac > V%, then (53) and (55) cannot be satisfied (check it yourself). Therefore, the
method in this section cannot be used to elliptic equations.

Remark 2.6 If a =1, we can choose A =C =1, and then solve
B+ D = 2b, BD =c¢
to get

B:bj:\/bQ—C, D:bj:—\/CbQ—_c’ fOT’ C%O

and
B=2b, D=0, for c¢=0.

10



Remark 2.7 Ifa >0, b=0, ¢ <0, we can choose A =C = \/a and B =+/—c, D = —/—c.

Proof. (Read it yourself. We omit it.) If a = 0, then by ac = 0 < b?, we must have b # 0. The
numbers

C
) 2b7 C 07 )

satisfy (53). If ¢ = 0, then we still have b # 0. The numbers

A= B—1, C=2 D=0,

2b
satisfy (53). If ac # 0, then b+ vb? — ac # 0 and b — v/b? — ac # 0. The numbers
b b2 —
A=1, gtV —ac VU T oy, D= %
a b+ Vb2 —ac
satisfy (53). Finally, in each case we can see that AD — BC' # 0. O

We now focus on the hyperbolic (ac — b* < 0) case in (48). That is, the eigenvalues \;, Ay of
the coefficient matrix have different sign and we may assume A\; > 0, Ay < 0.

Lemma 2.8 (Factorization method for hyperbolic equation.) Assume (48) is hyperbolic, i.e.,
ac < b?. Then one can decompose it as

0 0 0 0
Al + 20Uy + CUyy = (A% + Ba_y) {(Ca + Da—y) u} =0 (56)

for some constants A, B, C, D satisfying
AC = a, AD + BC = 2b, BD = ¢, AD — BC #0. (57)
In particular, the general solution of (48) is given by
u(x,y) = F(Bx — Ay) + G (Dx — Cy), (x,y) € R? (58)
for arbitrary C* functions F (-), G (-) defined on R.
Proof. For a C? function u, we have
(i ng)[(ed 08)-
= A(Cuy + Duy), + B(Cuy + Duy), = ACuy, + (AD + BC) uzy + BDuy,.
Now by Lemma 2.4, there are numbers A, B, C, D satisfying
AC=a, AD+BC=2, BD=c¢, AD—BC+0. (59a)

Hence, for a C? function u, it satisfies au,, + 2bug,, + cu,, = 0 if and only if it satisfies

(A% + B(%) KC% + Da%) u} =0, (60)

where A, B, C, D satisfy (59a). We can find solutions of (60) by solving two first order PDE. Let

0 0

11



It satisfies (Aa% + B%) v = 0. Hence v (1;7 y) = f (Bl’ — Ay) for arbitrary Cl function f and the

equation for u becomes

Cu, + Du, = f (Bx — Ay), fe€C

By Lemma 2.1, the general solution for u (z,y) is

where F, G are two arbitrary C? functions defined on (—o0, 00) (since we want u (x,y) to be a C?
solution, we must require F, G to be C? functions). The proof is done. O

Remark 2.9 (Important.) Lemma 2.8 says that to solve the second order hyperbolic equation, it
suffices to solve two first order equations.

Definition 2.10 We call the 2-parameter family of lines
Br—Ay=X\, Dx—-—Cy=mn, AD—-BC#0
where \, n are arbitrary constants, the characteristic lines of the hyperbolic equation (56).
Example 2.11 Consider the second order linear equation in two variables:
Upy — gy — 2uy, =0, (z,y) €ER* u=u(z,y):R* >R

What is the type (elliptic, hyperbolic, or parabolic) of this equation ¢ Use factorization method
to find the general solution of the equation.

Solution:
The equation has the form au,, + 2buyy + cuy, = 0, where a = 1, b = =2, ¢ = —2 and
ac —b? = —6 < 0. Therefore the equation is hyperbolic. We know that one can decompose it into

two first order equations of the form (by Remark 2.6, we can choose A =C = 1)
Ugy — Wiy — 2Uyy = (0p + BOy) (0p + DOy) u = Uy + (B + D) ugy + BDuy,.
Thus we solve B, D to satisfy the equation (note that now we have A = C' = 1)
B+D=-4, BD=-2.

We obtain (B, D) = (-2 4+ V6, -2 — V/6) or (B, D) = (-2 — v/6,—2 + v/6) . Thus we choose (B, D) =
(—2 + \/6, -2 — \/6) and get

Uy — Agy — 2Uyy, = [@E + (—2 + \/6) (9y] [893 + (—2 — \/6) ay] u (61)
and the general solution is

u(x,y):F(Bx—Ay)+G(Da:—C'y):F<<—2+\/6>$—y>+G<(—2—\/6>x—y>
:F<<\/6—2>x—y>+G<<\/6+2)x+y>, (62)

where F'(z) : R — R and G (z) : R — R are two arbitrary C? functions. O

Remark 2.12 In terms of polynomial, the decomposition (61) is the same as

2 — Ay — 2P = <x+(—2+\/6) y) <x+(—2—\/6) y) (63)
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2.2 Solving hyperbolic equations; change of variables method.

Remark 2.13 By (66) below, we see that this method is essentially the same as the factorization
method. Computationally, you can just use the factorization method. Note that solving the equation
Uey = 0 is the same as solving two first order equations. See equation (60) also.

We can also use a change of variables method to solve the equation
AUy + 2bUgy + cuyy = 0,  where ac < b2 (64)

Introduce the change of variables
. B —A
£ =Bx— Ay, n=Dx—Cy, Jacobian = D —cl|= AD — BC, (65)

where A, B, C', D are constants satisfying
AC = a, AD + BC = 2b, BD =c, AD — BC #0, (66)

where we note that the existence of A, B, C, D satisfying (66) is guaranteed by Lemma 2.4. Since
AD — BC # 0, this change of variables is good on all R% Let U (£,7) be the function u (x,y) in
(&,m) variables. We have:

Lemma 2.14 (Change of variables method for hyperbolic equation.) Under the change of
variables (65), (66), the equation for U (&,n) is given by

_ (AD _ BC)2 U&n =0 (same as Uﬁn =0 since AD — BC' # 0), (67)

which has general solution given by U (£,m) = F (£) + G (n) for arbitrary C? functions (we want
U (&,n) to be a C? function) F (§) and G (n) defined on R. As a consequence, the general solution

u(z,y) of (64) is
u(x,y) = F (Br — Ay) + G (Dx — Cy), (x,y) € R?

for arbitrary C? functions F (£) and G (n) defined on R.

Proof. We have
(u, = BUg + DU, u, = —AU; — CU,,

Ugr = BQUgg + QBDUgn + DZUm,,

uwy = —ABU& - (BC + AD) Ugn - CDUnm
\ Uyy = AQUgg + QACUgn + CQUnn

and so
AlUgy + 20Uy + Cly,y
{ a [Bngg + QBDU@ + DQUnn]

+2b[—ABUg — (BC + AD) Ugy — CDU,,| + ¢[A?Uge + 2ACUg,, + C?U,,)|
(G,B2 — 20AB + CA2) Ugf

+(@BD—%BC—%AD+QM@U@+(&ﬂ—ﬂ@D+aﬁ)mn

AC=a, AD+BC =2, BD=c, AD—BC#0,

13



we have

aB% — 2bAB + cA? = ACB? — (AD + BC) AB + BDA? = 0

aD? — 26C'D + ¢C? = ACD? — (AD + BC)CD + BDC? = 0
and
a2BD — 2bBC — 2bAD + 2AC.

= 2ACBD — (AD + BC) BC — (AD + BC) AD + BD2AC
— 2ABCD — B*C? — A’D* = — (AD — BC)* #0.

Hence the equation for U (£, 1) is
—(AD — BC)’ Uy =0 (same as Ug, = 0).

Its general solution is U (£,n) = F () + G (n) for arbitrary C? functions F' (£) and G () defined on
R. U

Example 2.15 Consider the second order linear equation in two variables:
Upy — gy — 2uy, =0, (7,y) ER? u=u(r,y):R* =R

Use change of variables method to reduce it to canonical form (Uge — Uy, =0 or Ugy = 0) and
then solve it.

Solution:
Recall that the numbers A, B, C, D satisfying
AC =a =1, AD + BC =2b= —4, BD =c= -2, (68)
are given by A= C =1, B=-2++6, D = —2 — /6. By Lemma 2.14, if we do the change of
variables
{ ¢ =Bx— Ay = (—2+\/6)x—y

n:Dx—C’y:(—Q—\/é)x—y,

the new for U (£, 7) is given by Uy, (§,1) = 0. The general solution for U (§,7n) is U ({,n) = F (§) +
G (n) . Hence the general solution for u (z,y) is

(69)

u(:v,y):F(Bx—Ay)—i—G(D:v—C’y):F<<—2+\/6>$—y)+G<(—2—\/6):5—34)
—F((V6-2)a—y)+G((V6+2)a+y), (70)

where F'(z) : R — R and G (z) : R — R are two arbitrary C? functions. O

2.3 Solving hyperbolic equations; diagonalization method (eigenvalue-
eigenvector method).

Remark 2.16 Interesting question: Can you find the relation between this method and the
factorization method ?

Example 2.17 Consider the second order linear equation in two variables:
Upy — gy — 2uy, =0, (7,y) €ER* u=u(z,y):R* >R

Use diagonalization method to reduce it to canonical form (Uge — U,,, = 0) and then solve it.

14



Solution:

One can write the equation as

1 —2 Upy Ugy _
Frace [< -2 =2 > < Uzy Uy )] =0

The eigenvalues of the coefficient matrix are Ay = 2, Ay = —3 with corresponding orthonormal
eigenvectors
1 —2 1 1
nmw (7)) e (a) )

By (13) and (14), we introduce the change of variables

2 1 1 2
—ﬁx + %y, n= %x + %y
Then, in terms of the variables (£, 7), we have

2Wee — 3U,, = 0.

€=

Finally, we let é = %5 , = \%777 we have the final canonical form:

Uég — Uﬁﬁ = 0 (which can be decomposed as (% + (%) {(i _ i) U] =0)

and its general solution is
U(g,ﬁ) :F<f—ﬁ> —l—G(—é—ﬁ) (same asG<g+ﬁ> )
where F' (z) and G (z) are two arbitrary C? functions. Hence the general solution for u (x,y) is

o[ PG ) - (e ) .

By the identity

. 2 1 1 2 .
we can write F' <<—— - —) x4+ (—10 — \/ﬁ) y)j asff <<\/6 —{;2) T+ y) and by the iden-

7

tity

2 1
“Vn T s _ —2V15+ V10 V49

S+ 2= VI5+2/10

vVio ' V15

+ <\/L1T) + %) y) as G ((—\/6—1—2) x—i—y). Thus the general

N J/
-~

8

we can write G ((—\/iro + ﬁ)

solution can also be expressed as

u(x,y)zF((\/g+2)a:+y>+G<<—\/6+2>x—i—y>, (73)

which is the same as (62) and (70). O




Remark 2.18 (Omit this in class.) (Interesting.) One can use eigenvalues and eigenvectors
to express the general solution (72) as

P ((0) )=l (5) )

u(z,y) = (74)
x x
(@ () = ((5) =)
where \y = 2, Ao = —3 and vy, vy are corresponding orthonormal eigenvectors given by (71).

3 General solutions of parabolic equations without lower
order terms.

3.1 Solving parabolic equations; factorization method.
We now come to the parabolic case for the equation
Uy + 2bUgy + cuyy =0, where ac = b2 (75)

Here we may assume a, b, c¢ are all nonzero (otherwise we will get into a trivial case). By the
identity ac = b* > 0, we know that a, c have the same sign. By multiplying the equation by a minus
sign if necessary, we may assume that a > 0, ¢ > 0. However, b can be either b > 0 or b < 0.

As there is no lower order terms in (75), the parabolic equation is degenerate. Hence it is
essentially an ODE. We have the following:

Lemma 3.1 (Factorization method for parabolic equation.) Assume the equation (75) is
parabolic, i.e. ac = b?, with a >0, b#0, ¢ > 0. Then one can decompose it as

0 0 0 0
Uy + 2buyy + cuy, = (A% + Bﬁ_y) {(A% + Ba_y) u} =0 (76)

for some constants A > 0, B # 0. More precisely, we have

A=\/a, B=+/c, if b>0
{A:\/E, B=—\c, if b<O. (77)
The general solution of (75) can be expressed as either one of the following two forms
(1). u(@,y) = F (Bx— Ay) + =G (Bz — Ay) (78)
or
(2). u(r,y) = F (Br - Ay) + G (Bx - Ay) (79)

for arbitrary C* functions F (2), G (z) defined on R.

Remark 3.2 Ifa =0 (thenb=0, c#0) or c =0 (then b =0, a # 0), then we are in a trivial
case. The equation now has the form cuy, = 0 or au,, = 0. We have not much to discuss.

Remark 3.3 The two forms in (78) and (79) are the same due to the identity

%G’ (Bx — Ay)

_ (Bx— Ay) + Ay B

= 1B G (Bx — Ay)
(Bz — Ay)

= TG (Bx — Ay) (absorb this term into F (Bx — Ay) ) + %G (Bx — Ay). (80)
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Proof. For a C? function u, (76) is the same as
A(Au, + Buy), + B (Au, + Buy), = Auy, + 2ABu,, + Buy, = 0.

Hence we need to solve
A*’=a, AB=0b, B’=c,

which is solvable due to ac—b* = 0. Ifa > 0, b > 0, ¢ > 0, then we can choose A = \/a, B = /c. If
a>0, b<0, ¢c>0, then we can choose A = \/a, B = —/c.

Let w = (Aa% + Ba%) u. Then by (A% + Ba%) w = 0, we see that w = G (Bx — Ay) for some
arbitrary C' function G (z) defined on R. Next we solve

(A({;i$ + Ba%) u(x,y) = G(Bxr — Ay). (81)

Since A > 0 and B # 0, we can do the change of variables w = Bx — Ay, z = z, to get
Au, + Bu, = A[U,B+ U, + BU, (—A) = AU, = G (w)
—_———

and obtain the general solution for U (w, 2) :

U(w,z):F(w)jL%G(w),

which gives
u(z,y) =F (Bx — Ay) + %G(Ba:—Ay), if A#£0,

where now F'(z), G (z) are two arbitrary C? functions defined on R. This is the form (78).
Similarly, we can also do the change of variables w = Bx — Ay, z =y, to get

Au, + Bu, = A(U,B) + B[U, (—=A)+ U,] = BU, = G (w)
———

which gives the general solution of the form (79). O

Remark 3.4 Note that, in solving (81), Lemma 2.1 is not applicable here.

Remark 3.5 We can also do the change of variables w = Bx — Ay, z = Az + By in (81) and get
Aug + Buy = AlU,B+ U.Al+ B[U, (-A)+ U.B] = (A + B*)U. =G (w).

N

-~

We now have p

U (w, 2) =F (w) + mG (’LU) s (82)
which gives the symmetric form
Az + By
u(x,y) = F(Bx — Ay) + mG (Bx — Ay). (83)
The three forms (78), (79) and (83) are all equivalent due to the following identities:
Ar+By 1 _B(Bx—Ay)+(A2+BQ)x (84)
A2+ B2 A4 B2 A A
and
Az+By 1 A (Bz — Ay) N (A*+ B?)y (85)
A2+ B2 A4 B2 B B '

Definition 3.6 Unlike the hyperbolic case, we have only 1-parameter family of characteristic
lines
Bx — Ay = A (86)

for the parabolic equation (75), where X is an arbitrary constant.
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3.2 Solving parabolic equations; diagonalization method.

What happens if we use diagonalization method to solve a parabolic equation (ac = b?) ? One
can check that the coefficient matrix of equation (75) has two eigenvalues A\; = a + ¢, Ay = 0. The
corresponding orthonormal eigenvectors are

1 a 1 b
T — , Vg = ——— .
' \/a2+b2<b) ? \/a2+62(—a)
By (14), under the change of variables
1

1
= — (ax + by), = —— (bx — ay), 87
=Ty vV, 0= e v) (87)
equation (75) can be reduced to
a+c 0 . Ugg Ugn .
(737 8)- (8 82)] -
Since a + ¢ # 0, the above is same as
Uge = 0, (88)
which implies
U(&mn)=E& )+ fn) (89)
for arbitrary C? functions f (n) and g (n) . The corresponding u (%) is given by
(#:0) = gty @+ 00 (g (= ) ) 1 (gt (0 = )
u(z,y) = —— (ax ——— (bx —a ——— (bx —a
Ve VI\Ve T 22 Y N Y
b
= H (bx — ay) + or yK(bx—ay) (90)

for arbitrary C? functions H () and K (n). We can compare (90) with (83). Assume we are in the
case a >0, b >0, ¢ > 0, then we have A = \/a, B = /c and so b = \/ac = AB. Hence

+b
H (bx — ay) + \CZQ—T;;K (bx — ay)
A%z + ABy Ax + By
= H (ABx — A%y) + NI (ABz — A%y) = F (Br — Ay) + 55 G (Br — Ay)

(91)

for another two arbitrary C? functions F (1) and G (7). Therefore, (90) is the same as (83).
The check for the case a > 0, b < 0, ¢ > 0 is similar. Therefore, both methods are actually
equivalent.

4 Hyperbolic and parabolic equations of the form au,, +
2buy,, + cu,,, = 0 with initial conditions.

If we write the equation aug, + 2bu,, + cuy, = 0 as aug, + 2bug + cuy = 0 and view z as space
variable, t as time variable, then a pair of initial conditions (at time ¢ = 0) of the form

u(x,0)=¢(z), wu(r,0)=1v(x), xz€(—o0,00) (92)

can determine the solution uniquely, i.e. the solution exists and is unique. Here ¢ (z) and v (z) are
two given functions defined on (—oo, 00). We will demonstrate this by direct computations.
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Remark 4.1 (Useful motivation.) Roughly speaking, a hyperbolic equation (imagine it is a wave
equation) comes from Newtonian mechanics, hence as long as the initial position and initial
velocity are known, the whole process of motion is uniquely determined.

Lemma 4.2 (Hyperbolic equation with initial conditions.) Let ¢ € C? (R) and ) € C* (R) be
two given functions. Assume ac < b* in equation au, + 2buy + cuy = 0. Consider the hyperbolic
equation with initial conditions:

{ (Aaa—IjLB%) [(Ca%—l—D%) u} =0, u=u(zt)
U(I,()):gb(l‘), ut(l‘>0):¢(‘r)’ QZG(—O0,00),

where A, B, C, D are constants satisfying AD — BC' # 0 and here we also assume that
B #0 and D # 0 (they are the coefficients of the operator %). Then the initial value problem (93)
has a unique solution u (z,t) € C* (R?). Moreover, the solution is given by

AD C BC A BD 7= bt
w@t) = 3p—pa? (”” N 5t> ~ap—Bc? (x N Et) TAD=BC J,_4, Yls)ds,  (94)

(93)

where (x,t) € R?. Note: since we assume B # 0 and D # 0, the line t = 0 is not a characteristic
line, which is good.

Remark 4.3 (Important.) (2-parameter families of characteristic lines for hyperbolic
equations.) The assumption B # 0 and D # 0 is essential in the formula (94). There are 2-
parameter families of characteristic lines for the hyperbolic equation

(12 52) (2 p2)] <o @

Bx — At = const., and Dz — Ct = const.. (96)

If we have B = 0, then by AD — BC # 0, we must have A # 0 and D # 0. Hence the line
t = const. is a characteristic line. Similarly, if we have D = 0, then B # 0 and C' # 0, and again
the line t = const. is a characteristic line. By this, the initial conditions

u(z,0)=¢(z), u(z,0)=19(x), x€ (—o00,00)

happen to occur on the characteristic line t = const. (i.e. t =0). In general, for B = 0, we have
either no solution to the initial value problem or infinitely many solutions to the initial value
problem. The same conclusion holds for the case D = 0. We will leave this as a homework
problem for you to verify. Also see Remark 4.9.

namely the lines

Proof. The general solution of the equation is
u(x,t) = F (Bx — At) + G (Dx — Ct) (97)
for arbitrary C? functions F' (-), G (-) defined on R and we need to solve
F(Bx)+ G (Dzx) = ¢ (x)
(98)
—AF' (Bx) — CG" (Dx) = ¢ ().

Differentiate the first equation with respect to = to get the system of equations:
BF' (Bz) + DG (Dzx) = ¢’ (x)
—AF' (Bz) — CG' (Dz) = ¢ (z),
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ie.
Hence we get

and so

-1 1

F'(B2) = 55 (09 @ +Dv (@), & (Dr)= q5—ps

(A¢ () + BY (x)),

which are the same as (note that we assume B # 0 and D # 0)

{ L[ (Bz) = BF' (Bz) = .52 (C¢/ (z) + D (), %)
LG (Dz) = DG’ (Dz) = 45256 (Ad () + By (2)) .
If we let 1) () be an antiderivative of ¢ (z) (it is not unique), we get
F(Bz) = 55 ((J¢( )+ D (x)) ie3
(100)

G (Dz) = 52— (Agb( ) + B (m)) + Oy

for some integration constants C7, Cy. Now by the first equation of (98), we must have C; + Cy =
0. Therefore, we conclude (note that we assume B # 0 and D # 0)

u(z,t)

-rioe s cioe-an=r (o(e- 1) +o (o 51)

555 | C0 (v = 41) + DY (v — 41)]

+15255 | A6 (¢ = §1) + BY (v - §)|

_AD ; c, BC ; A\, BD
~ap-Bc’\"" D AD—Bc?\" T B AD — BC

Note that the antiderivative 15 (x) is not unique. However, the quantity

V) (:1: — %t) — 1) (:1: — %t) (101)

is unique and is 1ndependent of the choice of the antiderivative zﬁ (x) . For convenience, we can
choose ¥ (- =[5 ¥ (s) ds and obtain

) (a: — %t) — ) (w — %t) = /i;tw (s)ds. (102)

Thus the solution formula for u (z,t) is given by

AD c BC A BD T pt
wl@t) = 45— pe? \* ( Et> ~ap-pc? (x N Et) TAD=BC J,_4, Yls)ds. (103)
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The solution is defined on all (z,t) € R2. Since ¢ € C? (R) and ¢ € C' (R), we have u (z,t) €
C? (R x R). The solution (103) satisfies the initial value problem (93).

To see uniqueness of the solution (103), we may look at the case ¢ (z) = 1 (z) = 0 for all
x € (—00,00) and from the above derivation, we must have u (z,t) = 0 for all (x,t) € R% Hence
the uniqueness follows. 0

Remark 4.4 By direct check, one can see that (103) is indeed a solution of (93). First, the solution
u(x,t) has the form F (Bx — At) + G (Dx — Ct). Hence it must be a solution. Second, for any
r € R, we have

AD BC
w@0) = 355 - ap —pc? Wt ap- BC/ vis (z)
and

AD BC’ _% AD BC _% ¢
Ut (I’ ): { BD ( )c ( ,)4

+ange (—5) ¢ (@) — ap5e BC (—5) %

BD C

~ AD - BC (‘5)“’”) AD — BC( ) =v(@).

Thus u (x,t) given by (103) is indeed a solution of the equation satisfying the initial conditions.

Remark 4.5 (Domain of dependence for hyperbolic equations.) By (103), the domain
of dependence interval of the point (xo,1y) is the interval [xo — %to,xo — %to} (or the inter-
val [xo — %to,l‘o — %to] if T — %to is smaller) lying on the x-azxis. Only the values of ¢ (x) and
¥ (z) on the interval will determine the value of u at the point (zo,to) .

In case equation (93) is parabolic (i.e. A = C, B = D) and has the same initial conditions, we
can still solve it (note that now the equation is degenerate parabolic).

Lemma 4.6 (Parabolic equation with initial conditions.) Let ¢ € C? (R) and ¢ € C%(R) be
two given functions. Assume ac = b* in equation (48) (we view y as time and here we denote it as
t). Consider the parabolic equation with initial conditions (at time t =0):

{ (A%jLB%) [(A%%—B%) u] =0, u=u(z,t)
u(x,O):gb(x), ut($,0)2¢($>, [EE(—O0,00),

where A, B are constants with B # 0 (this is same as in Lemma 4.2; B is the coefficient of
the operator £ ). Then the initial value problem (104) has a unique solution u(z,t) € C? (R?).
Moreover, the solution is given by

(104)

A t A A
t) = — =1 — |A¢ — =t B — =t 105
utet) = (2= 5t) + 5 |40 (2= 5o) + 5o (o= F¢) (105)
where (x,t) € R2. Note: there is only 1-parameter family of characteristic lines Bx — At =
const. for the parabolic equation in (104). Since we assume B # 0, the line t = 0 is not a

characteristic line, which is good.

Proof. Since B # 0, we choose the general solution to have the form (see (79))

w(z,t) = F (Bx — At) + %G (Bz— At), B #0, (106)
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then we have

F(Bz) = ¢ (x)
{ —AF' (Bz) + £G (Bx) = (z), xz€R,
which gives
BF (Bz) =  (x)
{ —ABF' (Bz) + G (Bz) = By (z), z€R,

and we conclude

{ F(Br) = ¢ (x)
(107)
G (Bz) = By (z) + A¢' (z).
By the above we will get
u(x,t) = F(Bx — At) + %G(Ba: —At)=F (B (x - %t)) + %G <B (ac — %t))

A t A A
Since we assume ¢ € C? (R) and ¢ € C? (R), the solution u (z,t) given by (108) satisfies u (z,t) €
C?(R x R). 0

Remark 4.7 By direct check, one can see that (116) is indeed a solution of (104).

Remark 4.8 (Important.) Note that the value of the solution u at (xo,tg) depends only on the
wmitial data ¢ and 1 at the point x¢ — %to.

Remark 4.9 (1-parameter family of characteristic lines for parabolic equations.) (This
is a continuation of Remark 4.3.) In case B = 0 (of course, we must have A # 0), equation

becomes
{ Uz (2,1) = 0,

u(x,0)=¢(z), w(x,0)=1¢(z), =x€(—o00,00),
= h(t)x + g(t) for arbitrary functions of h(t) and

(109)

and the general solution for u(x,t) is u(x,t)
g(t), t € (—o00,00). Now we need to require

{ u(z,0)=h(0)x+g(0)=0¢(z), z€(—00,0),

(110)
ui (2,0) = W (0)x + ¢/ (0) = (), @ € (~00,00).

Clearly, in general, (110) has no solution. But if ¢ (x) and ) (x) are of the form ax+b, cx+d, then
(110) has infinitely many solutions. Again, the reason for this is that the data is prescribed
on the line t = 0, which is a characteristic line.

Remark 4.10 (Omit this in class.) Here is another proof of Lemma 4.6 using formula (78).
We divide the discussion into two cases. In case A = 0, the equation becomes u; = 0 with general
solution given by u (x,t) = g (x) + th(x) for arbitrary C? functions h(z) and g (z). To satisfy the
initial conditions, the unique solution is given by u (z,t) = ¢ (z) +t (z), © € (—o00,00). In case
A # 0, we choose the general solution to have the form

w(z,t) :F(Bx—At)—Ir%G(Bx—At), A0, (111)
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then by the initial conditions, we need to solve
F (Bx) + G (Bx) = ¢ ()
~ ~ - (112)
—AF' (Bz) — 2G' (Bzx) = ¢ (x), z€R,

which gives

BF'(Bz) + +G (Bz) + £BG' (Bz) = ¢/ () 13
{ —AF' (Bz) — 2G' (Bzx) =9 (z), z€R, (13)
and therefore
ABF' (Bzx) + G (Bz) + BG' (Bzx) = A¢d' (z) ”
{ —ABF' (Bz) — xBG' (Bx) = By (), z€R. (114)
From the above, we first obtain
G (Br) = A (x) + B (2)
and substitute it into the first identity of (112), we can get
F(Bz) = ¢(z) - % [Ad/ (z) + By ()], G (Bx) =A¢ () + By (2), (115)

which, gives
{ F(Br = At) = F (BP5H) = ¢ (55%) — 5 (557) [Ad (P57) + By (P5)]
G (Bz — At) = G (BBE-AL) — Ay (Bz=At) 4 By (Bz-AL)
and so
u(x,t) = F (Bx — At) + G(Ba:—At)
o (B2t) & (2520 L4 (B52) + s (250)
{ +3 [Ad (2554) + By (254)]
=¢ (x — %t) + % [Agzs’ (9: — %t) + By (:1: — %t)} . (x,t) € R?, (116)

which is the same as (108). From this proof we see that, whether A =0 or not is not important. In
either case we can get unique solution. The key point is that we must require B # 0.

Example 4.11 Find the solution u (z,t) satisfying:
Ugg + 2y +uy =0,  u(z,0) =22 1w (x,0)=¢", xR
Solution:
By (78) in Lemma 3.1 and the identity
Ugz + 2Ugy + uyy = (0p + Op) [(0p + Op)ul =0, A=B=1,
we see that the general solution of this degenerate parabolic equation has the form

u(x,t)=F(x—1t)+a2G(x —1)
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for arbitrary C? functions F (-), G (-) defined on R. Hence we need to solve
F(z)+ 2G (z) = 22
—F'(z) —2G (z) = €”

and obtain

{ F'(z)+ G (z) +2G" () =22
—F'(z) —2G' (z) = €”

and then
G () =2z + €e”.

Next, by the identity F' (z) + 2G () = z? we have
F(z)=2*-2G(z) =2 — 2 (2v + ") = —2* — ze”.
The answer for u (z,t) is

u(z,t)=F(x—t)+2G(x —1t)
=—(@-t)— (-t +r2@—t)+e] = (x—t) (z+1) +te"

5 The wave equation with initial conditions.

Remark 5.1 One can see W. A. Strauss PDE book (second edition), p. 11-13, for a brief expla-
nation of how to derive wave equation from a flexible, elastic homogeneous string which undergoes
relatively small transverse vibrations. However, it is difficult to understand his explanation.

In this section, we look at one-dimensional wave equation for the function u (x,t), given by
uy (7,t) = Cuge (z,t), z€R, teR. (117)

Under some assumptions (small amplitude, etc ...), the equation describes the motion of a vi-
brating string, where u (z,t) represents the position of the string (I will not derive this in class).
Here ¢ > 0 is a constant given by

c=4/=, (118)
p

where T is the tension of the string and p is the density of the string (both are assumed to be
constants, not very realistic at all).

Remark 5.2 By a change of variable in time:
T =, t= ct,

the function v (:U,ﬂ =u(x,t) =u (a:, ﬁ) will satisfy (117) with ¢ = 1. Hence, the two equations

Uy = gy and Uy = Uy, are equivalent. Some books discuss wave equation in the form uy = Uy,
only.

As (117) is a physical equation, it has initial conditions. They are the initial position and
initial velocity of the string, given by

u(x,0) =¢(z), w(r,0)=v(x), zek (119)
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Remark 5.3 (Useful motivation.) Roughly speaking, the wave equation comes from Newtonian
mechanics, hence as long as the initial position and initial velocity are known, the whole process
of motion is uniquely determined.

With the above conditions, the solution u (x,t) satisfying (117) and (119) exists and is unique
(which can be seen from (103)). Moreover, if we change ¢ (x) and ¢ (z) a little bit, then the
corresponding solution will also change a little bit (we shall see this soon). In this sense, we say
that the problem (117) and (119) is well-posed.

Since one can factorize the equation (117) as

(2 Y [(2 - 2V 0 waten, a2

by previous discussion we know the general solution of (117), defined on the whole space R?, is
given by
u(x,t)=F(x+ct)+G(x—ct), (x,t) € (—00,00) X (—00,00) (121)

for arbitrary C? functions F, G defined on R.

Definition 5.4 Any line of the form x + ct = const. or x — ct = const. is called a characteristic
line of the wave equation (117). A wave equation has 2-parameter family of characteristic lines.

Remark 5.5 (The geometric meaning of the wave equation.) The solution u(x,t) given
by (121) consists of two traveling waves moving in opposite directions (positive and negative x-
direction) with the same speed ¢ (the graph of F' (x + ct) moves to the left and the graph of G (x — ct)
moves to the right; draw a picture on blackboard). Moreover, since ¢ = /T /p, if the tension T is
large and the density p is small, then the traveling wave speed is large. This matches with physical
observation.

Without remembering the formula in Lemma 4.2, one can easily derive the solution formula
satisfying the conditions (119). We need to require

{ u(z,0)=F(z)+G(z) =0¢(x)
(122)
u (x,0) = cF' (x) — G (x) = ¢ (x).
By this we obtain / /
and so
F(x)—gb(;)—i-% i W (s)ds+ 9, G(:E):QS(;)—% i P (s)ds+e (124)

with suitable constants 0, €. Here § + ¢ = 0 by (122). Hence we get the unique solution given by

x+ct
t ¥ (s)ds. (125)

J/

w(e,t) = F (o +et) + G (o —ct) = 5[0 (a+ct) + 6 —cf)] + o

-~

I—Ci

We can conclude the following:

Lemma 5.6 Assume ¢ and 1 in the initial conditions (119) satisfy ¢ € C* (R) and € C* (R). Then
the function u (z,t) given by (125) is the unique C? solution of the initial value problem

gt (T,1) = gy (z,1)
{u(x70):¢(5€)7 u (,0) =9 (x), z € (—00,00)
defined on the domain (x,t) € R2.

(126)
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Proof. (Due to Lemma 4.2, we can omit the proof of this lemma.) Given ¢ € C? (R) and
Y € C'(R), we define u (z,t) as in (125) for (z,t) € R% Tt clearly satisfies u (z,0) = ¢ (x) for all
x € (—00,00). We also have

c
2
for all (z,t) € R?, and so u (z,t) satisfies u; (x,0) = 1 (x) for all z € (—o0, o) . Finally, note that

wea,0) = 1/ (- ct) = o (2 — )] + 1 [ + ct) ) (2 — )

2

S @+ ct)+¢" (@ — )] + S (@ +ct) = ¢ (@ = ct)]

Ut (.T, t) = 9

and
e (2,1) = 3 [6" (2 ) + 6 (2 — ct)] 4 5 [0 (2 ) o (w — ef)]

which implies wuy (7,t) = c*ug, (z,t) for all (x,t) € R% Therefore, u (z,t) given by (125) is indeed
a C? solution of (126) on the domain (z,t) € R

To check uniqueness, assume we have two C? solutions u; (x,t) and ug (z,t) of (126) on R?.
Then the function u (z,t) = uy (z,t) — ug (z,t) is a C* solution of the problem

{ g (7,1) = gy (2, 1)
u(z,0) =0, wu(x,0)=0, z€ (—o0,00)

on R?. Since we know the general solution of uy (z,t) = c*uz, (z,t) on R? has the form u (z,t) =
F(z+ct) 4+ G (x — ct) for some C? functions F'(-), G () defined on R, we have
0

{ u(z,0) = F(z) + G (x)
ug (,0) = cF' () —cG' () =0, x € (—00,00)

(127)

which implies F’ (z) = G’ (z) = 0 on R. Therefore, both F' (-), G (-) are constant functions, and
we must have v (x,t) = 0 on R?. The uniqueness property is verified. 0

Remark 5.7 (Important.) We call (125) d’Alembert solution. It was due to him in 1746.
Note that the function

S (6ot ct) + 6 (« — ct)] (128)
1s an even function in t and the function
1 [otet
o[ (120)

1s an odd function in t.

Remark 5.8 (Omit this in class) If ¢ € C* (R) and ¢ € C* 1 (R), then u given by (125) repre-
sents a classical solution u € C* (R x [0,00)) of the initial value problem, but its regularity is not
smoother (or worse) in general. Thus the wave equation does not produce instantaneous
smoothing of the initial data as the heat equation does.

5.1 Domain of dependence and influence of the initial conditions for
wave equation.
For convenience of discussion, we confine to nonnegative time ¢t > 0 (this is not really essential). Recall
that the solution of the initial value problem (126) is
x+ct

u(x,t) = % O(x+ct)+o(x—ct)] + % p(s)ds, (xz,t) € (—00,00) x [0,00). (130)

r—ct
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For each fixed time t = ¢, € [0,00) and fixed xy € (—00,00), we get an interval of the form
[xg — cto, o + cto] . The value of u (xg,ty) depends only on ¢ at xg — ctg, xo + cty, and ¥ on the
interval [zg — cto, To + cto] . The values of ¢ and 1) outside the interval [xg — cto, xo + cto] Will not
affect the value of u (xo, 1) .

Definition 5.9 The interval [zg — cto, o + cto] lying on the x-axis is called the domain of de-
pendence interval of the point (o, 1) .

Remark 5.10 The above also says that for our wave equation "disturbances” or "sig-
nals" only travel with speed c. To understand this more clearly, see the definition of "domain
of influence”.

In view of this, for each fixed xy € (—00,00), there is a region R C xt-plane (unbounded
closed set, lying on the upper half zt-plane) so that the values of u on this region can be affected
by the values of ¢ (zg) and ¢ (x¢). This region R C zt-plane is called the domain of influence
of the point (zg,0) (equivalently, a point p € R if and only if its domain of dependence interval
contains the point xy). The value of u at any point (z,t) lying out of of the region R is not
affected by the values of ¢ (z¢) and v (zo) . The domain of influence region R can be described
as

R={(z,t) e Rx[0,00) : x —ct < xg and x + ¢t > z¢}, (131)

where the two half-lines z — ¢t = g, t > 0, and = + ¢t = xy, ¢t > 0, intersect at the point (x¢,0) .

Remark 5.11 Draw a picture for the region R (or see Figure 1 in p. 89 of Strauss’s undergraduate
PDE book).

Outside the domain of influence of the point (xg,0), the value of u (z,t) is not affected by
the values of ¢ (z9) and ¥ (z¢) . In view of this, we have the following obvious fact:

Lemma 5.12 For any given ¢ (x) and ) (x) , the domain of influence of the interval (lying on the
x-azis) x| < o is the region (lying on R x [0,00)) |z| < o+ct. In particular, if ¢ () = (x) =0 for
|| > o (i.e. both ¢(x) and v (x) have compact support ), then u(x,t) = 0 on the region
|x| > o+ ct.

Remark 5.13 Draw a picture for the above lemma.

Corollary 5.14 Assume both ¢ (x) and ¢ (x) have compact support. Then u (x,t) given by (125)
has compact support in x for each fized t (however, the support of u (z,t) will become larger if t gets
larger).

Remark 5.15 (Important.) If we write the solution as (see (125))

x+ct

P(x+ct)+o(x—ct)+ — t Y (s)ds =F(x+ct) + G (x — ct)

1) =

N | —

r—cC

for some suitable function F (-) and G (), then, in general, F'(-) and G (-) do not have compact
support. For example, take ¢ (x) =0 and

0, z<0
Y (zr)=1 sinz, 0<z<mw
0, x>0,
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then we have " . )
u(o,t) = %/“t ¥ (s)ds = o (B (ot ct) = (o — b))
where ¥ () is an antiderivative of 1 (x), given by
-1, =<0
Y (r)=< —cosz, 0<z<m
1, x>0.

In such a case, the functions F'(-) and G (-) do not have compact support.

Example 5.16 Consider the wave equation with initial conditions:
{ Uy (2,1) = gy (2,8), ¢>0
u(z,0)=¢(z), u(z,0)=1v(x), x€(—00,00).

Assume that ¢ =1 =0 on the interval [-1 — ¢,1 + ¢| . Determine the region R C R x [0, 00) such
that u (x,t) =0 on R.

Solution:

The region R is the trianglular-shaped region given by

R={(z,t):x—ct>-1—c}( \{(z.t) :x+ect <L+c}[ {(z,t):t >0}

Remark 5.17 Draw a picture for the above answer.

5.2 Space-time separable solutions of the wave equation.

We look for certain special solutions of the wave equation uy (z,t) = c*u,, (z,t) with the separable
form:

u(z,t) = f(zx)g(t),
where f (z) and g (t) are C? functions defined on (—o0, c0) . Plug it into the equation to get
f2)g"(t)=cf"(x)g(t)

and then we get the identity (assume the denominators are nonzero)

g0 (@)
2g(t) T

The above identity cannot hold unless there is some constant K such that

g0 @
2g(t) i)

There are three possibilities for the constant K : K = A2 >0, K =0, K = —)\? < 0. For the first

case, we have
RO AR

g (t)  f(x)
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which gives
g(t)= 1€’ e f (x) = d1e™ +dye ™™, x € (—00,00), t€ (—o0,00), (132)

where ¢, co, dy, dy are integration constants. For the second case, we have

g0 @)

g (t)  f(x)
which gives
gt)=ct+c, f(r)=dix+dy, x€(—00,00), te€(—00,00). (133)
For the third case, we have
/! "
g(t):f($):_/\27 )\>07

g (t)  f(z)

which gives

g (t) = cysin(Aet)+cgcos(Act),  f(x) =disin(Ax)+dycos(Az), x € (—00,00), tE (—00,00).
(134)
Thus we have:

Lemma 5.18 (Classification of space-time separable solutions of the wave equation.)
The following are the space-time separable solutions of the wave equation

(cre* + coe™) (dy e + dpe™7)
u(x,t) =< (a1t + c2) (dix + do)

[c1 sin (Act) 4 co cos (Act)] [dy sin (Az) + da cos (Ax)], = € (—o0,00), t € (—o00,00)
and there are no others. Here A\ (A > 0), ¢1, ca, dy dy are all arbitrary constants.

Remark 5.19 (Important.) The space-time separable solutions are important if we want to use
Fourier series to express solutions of the wave equation.

Example 5.20 For eachn € N and L > 0, there is a solution, defined on R?, of the wave equation
of the form (choose A = nm/L in the above lemma)
nme

Uy (x,t) = [An sin (Tt> + B, cos <%t>] sin (?) , A,, B, are const., (135)

which satisfies the initial-boundary conditions (fired-end condition)

{ Up (2,0) = Bysin (2), (uy), (z,0) = A, sin (272), V€ [0,L] (initial cond.)

up (0,8) =u, (L,t) =0, Vtel0,00) (boundary cond.).
(136)
We call it a harmonic of the wave equation uy = c*u,, with fized ends at v =0 and x = L (by
Fourier series expansion applying to solutions of the wave equation with fixed ends, any such solution
can be expressed as an infinite sum of different harmonics). For each n € N, the initial data
U, (2,0) = Bysin (") in (135) has n zeros on the interval [0, L]. Note that a wave equation
with fixed-end boundary condition is not enough to ensure a unique solution. We still

need the initial physical conditions u(x,0) = ¢ (x), u (x,0) = ¥ (x), x € [0,L], to guarantee a
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unique solution (see F. John, PDE, jth edition, p. 42-44 for a geometrical explanation). One can
rewrite u, (z,t) as

u, (x,t) = R, [cos 6, sin (%t) + sin 6, cos (?t)] sin (@)

::Rngn(ﬁ%ft+9@)gn(9%f), (137)

where R, = /A2 + B2 and the angle 0,, satisfies cosf, = ", sinf,, = R—” Note that the value
of u, (z,t) lies between —R,, and R,,. We call R,, the amplztude of u, (z,t) and call ,, the phase
of up (z,t). The solution (137), defined on [0, L], is pertodic in time with

2L
U, (x,t—l——) =u, (z,t), Yzxel0 L], teR
The time 2% 1s called the pertod of the solution.

5.3 Conservation of the total energy for wave equation.

Lemma 5.21 (Equipartition of energy for wave equations with compact support initial
data.) Assume both ¢ (x) and 1 (v) have compact support (this assumption is essential) in (126)
and u € C? (R x (—o0,00)) solves the initial value problem (126). Define the kinetic energy and
the potential energy for the solution u (x,t) as

k(t) == /OO u? (x,t)dr  and p(t) = 1/00 u? (v,t)dx, t€ (—00,00). (138)

o0 2 —00

Then we have (1). k(t) + ¢*p(t) is a constant for all time t € (—o00,00). (2). Moreover, for
t € (—o0,00) such that |t| is large enough, we have k (t) = ¢*p (t) . In particular, we have

k(t) = ¢*p (t) = const. (139)
when |t| is large enough.
Remark 5.22 By the conclusion (1), we see that the energy is equal to

k() +c*p(t) = k(0) +c*p (0

S utmﬁ_/ r0yde=3 [“ @i+ S [ )t

where we see that the improper integrals are actually proper integrals since ¢ (x) and v (x) have
compact support ...

Proof. (1). By Corollary 5.14, we know that u (z,t) given by (125) have compact support in = for
each fixed t € (—o0, 00) . Computing

{ u (z,t) = £[¢' (x+ct) — ¢ (x — ct)] + 3 [ (z + ct) + ¢ (z — ct)]

(140)
[ (x + ct) + ¢ (v — ct)] —|—i[¢(w—|—ct) — 1 (z —ct)],

we can see that both w, (z,t) and w, (z,t) also have compact support in z for each fixed t €
(—o00,00) . Hence the two improper integrals in (138) both converge (both are actually proper

30



integrals). Hence, the differentiation with respect to time can commute with the integral.
That is, we have

%[k(t)H?p(t)} _ % [%/Zuf@,t)dﬁ%Q/zug(x,t)dx]

= / ug (2, 1) ug (x,t) de + 02/ Uy (2,1) ugy (x,t) do

(o) —00

=c? /_00 [ (2, ) Uz (2, 8) + Uy (2,1) Ugy (2, 1)) dc

_ 2 /_°° % () 1y (a1, )] dir = ¢ g (2, 8) 1y (2, 8)] = = 0,V € (—00,00).

where we have used the fact that both v, (x,t) and wu, (x,t) also have compact support in z for each
fixed t € (—00,00). The proof of (1) is done.

Remark 5.23 (Omit this in class.) If you have difficulty assuring the identity

d oo o0
pr u? (x,t)do = 2/ wg (2, 1) ugy (x,t) d,
you can use definition and mean value theorem to see that
d o0
i) u? (x,t) dw
w2 (x,t+h) —u?(x,t o
- 1y u? (x,t+ /1 ug (2,1) }Lixré/ 2y (2,1 + 0 (h)) uy (z,t + 0 (b)) dz,

where t + 6 (h) lies between t and t + h and in the above two limits the time t is fived. As we will
let h — 0, we may assume that h € [—1,1] and sot + 60 (h) € [t — 1,t + 1] for all h € [-1,1]. One
can find a large number M > 0 so that

2uy (x, t+ 0 (h) uy (x,t + 60 (h)) =0 for all |z| > M and all h € [-1,1],

which gives

) M
/ 2uy (2, t+ 6 (h)) uy (z,t + 0 (h)) de = / 2uy (z,t + 0 (h)) uy (x,t + 0 (h))de, ¥V h € [—1,1].
o —M
Since the integrand 2u; (z, s) uy (x, s) is a continuous function in (x,s) € [—-M, M]x[t — 1,t + 1],

we have

M M

lim 2uy (z,8) uy (x,8) de = / 2uy (z,t) uy (z,t) de,
s—t M M
which is an elementary fact in Advanced Calculus. The above implies
}llir% 2uy (z,t + 6 (h)) uy (x,t + 60 (h)) de
- M M e’}
= lin% 2uy (z, 8) uy (x,8) de = / 2uy (2, 1) uy (x,t) de = / 2uy (1) uy (x,t) dx
STV M -M —00
and we have
d oo
al u? (z,t) dx
= }1111"% 2uy (z,t + 6 (h)) uy (x,t + 60 (h)) de = / 2uy (x,t) ug (z,t) da.

The proof is done.
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For (2), by (140), we have

;

[N

2 (¢ (2 + )+ (¢ (2 — )2 =20/ (2 + ) &z — cn}

N
-~

+
PN

2 (1) = _5/12 (z + ct) +* (z — ct)/ +2¢ (z + ct) Y (x — ct)}

¢ (x+ ct) (x +ct) +¢ (v + ct) Y (x — ct)

. /
-~

—qb’(x—ct)vﬁ(x#—ct)—Eb'(x—ct)w(a:—ctl

\ N~

ot

and

IS

[ 2|y (¢ + ct)” + (¢ (& — 1))’ +2¢' (¢ + ct) ¢' (v — ct)]

-~

- _¢2 (z+ct) +9* (x — ct) =29 (v + ct) o (v — ct)]
ccui (x,t) = A ~ Z

O (x+ct) (x+ct)—¢ (xz+ ct) Y (z — ct)

N

_|_
=

-~

+¢' (x —ct) Y (x+ct) — ¢ (v — ct) ) (v — ct)

J

+

O

\ '

By above, it suffices to show that
/oo ( S =20 (x+ct) ¢ (x—ct)] + 3 20 (z + ct) ¥ (x — ct)] ) .
- +5 [0 (x4 ct) (x —ct) — ¢ (x — ct) Y (x + ct)]
/oo < % 20/ (x4 ct) ¢ (x — ct)] + 3 [-2¢ (z + ct) ¢ (x — ct)] ) .
- +£[=¢ (x4 ct)Y (x—ct) + ¢ (x — ct) ¢ (x + ct)]
which is equivalent to showing that
/oo < —2¢ (x4 ct) ¢ (x — ct) + 9 (x + ct) ¢ (z — ct) ) o

+cd' (x4 ct) Y (x —ct) — cd’ (x — ct) P (x + ct)

o0

o0

(141)

[e.9]

Since, for any = € R, the two points p = x + ct, ¢ = x — ct have distance 2¢ |t|. They both can not
stay in the support of ¢ and ¢ for large |t| for any = € R. Hence if |[t| > 0 is large enough, we must
have

¢ (x+ct)d (x—ct) =1 (x+ct)y (x—ct)
=¢ (x+ct)p(x—ct)=¢ (x —ct)Yp(x+ct)=0 forall z € (—0c0,0).

The proof is done. O

Another energy property for the wave equation is the following;:

Lemma 5.24 (Conservation of energy for wave equations with fired-end condition.)
Assume u € C? (R?) is a solution of the wave equation uy (z,t) = *u,, (x,t) and there is some
L > 0 such that

u(0,t) =u(L,t) =0, Vte (—o0,00), (142)
i.e. u(x,t) satisfies "fized-end" condition, then the total energy over the interval [0, L] :
1 L L
5 (/ u? (z,t) dx + 02/ u? (x,t) daz) , 1€ (—o0,00) (143)
0 0

is independent of time.
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Proof. We first note that by (142) we have u, (0,t) = u; (L,t) = 0 for all t € (—o0, 00) . Compute

%B </0Lu§<x,t)da:+c2/0Lu§(x,t)dm)]

L L L
:/ g dr + 02/ UpUgpdr = 02/ (UglUpy + Ugtiyy) dx
0 0 0
Lo
= 02/ — (upuy) dx = A uy (L, t) ug (L,t) — uy (0,t) up (0,8) =0, YVt € (—00,00).
o Oz —— ~——

Hence the total energy over the interval [0, L] is independent of time. O

6 Nonhomogeneous wave equation.
We now consider the nonhomogeneous wave equation
U (7,1) — gy (2,t) = f (2,8), (v,t) € R? (144)
with initial conditions
u(@,0) =¢(x), u(x,0)=1v(x), e (-00,00). (145)
Here the functions f (z,t) € C' (R?), ¢ (x) € C? (R), ¢ (z) € C* (R) are all given.

Remark 6.1 (Important.) Note that here we assume f(x,t) € C'(R?) instead of f(z,t) €
C° (R?). We will explain the reason later on.

By linearity, it suffices to look at the case when ¢ (z) = ¥ () = 0 due to the following observa-
tion:

Lemma 6.2 Ifu(z,t) € C*(R?) solves the problem

{ e (2,1) — P (5,8) = £ (,1), (2,1) € R
(146)
u(z,0) =0, wu(x,00=0, xz€R
and v (x,t) € C? (R?) solves the problem
{ Vgt (T, 1) — gy (2,8) =0, (z,t) € R?
(147)
U($,O):¢(l’), Ut(xao):w(x)v $€R,
then w (z,t) = u (z,t) + v (z,t) € C* (R?) solves the problem
{ Wyt (xat)_c2wzx (:L‘,t):f(.?},t), (%’,t) ER2
(148)
w@0) = (), w(w0) =), ek

Since we already know how to solve (147), it suffices to focus on (146). We want to derive a
solution formula for u (z,t) € C? (R?) satisfying (146).

We shall use the change of variables method (characteristic coordinates method) to
solve (146). This method is quite straightforward and natural. We first note the following simple
fact:
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Lemma 6.3 Let p(z,y) be a C* function defined on R? satisfying
p(AMA) =0 and p, (AN =p, (A A), YVAeR (149)

Then we must have
Pe(MA) =p,(A,A) =0, VAeR (150)

Conversely, if it satisfies
p(MA) =0 and p,(\,\) =0, VIeER, (151)

then we must also have p, (A, ) = 0 also for all A\ € R. Hence condition (149) is equivalent
to condition (151).

Proof. Assume p (A, A\) =0 for all A € R. Then by the chain rule

d 9 N9 )\
:ﬁp(m):—p(m) PN 2 = pa (WA +p, (W)

0 2r M T oy \

The rest is clear. O

Recall that (see Section 2.2) when we solve the homogeneous wave equation uy — c*u,, = 0, we
can use the change of variables (by use of the two characteristic lines)

E=x+ct, n=x—ct (152)

to reduce the equation into the simple form (let @ (&,7) = u (x,t)). By

Up = Clg — Cly, Uy = Ug + Uy
(153)
Upp = 0212& — 20212577 + 021],,,], Ugpy = Uge + 2Ugy + Upy,
the new equation for u (£, n) is
—4cug, (&1m) =0, (154)

where, in (154), we have used the identity g, = @, for a C? solution. Hence we obtain the general
solution for @ (§,n) :

w(&,m) =F(§)+G(n) (155)

and then the general C? solution of uy — cu,, = 0 is given by
u(z,t) =F(x+ct)+G(z—ct) (156)

for arbitrary C? functions F' (z) and G (z) defined on (—o0, c0).
For the nonhomogeneous equation wuy (z,t) — c®uy, (z,t) = f(x,t) with initial conditions in

(146), we can do the same change of variables and the equation for 4 (§,7) becomes

§+n &—n
2 7 2¢c )

ey ) = (157)
To solve (157), we also need to convert the initial conditions for u (z, t) into the initial conditions for
@ (&,m) . Since we have u (x,t) = 4 (x + ct,z — ct), the condition u (z,0) = 0 for all x € (—o0, )
becomes

aw(AMA) =0, VA& (—00,00). (158)

Next, by
ue (z,t) = clig (x + ct,x — ct) — cy (x + ct,x — ct), (159)
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the condition u, (x,0) = 0 for all 2 € (—o0, 00) becomes
e (A, A) =1, (A, A), VA€ (—o00,00). (160)
Now by Lemma 6.3, the initial conditions in (158) and (160) are equivalent to:
(1). a (NN =0, (2). g (A,A) =0, Ve (—o00,00). (161)
Thus the initial value problem (146) for the new function @ (£,n) becomes the following:

0 1 -
ey (6.0) = o (e 6) = 5/ (32 £50) 0 v em e

(6,6 =0, (58 =0 VEER.

We first integrate the equation with respect to 7 to get @, (£,7). We need to take the condition
e (€,€) = 0 into consideration. In calculus, if we want to find a one-variable function H (7) satisfying
H' (n)=g(n), H(£) =0, then the answer is unique and is given by

(162)

H () = /5 "4 (0)do. (163)

Motivated by the above, we write the equation in (162) as
0 . 1 E4+o0 E—o0
% (g (§,0)) = 12 ( 5 o )

and apply the integral | ! do onto it to get

ﬂf(ﬁm)zgﬁ 1 nf(£+a S

85 <f>77) :_@ , 9 %2

Next, we integrate the above with respect to £ to get @ (£,7n) and we need to take the condition
@ (&,€) = 0 into consideration. By the same trick as in (163), if we want to find G (§) satisfying
G' (&) =p(&), G(n) =0, then the answer is unique and is given by

) do, i (£,6) =0, (164)

3
G ) = / p(r) dr. (165)

Therefore, by similar trick, we write the equation in (164) as

0 _ 1 n r+o0 r—o
EU(T’U)__ZL_CQ/T f( 9 ) % )dO'

and apply the integral f: dr onto it to get

£ 1 n r4+oc r—o
aten = | [—— [ ( , ) da} i, (166)
. 4c? J, 2 2c
which is the same as

1 3 r —
s =gs [ | [ £ (SRS de]an vem e (167

w(€8) =0, @ (£ =0, VEeR (168)

It satisfies
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Therefore, we conclude that the unique solution of problem (162) is given by the formula (167). To
get a better picture for the domain of integration in (£, 7)-plane, we write (167) as

o 3 _
@ (0, 10) = 412/ [/no / <§¥’£2—0) ] g, vV (&,m) € R? (169)

or as the double integral
+ i
iteom) = g [ (51557 ) dean (170)

The domain of integration A in the (£,n)-plane for the above double integral is given by (for
convenience, in the picture below we assume 7y < &)

A : DRAW A PICTURE HERE IN (¢,7)-PLANE I,

We note that A is the region inside a right triangle bounded by the three lines L; : & = &y, Lo :
1 =mno, and Lg : & = n (the point (&y,170) is on L) L2). Going back to (z,t)-plane, by the relation
§+m §—1n

E=x+ct, n=r—c <<= =" = ,
2 2c

we have the following correspondence (denote the point corresponding to (£y,10) as (zg, to)):

(1). (0,m0) = (o + cto, ko — cty) <= (2o, ty) = (5(’;”70, 5026”0) (top point of the triangle),
(2). L1 : £ =¢& <= line x + ct = xy + cty (characteristic line with negative slope),

(3). Ly :n=mn9 <= line z — ct = xy — cty (characteristic line with positive slope),

(4). Ly : £ =n <= line t = 0 (the x-axis).

(171)
Denote the region of (171) as A C (x,t) plane, which is a triangle with top point at (zo,%o). Its
picture is given by

A : DRAW A PICTURE HERE IN (z,t)-PLANE !l

As a consequence of the above, from Advanced Calculus, we have the change of variables identity
for double integrals (the absolute value of the Jacobian J = 0 (§,n) /0 (z,t) is 2¢, ¢ > 0) :

i (Co.m0) = 42[/ (@“7570 Mn——//fxthqumm) (172)

The last step is to express the double integral [ [ A [ (x,t)dxdt as an iterated integral. Based on
the shape of A\, it is easier to integrate with respect to x first and then with respect to t. We have

330+C to—t)
u (x, tg) = // f(xz,t)dedt = —/ (/ f(x,t) dx) dt, (zo,ty) € R% (173)
ro—C t() t)

Back to general u (z,t), we can express the solution as

1 t z+c(t—s)
u@ﬂ:—/ / F(0.5)d0 )| ds, (x,1) € R (174)
2c 0 x—c(t—s)

At this moment, we are ready to state the main theorem in this section, which is:
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Theorem 6.4 (Solution for nonhomogeneous wave equation with zero initial data.) As-
sume f € C' (R?). Then the function u (z,t) given by

t z+c(t—s)
u(x,t):i/ / f(0,5)dd ) ds, (v,t)€R? (175)
2c 0 x—c(t—s)

lies in the space C? (R?) and is a C* solution of the initial value problem

{ g (T, 1) — gy (2,t) = f(2,t), (2,t) € R

(176)
u(x,0) =0, wu(r,0)=0, zeR

on the domain (x,t) € R% Moreover, the C* (R?) solution of the problem (176) is uniquely given by
(175).

Proof. One first give a direct proof that, for f € C!, the function u (z,t) given by (175) is indeed
a C? solution of problem (176) defined on R2. For this purpose, we recall the following derivative
formula from Calculus: Assume « (z), [ (z) : [a,b] — [c,d] are differentiable with respect to
z € [a,b] and h(x,y) : [a,b] X [c,d] — R is a C' function. Then we have the identity (also see
Remark 6.5 below)

g [A@ Bla)
o h(z,y)dy = h(z,8(2) B (v) = h(z,a(2)d (z) + / he (2,y) dy. (177)
o(x) a(x)
Now let u (z,t) be the function given by (175). We clearly have
0
u(a:,O):%/ (~)ds=0, VzeR (178)
0
and
1 d t z+c(t—s) 1 t ) z+c(t—s)
ug (x,t) = 2o s [/0 (/x_c(t_s) f(0,s) d6’> ds] = 2—0/0 p (/I_C(t_s) f(,s) d0> ds
L telt—s).8) — fla—c(t—s),s)]ds (179)
2c Jo
and ey
Uy (2, 1) = %/0 @_x [fx+c(t—2s),s)— f(x—c(t— s),s)lds. (180)

On the other hand, we have (let h (z,t,s) = fx+c(t_s) f(60,s)df and apply the identity (177))

z—c(t—s)

o 1d [
© 2cdt ),

- 1 [t
= h(x,t,t) (this is zero) + 2_0/0 5 (h(z,t,s))ds

1 t ) z+c(t—s)
=[5 (/x_c(t_s) F(0,5)do | ds

:2%/0 [fx+e(t—s),s)c—flz—c(t—s),s)(—c)]ds
3 [ Uaret-s.9 4 fe-c-s.0)ds (181)

(h(z,t,s))ds

ug (x,t)
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which gives

ut(x,O)—%/OQ-)ds—O, VeeR (182)
and also ey
utt(a:,t):f(a:,t)+§/0 a[f(x—l—c(t—s),s)—|—f($—c(t—s),s)]ds. (183)

g

By the identity

0 0
@—t[f(33+6(t—8),S)V+f($—0(t—8)as)l=C@—gg[f(96+6(t—8)’8)V—f(x—0(t—8),8)],

J

we conclude
uy (7,t) = f(2,t) + gy (2,1),  (7,t) € R (184)
The check is done.

Now we check uniqueness. If there is another C? solution w (z,t) of the problem (176) on R?
we can look at the difference

1 t z+c(t—s)
v(a:,t):—/ / f(0,s)d0 | ds —w(x,t), (x,t)c R
2c 0 z—c(t—s)

Then v € C? (R?) and it satisfies
v (2,1) — gy (2,1) =0, (2,t) € R?
{ v(z,0)=0, v (x,00=0, zeR.
By Lemma 5.6, we must have v (x,t) = 0 on R2. The proof is done. O

Remark 6.5 (Change the order of differentiation and integration.) If h (x,y) and % (x,y) are
both in C° ([a,b] X [c,d]), then the function

d
H (x) ::/ h(z,y)dy, x € la,b

is differentiable with respect to x € [a,b] and satisfies

H'(z) = dix (/jh(m,y)dy) :/Cd%(x,y)dy, Vx € la,b]. (185)

In particular, we note that H' () is continuous on [a,b] due to % € C°([a,b] x [c,d]).

Remark 6.6 (Important observation.) In calculus, if f (s) € C° (R) is a continuous function
on R, and we integrate it twice over R, then the result will be a C? function on R, i.e.

u(t):/ot(/Opf(s)ds>dp€CQ(R). (186)

Note that here dimR = 1 and the times of integration over the domain space R is 2. However, if
f € C°(R?) and we look at

t z+c(t—s)
u(x,t) = i/ (/ f(0,s) d@) ds = 1 // f(0,s)dbds (top point of A\ is (x,t) ), (187)
2c 0 z—c(t—s) 2c A

then we have dimR? = 2 and the times of integration over the domain space R? is 1 (2 iterated
integrals over R is equal to 1 double integral over the domain space R?). Therefore, we expect
u(z,t) given by (187) to lie in the space C' (R?) only (and this is so in general !!!).
Finally, if we assume f € C'(R?), then u(x,t) given by (187) will lie in the space C*(R?). In
Evans PDE book, p. 81, Theorem 4, the author also assumes that f € C* (R?) in order for u (z,t)
to be a C? solution of the problem (176) on R?.
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Remark 6.7 (Omit this in class.) (Important.) By (181), it is easy to give an example of
f € C°(R?) but with u ¢ C? (R?). We can take c =1 and

fa=lp+q-1], (p.q) €R? (188)

and get
t
20, (a,8) = [ (] o4 (= 5).5)+ F o = (= 5) ) ds
Ot t
:/ |a:+t—1|ds—|—/ v —t+2s—1|ds
0 0
t
::u+t—1yt+/ﬁx—t+2&—u@, (z,1) € R2. (189)
N—— 0
We look at the behavior of u (x,t) near the point (x,t) = (—4,5). At t =5, we have

o+t — 1]t =5z +4|, (190)

which is not differentiable at x = —4. For the second term in (189), at t = 5, we get

t 5 1 r+4
/]x—t—i—Qs—l\ds:/\x+23—6]d$:§/ |z| dz, (191)
0 0 T

—6

which is a differentiable function of x € (—o0,00) (since the integrand is a continuous function
on R). Therefore, we conclude that the function

1 r+4
2us (,5) = 5|z + 4| —1—5/ |z| dz (192)
z—6

1s not differentiable at x = —A4.
By Theorem 6.4, we can state the following;:

Theorem 6.8 Consider the following initial value problem for nonhomogeneous wave equation:
gt (T, 1) — Pty (2, 8) = f(2,t), (2,t) € R
U(ZL’,O):QS(J}), ut<l’,0):¢($), r € R,

where f € C'(R?), ¢ € C*(R), v € C'(R), are given functions. Then the solution u (z,t) €
C? (R?) of (193) is unique, defined on R?, and is given by the formula

(193)

Sl o)+ ola =]+ o [T 0 ()
u(x,t) = . (194)
+2_C fo (fftc(tt SL‘; f(0,s) d@) ds, (x,t) € R2

Remark 6.9 (Important.) By the representation formula (194), we can conclude the following:
The domain of dependence of the solution u at the point (xg,to), to > 0, is given by a compact
triangular set A\ in the (x,t) plane, enclosed by the three lines:

linet =0 (z-axis); line x + ct = xo + cto; line x — ct = xg — cty. (195)

In the above lemma we assume f € C* (R?) so that u € C? (R?) . However, if f (z,t) depends
only on z (or only on t), then it suffices to assume that f € C°(R). We have:
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Corollary 6.10 Assume f (z,t) in (176) is a continuous function depending only on z, i.e.,
f(z,t) = f(z) € C°(R). Let G (z) be a function satisfying G" (z) = f (x) for all z € R, then the
function u (z,t) in (175) has the form

w(ot) = 212 G tet)+Cx—ct)—2G@)], (.1) € R (196)

where u € C* (R?). Note that the solution u (z,t) depends on both space and time.

Remark 6.11 One can check that the solution (196) does not depend on the function G (x) as long
as it satisfies G" (x) = f (x) for all v € R. That is, if we replace G (x) by G (z) = G (x)+az+b for
some constants a, b, then we still have G" (x) = f (). Using this G () in (196) will give the same
answer u (z,t) .

Proof. The proof is straightforward. Let F' (z) be such that F’ (z) = f (z) for all z € R and G (z)
be such that G’ (x) = F' (z) for all x € R (and so G” (z) = f (x)). We have

t z+c(t—s) t
u(x,t):%/o (/ f(@)d@)ds:i F(z+c(t—s)—F(z—c(t—s)] ds.

—c(t—s) 2c 0
By
S(Feuret-9)=Faret-a). 1 (16w-cl-)=Fl-ct-)
we get
(o t) = 210 (%G(Hc(t—s))) ) 216 <1G(:U—c(t—s))) )
1 1 1

= —Q—CQG(JJ) + 2—026’(35 +ct) — 2—026’ (z) + Q—CZG(x —ct)

= 212 [G(z+ct)+G(x—ct)—2G ()], (a,t) R
The proof is done. ]

Corollary 6.12 Assume f(x,t) in (176) is a continuous function depending only on t, i.e.,
f(z,t) = f(t) € C°(R). Then the function u (x,t) in (175) has the form

w(z,t) /f t—sds_/</f )dp€C2(R2), V (z,t) € R? (197)

Note that u (x,t) depends only on time t and is a C? function of t € R.

Remark 6.13 (Interest'mg obser'vatzon !!) A remarkable thing is that for a continuous function f (t) €
C°(R), the function u(t) :== [, f(s)(t—s)ds is a C? function of t € (—o00,00) (not just a C*

function). Note that fo (t—s) ds 18 a convolution-type integral and we have

%/Of(s)(t—s)dS:/of(s)ds and /f (t—s)ds=f(t), VteR. (198)

On the other hand, since u(t) satisfies u” (t) = f(t), u(0) = 0, v/ (0) = 0, we can also express
u(t) as the double integral

u(t):/0t</0pf(s)ds>dp, ViteR. (199)
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Therefore, we have

/f t—sds—/ </f ds>dp, (200)

which can be verified using the change of order of integration in the ps-plane, i.e.

/t (/pf(S)ds> de/Ot (/:f(S)dp> ds:/otf(s)(t—s)ds. (201)

From (200), we see that fo (t — s)ds is a C? function of t € (—00,00) .

Proof. By (175), we have

1 t x+c(t—s) 1 t z+c(t—s) t
u(x,t) = Z/o (/x_c(t_s) f(@,s)d@) ds = 5% /. (/m_c(t_s) f(s)d9> ds :\/0 f(s)(t— s)di.

-~

We have
g (@, ) = f () (E=t) + fo 5 (f () (t = 9))ds = [y f(s)ds, un(x,t) = [ (D),
u(z,0) =0, wu(x,0)=0,
Up (T, 1) = Uy (2,8) =0, uy (7, 8) — gy (z,8) = f ().

The above will be the coverage of the midterm exam on 2022-4-18.
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