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1 The heat equation.

Recall that if we study the second order equation

gy + 2bUgy + CUyy + 2duy, + 2eu, + ku = f(x,y), u=u(z,y) (1)

where a, ..., k are all constants and f (z,y) is a given function defined on some open set 2 C
R2, then we have the following classification result:

Theorem 1.1 (Refined canonical form.) If the linear equation (1) is elliptic, then one can
find a suitable linear change of variables (using eigenvalues, eigenvectors and scalings) and
multiply the solution by some exponential function so that, eventually, the equation has the form

Vge + g+ v =9 (En), v=0v(£n), (2)

for some constant ¢ € (—o0,00) and some function ¢ (§,n). If the equation (1) is hyperbolic, the
equation has the form

Vge — U+ v =9 (&mn), v=v(n), (3)

for some constant ¢ € (—o0,00) and some function ¢ (£,n). If the equation (1) is parabolic and
nondegenerate, the equation has the form

U§E+CU77:¢(€’77)7 U:U(f>77)> (4)

for some constant ¢ # 0 and some function ¢ (£,n) .

Remark 1.2 (Important.) The constant c in the elliptic case can be ¢ > 0, or ¢ =0, or ¢ <
0. For ¢ > 0, we can make it equal to 1 by doing the change of variables

E=vae a=van o(61)=v( ),

and for ¢ < 0, we can make it equal to —1 by doing the change of variables

- N YN £ 1
’5_\/_657 7]_\/_6777 v(€7n)_v<\/_—cv\/_—c>

Thus in the elliptic case, we may simply assume ¢ = 1, or 0, or —1. The constant ¢ in the
hyperbolic case can be c > 0, or c =0, or c < 0. For ¢ < 0, by switching the role of & and n, we
may assume ¢ > 0, or ¢ = 0. Hence for the hyperbolic case, cventually, we can simply assume
c =1, or0. Finally, for the parabolic case, the constant ¢ # 0 can be ¢ > 0, or ¢ < 0. So eventually
we can simply assume ¢ = 1, or —1. However, since most parabolic equations come from physical
phenomenon involving the behavior of some quantity v (§,7n) depending on space and time. So & will
represent space variable and n will represent time wvariable. In that case a model parabolic
equation looks like (assume ¢ (£,m) = 0 for simplicity)

(). vy =0z 0or (2). vy = —Vsy. (5)

We call (1) the "forward heat equation” (or just heat equation) and (2) the "backward heat
equation”. Since in reality, time cannot go backwards, so in a parabolic equation, we always fucus
on the behavior of a solution v (x,t) as time goes forwards, i.e., ast is increasing. One can
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use simple examples to see that, as time goes forwards, the heat equation (1) will make solution
better, while the backward heat equation (2) will make solution worse (look at e 'sinx and €' sinx
respectively). Thus, as time goes forwards, equation (1) is well-posed, while (2) is ill-posed. In this
course, we will focus only on (1) (on the other hand, as time goes backwards, (1) will make
solution worse and (2) will make solution better...).

Definition 1.3 Let v = v (§,n). The equations vee + vy = 0, vee — vy = 0, vge — v, = 0, are
called Laplace equation (elliptic equation), wave equation (hyperbolic equation), and
heat equation (nondegenerate parabolic equation), respectively.

By Theorem 1.1 and Remark 1.2, we study the following one-dimensional heat equation
(nondegenerate parabolic equation) (we focus on equation (1) in (5)):

Up = Uy, u=u(x,t), xeckR. (6)
For higher dimensional heat equation, it has the form
u=Nu, u=u(r1, ... ,Tn,t), (21, .. ,2,) R,
where o o
N = 8_56% +-+ 8_3:%

We will focus only on the one-dimensional case, i.e. n = 1, in this course.

is the Laplace operator in R".

2 Physical motivation for the heat equation.

We will give a brief explanation why the equation u; = Au is called the heat equation. The reason
is that it describes the behavior of the temperature function in the heat flow phenomenon. We
look at the case n = 3 and let Q C R?® be a bounded "heated domain". At any time ¢ € (0, 00),
let u (x,y, z,t) be the temperature at the point x = (z,y, z) € Q. The total heat inside the domain
Q) at time ¢ € (0,00) is given by

H(t):/Qu(x,t)dx, te(0,00). (1)

The change of total heat inside (2 is given by (here we assume we can differentiate under the integral
sign, which is actually so in most situations)

dH ou
%(t): QE(X’t)dX’ t € (0,00). (8)

On the other hand, by physical experiment, the French mathematician J. Fourier discovered that
the heat will flow from hot to cold regions in a way that is proportional to the gradient of the
temperature everywhere, i.e., proportional to the quantity

Ju Ou Ou
VU: <%aa_yaa> ; (9)

with certain proportion constant x (heat conductivity).

Moreover, due to the conservation law of energy, if there is a change in the total heat inside
2, it must be due to the heat flowing out or flowing into €2 through the boundary 92 (which is
a surface in R?). By conservation law and Fourier’s law, we also have the identity

dd—lj (t) = /BQ Kk (Vu (x,t) - N (x))dS (surface integral in R?), ¢ € (0,00), (10)
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where N (x) is the unit outward normal of 0 at x € 9 and Vu (x,t)-N (x) is the inner product
in R? between the two vectors Vu (x,t) and N (x). By (8) and (10) and the classical divergence
theorem, we have the identity

ou

Qg(x,t)dX:/BQK(Vu(x,t)-N(x))dS:/Q/idiv(Vu(x,t))dx:/Q/iﬁu(x,t)dx

and so we conclude the integral identity on ) :

0

/|:—U(X,t)—/€Au(X,t):| dx =0, Vte(0,00). (11)
q Ot

Finally, we note that the analysis leading to the identity (11) is independent of the domain €, i.e.

on any subdomain {2 C © C R3, as long as the heat flow phenomenon obeys the conservation law

and Fourier’s law in (2, we always have the identity

/Q{%(X,t)—/ﬁﬁu(x,t)} dx =0, Vte(0,00). (12)

Since the domain Q C © C R? in (12) is arbitrary, we must have

ou
a(x,t):liAu(x,t), vV (x,t) € Q2 x (0,00), (13)

which is the heat equation if we do suitable scaling to make x = 1.

3 The 1-dimensional heat equation.

Most of the time (but not always) we will focus only on the 1-dimensional heat equation in this course
("1-dimensional" means space dimension n is 1). Unlike the 1-dimensional wave equation uy = g,
the heat equation u; = u,, is much more difficult to solve. It is not difficult to guess some special
solutions of u; = u,,, like

u(z,t) =2, 2t+2° 2> +6xt, ™ 7" e 'cosw, e 'sinz, e'coshw, e'sinhz, (14)

, etc. (note that e’ coshz and e’ sinh x are linear combinations of e'** and e'~*). All of the above
solutions are defined on R x R. One can check that the only space-time separable solutions of
the heat equation are "essentially" of the form

u(z,t)=1, =z, T €7 e tcosx, e 'sinz (15)

and no others. Also note that the solutions u (z,t) = x, 2t+2?, 23+ 6zt are polynomial solutions
with u (2,0) = z, 22, 23. There is a formula for a polynomial solution with u (x,0) = 2™ for any
n € N. We will discuss this later on.

There are several major differences between the wave equation and the heat equation:

1. There is smoothing effect for heat equation, but not so in wave equation. We will discuss this
later on.

2. For wave equation, if u (x, t) is a solution, so is the function u (x, —t) , but for the heat equation,
if u (z,t) is a solution, the function u (z, —t) is, in general, no longer a solution. Thus for the
heat equation u; = u,,, one cannot reverse the direction of time.

3. (Scaling property.) If u (x,t) is a solution of the heat equation, so is the function @ (z,t) =
u (Az, \?t) for any constant A # 0 (for the wave equation, if u (x,t) is a solution, so is the
function @ (x,t) = u (Az, At) for any constant A # 0).
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Example 3.1 (Interesting solutions.) We have the following interesting solutions of uy = .. They
are all defined on R x (—o00, 00) .

u(z,t) =e'cosxz, e 'sinz (space-periodic solutions, u(z + 2w, t) = u(z,t))

S

4+ -z xXr +
=e V2cos |t —|, e
( ﬁ)

2 sin (t + i) (time-periodic solutions, u (z,t +27) = u(x,t) )

V2
and
u(z,t)
22 +2t, 2%+ 6at,
{ ot +122% + 12¢2, 25 + 2023t + 60at?, ...

(polynomial solutions),

where we note the important property that t is like 2* (see Remark 3.7 below), and

u(xz,t) =™ 7 (traveling wave solutions).
Note that a function u (z,t) of the form u(x,t) = h(x — At) for some constant X € R is usually
called a traveling wave function. To understand this terminology, you can plot the graphs of
u(z,0), u(z,1), u(z,2), u(z,3), ..., and see that the graph of u(x,0) is moving along the x-
direction as time goes on.

3.1 Polynomial solutions of the 1-dimensional heat equation.

If we do not impose any "side condition" on the heat equation 1; = 1,,, then on R? it has infinitely
many solutions. Recall that for the Laplace equation on R?, we have a family of polynomial solutions
known as "harmonic polynomials". They are 1, z, y, zy, °—y?, , etc., and they are all defined
on R?. In terms of polar coordinates (r,6) in the plane they have the forms 7" cosnf, r"sinnf for
n € N{J{0}. These solutions are important because we can use them to construct the Poisson
Integral Formula on the disc.

For the heat equation u; (z,t) = ug, (z,t) on (z,t) € R?, there are also "heat polynomials"
defined on the whole space (x,t) € R2. In below, we show you how to derive them.

Consider the 1-dimensional heat equation u; (x,t) — u,, (z,t) = 0 with initial data (data at
t=0)

u(x,0) =po(z), z€(—00,00), (16)

x)
where py (z) is a polynomial defined on = € (—o0, 00) with degree n € N{J{0}. We try to look
for a space-time polynomial solution u (x,t) of the heat equation of the form

u(z,t) = po (x) +pr (@) t+p2 (@) +ps (@) 7+ -,

where each p; () is also a polynomial in x € (—00, ).
We compute
ug (7,t) = py (z) 4+ 2py (z) t + 3ps (z) 2 + - - -

and
Upy (2,1) = P () + P (2) t + ply (2) £ + ply (2) 3 + - -,



and by comparing the coefficient functions (because we want u; (x,t) = u,, (z,t)), we require
([ p1 () =pp (),
p2 (z) = gpi (z) = 3p" (2) ,

ps (@) = p (2) = 30" (x), (17)

2k
i () = 1p (2) = Lpi (@),

L

Since po (x) is a polynomial with finite degree n € N, the above process will stop at some k (i.e.

p(()%) (x) will become 0 for some k& € N). Moreover, we see that all of the other polynomials

p1(z), pa(z), ps(x), ..., can be uniquely determined by p, (z), which is the initial con-

dition of the heat equation. Therefore, if the polynomial py (z) is given in advance, we can find a

unique polynomial solution of the heat equation u; = u,, defined on (z,t) € R? satisfying (16).
We look at some simple examples.

Example 3.2 Take po (z) = x. Then py (z) = pj () = 0 and so on. The function u (x,t) =z is a
polynomial solution of the heat equation.

Example 3.3 Tuake po (z) = 2%. Then p; (x) = pfj () =2 and ps () = 0 and so on. The function
u(z,t) = po(x) +py (2)t = 2® + 2t (18)

18 a polynomial solution of the heat equation.

Example 3.4 Take py () = z°. Then py (z) = pj (x) = 6x and p2 () = 0 and so on. The function
u(z,t) = po(z) +p1 (z)t = 2° + 6t (19)

18 a polynomial solution of the heat equation.

Example 3.5 Take po (z) = x*. Then py (x) = pj (z) = 1222 and p; () = 12 and p3 (x) = 0 and
so on. The function

u(x,t) = po (x) +py (2)t + po (2) 12 = 2* + 1227 + 1242 (20)
18 a polynomial solution of the heat equation.

Example 3.6 Take py (z) = 2. Then p, (z) = pfj (x) = 2023 and py (x) = 60z and p3 (r) = 0 and
so on. The function

u(z,t) = po (z) +p1 (z)t + p2 (x) 17 = 2° + 202°t + 60zt (21)
18 a polynomial solution of the heat equation.

Remark 3.7 In all of the above examples, note that t is like x* (so that each term has the same
degree !!). Therefore, in the solution

u(x,t) = 2° + 2023t + 60212,
we see that each term has "degree 5.

Remark 3.8 (You will understand this remark later on.) If we use the representation
formula (you will see it later on)

u(x,t) =

_(@-y)?
Tw / #po(y)dy, >0, (22)

we will get the same answer on the domain (x,t) € (—o00,00) x (0,00) . Note that the integral (22)
converges for any polynomial po (y) . Moreover, differentiation can move into the integral sign.



3.2 Finding the fundamental solution of the heat equation with the
help of polynomial solutions.

Until now, we have found lots of polynomial solutions of the heat equation u; = u,, on (z,t) € R?,
namely

2?4+ 2t, 2+ 6xt, 2t +122%t + 1262, 2° + 2023t + 60xt?, - -, etc. (23)

Restricted onto the domain R x (0, 00), each of the polynomial solution can be expressed as the

form

1‘2

u(x,t) =g (t)h (?) , (x,t) e Rx(0,00)
for some functions g (t), h(#) defined on ¢t € (0,00), 6 € [0, 00). For example, we can express

2

x2+2t:g(t)h(%), where g(t)=t, h(0)=0+2

and
25+ 6t = 32 ((%)3 +6 (%))
—g(t)h <x—2> ., where g¢(t) =12, h(0) = (\/5)3+6\/5
and

22\ ? x?
ot + 1227 + 1262 = 2 (7) +12 <7> +12
=g(t)h (—) , where g (t)=1t% h(f)=6%4+120 +12.

Therefore, we can plug the general form u (z,t) = g (t) h <‘”72> into the heat equation u; = u,, and

see if we can find new interesting solutions. Compute
z? 2?2\ 22 2\ 2z
we =g 01 (%) =oon (5) 5 wwo=gon (T)%
and N 2\
zx t) = t)h" ZE_ i AN .l’_ -
we ey =g 01" () 2 g om (%)

We hope to have the identity

J () h (3372) (08 (%2) %2/:?(15) B (?) 4%;+g (t) K (%2) % ¥ (2,1) € Rx(0,00), (24)

—~ —~

which is possible if we require
{ —h'(0) =4n"(0), 6 €|0,00)

(25)
g (t)h(9) = (g (1) %) R (0), 6€l0,00), te(0,00).

Solving the first equation, we get the general solution h(0) = A + Be~ i for arbitrary constants
0
e 4

A, B and we choose A = 0, B = 1 and plug h(f) = e~ 1 into the second equation to get the

equation for g :
1

g () =590, (26)



which gives the general solution g (t) = % for arbitrary constant C. Therefore, we see that

2

w(@t)=g(t)h (’%) _ %e_ﬁ, (,1) € R x (0, 00) (27)

is a new solution of the heat equation on R x (0,00) . Note that this solution is different from any
solution you encountered before. U

Remark 3.9 If g (t) and h(0) are from a polynomial solution u (x,t), then they will satisfy (24)
too.

Remark 3.10 (Important.) If we use the fact: if uj (z,t) is a solution for the one-dimensional
heat equation u; = u,, on R x (0,00), then the function

u(x,t) =uy (x1,t) -+ up (vp,t), x= (21, ... ,2,) €ER" (28)

is a solution of the heat equation u; = Au on R™ x (0,00). With this, by (27), we will obtain the
solution

u(x,t):—te’H oo —e at = —¢e ., xR t>0 (29)
of the heat equation u; = Au on R™ x (0,00).

By (29), we now define the following (for normalization purpose, we divide the solution in (29)

by the constant (47)"/%; see Lemma 3.17):

Definition 3.11 The function
—n/Qe’T, xeR" >0
O (x,t) ={ (4mt) (30)
0, xeR" t<0.
is called the fundamental solution of the heat equation. For each fized time t, it is radial in

x € R™. Moreover it satisfies the heat equation Oyu = Au in R"™\ {(0,0)} and is invariant under
the space-time scaling ® (x,t) — A\"® (Ax, A\*t), i.e. we have

N'® (Ax, \’t) =@ (x,t), VA>0, V (x,t) e R"L (31)

Remark 3.12 (1). The only singularity of ® is at the point (0,0) , i.e. ® (x,t) € C°° (R"™1\ {(0,0)})
and it is not continuous at (0,0). To understand the property ® (x,t) € C* (R"™\ {(0,0)}) you
need to know the fact that for each fixed xq # 0 € R", the function

_ e’%, t>0
v =4 =" (32
0, t<0
is a C* function of t € (—o0,00). On the other hand, for xo =0, 1 (t) becomes
L
bty = (@)Y
0, t<0,

t>0

with limy o+ ¥ (t) = 400 and so it is not continuous at t = 0. (2). ®(x,t) satisfies the heat
equation 0;® = A® in R"™\ {(0,0)}. There is an easy way to check this on R™ x (0,00). Let
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v=In®. Then ® satisfies the heat equation 0,® = A® if and only if v =1n P satisfies the equation
Ow = Av+ |Vv|2 (this is an exercise for you to check). Therefore we check the later equation. We
have
n x|’
U:1n®:—§ln(47rt)—— t>0.

At 7

and then )

v n x|

— =

ot 2t 4¢2
Also

A n ’v |2 |)(|2
V= —— v|f = —.
o2t’ 4¢2

Hence we have 0w = Av + |Vol?. (8). Ezercise: check that we have 9,® (x,0) = A® (x,0) for all
x € R"\ {0}, x #0.

3.3 Basic properties of the fundamental solution.

In order to study the initial value problem for the heat equation (see (59) below) and to derive
its solution formula, we need to discuss several important properties for the fundamental solution
® (x,t) given in (30). One can use this fundamental solution to give a representation formula
(solution formula) for the solution of (59) (this is similar to the Poisson Integral Formula for
Laplace equation on the disc).

As a comparison, recall that for the Laplace equation Au(x) = 0 in R" there is a radial
solution (with a singularity at the origin of R", i.e. x = 0) of the form

A4+ B, n>2, where xeR" {0}
u(x) =
Alog|x|+ B, n=2, where x¢&R* {0},

where A, B are arbitrary constants. It plays an important role in the theory of Laplace equation.
For the heat equation u; = Au, the fundamental solution @ (x,t) given in (30) is also a radial
solution (radial in space R", not in space-time R"™!), which, similar to the elliptic case, has
a singularity at the origin of R"™! i.e. at (z,t) = (0,0).
In the following, we will discuss several properties of the fundamental solution ® (x,t¢) for the
case n = 1. These properties are all valid for general n > 1, but for simplicity of proof, here we
focus only on the case n = 1.

Lemma 3.13 Let )
1,2
e, xzeR, t>0

O (x,t) =4 Vit (33)
0, zeR, t<O0.
Then ® (x,t) € C* (R?\ {(0,0)}) and it satisfies the heat equation dyu = Au in R?\ {(0,0)}.

Proof. Since

1
, t>0
®(0,t) = Vvt
0, t<0,

we see that ® (z,t) is not continuous at (0,0). Moreover, we have

1
Jim @ (0,¢8) = limy —7= =00




To check that @ (x,t) € C>(R?*\ {(0,0)}), it suffices to look at the behavior of ® (x,t) on the
set S = {(x,0) € R?: z # 0}. By the limit

1
lim (—e_?> =0, Vconst.a, >0,

t—0+ \ ¢

one can check that ® (z,t) is C* at any point of S. Computing

0 ( 1 22 > 1 ( a:) a2 £50
- e t — —_—— e 4t s
0xr \ /4t VAt 2t
o2 1 2 1 1 N 22\ 2 £ 0
—_— (& 4t = —_—— _—— — é 4t
0x2 \ \/4Art Vart \ 2t 42 ’
b, 1 22 1 1 22 1 22 22
el eTw | = —— ——t‘3/2) e~ 4 + e —, t>0 34
ot (\/471'25 > Var ( 2 VAt 4t (34

we see that & (z,t) satisfies the heat equation on R x (0,00). Clearly it also satisfies the heat
equation on R x (—o0,0). At any point (xg,0) € S, xy # 0, we have ®,, (z9,0) = 0. Also note that

D (z9,t) — P (x0,0)

tl—igl— t =0 (@ #0)
and B (o, £) — ® (20, 0) 14
tli%}r = t - t£0+ (t \/Ee_4(3> =0 (@70, x% > 0);
and so we have ®; (z9,0) = 0. The proof is done. O

Lemma 3.14 For any fixed € > 0, we have

hrgl+ ® (z,t) =0 uniformly in the region {x € R: |z| > ¢e}. (35)
t—
Also

‘ 1|1m ¢ (z,t) =0 wuniformly in the region t € (—o0, 00) . (36)

Remark 3.15 We also have

thm O (z,t) =0 wniformly in z € (—o00,0) . (37)
This is easy due to
% ! Il - 0 38
x,t)| = Ta| < orall z & (—o00,00), ©>0.
® (,1)] = ‘ /—4 N f ( ) (38)

Remark 3.16 Draw a picture for ® (z,t) with t — 0%,

Proof. For (35), we have for ¢ > 0 the inequality

1 o2 1

0<®P(z,t) = e <

(@) VArt 4mt

and the conclusion follows. For (36), it suffices to focus on ¢ € (0,00) since ® (z,t) = 0 for all
r € R, t <0. For fixed z € R, x # 0, the maximum value of the positive function

&2
e w, Vl|z|>¢

1 22
e %, te (0,00
Vamnt ( )




over t € (0,00), is attained at the point ¢t = 2?/2 with maximum value equal to
1

1
e 2. 39
|z| v2m (39)
This is due to the identity
0 1 22 1 1 [2? 22
— e i | = —|—=—1)e %, xR, te(0,00).
ot <\/47Tt ) N At 2t (Qt ) ( )
The result follows. ([l

Lemma 3.17 For each fixed t > 0, we have

00 0o 1 2
b (x,t)dr = e wdr=1, t>0. 40

Moreover, the convergence of the integral is uniform with respect to t € (0,T) for any fived T >
0 (but not uniform with respect to t € (0,00)).

Remark 3.18 Draw a picture for ® (z,t) (for small t > 0 and for large t > 0) and show the
property [*° ® (x,t)dx =1 for all t > 0.

Remark 3.19 (Helpful interpretation ...) For fixed t > 0, if we let

N
FN(t):/ ¢ (z,t)dx, te(0,7), NEeN,
-N

then the convergence of the integral is uniform with respect tot € (0,T) can be interpreted as
]\}im Fy (t) =1 uniformly in t € (0,T).

Remark 3.20 Similarly, we have

e 1 (z—y)2
e @ dr=1, VyeR, t>0 41
/_ v y (41)

and

& 1 (z—y)?
e 4 dy=1, VzeR, t>0. 42
/ = y (12)

Proof. We first recall the following improper integral identity from calculus:
/OO e ds = /7. (43)
By a change of variables (let s = ay + [3), we have
/OO e*(a“B)Qdy = g, V eR, a>0. (44)

Letting « = \/4ts, we obtain

> 1 12 > 1 2 1 > 2
e adr = e Vdtds = —/ e *ds=1.
/oo Vart /oo Vart Nz -

Next, let T' > 0 be a fixed time. For any ¢ > 0, then there exists a large M > 0 (M depends only
on ¢ and T') such that for all ¢ € (0,T) we have the estimate (again, let 2 = /4ts)

x 2

(o] 1 2 (o] 1 o 5
0< e wdr = — esds<—/ e ¥ds<e, Vite(0,T).
/M At ﬁ M \/7_1' M ( )

VAt VAT

12
The same result holds for the integral f:g ﬁe_ﬂdx. Therefore, the convergence of the integral
is uniform with respect to t € (0,7) for any fixed 7" > 0. O
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Remark 3.21 By the integral identity

| etax=(va)",

one can also obtain the identity

1 x|
/ 2 e wdx =1 (45)
for each t > 0.

Lemma 3.22 For fized 6 > 0, we have

1 a—y)?
_%dy =0 wuntformly in v e R, (46)

lim

(&
t=0% Jyy—a|>5 VAL

which means that the values of the fundamental solution ® (x — y,t) (view it as a function of y with
parameter x) concentrate around x ast — 07,

Remark 3.23 For fived 6 > 0, the quantity

/ 1 e*(zif)zdy
ly—z|>6 V4t

is a function of (x,t) € Rx(0,00) (denote it as F' (x,t)). The above lemma says that lim, o+ F' (z,t) =
0 uniformly in x € R.

Proof. Let y =z + V/4ts. Then

1 (@=v)? 1 2
lim e 1 dy= lim — e ¥ds=0. (47)
t=0% Jiy—z|>s VAt t=0% /T Jjg>5/ v

Note that the right hand side of (47) does not depend on x € R. Hence we have convergence to zero
uniformly in x € R. The proof is done. UJ

The following lemma is crucial in solving the initial value problem (59) below.

Lemma 3.24 Let ¢ (x) be a bounded function defined on (—oo,00) and is continuous at v =
zo. Then we have

> 1 (z—1)?
(z,t)—=(20,0%) /Oo Vart ¢ (y) dy = o (o) (48)

In particular, we also have

< 1 z0—y)?
ti [ e T )y = o (a). (49)

Remark 3.25 The above two limits have different meaning. In the first limit, (z,t) — (x9,0") means
that (z,t) € R x (0,00) approaches the point (x4,0) € R x {0} in the plane R?, while maintain-
g t > 0. In the second limit, we take x = xy in the integrand and look at the limit t — 0, still
maintaining t > 0. Note that (48) is a 2-dimensional limit, but (49) is just a 1-dimensional limit.

Proof. Let

ulw.1) = /Z &‘f‘(ﬁf Eo)dy, (5,1) €R x (0,00). (50)
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For any € > 0, we choose § > 0 such that |¢ (y) — ¢ (xo)| < € if |y — x| < 20. Let M = supg |¢| . If
|z — x| < 6, then

ju (2, ) =

‘ wy)

= (6(y) - qs(a:o))dy'

1 _@=w? _(@-p)?
= Vim (/ly_m e 100~ dlao)ldy + /| S P o) dy>
1 @=p)? o=y
I — d 2M ~Ta (
= VAt (/|y—xo|<25 ‘ 9(9) = ¢ (wo)ldy + |y—x\z5€ y)

1 (z—y)? 1 (z—y)?
<e / e dy) +2M </ e dy) (51)
< ly—zo|<26 V4Tt ly—a|>5 V4t

Therefore, by (42) and (46), if t > 0 is small enough and |z — zo| < d, (51) will imply

u(z,t) — ¢ (20)| < &+ 2Me,

Hence we have

lim  wu(x,t) = ¢ (xg)

(@,t)—(20,07)

and (48) is proved. (49) is a consequence of (48). O

Lemma 3.26 Let ¢ (y) be a continuous bounded function defined on (—oo,00). Then we have

0m+n a—)? y)
(atmaxn/ \/ﬂ "¢ (y) dy) (0, t0)
B 00 omtn 1 —(z;f)Z , ; S
-/ [(&maxwme W)) (xo, W} y (52)

for all (xg,ty) € (—o0,00) X (0,00) and all m, n € N|J{0}. In particular, the function

_(a—y)?

o) dy, (.)€ (—00,00) x (0,00), (53)

e
—oo VATt

satisfies

{ (1). u(z,t) € C*((—00,00) x (0,00))
(54)

(2). ug (x,t) = Ugy (2,8), V (2,1) € (—00,00) x (0,00).

Remark 3.27 (Important ) To understand the proof of Lemma 3. 26’ you need to lmow when a
differentiation (say 2 5=) and an improper integral (say of the form f g (x,y)dy or fo (x,y) dy for
some differentiable function g(x,y)) can commute. For your convenience, here I provide two
results in the following:

1. Let f (z,y) € C° (I x [0,00)), where I C R is an arbitrary connected interval and assume
that the improper integral fooo f (z,y)dy converges uniformly to a function F (z) on
I. Then F (x) is continuous on I. This means that we have the identity

o0

lim f(xydy—/ f(xo,y)dy, Y xg€l. (55)

z—x0 J

The same conclusion holds if we replace [~ f (z,y)dy by [*_ f (z,y)dy.
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2. Let f (z,y) € C° (I x [0,00)), where I C R is an arbitrary connected interval and assume
that the improper integral [ f (x,y) dy converges to a function F' (x) on I (does not have
to be uniform) and g—f; € C°(I x[0,00)) and [~ 3 - af (z,y) dy converges uniformly on
I, Then F (z) is differentiable with respect to z € I and

>z of

Fw=| 5

(x,y)dy, Yzel. (56)
In particular, F' (z) is also continuous on I. Moreover, if I is a finite interval, then fooo f(z,y)dy
also converges uniformly on I. The same conclusion holds if we replace fooo f (z,y)dy by

f fxy)dyandfo mydybyfoooogi (x,y) dy.

Note: Compare with Rudin’s Advanced Calculus book (Principle of Mathematical Analysis,
3rd edition) Theorem 7.17 in p. 152. In terms of series of functions, Rudin’s Theorem 7.17 can
be stated as: Let {f,} be a sequence of differentiable functions on [a, b] such that the series
> > [ (x) converges for some g € [a,b] and assume that the series > - f! (x) converges
uniformly on [a, b] to a function h (z), then the series >~ | f, (x) converges uniformly on
la, b] to a function f (x), which is differentiable, and we have

f'(x)=h(z), Vax€lal.

Proof. For any fixed m, n € N J{0} and fixed (zy,%y) € (—00,00) x (0,00) the function

am—‘rn 1 _M
(atmawn \/ﬁe ¢ (y)) (anth y) NAS (—OO, OO)

decays exponentially in the variable y as |y| — oo. In fact, it also decays exponentially in the
variable y as |y| — oo for all (z,t) in some neighborhood R of (z, ). For example, one can take
R as

t 3t
R:{(x,t):x0—1<x<xo+1,§0<t<70}, to > 0. (57)

By this decay property, one can check that the integral

o] am+n 1 7(z_y)2 X
/_Oo {(WTﬂte T qb(y)) (a:,t,y)} dy, (z,t) is near (xg,to)

converges uniformly for all (z,¢) in R. By standard theory in advanced calculus, the function
(as a function of (z,t) € R)

_(a=p?

¢ (y)dy

\/H

is differentiable with respect to ¢ up to m times and differentiable with respect to = up to n times,
i.e. one can apply % onto it and obtain the identity

o u T () dy ) (1)
otz \/—47 - WAy JE

-/ am—+n s to)|dy, V (.6)€R 58

As the point (zg,ty) € (—00,00) x (0,00) is arbitrary and the numbers m, n € N|J{0} are also
arbitrary, the identity (52) is proved for all (zg,ty) € (—00,00) X (0,00). Moreover, the function

>~ 1 (2—y)?
e 4t d
/_ T ¢ (y)dy
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is a C*° function of (z,t) € (—o00, 00)x (0, 00) , which implies u (z,t) € C* ((—00, 00) x (0,00)) . Finally,

we have
0 52 9 92 o1
(E B @) u(w,t) = (& - @) (/Oo \/ﬁe 2 qzﬁ(y)dy)
= a 82 1 _(I—y)2 00
_/m(<§_@) N )¢(y)dy—/oo0-¢(y>dy—o,
which means that u (x,t) satisfies the heat equation on (—o0, 00) x (0,00). 0

3.4 Heat equation on the whole line with initial condition.

Motivated by the heat polynomials, to get unique solution (we hope so) of a heat equation u; = .,
we focus on the following initial value problem:

{ ug (2, t) = ugy (2,t),  (x,t) € R x (0,00)
(59)

u(z,0)=f(z), zeR.

Here f (z) is a given continuous function on R and we want (hope) to find a "unique" solution
u (z,t) lying in the space C? (R x (0,00)) [ C° (R x [0,00)) .

Remark 3.28 In physical reality, most phenomena described by heat equation (and wave equa-
tion) has initial-boundary conditions (where the space domain for x is bounded). However, for
x € (—00,00), the initial value problem (59) has a nice solution formula (this is similar to the
wave equation uy (,t) = Uz, (x,t) with initial conditions u (x,0) and u, (x,0)) and it is easier to
manipulate. Therefore, for mathematical reason (not for physical reason), instead of looking
at initial-boundary value problem for heat equation, we look at (59) first.

Note that, unlike the wave equation, here we do not need the condition u; (x,0) = ¢ (x) for
the heat equation. This is due to physical phenomenon (heat equation is not a mechanical
equation coming from Newton’s law) and also due to the fact that if u (z,t) is C? up to t = 0 (with
f € C?(R)), then we also have

uy (2,0) = Uy, (2,0) = " (x), x€R,

i.e. the condition u;(x,0) = g (=) is automatically a consequence of the condition u (z,0) =
f(x). On the other hand, for the case of wave equation, we can not determine u; (z,0) from
the condition u (x,0) (but we can determine uy (x,0) from the condition u (z,0) due to the identity
Uy (2,0) = Ugy (2,0)).

Unfortunately, the initial value problem (59) has infinitely many solutions (this is
unlike the wave equation, which has a unique solution once we know u (x,0) and w; (z,0))
unless we impose condition on the behavior of solution u (x,t) for large |z|. This is because
the data is prescribed on the line ¢ = 0, which is a characteristic line of the heat equation
Ugy (T,1) — uy (x,t) = 0.

In spite of this defect, when f (z) is given and « € (—o0, 00) , there is some "special solution" of
(59), which is given by a representation formula (solution formula), which has good properties
and is close to the physical reality.

Remark 3.29 Recall that for a second order linear parabolic equation with constant coefficients
for u(z,y) (here we view y as time), given by
gy + 2bUgy + Cuiy,, + (lower order terms) =0, ac = b?, (60)
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where a, b, ¢ are constants with ac = b?, the leading terms aug, + 2buy, + cu,, can be factored as

0 0 0 0
Uy + 2bUgy + CUyy, = (A% + Ba_y) {(A% + Ba—y) u] =0 (61)

for some constants A, B, C. The 1-parameter family of lines
Br—Ay=2X, X¢€ (—00,00) (62)

are called the characteristic lines of the parabolic equation (60). By this, for the standard heat
equation U, + (—uy) = 0, the 1-parameter family of characteristic lines are given by (we now
have B=0, A=1, y=tin (62))

—t=X\ A€ (—00,). (63)

From it, we know that the line t = 0 (i.e. x-axis) is a characteristic line of the heat equation.
This may explain the nonuniqueness of the initial value problem (59).

We now consider the following initial value problem for heat equation defined on the whole line:

Up = Ugy, T E (—00,00), t€(0,00)

(64)
U(Z‘,O):¢(.T>, {EE(-O0,00)-

Here ¢ (x) is a given continuous function on (—oo, c0) and we want to find a solution lying in the
function space:

u(x,t) € C? ((—o0,00) x (0,00)) ﬂCO ((—00,00) x [0,00)), (65)

where satisfies (64).
As a consequence of Lemma 3.24 and Lemma 3.26, we can obtain the following solution for-
mula for the initial value problem (64):

Theorem 3.30 Assume ¢ (x) is a continuous bounded function defined on (—oo,00). Then the
function

/OO ! e_%gb(y)dy, x € (—o0,00), te€(0,00)
(o t) = Jco/Amt (66)

¢(z), t=0

belongs to the space C™ (R x (0,00))(C° (R x [0,00)) (i.e. continuous up tot = 0) and satisfies
the initial value problem

U (x,1) = Uyy (2,1), x € (—00,00), te€(0,00)
(67)
u(:v,O):qb(x), l‘G(—O0,00).
Proof. This is a direct consequence of Lemma 3.24 and Lemma 3.26. U

Remark 3.31 (Important.) As long ast > 0, u(x,t) becomes a smooth function even if the
initial data ¢ (x) is only a continuous function. We call this a smoothing effect of the heat equation.
This is unlike the wave equation, which has no smoothing effect.

Corollary 3.32 (The mazximum principle.) The solution u (x,t) given by (66), where ¢ (x) is
a continuous bounded function defined on (—o00,00), satisfies the mazximum principle:

i%fgb <wu(z,t)<sup¢ forall =€ (—o0,00), te€(0,00). (68)
R
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Proof. We have

e 1 (z—1)? _(@—y)?
u(x,t) = e 4 d < & supod
(2,1) /_ T y < 7T Rpcﬁ y
& 1 _ (== y
= su . dy = su
Rpczﬁ /_ v Yy p¢
and similarly u (z,t) > infg ¢. O

Corollary 3.33 (Infinite speed of propagation of the heat equation.) Let ¢ (x) be a con-
tinuous bounded function defined on (—oo,00). Assume ¢ (z) > 0 everywhere, has compact
support, and ¢ Z 0. Then the solution u (x,t) given by (66) satisfies

u(z,t) >0, Vaze(—oo,00), te(0,00), (69)

i.e., as long as time is positive, u (x,t) is positive everywhere no matter how large |z| is (that is why
we say the equation has infinite speed of propagation).

Remark 3.34 This is different from the wave equation. The function u(x,t) = d) (.75 —t) satisfies
the wave equation uy = Uy, with u(x,0) = ¢ (x). However, fort >0, u(x, t) =0 if |z| > 0 is large
enough.

Proof. Since ¢ is not a zero function, we have ¢ (z¢) > 0 for some xy € (—00,00) . By continuity,
¢ >0on (g — e, 19+ €) for some £ > 0. Now at any (z,t) € (—o00,00) X (0,00), we have

© 1 @e? Tote 1 (eoy)?
u(x,t>=/ e ¢<y>dy2/ e ) dy > .
—0o0 T0—¢€

The proof is done. O

To go on, we need the following special case of Fubini Theorem from advanced calculus
textbook:

Lemma 3.35 (Tonelli’s theorem.) Let ¢ (r,y) be a continuous "nonnegative” function de-
fined on R? = (—o00,00) X (—00,00). Then the finiteness of any one of the following three integrals:

[ ([ swmas)an ["([ swnar)an [[ oty

implies that of the other two. Moreover, their values are all equal.

Remark 3.36 The condition ¢ (z,y) > 0 on R? is essential.

Proof. We omit it. U
Lemma 3.37 (Conservation of total energy.) Let ¢ (x) be a continuous bounded function

defined on (—o0,00) (¢ (x) may not be nonnegative). Assume [ _|¢ (x)|dx converges. Then the
solution u (x,t) given by (66) satisfies

/_Oou(x,t)da::/_ooé(x)d:c, Vte(0,00). (70)

This means that the total energy (heat) is conserved.
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Proof. For each x € (—00,00), let ¢ () = max{¢ (z),0} > 0 and ¢~ () = —min{¢ (z),0} >
0. Then we have
¢(2) =07 (x) = ¢ (2), lp(2)|=0"(2)+¢ (), Vae(-0000).

The convergence of [~ _|¢ ()| dx implies that of [*°_¢* (z)dz and [7°_ ¢~ (x) dz. Also, since ¢ (z)
is a bounded function, for each fixed (z,t) € (—00,00) X (0,00), the three improper integrals

1 (@-y)? 1l e 1 @w?
e ¢(y)dy, N ¢" (y) dy, Tl ¢ (y)dy

all converge. Now we have

/_Zu(:c,t)dx:/ [ \/E z4f)¢(y)dy}da:
- L/j:‘vé%_ Hota- [ o= e e @)

and by Lemma 3.35, we have

> e 1 (ocfy)2 +
4t dy| dx
/m[w - ¢<w4

* 1l e °°
=/ ¢ww/ = |y = [ oty <o

g

/_Z[/Oo\/i? " dy}d“"_/cb )dy < .

Therefore, the two iterated integrals in (71) converge and we conclude

/_ :ctda:—/ ot (y) dy — / o ( dy:/_oo¢(x)dx, Vte (0,00).

The proof is done. 0

and similarly

3.5 The maximum principle.

Assume that u (z,t) is a solution of the heat equation u; = wu,, on (—o00,00) X (—00,00). The
maximum principle of the diffusion equation says that (roughly speaking), for fixed time ¢y, we
have w; (z9,t0) < 0 if u(xo,to) has a local maximum at © = xy (so the value of wu (z,ty) will
"decrease" at the moment ¢ = t¢); and u; (xg,t) > 0 if u (29, t) has a local minimum at x = xy (so
the value of u (g, o) will "increase" at the moment t = t;) (draw a picture for this). This is called
the maximum principle of the heat equation. It matches with the physical phenomenon that
heat goes from hot points to cold points and vice versa.

The maximum principle on the unbounded domain = € (—o0, c0) is more difficult to describe.
We will discuss the maximum principle on bounded domains only.

3.6 The maximum principle on bounded domains.
Let Ur C R? be the set given by
Ur={(z,t) eR*:0<az <, 0<t<T}, £ T>0 (72)

and assume that u = u (z,t) € C? (Ur) () C° (Ur) satisfies the heat equation u; = u,, on Ur (note
that the segment (z,7"), 0 < z < £, is included). Note that since u is continuous on the compact
set Ur, it has global maximum and minimum on Ur.
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Remark 3.38 FEzplain the meaning of u € C* (Ur).
The maximum principle says the following:

Lemma 3.39 (Weak mazimum principle for heat equation.) Assume u € C? (Ur)(C° (Ur)
satisfies the heat equation uy; = Uy, on Ur. Then we have

max u = max u, (73)
UT 1—‘T

where Iy := Uy — Up, which is called the parabolic boundary of Ur.
Remark 3.40 The above result is still true if we have uy < Uz, on Urp.
Proof. Assume v € C? (Ur)(C° (Ur) is a function such that
Vge (2,1) — vy (2,8) >0 in  Up. (74)

Then since v € C° (UT) , there is a point (zg,t9) € Ur such that v (z¢,ty) = maxg, v. If (xo,t0) €
Ur with t < T, then from calculus we know that

vz (20, t0) =0, Vae (%0, t0) <0, vy (o, t) = 0. (75)

This contradicts vy, — v, > 0 in Ur.

If (z,t) € Ur with t = T, then we replace v; (z9,t9) = 0 by v (29,%9) > 0 in (75) and get the
same contradiction. Thus the point (z¢,%;) must lie on the parabolic boundary of Ur and
cannot lie on Uy (for v (z,t) satisfying the differential inequality (74)). In such a case we have

MAX 0 = max v (call this value M), where v, (z,t) — v, (x,t) > 0 in Uy, (76)
UT T

and moreover, v (z,t) cannot attain the value M on Uy. )
Now let v (z,t) = u (z,t)+ea? (¢ > 0 is a small constant), where u € C? (Ur) (N C° (Ur) satisfies
the heat equation on Ur. We now have

Vg (2,8) — v (2,1) = Ugy (2, 1) + 26 —wy (x,8) =26 >0 in Up.

By the above discussion, we know that

max v = maxv = max (u (x,t) + 5x2) < (maxu (x, t)) + ef?
Ur I'r I'r I'r

and by u (z,t) = v (z,t) — ex® < v (x,t), we get

maxu < maxv < (maxu (x, t)> +el?. (77)
UT UT FT

Ase > 0is arbitrary, letting e — 0" (note that here ¢ is finite), we obtain maxg,. v < maxp, u (x,t). On

the other hand, we also have maxg,. v > maxp, u (z,t) . Hence maxg,. v = maxp, u (z,t). O

Exercise 3.41 Instead of using v (z,t) = u (x,t) + e2?, now use the function v (x,t) = u(z,t) —
et, € > 0, and repeat the same argument of proof. Can you obtain the same result?

Remark 3.42 (Be careful.) In the above proof, we do not exclude the possibility that the maximum
of u(x,t) (note that uy = uy,) can also be attained at some point in Ur. For example, when the
solution u (z,t) is a constant, then this can happen. However, this is the only case that can happen
(this is the strong maximum principle).
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We also have the following minimum principle:

Corollary 3.43 (Weak minimum principle for heat equation.) Assumeu € C* (Ur) (N C° (Ur)
satisfies the heat equation uy = Uy, on Ur. Then we have

min ¥ = min u. (78)
UT FT

Remark 3.44 The above result is still true if we have uy > Uz, on Ur.

Remark 3.45 Again, here we do not exclude the possibility that the minimum can be attained at
some point in Urp.

Proof. The proof for the minimum case is similar by looking at —u (it also satisfies the heat
equation) and the identity maxg,, (—u) = maxp, (—u) becomes — ming, v = — minp,, u. O

Corollary 3.46 Assumeu € C* (Ur)(C° (UT), satisfies the heat equation u; = Uz, on Ur and u =
0 on the parabolic boundary I'r, then u =0 on Ur.

Proof. This is a consequence of the maximum-minimum principle. 0

Example 3.47 (Give this as an homework problem ....) Let u(x,t) be one of the following
functions:

X _ _ _t . .
t+ =, e e e'tcosx, e 'sinz, e'coshx, e'sinhz, (x,t) € R

They all satisfy the heat equation u; = uy, (note that e' coshx and e’ sinh x are linear combinations

of e and e'~*). Let Ur = (0,1) x (0,T]. We have

( (1). maxg, (t + %) =T+ %, attained at (1,T) € Iy := Ur — Up
(2). maxg, (e't*) = el attained at (1,T) € I'y
(3). maxg, (¢7*) =e'°,  attained at (0,T) € 'y
(4). maxp, (e 'cosz) =e%cos0=1, attained at (0,0) € I'y
(5). maxg, (e 'sinz) =e Vsinl =sinl, attained at (1,0) € I'r
(6). o, (¢! coshz) = e’ coshl, attained at (1,T) € Ty

| (7). maxp, (¢'sinhx) =e’sinhl, attained at (1,T) € I'rp.

From the above, we see that each solution attains its maximum point on the parabolic boundary I'r.
Also note that the mazximum can be attained at any corner point (there are four of them) of I'r.

One can also use Energy Method (integral method) to prove the following (without using the
maximum principle):

Lemma 3.48 Assume u € C? (UT) sqtisﬁes the heat equation u; = Uz, on Ur and u = 0 on the
parabolic boundary U'r, then u =0 on Ur.
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Proof. Let FE (t), 0 <t < T, be the quantity

1 ¢
E(t)_é/ w? (z,t)dr >0, 0<t<T.
0

Then F (t) is a differentiable function on [0,7], E (0) = 0, and we have

P ¢
0= [uenund = [ w0

¢
_ /O K% () s (x,t)]) = (u (a:,t))ﬂ da
¢ ¢
~ 0w @Ol — [ @)= = [ @ora <o @)
Hence we have
0<E(@{)<E(0)=0, Vte]|0,T]. (80)
Thus E (t) = 0 for all time ¢ € [0,7] and so u = 0 on Uy. O

3.7 Discontinuous bounded initial data.

What happens if the initial condition ¢ () is a bounded function defined on (—oc, c0) but discon-
tinuous somewhere 7 (here we assume that ¢ (x) is discontinuous only at a finite number of points
and at each discontinuous point zo both lim,_ + ¢ (z) and lim,_, — ¢ () exist).

We have the following interesting result:

Lemma 3.49 Let ¢ (z) be a bounded function defined on (—oo,00) and at x = xq it is discon-
tinuous and satisfies

lim ¢ (x) =4, lim ¢(z) =B, where A#DB (81)
m—)a}o J:—)a:o
Then the function
_(1'—y)2

o (y)dy, we(-o0,00), te(0,00)

e
oo VATt

lies in the space u € C™ ((—o0,00) x (0,00)) and satisfies the heat equation

U (x,1) = Uy (2,8), ¥V (2,1) € (—00,00) x (0,00) (82)
with , A+ B
_(zo—y)
Jim (20, t) _tli%i m oy = —5— (83)
Remark 3.50 (Be careful.) In general, the limit
li t te that thi t th li t 4
(w,t)—l»glo,oﬂu(x’ ) (note that this is not the same as Jim u(xo,t) ) (84)

does not exist (see Example 3.51 below). On the other hand, if ¢ (z) is continuous at © = x1, then
we have
lim  w(x,t) = lim u(zy,t) = ¢ (21). (85)

(z,t)—(z1,01) t—0t
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Proof. It suffices to verify (83). Let M = supy |¢| and let

u(x,t):/:: \/i%e%f%(y)dy, (2,1) € (—00,00) % (0,00). (86)

Then (let y = zo + \/ﬂs)

u (xo,t) =

\/_/ e’ xg—l—\/_s ds+—/ e x0+\/_s>ds (87)

For any ¢ > 0, there exists § > 0 such that if z € (zo,z0 + ), then |¢ () — A| < . Hence the first
integral in (87) satisfies

\/_/ e’ xg—l—\/_s)ds——’ '\/_/ x0+\/_s>— ]
§7/6/\F€_82¢(mo+\/@3)— xg—ir\/_s)—A‘ds

§—+2M —/ e’
§/V4t
lim L/006_52@5 (x +\/Es> ds = =
t—>0+ﬁ 0 0 a

Y
tlilgiﬁ/_ooe ¢(x0+ms)ds_—

The proof is done. O

ds—l——
/\F

and so

Similarly, we have

Example 3.51 Let

1, >0
¢ () = , ¢ (x) is not continuous at x = 0.
0, z<0,

It is a bounded function. Define the function

1 @w? /°° 1 @w?
u(x,t) = e 4t dy = e a
(z,t) /_ v ¢ (y) dy - y

and let y = x — /4ts to get (we will get the same result if we let y = x + Vats)

1, I A A N
u(x,t):T/ e’® d$:— / +/ e %ds
™ 7T —00 0

:_+_/ s, (2,1) € (—00,00) x (0,00) .

We note that
[ u(x,t) € C®((—00,00) x (0,00)) and u; = Uy, on (—00,00) x (0,00)

lim  w(z,t)=1, if x>0

lim  wu(x,t)=0, if x5<0

§ @007 (88)
: _ 1 _ 140
lim u(0.) = & = 52,
lim  w(z,t)= lim ( fx/f ~ds ) does not exist.
L (z,t)—(0,01) (z,t)—(0,01)
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The last limit in (88) does not exist is due to the fact that as (z,t) —

can approach any possible number in (—oo, 00) . Hence the limit

:1:/\/@ ,
lim / e % ds
(x,t)—(0,0%) Jo

does not ezist.
Example 3.52 Let the initial data ¢ (x) be

e, w000
¢ (z) =
0, z€(—00,0).

¢ s bounded but not continuous at x = 0. Now we have

_(a—y)?

S g (y)dy

\/F

71272‘Ly4ty2+4ty / y+(2f ’I‘)
e — — T
\/47Tt dy = \/47r

(x,t) € (—00,00) X (0,00).

1 o 2
= ¢ e % ds,
\/E 2t—x
Vit

It satisfies uy (x,t) = Uz (x,t) on (—o0,00) X (0,00) and

(x,t)ﬂ(xo 70+)

< lim
(z,t)—(z0,0T

lim u (0,¢) = lim (\%ret f% e_SZdS)

\ t—07F t—0+

= \/%Tfooo e

3.8 Even, odd, and periodic initial data (n = 1).

(
. _ o) _g2 _ o] _g2
lim (\%et [ €7 ds) = \/ige o[ e Vds=e

| (\%et_r [ore e_Sst) = \%re“”o [ e ds =0,

(0,0%), the quantity x/\/4t

e 2dy (lety = x — 2t + V/4ts)

Lemma 3.53 (Even initial data for n = 1.) Assume f € C°(R)(\L*®(R) and is an even

function with respect to x = 0, i.e.

f(=x)=[f(z), VzeR
Let . -
(@=v)®
u(x,t) = e 4 dy, xe€R, t>0. 89
@) == [ (59)
Then for each t > 0 we have
u(—z,t) =u(x,t), VeeR, ¢t>0 (90)
and moreover,
u(z,t) = ! /OO {6_(143)2 -+ 6_(13)2] fydy, VzeR, t>0. (91)
vV 47t 0
In particular, we have
uz (0,t) =0, Vit>0. (92)

22



Proof. For x € R we have

1 *@-w? G
u(x,t) = et dy + dy,
@) == [ s o= [ i
where
_@—)? y>2 _@tn)? (z+z>2
dz = z)dz.
il Fod = | )= 7 | 8
Hence we get (91). By it, we also have u (—z,t) = u(x,t) for all z € R, t > 0. O

Lemma 3.54 (0dd initial data for n = 1.) Assume f € C° (R) () L*® (R) and is an odd function
with respect to x = 0, i.e.

fmx)=—f(x), VeeR  f(0)=0

Let
_(z— y)
x,t) dy, zeR, t>0. 93
u m fy)dy (93)
Then for each t > 0 we have
u(0,t) =0, Vt>0 (94)
and
u(—z,t) = —u(z,t), VeeR, t>0 (95)
and moreover,
w(z,t) = [ = ”2—6(11”2}“ Vdy, YzeR, >0 (96)
\/H y y? ) *

Proof. Since f () is odd, we first have

u(O,t):\/iﬁ/ e_%f(y)dyzo.

For z € R we have

1 0 _(z— y)

x,t) dy + / e dy,

u( = fdy+ = | f () dy
where

_(e-y? y z+z>2 <z+z>2

dz = — z)dz.
At / S y)dy = \/47r =) \/47r (2)

Thus we have (96), and (95) follows. O

Remark 3.55 (Decomposition into even solution and odd solution.) For any initial data f €
C°(R) L= (R), we can write it as

fx)+ f (=) flo) = f(==
2

5 ) (odd function) := f.(x) + f, (x),

f ) =

and then we can decompose u (:I: t) as

(even function) +

_(a—p? y)2

u(z,t) f(y)dy

m
:@_

= e (x,t) + up (z,t), z€R, t>0,

/ S () dy
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where, for each t > 0, u. (x,t) is even in x and u, (z,t) is odd in x with

(¢e), (0,8) =0 and u,(0,t)=0, ¢>0. (97)
Note that both u. (x,t) and u, (x,t) are solutions to the heat equation.
Remark 3.56 (Interesting example.) In Lemma 3.54, let us take

1, x>0,

f(x)= f(0) can be any number,
-1, x <0,

which is an odd function with respect to x = 0 and by (96) we have

u(x,t) = -G fy)dy = [ = —e_(Zf)}dy, VzeR, t>0.

\/H \/E

For fized t € (0,00) we have

1 & z—y)2 o0 stu)2
lim u(z,t) = lim (/ e_( i dy—/ e_( Pl dy)
T—00 z—o0 /4t 0 0
1 o0 _)2 o) )2 1 o} oo}
= lim (/ et dy—/ e dy> = lim — (/ e dz —/ ez2d2> =1
x—00 /47t 0 0 T—00 /T _ a
Vit

1 o x
lim u(z,t) = lim — (/ e dz —/ e_Zde) = 1.
T——00 T——00 m oz _x

The two-dimensional limit

]- o0 2 ° 2
li t) = li — Fdz — *d
(x,t)—1>1(r(l),0+)u (2,1) (z,t)i}(no,(H) NZ3 (/z c : /z c Z)

Vat Vat

= lim —
(z,£)—(0,0T) ﬁ —z/VE

e %" dz = does not exist. (98)

Lemma 3.57 (Periodic initial data for n = 1.) Assume f € C° (R) [ L>® (R) and satisfies the
periodic condition:
fle+L)=f(x), YVzeR, (99)

for some L > 0. Let

_(z—y)” y)

u(x,t) =

\/4_ fly)dy, z€R, t>0 (100)
Tt

then for each t > 0, we have

u(x+ L,t)=u(z,t), VzeR, t>0. (101)

/OLu(a:,t)dx:/oLf(x)dx, £ 0 (102)

18 a constant independent of time.

Moreover, the integral

24



Remark 3.58 (Important observation.) By (102), in case we have the property

thm u(x,t)=C wuniformly in x €0, L], (103)
then the constant C' is given by
/ [z (104)
which is the average of the L-periodic function f (x) over [0, L].
Proof. We have
e+ L,t) = / B ”2f<)d (let L)
x et 2=y —
\/E Yy)ay Y
_az=a?
= e’ 5 z+ L)dz / f(2)dz=u(x,1).
m N FED) m /() (2.1)
To see (102), we compute
d L L
pr u(x,t)d :/ Uz (T, 1) dr = uy (L, t) —u, (0,t) =0, t>0
0
[

and (102) follows.

Assume f € C°(R)() L* (R) is a 2n-periodic function. As for each ¢ > 0, u (x,t) is a smooth
27-periodic function in x, we can use Fourier series to express u (z,t) as

u(x,t an (t) cosnx + by, (t)sinnz, (x,t) € S* x (0, 00), (105)
where
an (t) =+ OQWu(H,t) cos(nf)df, n=0,1, 2 3, ..,
) (106)
by (1) =L [[Tu(0,t)sin(n)dd, n=1,2, 3, ...

and moreover, any derivative of u (x,t) can commute with the summation sign. Since we have

Uy = Ugy, it implies

!/

t (e .o]
a0 (1 + Z a,, (t) cosnx + by, (t) sinnx

= — ZnQan (t) cosnz + n?b, (t)sinnz, (x,t) € S* x (0, 00)

ao (1) = ag (0),  an () = ay, (0) ™™, by (t) =b, (0)e ™, Ve (0,00), (107)
where
a, (0) == O%f(ﬁ) cos(nf)df, n=0,1, 2 3, ..
(108)

by (0) = L [27 £ (0)sin (nf)do, n=1, 2, 3,

and by the Riemann-Lebesgue Lemma, we know that a, (0) — 0, b, (0) — 0 as n — oo

We can conclude the following:
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Lemma 3.59 Assume f € C° (R) ﬂLoo (R) is a 2m-periodic function. Then the function

sy
w(z,t) = \/E S f(y)dy, z€R, t>0 (109)
can be expressed as
u(z,t)
1 0 " f(0)do
B + Zf;l et [( fo ) cos (nh) d¢9> cosnx + ( fo ) sin (nf) d@) sin nx] .

for all (z,t) € S* x (0, 00).

Remark 3.60 (Important observation.) Here is a different approach. Note that for each n =
0, 1, 2, 3, ... the convolution solution of the problem

up (,) = Uy (2,8), x€R, t>0
u(z,0) =cosnz (sinnz), x€R

. . _m2 _n2 .
is given by u (xz,t) = e ™ tcosnx (e7™ tsinnx). Hence we have

_G=w? .
\/i?ffooe w (cosny)dy = e ™t cosnx

) (111)
L [, e (sinny) dy = e sinna.
By (111) we have
_(z— y)
ved) fwdy
e 1 0 TrO)do+ > < 027r f(0) cos (nh) d9> cosny
\/ dy
it + ( fo ) sin (nd) dQ) sin ny
= o7 £(0)do
B (112)

£ e [(% 027r f(6) cos (nb) d9> cosnx + ( OQW f(6) sin (nd) d@) sin nm] ,
which is exactly (110).

Remark 3.61 (Another simple way to verify (111).) For convenience, we look at the case
n =1 only. We note that

r—y2
u(x,t) = \/E ~gp sinydy = \/_/ e sin m—l-\/_z)

which gives

Uz (T, 1) \/_/ - sin <x+\/—z> —u (z,t).
The ODE for u (x,t) implies that u (x,t) has the form
u(z,t) = A(t)cosx + B (t)sinx

for some coefficients functions A(t), B(t). Since u(z,t) satisfies uy = Uz, and u (z,0) = sinz, we
must have

A (t)=—-A(t), A(0)=0 and B (t)=-B(t), B(0) =1,

e

yielding u (x,t) = e"'sinx. The proof for the case u(x,0) = cosx is similar.
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Our final important result in the periodic case is the following;:

Lemma 3.62 Assume f € C°(R)( L™ (R) is a 2r-periodic function. Then the function

_(=—y)* y)

x,t) dy, ze€R, t>0 113
u m I y)dy (113)
satisfies
1 2
tlim u(x,t) = Py f(0)do0 uniformlyin x €R (orz e S') (114)
—00 T 0

(in fact, u (z,t) — "£(0)do in C>(S) ast — o0).

O

Remark 3.63 There is a higher dimensional analogue of the above lemma. Also see Lemma ?7.

3.9 Splitting the representation formula (n = 1).
We first note the following;:

Lemma 3.64 Assume f € C°[0,00) () L>°[0,00). Then we have

e e‘%f(y)dyzf(o)- (115)

lim

t—0t Jo /4t

Proof. We first have

< y2 o 1 2 Y 1
e wdy = e ady = — e “dz = —. 116
/0 VAt Y /oo VAart Y ﬁ/o 2 (116)

One can extend f () to the whole line by letting it equal to f(0) on (—o00,0). Then f(z) €
C’ (R)N L* (R) and we get

2 o 1 2 S R,
(0) = lim e~ dy = lim / e f(0)d —|—/ e~ @ d )
PO = jim [ e )= H( B G A ST

T [
= 1 t
+ti%l+ \/Ee 7 )y
The result follows. U

For f € C°(R) L* (R), let

_ (== y)

u(z,t) =

\/4_ fly)dy, zeR, t>0. (117)
mt

We know that it satisfies
(1). ue C>® (R x (0,00))
(2). g (x,t) — Uy (2,8) =0 in R x (0,00) (118)
(3). lim  w(x,t) = f(xy) forall zqeR.

(xvt)*)(x(]vo-'—)
For a fixed number a € R, we let

wy)

uy (z,1) [y dy, us(x,t)=

1 [ y?
\/E \/H/ e T f (y) dy (119)
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for z € R, t > 0. We can see that u; (x,t) and usy (x,t) also satisfy (1), (2) of (118) with
u(x,t) =uy (x,t) +ug (x,t), V (x,t) € R x (0,00)

and we also have the following 2-dimensional limit results (check it yourself):

0, zo € (a,00)
lim oy (x,t) = (120)
()= (20,0%) f(xg), w€ (—00,a)

and

lim
(x7t)4'(1070+)

up (1) :{ flwo), 20 € (g 00) (121)

0, xo€ (—o0,a).

Therefore, both u; (x,t) and us (z,t) are smooth solutions to the heat equation on R x (0, c0) , but
with discontinuous initial data if f (a) # 0.
At x9 = a, we note that

uy (a,t) = e4tf (a—2)dz, y=a—z

_(a— y)
V4t / Fy)dy= \/47r
and by Lemma 3.64, we have (note that f € C°(R) () L*® ( )

/ e 4tf (a—2)dz f(a) (122)

lim u; (a,t) = lim 5

t—0+ t—0t /47t

and similarly

1t1_1>r51+ ug (a,t) = f(2a)' (123)
Thus we have
fla)  [fla) _
tl_l}lgiu(a t)_tl_l,%i [uy (a,t) +us (a,t)] = 5 T = f(a),

consistent with our known result.
However, the two-dimensional limit lim, ;) (,0+) %1 (,1) does not exist in general (unless
f (a) = 0). The same for lim, 4)_.(q,0+) u2 (z,t) . This is because
lim  w (x,t)
(z,t)—(a,0%)

:act)—>a()+ \/E _le— y) f(y)dy (lety:x+mzvz€<—OO,(a—x)/\/E>)

= lim \/_/f ’Zz x+\/_z)dz

(z,t)—(a,01)

where the above limit does not exist if f (a) # 0 due to the term (a — x) /v/4t, which can tend to
+00, —00, or any finite number when (z,t) — (a,0"). However, we have

(m,t)i%70+) [u1 (x,t) + ug (2, 1)] (mﬂt)il(lllwﬂ u(z,t) = f(a)

More precisely, we have:

Lemma 3.65 Let f € C°(R)( L™ (R). If f (a) # 0, the two-dimensional limit

hm \/_/f 'y aj—i—\/_z) dz (124)

—(a,0t)

does not exist, and if f (a) = 0, the above two-dimensional limit is equal to 0 and we have

lim \/_/r (24 VAE) dz = f () (=0). (125)

(z,t)—(a,0t)
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Remark 3.66 Note that we can express uj (z,t) as

uy (v, 1) E e y)Q fy)dy = \/H - F(y)dy,
where ) ( )
, € (—oo,a
F<y>={0 yye'?a N (126)

The function F (y) can be made continuous at y = a if f (a) = 0 and we define F (a) = 0; and it
has a jump discontinuity at y = a if f (a) # 0. Therefore, if f (a) =0, we have

_(z—y)* y)
lim  wy (2, du = F(a) = 0. 127
(x,t)—»(a,OJr) 1 ( ) ($ t)—> a, 0+ /_47T (y) y ( ) ( )

Also see Example ?77.

Proof. Assume f (a) # 0. As (2,t) — (a,0%), the quantity (a — 2) /v/4t can approach any number,
or 400, or —oo, and the function f (2 + v/4tz) for bounded |z| < M, will converge to f (a) # 0.
From this, one can easily see that the limit does not exist as (x,t) — (a,07). On the other hand, if
f (a) = 0, the integral

M M
/ e f (x + \/EZ) dz — / e 7 fla)dz=0 as (z,t)— (a,07).
-M -M

Also the two integrals (for large constant A > 0) both have small values:

[ (v e [T (e v e

0.9}

which will imply that the limit is equal to 0 as (z,t) — (a,0"). O

3.10 The equivalence between the initial condition (at ¢ = 0) and the
boundary conditions (at = 0) for n = 1.

Let u (x,t) be a solution of the heat equation on R given by

_(a— y>2

u(x,t) = g(y)dy, z€R, t>0 (128)

\/E

and v (z,t) be another solution of the heat equation on R given by

v(x,t) = h(y)dy, xeR, t>0, (129)

VAt
where both g, h € C°(R) [ L*® (R). We claim the following result:

Lemma 3.67 Letu(z,t) andv (x,t) be convolution solutions of the heat equation given by (128)
and (129) respectively. If u (x,t) and v (x,t) satisfy the same boundary conditions, given by

u(0,t) =v(0,t) and wu,(0,t)=v,(0,t), Vte(0,00). (130)

Then we must have

g(y)=h(y), Vyée(-o0,00), (131)
i.e. they have the same initial condition. As a consequence, we have u(z,t) = v(x,t) for
allz € R, t € (0,00).
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Proof. It suffices to show that for a function g € C° (R) [ L> (R), if we have

/ e fg(y)dy=0 and / e fyg(y)dy =0, Vte(0,00), (132)

—00 o0

then we must have g (y) = 0. Since the identities in (132) are true for all ¢, one can differentiate
the first identity with respect to ¢ successively and get (note that d; can move into the integral sign
even if the function y**¢ (y) is unbounded on R)

o0 1/2
/ e wy*g(y)dy =0, YVn=0,1,2 3, ..., Yte(0,00). (133)

[e.o]

Similarly, if we do the same on the second identity of (132), we get

o0 2
/ ey g () dy =0, Yn—=0, 1,2 3, ... Vi€ (0 00). (134)

Thus we conclude

oo 2
/ (egltg (y)> yndy - 07 v n = 07 17 27 37 ] v t = (0’ OO) ’ (135)

[e.o]

which can imply that g (y) = 0 for all y € (—o0,00) (I cannot provide the details here, but I think
it must be right; it seems that one cannot use the Exercise 20 in p. 169 of Rudin’s book here since
the domain of integration is not compact). The proof is done. 0

Remark 3.68 (Important observation ...) We need two identities in (132) to infer g =
0. Just one identity in (132) is not enough to infer g = 0. For example, if g(y) is any odd
function, we always have ffooo e VMg (y) dy = 0. Similarly, if g (y) is any even function, we always

have [ e~V 4y g (y) dy = 0.

Remark 3.69 (Important observation ...) Note that the identity in (135) is valid for all n =
0, 1, 2, 3, ... and for all t € (0,00). In case g (y) € C;°(R), we can write the identity as (let

y=2Vtz) _ _
/ (e‘ﬁg (y)) y"dy = (2\/%) nH/_ (6_229 (2\/Zz>> 2"dz =0

—00 o

foralln=0, 1, 2, 3, .... and for allt € (0,00), which is the same as

/_ h (e** p (N%z)) 2z =0

[e.o]

foralln =0, 1, 2, 3, .... and for allt € (0,00). One can differentiate the identity with respect to
t € (0,00) (as many times as we want) and get

/ 6_229/ (2\/%2> 2"Hdy = / 6_229" (2\/Ez> 22z

_ / e—z2g/// (2\/%2) Zn+3dZ _ / 6—,229//// (2\/%2) Zn+4dz —..=0
foralln =0, 1, 2, 3, ... and for all t € (0,00). Thus one can produce another new identities,

which can convince us that g (y) =0 for all y € (—o00,0).
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Remark 3.70 By the second identity, we also have (assume further that g is differentiable)

© 2 > 0 ( _» >
0=/ e 4tyg(y)dy=(—2t)/ g(y)g—y(e 4t)dy=2t/ e

which gives the extra identity
) 2 )
e %g (y)dy=0, Vte(0,00).

Remark 3.71 (Analytic consideration; important observation
of the heat equation uy (x,1) = Uy, (x,t) on R x (0, 00) with

Yy

wg (y)dy, Vte(0,00),

2

(136)

... ) Letu(z,t) be a solution

uw(0,t) =u, (0,¢) =0, Vte(0,00). (137)
Then we have
u (0,t) = (ug), (0,¢) =0, Vte(0,00).
The above implies (note that uy = Uy, and (uy), = (W), = Uses)
Uzz (0,1) = Uga (0,8) =0, V¢ € (0,00). (138)
If we keep going by differentiating with respect to t, we can get
"u
a—((),t)zO7 YVm=0,1, 2 3, ..., Vte(0,00). (139)
l»m

Since we know that u(x,t) is analytic in x for each fized t > 0 (this property is valid for all
solutions of the heat equation, not necessarily confined to convolution solutions), (139) can imply

that u (z,t) =0 for all x € (—o0,00), t € (0,00).

This is the end of parabolic equations.
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