PDE Teaching for Spring, 2023

Revised on 2023-4-18

1 Laplace equation on R" (for n =2, 3) and the divergence
theorem.

From now on, we shall focus on second order elliptic equation with constant coefficients. If u (z, y)
is a function of two variables, its canonical form is

Uy (T, Y) + Uyy (2,y) + (lower order terms) = f (z,y),

where f (x,y) is a given continuous function defined on some domain © C R?. To begin with, for
simplicity, we shall look at the 2-dimensional Laplace equation:

(Au) (z,y) (also write it as A u(z,9)) i= Ups (7,9) + Uy, (z,y) =0, (z,y) €QCRE (1)

The purpose is to find C? solutions u (z,y) : 2 C R? — R. If the domain  is not specified in
advance, we want the solutions u (x,y) to be defined on some open set € in R?, as large as possible.
A C? solution u of (1), defined on €, is called a harmonic function on €. In case u = u (x, vy, 2)
is a three-variable function, then the above becomes

Au(2,y,2) 1= Uy (T,Y, 2) + Uy (2,9, 2) + Uz (7,9,2) =0, (2,y,2) € QC R (2)
Example 1.1 The following functions

u(r,y) =z, y, 2*—y: 2y, 2°—3wy? 9P —32%, e“cosy, e“siny (3)
are all harmonic functions defined on the whole plane R?. The functions

__* -y
_x2+y2’ :p2+y2

u(z,y)

are harmonic functions defined on R?*\ {(0,0)} . In the above, the polynomials x, y, x*—y?*, 2zy, 35—
3xy?, 1y® — 32%y, ... etc. are called harmonic polynomials with degree 1, 2, 3, ... etc.

Definition 1.2 Let Q@ C R" be a domain (open and connected) and let V (z) : Q@ C R — R" be a
C* vector field on Q) given by

Viz)=Vi(z), ..., Vi(2)), Vi(x):QCR"—RisaC" function.

Its divergence, denoted as (divV) (z) (or just divV (x)): @ C R" — R, is a scalar function

defined as
, o oV, B
dlvV(x)—a—xl(x)+~--+axn(I), T = (21, .. ,&,) € Q.

Note that divV (z) is a continuous function on Q). In physics, we also denote divV (x) as
divV(z) =(V-V)(x),

where V denotes the vector operator V. = ( o 0 < ) .

3_;E1’ %, N %
Remark 1.3 Note that we can also express divV (z) : Q@ C R* — R as
divV (z) =Tr(DV)(z), =z€Q, (4)

where DV is an n X n matriz, which is the derivative of the map V : Q@ C R* — R". T'r (DV) (x)
means Tr ((DV) (x)) .



We first note that for C? function u (x,y) : Q C R*> - R, Awu(z,y) can be decomposed as

Au(w)=<div<w>><x,y>=<V-Vu><x,y>=Tr<D<Vu>) (ey), (wy) e ()

Similar identity holds for Au(z), = € Q@ C R", n > 3. Note that the matrix (D (Vu)) (z,y) is
actually the Hessian matrix of u (x,y).

The following divergence theorem (general version of the Fundamental Theorem of Calculus)
will be needed often later on:

Theorem 1.4 (Divergence theorem.) Let Q be a C* bounded domain in R™ (which means that
its boundary 0 is a C' (n — 1)-dimensional surface in R") and W : Q — R"™ is a vector field on

Q with W € C* () (N C° (). We have the identity
/ div Wdzx (volume integral in R", dxz means dz; - - - dx,,)
Q

= W - Ndo ((n — 1) -dimensional surface integral in R") (6)
o0
where N is the unit outward normal to ). Here divW : Q — R is the divergence of the vector
field W and do is the "surface measure” on 0S).

Remark 1.5 Q is a C' bounded domain in R"™ means that its boundary 09 is locally a C' graph
everywhere. For example, if Q is a C' bounded domain in R3, then near any p € 0X), the boundary

OO can be expressed as a graph z = f (x,y) for some C* function f (z,y) defined on some open
subset of R%. Therefore the boundary 0 is a C! surface in R3.

Remark 1.6 (Important.) Be careful that the divergence theorem is valid only when Q C R"
is bounded. For example, let Q@ = Rl = {(x1, ... ,x,) € R" : 2, > 0} be the upper half-space of

R™ and let W be the smooth vector field on ) given by
W (z) =(0,0,...,0,2,), x= (21, ... ,xn) € R} U@R’}r.

Then we have divW =1 on R} and W = 0 on OR". In such a case, the identity (6) clearly fails.
In view of this, the Green identities also fail on unbounded domains.

Remark 1.7 If n = 2, then do means ds, where ds is the arc length differential and the above
theorem is the same as the familiar Green Theorem for plane region enclosed by a simple closed
curve I'. More precisely, let C C R? be a counterclockwise simple closed curve parametrized by
a(t)=(x(t),y(t)), t € la,b], wheret is an arbitrary parameter (not necessarily the arc length
parameter) and let Q2 C R? be the open region enclosed by C' with 9Q = C (0Q means the boundary
of Q). Let W € C* (Q2) N C° (Q) be a vector field on QO given by

W (z,y) = (p(z,y),q(x,y), (z,y)€

Now we first have

/ div Wdz (volume integral in R?) = // 9p (x,y) + % (x,y) | dedy (7)

and the unit outward normal N to (z (t),y (t)) € 08, t € [a,b], is given by




and we also have

do = ds = /(@' () + (v (1))2dt, ¢ € [a,b].

Hence we conclude

W - Ndo
o9

- /ab[@(w(t),y<t>>,q<x<t>,y<t>>>-( T ) |V 0 + )

(@ () +' ()2 V(@ ()24 (1))

= / (p(x(t),y@)y () —q(x(t),y(t)) 2" (t)]dt = /C—qda: + pdy (this is line integral).  (8)

By (7) and (8), we conclude the identity

(G + 52 ) oty = [ =g+ pa o

which is exactly the familiar Green Theorem (in a slightly different way). Note that the
value of the line integral |, o —qdzr + pdy is independent of parametrization.

Remark 1.8 If n = 3, then the surface measure do means

- 2F\? 9f\?
da—\/1+<%> +<8_y> dxdy (10)

if the surface is represented by the graph of a function z = f(x,y). Therefore, we are doing
surface integrals in R3. Also, if the surface in R? is given by the parametrization form

X (u,v) : (u,v) €U CR? = (2 (u,v),y (u,v), 2 (u,v)) € R?,

then
do = | X, x X,|dudv, where x is the cross product in R>. (11)

In case the surface in R3 is given by the equation

¢ (z,y,2) =0

for some smooth function ¢ (x,y,2): O C R> — R, then (assuming the surface can be expressed as
z = f(x,y) for (z,y) € U C R?) we have

X(z,y) = (2,9, f(2,9) : U CR* 5 R

and by chain rule we have

2+ 2+ 2
do = X, x X,| dady = /1 + f2 + f2dady = Y22 ’;‘y 7 dudy. (12)

The first identity in (12) is clear, to see the second identity, note that by ¢ (x,y, f (z,y)) = 0 for
all (z,y) € U C R?, we have

Pz Py
fx = T f = 13
o0 T (13)

and so

2

2 2 2 2
z Yz T s + @3
Wﬁﬂ;:\/H(ﬁ) (2)- R )
©, ©2 ||




Proof. (Read this by yourself.) (Special case only.) We will give a proof of the theorem only
for the case n = 2 and assuming that 2 takes the simple form:

Q={(z,y): a<z<b, 0<y<f(z), fla)=[(b)=0} (15)

where f(z) is a C! function defined on [a,b]. Although 2 may not be smooth at (a, f (a)) and
(b, f (b)), divergence theorem still holds for such 2 as shown below. Its boundary 0f2 has two parts:
the graph y = f (z) and the segment (z,0), a < x < b. Call them 0,2 and 0,2 respectively. We

have
(_fl (ZL‘), 1)
L+ (f (x)) (16)
N at (z,0) =(0,-1).

N at (z,f (7)) =

Both normal vectors in (16) are pointing outwards. Writing W (z,y) = (u(z,y),v(z,y)), the
divergence theorem is equivalent to

// <8“ )da:dy, d1VW—§Z+g—Z
:[919<u<x,y>,v<x,y>>- \(/mdﬁ/azﬂ(u(x,y),v(%y))'(

where ds is the arc length differential. Note that the boundary line integral | g @s in (17) has no
orientation. Clearly we have

0,—1)ds,  (17)

y=f(x), ds=+/1+(f(2))’dx on &N

(18)
y=0, ds=dxr on Q2
and so the RHS (right-hand side) of (17) becomes
b b
[ e f@) o f @) (-1 @ Ddot [ (w@0),0(.0)- 0.-1)ds
— [ f @) 5 @) 4ol f @)de = [ v@0)ds
—— [u s @) @de+ [ oo f @) o (@0)] o, (19)

Also the LHS of (17) is

// (8“ 8”)dxdy—// ( )dydx—l—\/ab/of(m) (%)dydgi. (20)

-~

dydr = | [v(z, f(2)) - v(z,0)]dz. (21)
LI (G-

Hence it suffices to show

r/jm (@) dm+// (o) dydz = 0. (22)

Now we have




Note that the LHS (left-hand side) of (22) is

b @) o
/ (u(x,f<x>>f'<w>+ / %m,ymy) dar, (23)

where the integrand in (23) can be written as

Hence we have

b 7@ gy
/ ( @ f @)@+ [ 5w dy> i

b [ @ 7(®) f(a)
=/ i / u (2, ) dy d:c=/ u<b,y>dy—/ w(a,y) dy = 0,
a dx 0 0 0

due to f (a) = f(b) = 0. The proof is done. O

1.1 Averaging property of the Laplace operator.

The Laplace operator has the following important geometric meaning: let u (z, %) be a C? function
defined on R? and let O = (0,0) be the origin. Any line L passing through O with direction
v (0) = (cosf,sinf), 0 € [0,2x], has the parametric form

L ={(tcos,tsinf) : t € (—o0,0), 0 € [0,27]}.
The function u (x, y) restricted on L becomes a function of ¢, i.e., we have (here the angle 6 is fixed)
h(t) :=u(O+tv) =u(tv), where v =v(0) = (cosf,sinf), t € (—o0,00).

We note that

0= 5| a0+ )=y O =LO)
= lgrélb(tv) —tu<0,0> = D,u(0) = (Vu (0),v), (24)

which is the directional derivative of u at O = (0,0) in the direction v = (cos,sinf). If we
compute the second derivative of h (t) at t = 0, by

{ W(t)=4u(0+tv) = (Vu (O +tv),v) = u, (O + tv) cos + u, (O + tv)sinf, ¢ € (—o00,00)
h' (0) = Dyu (O) = (Vu(0),v) = u, (O) cos +u, (O)sinf, O =(0,0),

(25)
we obtain
R (t) = 5722 L u (O +tv) = (Lu, (O +tv)) cos + (Lu, (O + tv)) sind
(26)
_ : Uzy (O +10) Uy (O + tv) cos B
= (cosf,sinh) ( e (O +10) 1y (O + t0) sing )0 U (O + tv) = uy, (O + tv)
and then
R (0) = gy (O) cos® § + 2u,, (O) cos O sin § + u,, (O) sin® 0, (27)
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and if we average h” (0) among all possible directions (i.e. among all possible angle 6 € [0, 27]),
we get

1 27 Y 1 27 d2
% ; h (O) df = % ; (@ tZO'LL(t’U (9))) do
1 [* (0% 9 0*u _ 0?u . 9
~on ) (@ (O) cos 6+28x6y (O) cos@smHjLa—yQ(O)sm 9) db
1 [0%u 0%u 1 )
=5 l@ (O) -7+ a7 (0) - W} =3 (Au) (O), v(f) = (cosb,sinf), 6el0,2n]. (28)

Thus the quantity %(Au) (O) is the average of the second derivatives of u among all possible
directions v ().

Remark 1.9 One can rotate the orthonormal basis {e;,es} in R* to see why we have the
coefficient 1/2 in (28). Because we have

27 2m
/ h" (0)dl (rotation of e by 27) + / h" (0)dl (rotation of ey by 2w) =21 - (Au) (O), (29)
0 0
which gives (28).

1.2 Green identities.

There are many useful consequence of the divergence theorem (equivalent to the Green The-
orem if we are in R?). Among the most important are the Green identities: Assume (Q is a C*
bounded domain in R? (or in R", n > 3) and u, v € C* () C* () (u, v: Q — R). We have the
Green 1st identity:

/ v A udx + / Vu - Vudr = U%da, Vu = gradient of u (30)
0 0 oo ON

and Green 2nd identity:

ou ov
/Q(UAU_UAU)dx—/89(U8_N_u8_N>da’ (31)

where in (30), Vu - Vo denotes the inner product of the two gradient vectors Vu, Vo, and g—; is
the directional derivative of u on 0€) along the unit outward normal vector N which, by the chain
rule, is equal to

IN o (P) = Jim ; , PEN (32)

Remark 1.10 We call g—f{r the outward normal derivative of u on 02. Note that g—; s defined
only on 02 since the vector N is defined only on O0S)

Remark 1.11 We can use Green identities to prove the uniqueness of solution for Dirichlet
boundary value problem.

We note that (30) is a consequence of the divergence theorem and the identity

div(vVu) =v Au+Vo-Vu, wu, veC? (Q)(]C’1 (Q). (33)



By the divergence theorem, we have

/ v A udx + / Vu - Vodr = / div (vVu) dx = / (vVu) - Ndo = v%da, (34)
Q Q 0 o9 oo ON

which gives (30). As for (31), it is an easy consequence of (30).
In particular, when u = v in (30), we get the identity

ou
uAudx—i—/ Vu|? de = u——=do, 35
/ [va o = [ e (3)

and when v = 1 in (30), we get the identity

ou
Audr = —do = Vu - Ndo. 36
/Q aq ON a0 (36)

Physically, the quantity |, 50 VU - Ndo is called the flux of the vector field Vu across the boundary
O of Q. In particular, if u € C? (Q) (N C" (2) is harmonic function on €2, we have [, 2%do = 0 (zero
flux across 0f2). Therefore, a harmonic function is in the state of balance.

An useful application of (35) is the following:

Lemma 1.12 LetQ be a C* bounded domain inR", n > 2, andu: Q@ — R, u e C? () C* (Q) . If

we have
{Au:() in

u=0 on 09,

then we must have u = 0 on ).

Proof. By (35), we have

ou
uAudx+/ Vul? dx = u—=—do,
/Q Q Vul oo ON

and so [, |Vu|? dz = 0, which implies Vu = 0 in Q. Since 2 is open and connected, u must be a
constant on €2. This constant must be zero since u = 0 on J2. O]

1.3 Radial harmonic functions in R".

In this section, we look at the Laplace equation on R™\ {0} :

Au(x) =0, x=(x1, ... ,x,) € R"\{0}, (37)
and we want to look for a special important solution of the Laplace equation in R"™ which is
radial, i.e., it has the form

w(z)=v(r), r=lz|=1/2?4+ --+22>0,

where v (1) is chosen so that it satisfies Au(x) = 0 for all x € R™\ {0} . Intuitively speaking,
since Laplace equation has symmetry among all directions ¢;, es, ..., ¢,, such a radial
solution should exists.

The following observation is also useful to see why there is a radius harmonic function. It
is know that if u(z) : R® — R is a harmonic func. on R", then for any orthogonal matrix
A € O(n) (O (n) is the space of all n x n orthogonal matrices), the func.

w(x) :=u(Az): R" - R"
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is also a harmonic func. on R". An interesting question is: Is there a harmonic func. u (z) :
R" — R satisfying the property

u(r) =u(Az), for all z € R" and for all A€ O (n). (38)

In linear algebra, if zo # yo € R™ has the same length |z9| = |yo| = 70 > 0, then there exists an
orthogonal matrix A € O (n) such that Azxg = yo. Therefore, if u (z) satisfies property (38), it also
satisfies the property

u(z) =u(y), forallz, y € R" with the same length, (39)

which means that u (x) : R* — R must be a radial harmonic func., i.e. it has the form

u(x)=v(r), r=lz|=/22+ - +22>0 (40)
for some func. v (r) : [0,00) — R.

Remark 1.13 At this moment, we do not know if such function v (r) ezists or not; we shall see
that the function v (r) does exist, but cannot be defined at r = 0 (has a singularity at r = 0),
which implies that the radial function u(x) cannot be defined at x = 0.

Instead of solving a PDE for « (z), we only have to solve an ODE for v (r). By the
chain rule, for » > 0 we have

; 2 2 1 a2
m@=v 0 @ =rnSevn(3-5), 1<izn

ox; r : rooors
which gives (sum over i =1, 2, 3, ..., n)

n—1

Au (z) =0" (r) +

v'(r)=0, r>0 (41)
”
and we obtain a second-order ODE for v (r) over the domain r € (0, 00) . Multiplying equation

(41) by 77!, one can verify that the general solution of (41) is given by

Ar? "+ B, n>2, r=|z| € (0,00)
v(r) =v(lz]) = u(z) :{ (42)

Alogr+B, n=2, r=]|z|€(0,00)

where A, B are integration constants. Since v (r) is not defined at » = 0, the above radial
solution u (x) is not defined at z = 0. The corresponding u () = u (z1, ... ,x,) lies in the space
C= (R {0}) , given by
A@ + a3+ +22) 7T +B, n>2
U (T, oy Ty) = (43)
Alog /73 + 23+ B = Alog(v3+22)+ B, A=2%2, n=2

Remark 1.14 (Interesting observation.) Why does the Laplace equation have radial solutions?
This is because the Laplace operator has symmetry in it. If we change the Laplace operator into a
non-symmetric form, for example, the form:

0? 0? 0 0 0?

Aza_ﬁ+...+a_ﬁ+a_mzﬁ+a—% (or other forms, say A+8_:cf)’

then if u (x) has the radial form v (r), r = |z|, we have

Au(z) = Au(x) + g—; (x) =" (r) + n ; 11/ (r)+ ' (r) %,
——

which cannot produce a self-contained equation (ODE) forv (r) due to the term v’ (r) 2. Thus
for the new operator /\, it has no radial solution at all (except the trivial constant solutions).
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We can conclude the following:

Lemma 1.15 Consider the Laplace equation on R™, given by
(Au) () =0, z= (1, ... ,x,) € R™ (44)
Its radial solution (defined only on R™\ {0}) is given by
Az "+ B, n>2 zeR"\{0}
s { Aloglz|+ B, n=2 zecR{0}
and no others. Here A, B are two arbitrary constants with A # 0.

Definition 1.16 The radial function u (x) given by (45) is also called the fundamental solution
of the Laplace equation. It is a harmonic function defined on R™\ {0}. Moreover, it has a
singularity at x = 0.

Remark 1.17 In the one-dimensional 1-dimensional case, i.e. n = 1, the fundamental solution
of the Laplace equation u” (x) = 0 is given by the radial function u (x) = A |x|+ B, where A # 0, B
are two arbitrary constants. Unlike the case n > 2, it is continuous at the origin x = 0 (but not
differentiable). It is not so interesting.

In R?® we have (now we denote z € R3\ {0} as (z,y,2) € R®\ {0}) the radial solution of the
Laplace equation:

A
u(z,y,2) = —+B= + B, (z,y,2) € R® {0}

and then

-
<W (this is unit Vector)) , where 7 = (2,5, 2) € R*\ {0}. (46)

71
For suitable constant A, (46) describes the force field of the earth gravity with point mass at

the origin. Note that each component function of (Vu) (x,y, 2) is also harmonic on R3\ {0} .

1.4 Laplace equation in polar coordinates (,0) ; radial and angular har-
monic functions in R2.

Remark 1.18 A major purpose of expressing Laplace operator in polar coordinates (r,0) is to find
some important special solutions, in particular, the radial solution U (r) and the angular solution
U (0) . In particular, we can use it to solve the Dirichlet problem of the Laplace equation on the disc
in R? or on the ball in R3.

The polar coordinates (r,6) in R? and the Euclidean coordinates (x,y) in R? are related by
x=rcosf, y=rsinf, r>0 0<60<2m, (47)
where the change of variables is a diffeomorphism between the following two open sets:

R*\ {(z,0) : # > 0} C wy-plane «— (r,0) € (0,00) x (0,27) C rf-plane. (48)

9



For convenience, we denote the above open set in xy-plane as R? and denote the above open set in
rf-plane as ¥ in this section. Let u (z,y) : R> — R be a C? function. Under the above change of
variables u (z,y) becomes a C? function U (r,0) : ¥ — R, i.e., u(rcos,rsinf) = U (r,0). What is
the expression wy, (z,y) + uy, (x,y) under polar coordinates (r,#)? The answer is:

2 ? 19 19
A =35 +353 =55+t -5. T 275 : 4

Example 1.19 Let u (z,y) = 2®y. Then U (r,0) = 3 cos? O sin . We have

0? 0?
(@ + 6_3/2) u(z,y) = 2y.
On the other hand, we also have

”? 10 1 02
(wta*ra@) Uirf)
2 2
— (% + 182 + %%) (r° cos® @sinf) = 2rsin .
T T or T

Since y = rsind, both sides of (49) are equal.

To derive (49), for the first derivatives, we have the relation:

ou 9o Ooudx Oudy

3 = o [u(rcosf,rsinf)| = s + 3y or
:%COSG—I—g—ZSinH:%(x%—%yg—Z), r= 12+ 12 (50)
and
?9_[9] = % [u(rcosf,rsinf)] = %% + %%
= % (—rsinf) + g—z (rcosf) = —y% —I—xg—z. (51)

We can rewrite the above as the system:

—— =T — = =Y — 52
“or ~Tor ey a0 T Yo Mgy (52
or equivalently, the operator relation:
0 0 0 0 0 0
r— =1r— — +z—. (53)

or Ox y0_y7 a0~ You oy

It says that the operator 7’% is comparable to %. In the matrix form, we have the operator
identity
r2 . r oy = ;
g | (acting on U (r,0)) = % ) (acting on u (z,vy)), (54)
20 B oy
and so

(?%) (actingonu(x,y)):ﬁ(z v > <Tgf>

_1 ( cosf —sing > < o ) (acting on U (r,)). (55)

r \ sinf cos0 59
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More precisely, the above gives

ou oU sm 0 oU (9u oU  cos0oU
— =cosf— — — nf— +

Ox or r 80’ 8y or r 00

(56)

In particular, we have two different ways to express the gradient vector of u (for clarity, we look
at the vector Vu at a particular point (xg,yo)):

0 1 0 0
Vu (xo,y0) = 8_7; (20, Y0) ( 0 ) + G_Z(l’oayo) < 1 )

_oau cos b 10U — sin 6y
== (r0,00) ( . ) + — o 00 (r0,00) ( ) ) (57)

sin 6, cos 6y

where (rg, 6p) is the polar coordinates corresponding to (g, yo) . The above says that we can also ex-
press the gradient vector Vu (g, yo) in terms of the orthonormal basis (cos 6y, sin6y) , (—sin 6y, cosbp) ,

with the coefficients given by %—Z (ro,00) and Tlo %g (ro,00) -

Remark 1.20 Draw a picture for the vector Vu (xg,yo) and the two orthonormal frames
{(1,0), (0,1)}, {(cos By, sinby), (—sinby,cosby)},

where we note that the vector (cosfy,sinby) is pointing in the radial direction and the vector
(—sin by, cosby) is pointing in the angular direction.

Keep going and use (53) to get

7"2 2U = ré 7"2 Ul = l‘—a + 9 m—au + Ou
ar )~ Uar ar )| T \Tar "oy ) |[Tar Yoy
—_———

oz Yoz Yoy | TVay |Tor T Yoy
0*u 0*u 0*u ou  Ou
_ 20U 507U ou Ou
_ Ox? +y Oy? + y(‘?az@y + Ox y(‘?yJ' (58)

Similarly

DN 0 (UN o o ou] 0 ou ou
a0) "~ T ao\ag) " Yor| Yar Yoyl "oy | Yor T oy
0% 282u_ 0?u _ Ou Ou
VoY Oy? xy(?x(?y Tor y@yJ’

~~

(59)

Add (58) and (59) to get the beautiful identity:
AW Y\’ s o (0P P
<T5) U+<80> U=(z er)((9 ay) (60)

Finally, one can simplify (r%)Q U as

0\ > ) ouU ,OU U
(7“5) U= (rE) (r5> s —i—ra (61)

and conclude the identity:
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Lemma 1.21 (Laplace operator in polar coordinates (r,0) of R?.) For any C? function
u(z,y) = u(rcosf,rsinf) = U (r,0) defined on R? then on the two open sets (48), we have

the identity
OPu O o\° o\°
2 2
— 4+ — | =(r= — 2
(x +y)<8x2+8y2> (T8r> U+(89) U, (62)
which is the same as

ox2 oy  Or:  rOr 12002

r>0, 0<6<2m. (63)

Remark 1.22 In particular, if u(z,y) = U (r) is a radial function, (63) becomes

. 1., 0?u  O*u
U(T)—F;U(T)—@—i—a—yz, 7">0, (64)

which matches with (41).

Example 1.23 (Radial harmonic function onR?\ {(0,0)}.) If a functionu (z,y) = U (r), r =
Va2 +y?, is radial, then by (62) we have

o o

(r%)z U= (2*+y° (ax2 + 0_3/2> : (65)

Thus a radial harmonic function u (r) (defined on R?\ {(0,0)}) satisfies

0\? o [ U
<TE) U—TE<TE)—O,

1.€.,

ou
ra = const
Hence
u(x,y)=U(r)=alnr+b=alog\/22+y%2+b, (x,y)#(0,0). (66)

for some constants a, b. Note that u (z,y) is defined only on R*\ {(0,0)} and

lim wu(x,y)=00 (ifa>0).
o (z,y) (if )

Its gradient vector is pointing in the radial direction, given by

Vulen) = (G G @) =o (s L) @oE00. @

$2+y27 $2+y2

Example 1.24 (Angular harmonic function on R*\ {(z,y) : x > 0}.) If a function u(z,y) =
U (0) depends only on angle 6 € (0,2m), then by (62) we have

9\’ s o [(OPu Du

Thus an angular harmonic function U (0) (defined on R* = R?\ {(z,y) : x > 0} ) satisfies U" (6) =
0, z.e.

u(x,y) =U () =cl+d=ctan™* % +d (if x #0 and (x,y) is in the first quadrant)  (69)
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for some constants ¢, d. Its gradient vector is perpendicular to the radial direction, given

by Vi) = (G50 ) = (e ). o) £ 0.0, (70)

%’Q_y m2+y2’ 22 + o2

Since the derivative of a harmonic function is still harmonic, the functions

T Y
x2+y2’ x2+y2

are both harmonic in R?\ {(0,0)}.

Example 1.25 (Two important harmonic functions.) By (63), one can check that for any
n € Z the two functions r™ cosnf, r"sinnf are both harmonic functions defined on R?\ {(0,0)} (not
gust on R?\ {(z,0) : > 0} ). For n € N, the functions are actually defined on the whole plane R
The corresponding functions w(x,y) are polynomials in the variables © and y with degree n, and
are defined on the whole R%. They are called harmonic polynomials on R?. For ezample, when
n =1, we get rcos) = x, rsinf =y and for n = 2, we get

r?cos 20 = z? — o, r? sin 20 = 2y,
, etc. For n = —1, we get the familiar ones:
~1 rcost x 1. rsin 6 —y
r—cos(—0) = = rsin (—6) = — = .
(=) 72 22 + 2’ (=) 2 22 + o2

1.4.1 Using a different method to derive Laplace equation in polar coordinates (r,0).
This method is based on the following important observation (which is a problem in HW 9) and

can be easily generalized to the case u (z,y,2) : R® — R.

Lemma 1.26 Let u(z,y) : R? — R be a C? function and let {v,w} C R? be any orthonormal
basis. Then at any fized point p € R? we have the identity

9%u J%u d? d?
(Au) (p) = @(P) + a—yg(p) = n tZOU(Pth’U) + o tZOU(PH’w), te(—ee). (T1)

Remark 1.27 The same result holds for a C? function v : R® — R, n > 2.

We can use Lemma 1.26 to express the Laplace operator A in terms of the polar coordinates
(r,0). Let p = (x,y) € R? be a fixed point with polar coordinates (r,6). We can take the orthonor-
mal basis {v,w} at p as

v = (cosf,sinf), w = (—sinf,cosb),

where we see that the vector v is pointing in the radial direction and the vector w is pointing in
the perpendicular direction. Recall that we denote u (r cosd,rsinf) by U (r,6) . Now we have

u(p+tv) =u(rcos +tcosh, rsinf+tsinf) =u((r+t)cos, (r+t)sinf) =U (r+t,0), (72)

which gives

d? d? 0*U
t=0 t=0 —_———

Next, we have
u(p+tw) =u(rcosh —tsinf, rsinf + tcosb),

13



where the vector p + tw has length v/r? + ¢? with

(rcos@ —tsinf, rsinf + tcosb)

t r t
=Vr? +t2 (; cos) — ——sinf, ——sinf + —cosQ)
=Vr2+t2(cos(0+6(t), sin(0+6(1))), (74)
for some angle 0 (t) satisfying
r ) t
cosf (t) = \/7"2:—'_152, sin 6 (t) == ﬁ, 0 (O) =0. (75)
In particular, we get
/ o r " _ 2rt / _ = 1"
V0= V0= CO= 0= (76)

Now by (74), we have
u(rcosf —tsinf, rsinf +tcosf) =U (\/7“2 +t2,9+9(t)>

and then by (76) we conclude

d2
ulp+tw) = —

7| (\/r2 T2.040 (t))

%[‘w (vie+e, 9+e( )) i
ou L U o 1aU | 92U
=S 0) 1+ S (0 0O = 25 () + S () ()

-~

d?
dt?

L a_U (m,9+0(t)> -0 (t)}

t=0

The identity (63) follows due to (73) and (77).

Remark 1.28 (Important.) In summary, we have (here p = (x,y) has polar coordinates (r,0))
ulp+tv)=U(r+t0), v= (cosb,sinb) (radial direction),
ulp+tw)=U (Vr2+ 2,0 +6(t)), 6(0)=0, w=(—sinb,cosb) (angular direction),

and then differentiate each with respect to t twice and apply the chain rule.

1.5 Laplace equation is invariant under radial inversion in R?.

Lemma 1.29 (Laplace equation is invariant under radial inversion on R%.) Assume u (z,y) is
harmonic on R? and let U (r,0) = u(rcosf,rsinf), (r,0) € (0,00) x (0,27). Then the radial
inversion function (i.e.r — 1)

0 (r,0) =U Ge) () € (0,00) x (0,27) (78)
also satisfies the equation
*U 100 1 02U
gz (10) + = (1,0) + 5oy (1.0) = (79)



on (r,0) € (0,00) x (0,27). Therefore, if u(x,y) is harmonic on R? then the function

&(:c,y):u( ‘ Y ) (80)

x2+y2’x2+y2

is also harmonic on R?\ {(0,0)}. Note that the length of the vector (z/ (x* + y?),y/ (2® + y?)) is

equal to 1/y/x% + y2.
Remark 1.30 Lemma 1.29 is a special case of the Kelvin transformation in R".

Proof. Assume (x,y) is harmonic on R? and let U (r,0) = u (r cos@,rsin ) . It satisfies

0*U 10U 1 0%U

on the domain (r,0) € (0,00) x (0,27). We compute (write U (r,0) as U (s, ) to avoid confusion)
U(r,0) =U(s,0), s=
- -1
U, (r,0) = Us (s,0) (—> = —s%U, (s,0)

Uy, (1,0) = Uy (5,0) (

Ugg (7’, 9) = U99 (8, 9)

+ U, (s,0) (—) = 51U, (s5,0) + 25°U, (s, 0)

and get

%27(3 (r,6) + %g (r,6) + %‘Z,ZTIZ (r,0)

= [34U85 (s,0) 4+ 25°U, (s, 9)} +s (—SQUS (s, 6)) + 5%Ugp (s, 0)

= s {Uss (s,0) + éUs (s,0) + 8—12U90 (s, 9)} = 0. (82)
The proof is done. O

Example 1.31 We know 22 — y* = r?cos 20 and 2xy = r*sin 20 are harmonic on R?. By (80) in
Lemma 1.29, the functions

2 g2 1 2 1
I—yQI—COS29, Lz:—sin%
(a2 +y?)° 7 (a2 +y?)° 7

are also harmonic on R*\ {(0,0)} . Similarly for the harmonic functions r™ cosnf, r"sinnf, for any

n € 7.

1.6 Laplace operator in spherical coordinates (r,0, ¢) of R3.

Remark 1.32 There are several different methods to derive the Laplace operator in spherical coordi-
nates (1,0, @) of R3. Here we only provide the most straightforward method. For more discussions and
details, see the file "Laplace-equation-in-polar-and-spherical-coordinates-2019-4-28.tex’.

The sphere coordinates in R? is given by (r, 0, ¢) and its relation with respect to the Euclidean
coordinates is

r=rsinpcosf, y=rsingsingd, z=rcosp, z>+y?=r?sin’y, (83)
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where r > 0, 6 € (0,27), ¢ € (0,7). By (83), we get the inverse identities

z z
r=+/22+y2+22 0 =tan’ g, @ =cos ' = =cos " : (84)
T r /x2 _|_y2 —|—22
We have
U (r,0,¢) =u(rsingcosf, rsinpsinf,rcos p) (85)
and )
r= /1% +y? + 22,
or z :
9. = 7 =sinpcosd,
(86)
g—; = ¥ = sin psinf
or __ z __
\ 5. r COS ©,
and
(0 =tan™' L
0 . -~y _Tsincpzin@ __ _ siné
oxr ~— x2+4y2 r2sin®p ~ rsing’
00 __ x __ rsingpcosf __ cosf (87)
dy ~ x24+y?2 ~  r2sin?¢p  rsing’
90
\ 5: 0,
and
( -1z
@ =cos " Z,
0 — —z Or z r T COS : cos p cos 0
. 88
g_t,; _ r:Qossii2 - sin © sinf = <o ism@ ( )
Q‘Le: -1 1_ z0r) _ —1 1_COS2 - _ sin? _ _sin )
\ 0z 1_<%)2 (r r2 82) m< (‘0) \/m r
With the above, we conclude the first order operator relation:
: sin cos ¢ cos 6
a% = (sin ¢ cos ) % — TSinfp% + == %
: : cos cos psin 6
a% = (sinsin ) % + Tsini)% + = % (89)
0 o sinp 9
&Z(COSQO)E— TSO%.
By (89), we have the following gradient vector relation similar to (57):
ou ou ou
Vul(z,y,2) = — (v,y,2)e1 + — (z,y,2)es + — (x,y,2) €
(z,y,2) ?x(y)l 8y(y)z 6z(y):i
sin @ cos 6 1 oU —sinf 10U cos ¢ cos 6
=— | sinpsinf | + — cos + —— | cospsiné
or rsing 00 r Op .
cos 0 —sinp
ou 1 oU 10U
=—e +———e)+-——e,, 90
or rsin @ 00 0 rop © (90)
where {e,, ey, e,} is an orthonormal basis given by
e, = (sincos B, sin psin O, cos )
€9 = (—siné, cosb,0) (91)

e, = (cospcosf, cospsinf, —sin p) .
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Theorem 1.33 (Laplace operator in spherical coordinates (r,0, ) of R3.) Under the spher-
ical coordinates (1,0, ) in R3 we have the identity:

[(rg)gm (20| + 2 [(%)ZH (v 2) v

Pu 0%u  O*u

(02 .24 2 _ 2 A 9
S +z)<8x2+8y2+822) Ay, .

which is the same as

U 20U 1 00U 1 [(0*U cospdU

A (Y= ) —— = (== — . 93
u(,y,2) (87"2 7 87“) r2sin? o 062  r? (8902 sin 8(,0) (93)
Proof. We omit its proof. It is a tedious computation. O]

If u(x,y,z) = U (r) is a radial function only, then a radial harmonic function U (r) (defined
on R3\ {(0,0,0)}) satisfies

2
U”(r) + ;U' (r)=0 on (0,00). (94)
Its solution is given by
U(r)= Thb ore (0,00), a, bare constants (95)
r

or
a

u(z,y, z) =
(., 2) Vaz+y?+ 22

which has a singularity at the origin O = (0,0,0) € R? with

lim u(xr,y,z) =00 (if a > 0). 97

g 00 U (E Y 2) ( ) (97)

On the other hand, if u (z,y,2) = U (0), i.e. it depends only on the angle 0, we have U” (0) =

0, U (f) = cf + d for some constants ¢, d. This gives the -angular harmonic function: (here
we use the representation § = tan™! %)

+b, (x,9,2) € R*\ {(0,0,0)}, (96)

u(z,y,2) = ctan ! Yya (if (7,9, 2) lies in the first octant of R?).
T

The domain of u (z,y,2) = U () is R*\ {(2,0,2) : > 0, 2 € R} (same as 0 € (0,27)). Note that
the set {(z,0,2) : z > 0, z € R} has measure zero in R®. Any point p on this measure zero set
has angle § = 0 or 6 = 27.

Finally, if u (z,y,2) = U (¢), i.e. it depends only on the angle ¢, by solving the ODE

((Sin ®) %)2 U(p) =0,

we have (sin ) U’ (¢) = ¢ for some constant ¢ and then

1
U (p) :C/s' d<p+d:c/cscgpdnp—l—d:clog]cscw—cot<p|+d, (98)
in

which gives the p-angular harmonic function: (here we use the representation ¢ = cos™" £)

u(x,y,2) = clog|cscp — cot | + d

= clog +d, (99)

. z . z
csc | cos — cot | cos
Va2 +y? + 22 Vit y?+ 22
where ¢, d are constants. The domain of u (z,y,z) = U (yp) is R® minus the z-axis (same as
¢ € (0,7)). Any point p = (0,0, z) on z-axis has angle ¢ = 0 or ¢ = 7 and log |csc ¢ — cot | is
undefined at ¢ = 0 and ¢ = 7.
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1.7 The application of Green identities to Dirichlet problem for Poisson
equation on bounded domains.

When €2 C R” is a bounded domain, the most important question related to the Laplace operator is

the Dirichlet problem for Poisson equation on . Let 2 C R? (Q C R is also OK ..) be a bounded

C' domain and let f (z), h(x) be continuous functions on Q and 9 respectively. The Dirichlet
problem for Poisson equation has the form

{ Au(z)=f(z) in QCR?

u(x) =h(x) on ONQ. (100

One can use (35) to show that (100) has a unique solution (we will not discuss the existence of a
solution here). In PDE theory, the boundary condition u () = h (z) on 052 is also called Dirichlet
condition.

Lemma 1.34 ( Uniqueness of solution for Dirichlet problem of Poisson equation. ) Let
u, v e C*(Q)NC (Q) be two solutions of (100) on Q, where f € C°(Q) and h € C* (0Q) are

giwven. Then we must have u = v on ().

Proof. Set w=u—wve C?(Q)NC*(Q). It satisfies

Aw(z)=0 in QCR?
(101)
w(r) =0 on 0.
By (35), we have the identity
/ w A wdx +/ V| do = / wa—wda (do = ds here since we are in R?), (102)
0 Q oo ON
which, together with (101), gives the identity
/ V| dz = 0, (103)
Q

where we also know that |[Vw|? is a continuous function on Q with |Vw|*> > 0 everywhere. Hence
we conclude |Vuw|* =0 on Q and w (x) must be a constant function on 2. As w (x) =0 on 0, we
must have w (x) = 0 on Q. The proof is done. O

Remark 1.35 (Important.) The above uniqueness result does not hold on unbounded domains.
This is because the divergence theorem and the Green identities are valid only on bounded
domains ) C R™. See Remark 1.6. For example, the two functions

w(z,y) =0, v(z,y)=y, (z,y)€ ]RZ+ = {(as,y) eER?:y> 0}
all satisfy the equation Au =0 on R§+ with u =0 on 0R§+.

1.8 The weak maximum/minimum principle for harmonic, subharmonic,
and superharmonic functions on bounded domains.

From now on, € will denote a bounded domain in R? or R?. However, the maximum /minimum
principle for harmonic functions on any bounded domain 2 C R" is also valid.
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Lemma 1.36 (Weak maximum/minimum principle for harmonic, subharmonic, and
superharmonic functions on bounded domains.) Let () be a bounded domain in R? or R3.
Assume u € C* ()N C°(Q). If Au > 0 (< 0) everywhere in ), then

maxu = maxu minu = minu | . (104)
Q a0 Q a0

Consequently for a harmonic function u € C*(Q) (N C° (Q) , we have

minu < u (r) < maxu, Vze€Q. (105)
o0 a0

In particular, for a harmonic function u € C*(Q) (N C° (Q) , we have

max |u| = max |ul . (106)
0 20

Remark 1.37 The condition that ) is a bounded domain is essential in the above lemma. Lemma
1.36 is false on unbounded domains. For example, take u(x,y) =y on R§+. It does not satisfy the
mazximum principle. Another interesting example is the nonzero harmonic function u(x,y) =
sinhz cosy on Q C R? with u =0 on 09Q, where Q C R? is the unbounded semi-infinite strip

Q:{(x,y)eRQ:x>O,yE(—%,%)}. (107)
Remark 1.38 By the above lemma, we conclude that, if Au > 0 in ), it satisfies the maximum
principle; and if Au < 0 in §, it satisfies the minimum principle. One can also write the

maximum principle as

max u < maxu (108)
Q o0N
and write the minimum principle as
min u > min u. (109)
Q ET9)

Remark 1.39 (An interesting simple example.) Here is a simple example in the 1-dimensional
case. Let f(x) = 2%, z € (—1,1). It satisfies f" (x) = 2 > 0 everywhere in Q = (—1,1) C R. The
maximum value of f(x) on Q is 1, attained at x = +1 € 98. Similarly, the function g (v) =
—x?, z € (—1,1) satisfies g" () = —2 < 0 everywhere in Q = (—1,1) C R. The minimum value
of g(z) on Q is —1, attained at x = +1 € 0. Finally, the function h(z) = ax + b (a, b are
any two numbers) is harmonic on Q = (—1,1). Its mazimum value and minimum value attained
at © = £1 € 09 respectively. Unless h(z) is a constant function, otherwise, it is impossible for
the harmonic function h(x) to attain its mazimum value (or minimum value) at some xq € =
(—1,1) (this is the strong maximum/minimum principle, to be proved later on).

Proof. Assume first that Au > 0 everywhere in . Then since u is continuous on € (compact set),
there is some point p € Q such that u (p) = maxqu. If p € 9Q, the result follows. If p € Q (interior
point), we get

0?u 0*u

Au(p) = 55 (p) + a2 (p) <0, (110)

a contradiction. Hence p must lie on the boundary of € and so maxgu < maxgg u (note that we
always have maxg u > maxaq u).
Next, assume that Au > 0 everywhere in 2. We can use a small perturbation argument. Let

v(zy) =ulz,y) +e(@®+y°), (z,y) €

where € > 0 is a constant. We have

Av(z,y) = Au(z,y) +4e > 0+4e >0 everywherein Q.
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Hence we have

maxu < maxv = maxv < (maxu) + emax (2% + ¢7) . (111)
Q 0 o0 B B)

As e > (is arbitrary and 2 is a bounded domain (hence maxyq (2 + y?) is finite), letting e — 07 in
(111), we conclude

max u < maxu.
Q o0

On the other hand, we also have maxgu > maxggu and so (104) is verified. The proof of the
minimum case is similar.

Finally, it is easy to see that for a harmonic function v € C?(Q)(C° (Q), we have (106).
Note that we have the inequality

—[u(@)| <u(z) < |u(@)], Yzel

and so
{ maxg U = maxXgo U < maxgq |ul

ming u = mingg u > mingg (— |u|) = — maxsq |ul .
The above implies
—max |u| <minu < u(z) < maxu < max|u|, V€,
o0 Q Q o0
——

which implies
lu(x)] < max lul, VazeQ. (112)
——
By (112), we clearly have (106).

1.8.1 Application of the weak maximum/minimum principle.

Let f € C°(Q) and h € C° (952) . We can consider the following problem on bounded domain € :

{ Au(z)=f(x) in Q
(113)
u(x)=h(x) on 0IN.

This problem is well-posed and we have the following uniqueness property due to the maximum
principle:

Lemma 1.40 (Uniqueness of solution for Dirichlet problem of Poisson equation. ) The
problem (113) has at most one solution u € C* () (N C° (Q).

Remark 1.41 Recall that we have used Green identity to prove Lemma 1.40 before for the case
ueC?(Q)NC(Q). See Lemma 1.34.

Proof. Assume there are two solutions u, v € C?(9)(C°(Q) . Then the function w = u — v €
C?(Q)NC° () satisfies

{Aw(x):o in Q 114)

w(zr)=0 on ON.

By the weak maximum/minimum principle, we have w = 0 in Q. Hence v = v in Q (and so on

Q). O
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1.9 Poisson integral formula in the plane; Dirichlet problem on a disc.

Let B, (0) C R? be the open disc centered at the origin (0,0) with radius a > 0. We want to solve
the Dirichlet problem (this is a well-posed problem):

{ Au(z,y)=0 in (z,y) € B,(0) C R?
(115)

u(z,y) =h(z,y) on (z,y) € 0B, (0) (the boundary of B, (0)),

where h (z,y) is a given continuous function defined on 9B, (0) .
Due to the symmetry of the domain and the symmetry of the Laplace operator, there is a so-

lution formula for this problem. The solution lies in the space C* (B, (0)) () C° (Ba (O)) . Moreover,

by the maximum principle, the solution in the function space C? (B, (0)) () C° (Ba (0)> is unique.

As the domain B, (0) is a disc, to solve the problem (115), it is natural to use polar coordinates
(r,0) instead of the Euclidean coordinates (x,y). The Laplace equation under polar coordinates
(r,0) is given by

0*u  10u 1 0%u

W—F;E—i_ﬁwzo’ u=u(r,0), 0<r<a 0<0<2m. (116)

and we we want to solve it. Since in the problem (115) the solution u (x,y) is to be defined at
(z,y) = (0,0), we hope equation (116) can also be defined at » = 0 and the solution u (r, ) will
not have a singularity at » = 0 (i.e. u(r,0) is well-defined at r = 0). In view of this, we
multiply the equation by 72 to get
,0?u  Ou D

5 +tr—+ 55 =0

5 o T a0 , u=u(rd), 0<r<a, 0<60<27 (117)

and focus on equation (117). Moreover, we also want the solution u (r,0) to be 2m-periodic
in § € (—o0,00) so that the corresponding solution u (x,y) can be defined on the whole open
disc B, (0) . Using polar coordinates (r,#), the problem (115) can be expressed as (note that since
the radius of B, (0) is fixed, the continuous boundary function h (z,y) on 9B, (0) is a 2r-periodic
continuous function depending only on 6 € [0, 27])

{ (1). 722% (r,0) + 124 (r,0) + 2 (1,0) = 0, (r,6) € [0,a) x [0, 27] i)

(2). u(a,0) =h(0), Y6Oec|0,2n].

Recall that there is a family of separable solutions {u, (r,0)}, -, for equation (1) in (118),
which are defined on (r,0) € [0,a) x [0, 27], given by

™ (A, cosnf + B,sinnd), neN, (r0)e[0,a)x[0,27]
Uy, (r,0) = (119)
AO, n = 0,
where Ay, A,, B, are arbitrary constants. They satisfy the boundary condition
up (a,0) = a" (A, cosnd + B,sinnb), V0 € |0,2n]. (120)

Therefore, if h (f) is a finite linear combination of cosnf and sinnf for n € N, then (118) can be
easily solved.

Remark 1.42 Note that each corresponding function u, (x,y) is a harmonic polynomial on the
whole disc B, (0) (or on R?).
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Example 1.43 Solve the problem on B, (0) :

{ (1). 7222 (r,0) + 7% (r,0) + 2% (r,0) =0, (r,0) € [0,a) x [0,27] o)
(2). u(a,0) =3sinf —5cosh + 7cos (20), V0 €|0,2n].
Solution:
The function
, 2
u(r,0) =3 <5> sinf — 5 ( ) COS@+7< ) cos (20), (r,0)€[0,a) x [0,27]
is clearly a solution of (121). In terms of (z,y)-coordinates, the corresponding u (z,y) is
Yy x z2 — 92
ua)=3(2) =5 (2)+7(T55). @aen©
and the corresponding function % (x,y) on 0B, (0) is given by (note that § = tan™' ¥)
y 2’ —y?
h(:z:,y):?)\/m \/m (x2+ ), (x,y) € 0B, (0).
U

We can use the above observation as a motivation to solve the general Dirichlet problem (118)
for arbitrary continuous function & (0) "if one can express h (f) as a linear combination
of all possible cosnf and sinnf for all possible n € N". This is indeed possible if we assume
h () is a 2m-periodic C' function on 6 € [0,27]. More precisely, we have the following result
from Fourier series theory:

Lemma 1.44 (Fourier series result.) Assume h(0) is a 2m-periodic C' function defined
on 0 € [0,27] (or on 6§ € R). Then the following series

% 4 ; a, cos (nf) + by, sin (nf)], 6 € [0, 2] (122)

converges absolutely and uniformly to h(0) on [0,2x]. That is

+ Y [ancos(nh) + b, sin(nd)], V6e|0,2n], (123)
1

n—

%
2
where

1 2
an——/ h () cos (ng) dp, n—0, 1, 2, 3,
T™Jo

) (124)
1 s
b, = —/ h(p)sin(np)dp, n=1, 2, 3, ...
0

™

The series (122) is called the Fourier series of the function h on 0 € [0,27]. We can also rewrite
(123) as

Z / ) cos ngp —nf)dp, 6 €[0,2n]. (125)

22



Remark 1.45 The above lemma fails if we only assume h(0) is a 2w-periodic continuous func-
tion.

Proof. Omit. OJ

We now assume that h () is a 2m-periodic C*! function and see what we can do (in the problem
(118) we only assume h to be a continuous function). Motivated by the Fourier series, we now

consider the sum of u, (r,0) from (119) for all n =0, 1, 2, 3, ..., and get a series of the form
Ay :
-+ > 1" (A, cosnf + B,sinnf),  (r,0) € [0,a) x [0, 2], (126)

where the constants Ag, A,, B, will be chosen so that when r = a it reduces to the Fourier series

of h(f) on 0 € [0,27].

Remark 1.46 Since Ayo/2 and each r™ (A, cosnf + B, sinnf) are harmonic on (r,0) € [0,a) x
0, 27], we "expect” that the series (126) to converge to a harmonic function on [0,a) x [0, 27].

Moreover, if we choose the coefficients Ay, A, and B, suitably, then the sum of the series (i.e. the
function u (r,0) in (126)) will tend to h () as r — a and the Dirichlet problem (118) can be solved.
See below for details.

To satisfy the boundary condition at » = a, we need to require

AO—FZ@ A, cosnb + B,sinnf) = h(0), V0ecl0,2n]. (127)

Hence, by (124), we must require

1

Ay = p ggwh(SO) dp
. (128)
2
A, = — o h(p)cos(ng)dp, By, - fo )sin (np)dp, n € N.

Remark 1.47 It is impossible to have u(a,0) = h(0) for arbitrary h(0) if we only consider
finite sum in (127). This is because if we want to use cosnf and sinnf to express h(0), we need
infinitely many trigonometric functions.

By the above, we arrive at a series (at least formally for now) of the form

1

2
o= Jo hlp)dg
0
2m (129)
+y e [(mllﬂ 27Th(<,0) cos (ny) dp | cosnf + (# O%h((p) sin (ny) d(p) sinn@}
_ 2Wh( )d +1i /QW(T> h (¢) [cos ng cos nf + si sinnd] d
“o ] ©)dyp 2\ ) G ny cosn inne 1nnl ©
_ 1 2ﬂh( )d +1i /Qﬂ(r)ncos(n(ﬁ— ) -h () d (130)
“o ), M2 ()G @) hip)dy |-

Now we note the following:

Lemma 1.48 The series in (130) does converge on (r,0) € [0,a] x [0,27] and when r = a, 0 €
0,27], its sum in (130) is equal to h(0) (here we assume h(0) is a 2w-periodic C' function
on 6 € [0,2n]).
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Proof. We have the estimate

r

/02” (f)nCOS(n(G—Sﬁ))~h(¢)d<ﬁ‘ < <2w max \h(@\) (5)" ¥0 wel2q.

a ©e[0,27)

By comparison theory, if r € [0, a), the series in (130) will converge absolutely (since Y~ ( g)n converges

on r € [0,a)). Finally, at r = a, 6 € [0,27], the sum in (130) is equal to the Fourier series of
h (6) on [0,27] (see (129)) and so equal to h (@) . The proof is done. O

By Lemma 1.48, we can denote the sum of the series as u (7, ) , where (r,6) € [0,a] x [0, 27] and
we still need to know what u (r,6) is when (r,0) € [0,a) x [0, 27] and also need to know if u (r, 6)
is a harmonic function or not on the domain (r,6) € [0,a) x [0,27] (same as on the domain
(z,y) € B, (0) C R?).

To answer the above question, we note that the identity (130) gives us a motivation to look at

the series
r

i (a)ncos (n(6—¢)), (131)

which is convergent when (r,0,¢) € [0,a) x [0,27] X [0,27] and we can find its sum explicitly.
Before we go on, we note the following comparison:

1. If we assume h () is a 2m-periodic C* function, then the series (130) (which has integral
sign in it) converges at r = a and it is equal to the Fourier series of h ().

2. On the other hand, the series (131) (which does not have integral sign in it) diverges at
r =a for any 0, ¢. At r = a, it has the form

Z cosn (0 — )
n=1

and note that lim,, ., cosn (f — ¢) does not converge to zero for any values of 6, ¢ (recall
that in Calculus, if a series Z;’ozl a, converges, we must have lim,, ., a, = 0).

To go on, motivated by (130), we study the following series properties:

Lemma 1.49 The series

i <£>n cos (n (6 — ¢)) (132)

converges absolutely on (r,0,¢) € [0,a) x [0,27] X [0, 27| and uniformly on (r,0,¢) € [0,a — ] X
0, 27] x [0,27] for any small € > 0. We also have

5—; (i <£>n cos (n (0 — (p))) = ,:1 5—; Kg)ncos (n (0 — @))] (133)

and

5—; (i <£>n cos (n (0 — @))) = :_01 aa—; [<£>ncos (n (0 — go))] (134)

n=

on (r,0,¢) € [0,a)x][0,27]x [0, 27| for all k € N, which is due to the property that for each k € N, the
series on the right hand side of (133) and (134) also converge absolutely on [0, a) x [0, 27] x [0, 27]
and uniformly on [0,a — €| x [0,27] x [0, 27].
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Proof. The convergence result is a consequence of standard Series Theory. We omit its proof. [J

By Lemma 1.49, we can move the summation ), into the integral sign and also dif-
ferentiate under the integral sign, as long as we confine (r,0) € [0,a) X [0, 27], i.e

Corollary 1.50 (Commute the summation and the integral; differentiate under the in-
tegral; differentiate under the summation.) We have

u(r,0) = ;ﬂ[/ dgo—i—ZZ/ ") cos ( (0—g0))-h(go)dg0]

-

% ' 1+22( ) cos(n(0— ) | -h(p)de, ¥ (r,0)€[0,a) x [0,27].  (135)

J/

-~

Moreover, on the domain (r,0) € [0,a) x [0,27] and for all k € N, we have the identities:

%u(r,@)—%/oﬂ ark (1+2Z( ) cos (n (6 — w))) h () de (136)

J/

[ 2 2 (1) eostnto -] | nor (137)

— a

-~

and

%u(r,@):%/OTr 20 (I-I-QZ( ) cos (n (0 — @))) h(p)dy (138)

N J/
-

= % 27r 2 Oj g—;k [(£>ncos (n (0—30))} h () de. (139)

N J/
-~

The lemma below says that we can simplify the series (132) and find its sum explicitly.

Lemma 1.51 (Evaluating the series.) We have the identity

2 2

a” —r
1+ 2 2 27| .
+ Z( ) cosn(0 =) = e Y (50.9) € 10.0) X [0,27) x [0,27]

(140)
In particular, by Lemma 1.49 (note that each (£)" cosn (0 — ¢) is harmonic on (r,0) € [0,a) X
[0,27] and one can differentiate under the summation sign), we know that for any fized
a>0 and ¢ € [0,27], the function

a2—r2

a? — 2ar cos (0 — ) + r?

(141)

is harmonic on the domain (r,6) € [0,a) x [0, 27].
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Proof. To prove (140), you may have to use Euler’s formula for complex number z = re?, r €
[0,00), 0 € [0,27], which is

2" =[r(cosf +isinf)]" =r" (cosnf +isinnh), VneN.

Then look at the series

1-1—22() [cosn (0 — @) +isinn (0 — )]

and use the identity

2
-1, VzeCwith |2|] <1
-z

to get
(7Y _ _ z(e )
1+221(a> cosn (6 — ¢) = Re 1—1—222’], “orel0,a), |z <1
2 2
— Re 2aa —rcos (0 — ) +irsin (0 — )] .
B [a—1cos (0 —p)—irsin(0 —¢)|[a—rcos(d—p)+irsin (0 — )]
2a[a —rcos (0 — )] — [a* — 2arcos (0 — @) +717] a* —r?
B a? — 2ar cos (0 — @) + r2 a2 —2arcos (0 — ) + 12
The proof of (140) is done. O
By Lemma 1.51 we conclude the important formula:
u(r,0)
= % [f()%h (o) dp+2>"7 027r (\(g)ncosn (6 — g0)1> h(p) dcp] (def. on (r,0) € [0,a] x [0,27])
(142)
=4 (1 +2>7 (g) cosn (0 — @Z) h(p)dy (def. on (r,0) € [0,a) x [0,27]) (143)
=L 02“ a’—r? h () de (def. on (r,0) € [0,a) x [0,27] ). (144)

a?—2ar cos(0—p)+12

-~

Definition 1.52 The identity in (144) is called the Poisson Integral Formula on the disc
B, (0) C R2

Remark 1.53 (Important.) Since the function _ -  in (144) is harmonic on (r,0) € [0,a) x

0,27], the function wu(r,0) in (144) will also be harmonic on (r,0) € [0,a) x [0,27] (one can
differentiate under the integral sign).

Note that the interchange of the summation Y >, and the integral fo% in (143) is valid only
for r € [0,a), not including r = a. In case h(f) is a C' function on 9B, (0), then the series in
(142) converges at r = a and the total sum in (142) is equal to h (#) for all € [0, 27| (see Lemma
1.48). Also, we cannot let 7 = a in the identity (143) since the series ) >, cosn (6 — ¢) diverges
for any 6, .
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Finally, we note that the integral in (144) is defined only for (r,0) € [0,a) x [0, 27|, and as (r,0) —
(a,0y) we have the limit

1 2m CL2 . 7“2

- 2m h(p)d 145

(r,e)g&,eo) s /0 a? — 2ar cos (0 — @) + 12 () de (145)
al—r* [ b (%)

(r,@)in(}t,eo) ( 2 /0 a? — 2ar cos (6 — ) + r? 30) (0 - oo form) (0o) (146)

as long as h (6) is a continuous function on 0B, (0). We will prove the limit in (146) in Theorem
1.56 below.

Lemma 1.54 (Geometric way to express the function in (140).) We have

a? —1r? a? — |x|°
_ -
z|

= 2 27| . 14
a? — 2ar cos (6 — @) + 12 |x — (r,6,¢) € [0,0) > [0, 27 x [0, 2} (147)

where x = (rcos@,rsinf) € B, (0), z = (acosp,asinp) € B, (0). For each fired z € OB, (0), the
function
a® — |x/”
LR xeB,(0) (148)
|x — 2|

is harmonic in x € B, (0).

Remark 1.55 For each fixed z = (xq,yo) € 0B, (0), one can give a direct proof that the function
in (148), given by

@ —x° (@)

x — 2’ B (2 —20)* + (y — o)

5. x=(x,y) € B,(0), (149)

is harmonic in x € B, (0). This will be a homework problem for you.
Proof. This is a simple verification. We have |x|> = 2 and
Ix —z|* = (rcosf — acos )’ + (rsinf — asinp)® = a® — 2ar cos (0 — @) + r2.

The proof is done. O

By (147), one can also write u (r,6) in a more geometric way as

o’ —|x/” /2” h(p) o’ —|x/” h(z)
u(x) = adp = ds, xe&€ B,(0), 150
o) =gt [ e = N [ 0, (150
where
x = (rcosf,rsinf) € B, (0), z=(acosp,asiny) € IB,(0), (151)

and the integral on the right hand side of (150) is the line integral with respect to arc length
parameter s on 0B, (0), where we know that ds = ady.

The Poisson Integral Formula (144) is motivated by the fact that h € C' (so that we can
apply the Fourier series theory). However, to solve the Dirichlet problem (115), it suffices to assume
that h € C° (i.e. I is a continuous function).

Our main result is the following:
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Theorem 1.56 Let h be a continuous function on 0B, (0) and let

2 2
@~ |x] )

x = (z,y) € B, (0), [|x|<a. (152)
21a Jygj—a |x — 2f°

u(x) =

Then u (x) = u (x,y) is harmonic in B, (0) and for each fixred p € 0B, (0) we have the limit
lim  u(x)=h(p). (153)

x—p, XEB,(0)

To Be Continued

Remark 1.57 (Important.) In terms of (r,0) , the limit (153) is the same as (assume p € 0B, (0)
has angle 0y € [0,27])

lim wu(r,0
(r,0)—(a,00) ( )

—  lim <“2_r2 /0% h (%) )+r2d<p) = h(0). (154)

(r,0)—(a,00) 2m a? — 2arcos (0 — ¢

Remark 1.58 (Important.) Note that the integral

/ h(z) ds
jal=a |x — 2]

diverges if x = (rcosf,rsinf) € 0B, (0) (i.e. at r = a). In such a case we have

h(2) o h(p) 1 /2” h(p)
/zd|x_z|2d5 / 207 —2a%cos(0—9) 20y T-cos(@—9) "

and we know that the improper integral f027r mdw diverges (when ¢ is near 0, 1—cos (0 — ) is

like (¢ — 0)2/2). However, as x — p € 0B, (0), the term (a® — |x|*) /2ra will tend to zero. As a
result of balance, we will get the limit (153).

Proof. In the integral (152), we have |x — z| # 0 for each x € B, (0) and z € 9B, (0). Thus the
integral is a regular integral (not an improper integral) and one can differentiate (with respect to
x or y) under the integral sign. Thus u (x) = u (z,y) is harmonic in B, (0).

Next we note that

2 2
— 1
o — |x[° ds

21 Jigj=a [x — 2|’

a2 _ 7“2 /27r 1
2t Jy  a? —2arcos (0 — @) + r?

S 2ﬂ<1+22( ) cosn (6 — go))dgozl, VxeB,(0), (155)

:27T

where in the above we have used the identity

/ (22( ) cosn (6 — <p)> d(p—2§(< ) /OQﬁcosn(G—go)d@):2i0:0.

n=1
Hence
lu(x) —h(p)|
L R YO R B N X R A 1
= < 5 .
2wa |2 ‘X — Z’ 2ma |z|=a |X - Z’




Since h is continuous at p, for any ¢ > 0 there exists a small arc C' (p) C 9B, (0) centered at p
with length 2§ such that
|h(z) —h(p)|<e if zeC(p).

Now
a?—|x[? h(z)—h(p)|
2ma fZEC(P) |x— Z‘Q dS
lu(x) — h(p)| < ‘x‘ |h(z)—h(p)|
Jucosuonow " ds
2 2 h —h
<et a x| Md&
2ma z€0B,(0)\C(p) |X B Z|

N

Now if x € B, (0) and x is close to p € 0B, (0) with |[x — p| < §/2, then by the triangle inequality
|z —p|l < |x—z|+[x—pl,
we will have for z € 9B, (0) \C (p) the estimate

o 9
|X_Z’Z|Z_P’_‘X_P|25—§I§- (156)

Hence for x close to p € 0B, (0) with |x — p| < /2, we have the estimate

h(z) —h h(x) —h 2M
/ h (2) 2<p>|d8§/ 60 =Ry, 2V,
2€9B4(0)\C(p) x — 2| 2€0B,(0)\C(p) (5) (_)

where M = sup,cyp, (o) |1 (z)| . Hence

2 2
— 2M
lim  |u(x)—h(p)<e+ lim (a =" : 277@) —c

x—p, x€B4(0) x—p, x€B4(0)

and since € > 0 is arbitrary, we obtain limy_.p, xen,(0) |# (x) — h (p)| = 0. The proof is done. O

We can summarize the following;:

Theorem 1.59 (Solution of the Dirichlet problem (115) when h is continuous on 0B, (0).)
Consider the Dirichlet problem for the Laplace equation on B, (0):

{ Nu(x,y)=0 in (x,y) € B, (0) (157)
u(z,y) =h(z,y) on (x,y) € 0B, (0) (the boundary of B, (0) ),

where h (x,y) is a given continuous function defined on 0B, (0). The solution in the space

0))(")C° (B. (0))

1s unique and is given by

2 2
@~ x| h(z) _ds, x € B,(0)
u(x) = 210 Jig—a|x — 2| (158)

h(x), x€0B,(0).

Remark 1.60 (Important observation.) The representation formula (158) says that the values
of u at interior points x € B, (0) is completely determined by its boundary data h. This matches
with the mazimum,/minimum principle.

29



Remark 1.61 In terms of the polar coordinates (r,0), the function u(x) in (158) can be written
as (note that ds = adyp)

a2 _ 702 2 h (@)
dy, ,0) €0, 0,2
u(r,0) = 27 /0 a? — 2arcos (0 — ) + 12 @, (r,8) €10,a) X0, 27] (159)

h(9), r=a, 6¢€l0,2n].

1.10 The case when h is a C! function on 9B, (0).

In case h is a C' function on 9B, (0) in the Dirichlet problem (115), then h () is a 27-periodic
C! function defined on 6 € [0, 27| with Fourier series expansion

h(f) == + Z (a, cosnf + b, sinnd), V0¢€]|0,2n], (160)

n=1

where the coefficients a,,, b, are given by (124). In this situation, we have:

Theorem 1.62 (Solution of the Dirichlet problem (115) when h is C' ondB, (0).) Assume h ()
is a 2m-periodic C' function defined on 8 € [0,27]. The solution of the Dirichlet problem (115)
in the function space C? (B, (0))(C° (B, (0)) can also be expressed as

u(r, 0) :%—i—z
n=1

where a,, b, are the Fourier series coefficients of h(0) on 0 € [0, 27| .

r\" T\" .
an.ﬂa) aﬁng+@n-§5) mnng], (r,0) €[0,a] x [0,27] (161

-~ -

Remark 1.63 (Important.) Note that the series in (161) is defined at r = a with sum equal to
h(0) for all 0 € [0,27]. Since we have

= i O =0,
which, together with the uniform convergence of the series (132) on (r,0,¢) € [0,a —¢] x - - -
for any small € > 0, we see that the function u(r,0) defined by the series (161) is continuous
on (r,0) € [0,a) x [0,27], and u(a,0) = h(0) for all 6 € [0,27]. However, it is mot clear
whether u (r,0) is continuous up to r = a or not. Therefore, we know that u (r,0) is harmonic
on [0,a) x [0,27] and u (a,0) = h(0) for all 0 € [0,27], but we do not know if we have

lim wu(r,0)=u(a,b).
(r,0)—(a,b0) ( ) ( 0)

Proof. We already know that the solution w (r, ) is given by

a? —r? [ h ()
wrd) = 5 [ ——do. () €0.0) x 027

2 e n
=5 i <1 + 221 (f) (cosnb cos ny + sin nf sin ngp)) h(p)de (162)
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27
and we can change the order of/ (x)dp and Y, (%) on (r,6) € [0,a) x [0,27] to get
0

u(r,0)
1 27rh( ) (cosnyp)d r nCOSTle
:% 2Wh(s@)dsﬁ 3 (W/O 2;0 gp gp) (a)
0 ot '*(%Zl }z@ﬂ(ﬁnn@)d@) (g)nﬁnne
al

Qo >
==+

Since the function

ay, - <C>ncos nf +b,, - <£>nsinn€] . (r,0) €]0,a) x[0,27].
N NS

CL2 7,2 /271- h(gp) y
2r  Jo a? —2arcos (0 — )+ r? 7
is continuous up to 9B, (0) with lim(,¢) (a6, (*) = h (6o) for all 6 € [0, 27], the series (161) must
be also continuous up to 9B, (0), i.e. it lies in the function space C? (B, (0))(C° (B, (0)) . The
proof is done. O

1.11 Representation formula for harmonic functions on a disc.

An important consequence of Theorem 1.59 is the following;:
Theorem 1.64 (Representation formula for harmonic functions on the disc B, (0).) As-

sume
u(x) € C* (B, (0)(C° (B

is a harmonic function on B, (0) and is continuous up to the boundary 0B, (0). Then
on B, (0) we have the identity

u(x) = ds, Vxe&€ B,(0), 163
= ) (163
which is the same as
CL2—T2 2w U(g&)
0) = d 0 2 164
u(r,) 27 /0 a? — 2arcos (0 — ) + r? @, (r,0) € 0,a)x (0,2}, (164)

where u (@) = u(acosp,asing), ¢ € [0,2n].

Remark 1.65 See Theorem 1.72 below for a similar result when u (x) satisfying Au (x) > 0 on B, (0) (or
Au (x) <0 on B, (0)).

Remark 1.66 (Important.) On the disc B, (xo) centered at some xo € R?, the identity (163)
becomes ) )
a’® — |x — Xo u(z) (@) g,

2ma ja—xol=a X — 2|

u(x) = V x € B, (xp) . (165)

To see this, let v (x) = u (X + Xo), then v is harmonic on B, (0) if and only if u is harmonic on
B, (x¢) . For v, we have

a® — |x|’ v (z)

v(x) = sds, Vx&€ B,(0), (166)

2ma



and back to u we have

a? — |(x + xq) — Xo|* u (z + Xg)

2ma lzl=a | (X + Xo) — (ZJFXO)|2

u(x+ %) = ds, Vxe€ B, (0). (167)

If we let y =x+x0 € B, (X0) and Z = z + xo € 0B, (Xg), then the above is the same as

a? — |y — x| u (Z)

u(y) = ds, V'y € Bq(xo), (168)

2ra |Z—xo|=a ‘y - 2‘2

which gives (165).

1.12 Mean value formula for harmonic functions.

Theorem 1.67 (Mean value formula; line integral version.) Assume u € C?(Q) is har-
momnic on some open set 0 C R?, then for any open disc B, (xq) CC Q, a > 0, we have the
identity
1 L .
u(xg) = 2—/ u(z)ds (line integral on the circle 0B, (xo) ), (169)
a _
|z—xq|=a
i.e. the value of u at the center xq of the disc B, (xo) is equal to its average on the circumference
|z — xo| = a. The integral in (169) is the line integral with respect to arc length parameter s on

0B, (x¢), ds = adyp, ¢ € [0,27].

Remark 1.68 For harmonic functions u € C?(B,(0))(C°(B,(0)) defined on an open disc
B, (0) C R™ for arbitrary n € N, there is also a mean value formula.

Proof. On the disc B, (xo), by the representation formula (165), we have

a? — |x — x| u(z)
- = ds, VxebB,
u (%) 5o oia X — 2" s X (%0)
and so
2
U(XO):a_/ u(z) ds
27ma J|—xo|=a | X0 — 2|
2
1
_ U(QZ)dSZ S u(z)ds.
2ma |z—xo|=a @ 2ma |z—xo|=a
The proof is done. 0

Theorem 1.69 (Mean value formula; double integral version.) Assume u € C? () is har-
monic on some open set @ C R2 then for any open disc B, (xq) CC 2, a > 0, we have the
identity

1
u(Xg) = —5 // u(x)dx (double integral on the disc B, (xq) ). (170)
a a(x0)
Proof. By (169), we have

2m
ru (Xo) ! / | u(z)ds = L u (xg + 7 (cos@,sin b)) - rdf
z—Xq|=r

" or 2 Jo

for any B, (x¢) C B, (x9) CC Q, r € [0,a], and if we integrate with respect to the radius r from 0
to a, we get

a a 2
/ ru (xg) dr = L [/ u (xo + 7 (cos@,sinf)) - rdf| dr
0 0

2 Jo
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and so

CL2

1 2m a '
U (xg) = Dy /0 /0 u (xo + 7 (cos@,sind)) - rdrde,

-~

which, by the change of variables formula for double integral in the plane, we have

1
'LL(X()):ﬁ/V/B( )u(x)dx
a X0

The proof is done. O

1.13 Mean value inequality for subharmonic and superharmonic func-
tions.

We first note that the "name" for subharmonic and superharmonic functions are due to the following
properties:

Lemma 1.70 Assume ) is a bounded domain and assume u, v € C*(Q) (N C° (Q) with

(1). Au>0 in Q. (2). Av=0 in Q. (3).u<v on 09, (171)
then w < v in Q (this is why we call u a subharmonic function). Similarly, if we have

(). Au<0 in Q. (2). Av=0 in Q. (3).u>v on 09, (172)
then w > v in Q (this is why we call u a superharmonic function).
Remark 1.71 Draw an one-dimensional picture for this.

Proof. This is a consequence of the weak maximum /minimum principle. We prove the first case.
Let w = u — v. It satisfies

Aw>01in @ and w<0 on .

Therefore, by the weak maximum principle, we have maxg w = maxggw < 0, which implies that
w=wu—v < 0in . For the second case, let w = u — v and apply the weak minimum principle. [

Theorem 1.72 (Poisson integral inequality for subharmonic and superharmonic func-
tions.) Let B, (0) be the open disc in R? centered at the point 0 = (0,0) with radius a > 0. Assume
u € C?*(B,(0)NC° (B, (0)) and satisfies Au(x) > 0 on B, (0) (i.e. it is subharmonic on B, (0)).
Then we have

a? — x| u(z)

CoXL M) e Wxe B, (0). (173)

210 Jypjea x — 2|

Similarly, if u (x) satisfies Au (x) <0 on B, (0), then we have

u (x)

o’ — |x[* u(z)

u (x) ds, VY x¢€ B,(0). (174)

L

Remark 1.73 In case the disc is B, (xo), then (173) and (174) will become

a? — |x — x| u(z)
< d B, 1
u(x) < 5 i 2P s, Vxé&B,(xo) (175)
and , )
u(x) > L X=Xl %ds, vV x € B, (xo). (176)
2ma j2—xol=a [X — 2|
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Proof. This is a consequence of Lemma 1.70. Let

a® — |x|* u(2)
sds, x € B, (0)
v (x) = 210 Jygjma|x — 2f*

u(x), x€0B,(0).

We know that v (x) € C?(B,(0))(C°(B,(0)) is harmonic in B, (0) with v(x) = u(x) on
0B, (0) . If we have Au (x) > 0 on B, (0), then Lemma 1.70 implies u (x) < v (x) in §2, which gives
(173). The proof of (174) is similar. O

Theorem 1.74 (Mean value inequality for subharmonic and superharmonic functions.)
For any open set Q C R? if u € C? () is subharmonic on Q (i.e. Au >0 on Q), then for any
open disc B, (xg) CC Q, a > 0, we have the following mean value inequality

1
u(xg) < 2—/ u(z)ds (line integral on the circle 0B, (xo) ) (177)
wa |z—xo|
and
< // x) dx (double integral on the disc B, (Xg) ). (178)
T a(x0)

Similarly, if u € C*(Q) is superharmonic on Q (i.e. Au < 0 on Q), then we have (177) and
(178) with ” <7 replaced by ” > 7.

Proof. Assume u is subharmonic. For any open disc B, (xo) CC €, by (175) (evaluated at
X = Xg), we have

2 2
— |xo — 1
u (xg) < Lo %ol (@) s - / u () ds,
|z—xo|

2ra |xo — z|2 2ma

|lz—xo|=a

which proves (177).
For (178), we note that the inequality (177) is valid for any radius r > 0 as long as B, (Xg) C
B, (x¢) CC Q. Hence we have

1 1 2m
ru (x )gﬁﬁ o u(z)ds:% i u(xg + 7 (cosb,sinf)) -rdf, ¥V re€l0,al

and if we integrate with respect to the radius r from 0 to a, we get

2

—u (x0) < / / u(xg + 1 (cosd,sinf)) - rdrdf = —//
27r < (x0)

where the last identity in the above is due to the change of variables formula for double inte-
grals in the plane. The proof is done for the subharmonic case. The proof for the superharmonic
case is similar. m

a 1 a 2
/ ru (xg) dr < — [/ u (xp + 7 (cos 0, sin 0)) -rd@] dr
0 0

and so
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1.14 The strong maximum/minimum principle for harmonic functions
on the disc B, (0).

Theorem 1.75 (Strong mazimum/minimum p'r'incz'ple for ha'rmonic functions on the

disc B, (0).) Assume that u(x) € C? (B, (0 ))ﬂC’O( 0)), x = (z,y) € R? is harmonic

on B, (0). Let M = maxycp, o)t (X) and m = mingcp, (O)U(X) If there exists xg € B, (0) (%o is

an interior point of B, (0)) such that u(x¢) = M (or u(xe) = m), then u must be a constant
function on B, (0).

Remark 1.76 Note that the strong mazimum/minimum principle will imply the weak mazimum /minimum
principle.

Proof. By the Poisson Integral Formula, we have

u(x):a2_|x| u(2) sds, Vx=(x,y) € B,(0)

210 Jigj=a|x — 2|

where u (z) < M for all z € 0B, (0). By the identity (see (155) also)

2 2
- M
0=u(xg) — M= a” — xol u(z) ds, where a® — [xo|> > 0, (179)
2ma Jigi=a |x0 — 2|
we must have \
/ “(Z>—_2ds —0, (180)
%0 — 2|

where we also note that u (z) — M < 0 for all z € 9B, (0) due to M = maxycp, (o) u (x) . Therefore
we must have u(z) = M on 0B, (0). Hence u (x) is harmonic in B, (0) and has constant value
on 9B, (0). By the weak maximum principle, u (x) must be a constant function on B, (0) with
u (x) = M. Similar result holds for the case u (x¢) = m. O

Remark 1.77 Draw a one-dimensional picture for the above theorem.

1.15 Gradient estimate and Liouville theorem for harmonic functions.

Theorem 1.78 (Derivatives estimate of harmonic functions.) Assume u(z,y) € C*(Q) s
harmonic on Q@ C R% Then we have
(or

ou
oz (%0, Yo)
Proof. First note that u € C* (Q) (note that a C? harmonic function is automatically a C* function;
ou

By

2
) < - max |u (181)
a 8Ba(1'07y0)

0
a—z (%73/0)

as long as By (g, o) CC Q.

we can see this from Theorem 1.85 below). In particular, the function % (or > is also a harmonic

function on (). Hence by the mean value formula we have

ou
(9 0,90 7Ta2 // .flf y) dxd:% (182)
-’JUO yo

4

where by the divergence theorem, we know

// Ou (x,y) dedy = // div (u(z,y),0) dzdy
w(@o0) O | Ba(0,y0)

-

= /;B ( : <(U (37, y) 70) s Nout (SL‘,y)> ds. (183)
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Therefore

ou
_($07y0> S 5 <(u (33,:(/),0), Nou («T,y)> ds
Oz ma? 9Ba(0,y0) t
1
S ) ’<(U(l’,y),0), Nout ([L’,y)HdS
T0? JoB,(x0.y0) > ~ -
< (u (2,9),0)] = > u (184)
——  max u(x,y), = — max |ul.
~ 7ma? ?Ba(xo,yo) Y J @ 0B (z0,y0)
The proof is done. O

We also have:

Corollary 1.79 (Derivatives estimate of nonnegative harmonic functions.) Assumeu (z,y) €
C? () is harmonic on Q C R? with u > 0 everywhere in Q. Then we have

ou ( ou
or

o (%0, Yo) 8_y (%0, Yo)
Remark 1.80 Note that estimate (185) is better than (181) when u > 0 in Q.

) < su (w0, yo) (185)

as long as By (g, o) CC Q.

Proof. By (182) and (183), we have

ou 1

— = 0), Nou (x, d

O (20, Yo) a2 /BBa(acO,yo) ((u(z,y),0), t(z,y)) ds
and so

ou

% (IO)yO) a2

1
S _/ |((u(m,y),0), Nout <J77y)>|d8
3Ba(9307y0)
Since u > 0 everywhere in {2, we have

[{(u(2,9),0), Now (2, 9))| <|(u(z,y),0)[ =u(z,y), V (z,y) € IBa(ro,yo)-

(& J/
-

By this, we get (we use mean value property again)

ou 1 2mra 1 2
o (x07y0> < —/ U(%y) ds = — (—/ U(%?J) ds) = —U(Io,yo)'
ox ma? OBa(20,40) ma? \ 2mwa OB (20.30) a
The proof is done. O

Example 1.81 Let Q C R? be a domain. Assume u(x,y) € C? () is harmonic on Q C R?* with
u > —13 everywhere in Q). Assume B, (xq,yo) CC Q and u (xg,yo) = —5 (here B, (xq,yo) is an open
disc in R? centered at (zg,vo) with radius a > 0). Then we have the following derivatives estimate:

ou (07“ ou ) <

Iz (0, o) a_y (0, o)
The function v (z,y) = u (z,y) + 13 is harmonic on Q C R? with v > 0 everywhere in €. Hence
we have

Solution:

2 2 2 16
< P (@0, yo) = a (u (0, 50) +13) = o (-5+13) = —

ou

0
% (900, yo) -

% (900, yo)
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Theorem 1.82 (Liouville theorem of harmonic functions on entire space.) If u is har-
monic on R? and is bounded either above or below on R?, then u must be a constant function.

Remark 1.83 Note that here u (z,y) is defined on the whole space R?. This is essential.

Remark 1.84 The same property holds if u is harmonic on R™, n > 3, and is bounded either
above or below on R".

Proof. Without loss of generality, assume u is bounded below (if u is bounded above, we can
look at —u). By adding a large constant if necessary, we may assume v > 0 on R?. Apply (185) to
u(z,y) with Q = R? a — oo, to get

0 0
a—z (%0,%0) = a—Z (z0,90) =0, VY (z0,10) € R*

As the point (zg, yo) is arbitrary, we are done. O

1.16 (C? harmonic functions are automatically C* functions.

Theorem 1.85 Let Q C R? be any open set (may not be bounded) and u € C? () is harmonic on
Q2. Then we must have u € C* (Q).

Proof. For any xy € Q one can find a small open disc B, (xg) CC € and we have the identity

2 o 2
u (X) _ a |2X XO’ U (Z) st
Ta |Z—x0|:a |X - Z’
! @~ |x — xol* (z)ds, ¥ x € Ba(xo) (186)
= — ulz)ds, X a \ X
2ma Jipxol=a  |x — z|2 0

Note that, for z € 9B, (xo) , the function (a? — [x — x0|2) / |x — z|* is a O™ function of x € B, (X,)
and at any fixed x, € B, (x¢) the line integral

1 g

2ra ox™oy"

2
|z—xo|=a ‘X - Z’

2 - 2
<M) u(z)ds, Y m, nENU{O}

-~

still converges, by standard theorem in Advanced Calculus (see any textbook), the function u (x)
is a C'*° function of x € B, (xg) and one can differentiate under the integral sign, i.e.

8m+n
axmayn _— u (X)
~ 2ma T e 2 u(z)ds, VYm,neN 0.
27a Jjp—xo|=a dxmAyn . < Ix — Z|2 (z) U{ }
The proof is done. .
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1.17 The strong maximum/minimum principle for harmonic, subhar-
monic, and superharmonic functions on bounded domains.

Recall that we already have the weak maximum/minimum principle for harmonic, subharmonic,
and superharmonic functions on bounded domains; see Lemma 1.36. Now we can use mean value
inequality to prove the following strong maximum/minimum principle :

Theorem 1.86 (Strong maximum/minimum principle for harmonic, subharmonic, and
superharmonic functions on bounded domains.) Let Q C R? be a bounded domain (open
and connected) in R?* andu € C*(Q) (" C° (Q) . Assume u is subharmonic on Q (i.e. Au >0 on
Q) and there exists a point p € ) such that

u(p) = max u, (187)

then u must be a constant function on Q. Similarly, if u is superharmonic on Q) (i.e. Au <0 on
Q) and there exists a point p € Q such that

u(p) = mg_%n u, (188)

then u must be a constant function on €. In particular, if u is harmonic on 2 and there exists

a point p € Q such that u (p) = maxgu or u(p) = ming u, then u must be a constant function
on €.

Proof. Assume u is subharmonic on € and we have u (p) = maxg u (call this value M) for some
p € . Since Q is an open set, one can find an open disc B, (p) CC Q for some a > 0. By the mean
value inequality, we have

0=u(p) Mﬁ—// M)dx <0, whereu(x)— M <0on B, (p), (189)

which implies u (x) = M on B, (p). Therefore, the nonempty set
D={xeQ:u(x)=M}CcQ, peD

is open in ). We claim that D C  is also closed in 2 (in topology, this means that any limit point
of the set D in Q must lie in D). Let q,, € D be a sequence in D with lim, ., q, = q. € Q (iﬁ.e. the
sequence ¢, € D has a limit point g, € ). We claim that g, € D. To see this, since u € C° (Q) , We
have

M = lim u(qn):u<1im qn> =u(q.), q«€,

which implies that q, € D. Therefore, by definition, this means that D C € is also closed in €). As
() is connected, the only set which is both open and closed in (2 is either the empty set & or
the whole set 2. Since D is not empty (because p € D), we must have D = Q. That is, u = M on
all of Q2.

The proof for the superharmonic case is similar since one can apply the above argument to
the subharmonic function —u. The proof is done. 0

Remark 1.87 (Important.) (can put this as homework problem.) In some cases, Theorem
1.86 is also valid on unbounded domains. For example, assume u € C?(R?) is a subharmonic
function on the whole plane R? (unbounded domain) and there exists xo € R?* such that

u(xo) > u(x) forall x¢cR%:

Then if we look at the function u(x) on the open disc Br(xq) and let R — oo, we will have
u(x) = u(x0) on R2
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1.18 Application of the weak maximum/minimum principle.
The following result is important and easy to prove using the weak maximum/minimum principle.
Lemma 1.88 Let Q2 C R" be a bounded domain and u € C* () (N C° (Q) satisfy

Au=f in €, u=g on 09, (190)

where f and g are continuous function on Q and 0S) respectively. Let B (xo) be a ball centered at
some xg € Q such that Q@ C Br(xg). Then we have the estimate

2

R
max |u| < max|g| + o SUP |f]- (191)

Remark 1.89 We will use the weak maximum/minimum principle to prove the above lemma. The
weak mazimum,/minimum principle is actually valid on a bounded domain 2 in R™ for anyn € N.

Remark 1.90 Since we assume u € C? (Q)(C°(Q), the function f € C°(Q) is defined only on
Q and, in general, may not be continuous up to §. Therefore, maxg | f| may not exist in general. In
case f is continuous on 2, we replace supg |f| in (191) by maxgq |f].

Remark 1.91 When f =0 in (190), then u is harmonic on € and we get maxgq |u| < maxagq |g| (same
as maxg |u| = maxaq |g|), which coincides with previous result.

Remark 1.92 To make the estimate (191) as best as possible, one may choose xo € Q with R > 0 as
smallest as possible.

Remark 1.93 (A good example.) From (191) we see that the diameter R of Q0 comes into play.
For example, take Q = B, (0) C R? to be an open disc, and solve

Au(xz,y) =4 in B, (0), u=0 on 0B,(0).
The unique solution is u (x,y) = 2°> + y?> — a?, (z,y) € B, (0), with
a? a?
max fu| = |u(0,0)| =%, maxlgl+oosuplf] =7 -4=d’, n=2

We see that the diameter comes into play. In this ezample, we actually have equality in (191).
This is because we choose xy = 0 to be the center of the disc B, (0) and the radius for the ball
Br (x0) is the smallest, i.e. R = a.

Proof. Let A = maxpq|g| > 0, B = supg |f| > 0. We may assume both A, B < oo, otherwise
estimate (191) is valid automatically. Define

R? — |z — x|

2n

w(x)=|A+ -B| tu(x), :UEQ:QUGQ, (192)

then (note that R? — | — o> > 0 for all # € Q and A |z — z,|* = 2n)
(I).w>0 on 0N
(2). Aw=—-B+Au<0 on 9 (193)
(3). weC*(QNC°(Q).
Minimum principle implies that w > 0 in €2 and so
lu(z)] <A+ % (R*— |z — m0|2)

<A+ g o+ Esuplfl, v zen
-— — Imax — Su xr .
- 2n AR Qp ’

The proof is done. O
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1.19 Singularity of harmonic functions.

Definition 1.94 Assume n > 2. We say u is a harmonic function with a point singularity at
x = xo € R" if it is defined and harmonic in Bg (o) \ {zo} for some R > 0 and there exists a
sequence T, — xy such that u (z,) — 0o (or —oco) as n — oo.

Example 1.95 The function

X

gt ), (z,y) #(0,0) € R? (194)

(or

u(z,y) = m

is harmonic on R?\ {(0,0)} and has a point singularity at (0,0). Note that u (x,y) = 0 along the
y-axis, but it satisfies the above definition.

Another application of the weak maximum/minimum principle is the following:

Theorem 1.96 (Removable singularity of harmonic functions.) Assume n > 2. Let Br =
Bgr(0) C R™ be the open ball centered at x = 0 with radius R > 0. Suppose u is harmonic in
Br\ {0} and satisfies

o(loglz]), n=2
u(x) = ) as |x| — 0, (195)
o(lz]”™"), n>3

which means that

lim, o (mT|> —0, n=2

. maxspg,
lim, o | ————

196
o =0, n > 3,
r n

then u can be defined at v = 0 such that it is C? and harmonic on Bg. That is: there exists a C*
harmonic function v (x) defined on Br such that

u(x)=wv(x) forall z € Bg\{0}. (197)

Remark 1.97 (Important.) The above says that if a harmonic function has a "point singular-
ity” at x = 0 (or at any point x = p), then the limit in (196) cannot be satisfied. In most cases,
the limits in (196) will be 00. See Example 1.103 below.

Solution:

We first look at the case n > 3. Without loss of generality, we may assume u is continuous on
0 < |z| < R, i.e. continuous up to dBpr (otherwise we can look at v on 0 < |z| < R — ¢ for some
small € > 0).

Let v € C*(Bg)(C° (Bg) be the solution of the Dirichlet problem:

Av=20 in BR
v=u on O0Bg.

We will prove v = v on Bg\ {0}. With this, u can be defined at = 0 (just define its value at
x =0 as v (0)) such that u = v on By and it is harmonic on the whole Bg.

Set w = v —u in Bg\ {0} and let M, = maxyp, |w|, where 0 < r < R is fixed. Clearly
we have w is harmonic in the region Q, = Bg\ {0} — B,\ {0}. We shall compare w with
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the harmonic function |z|°" /r>~". Note that |z|>™" /r?>"" is also harmonic in ©,. By the
maximum principle, we have (note that w = 0 on 0Bg)

’$|2—n

T2—n

lw (z)| < M, on €. (198)

On the other hand, we have (note that v is harmonic in Bp, continuous up to 0Bp and maxg,, [v| <
maxyp, |v|)

M, = max |v — u| < max |v| + max |u| < max |v| + max |u| = max |u| + max |u] .
OB, OB, 9B, 9Br OB, 9Br OB,
~—— ——
From (198) we get

‘x’27n
|w (x)] < | max |u| + max |ul
OBr 0B, r2-—n

_ (maXaBR |U| n maxpp, |’U,’) |l‘|27n, Ve QT — BR\ {0} — Br\ {0} (199)

T27n T27n

By the assumption, we know that lim, .o (maxyg, |u|) /r*~™ = 0; hence if we let 7 — 0 in (199)
(here z € €, is fixed), we get w (x) = 0. Since for any = € Bg\ {0} we can find a small > 0 such
that = € 2, and can apply the above argument with » — 0, we can conclude

w(z)=0 in Bg\{0}.

The proof is done.
For n = 2, we may assume R < 1 and w is continuous on 0 < |z| < R. Now we replace (198) by

log ||

jw ()| < M,

Q 2
<M . (200)

where the harmonic function log |z| / log r has value 1 on 0B, and has positive value log R/ logr on 0Bg
(note that w = 0 on dBg). Therefore, we conclude

log ||

(o)l < (mgaxlal + maxlul ) 22, v o e, (201)
and if we let » — 0 in the above, we get
w(x)=0 in Bg\{0}.
The proof is done. O

An interesting consequence of Theorem 1.96 is the following;:

Corollary 1.98 Assume n > 2 and u(x) is harmonic in R™\ {0} and is also a bounded func-
tion (bounded above and bounded below) on R™\ {0}, then u (x) must be a constant function.

Proof. By (196) in Theorem 1.96, u (x) can be defined at x = 0 and is harmonic on the whole
R™. Therefore it must be a constant function due to Liouville theorem. O

Remark 1.99 Note that in the above corollary, we cannot replace the condition by either bounded
above or bounded below on R™\ {0} . For example, the function®~", n > 3, is harmonic in R™\ {0}
and is bounded below since r*=" > 0 on R™\ {0}, however, it is not a constant function.
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Question 1.100 An interesting question for me is: can we find a harmonic function on
R?\ {0} which is either bounded above or bounded below on R?\ {0}, but it is not a constant
function ¢

Corollary 1.101 Assume n > 2 and Q2 C R" is an open set and py, ..., pr, k € N, are finite
distinct points in Q. Ifu € C* (Q\ {p1, ..., pe}) N C®(Q) and is harmonic on Q\ {p1, ..., p}, then
u € C*(Q) and is harmonic on Q. The same result holds if u € C? (Q\ {p1, ..., px}), harmonic
on Q\{p1, ..., px}, and is a bounded function on Q.

Remark 1.102 (Important.) The above result is not correct in the case n = 1. For example, take
u(z) = |z|, v € Q = (—o00,00). Note that for n = 1, the fundamental solution of the Laplace
equation u” (x) = 0 is given by the radial function

u(r)=Alz|+B, z€ (—00,00),
where A, B are two arbitrary constants .

Example 1.103 The function

X

_ 2
u(z,y) = FE (or m% (z,y) # (0,0) e R (202)
is harmonic on R?\ {(0,0)} and has a point singularity at (0,0) (note that u(z,y) = 2 (logr)).
Along each line y = mz, m € (—o0,00), we have
. . x 1 .1
) = = i =

It is 1mpossible to define u (x,y) at (0,0) so that it becomes harmonic on the whole plane R?. One
can also see that the condition (196) cannot be satisfied, i.e.

rcosf
™ 1
i (Pom [ul) _yp (mecioon [MER]) g (L — 00 #£0.  (203)
r—0 logr r—0 log r r—0 \ r - logr

Therefore, the harmonic function u (x,y) has a singularity at (0,0) which blows up faster than the
fundamental solution logr at (0,0).

As a consequence of Theorem 1.96, we have the following result on the singularity behavior
of harmonic functions:

Theorem 1.104 (Singularity behavior of harmonic functions.) Assume n > 2. Suppose u
is harmonic in Bgr(0)\ {0} C R™ and it has a point singularity ot x = 0 € R". Then, for

n = 2, the limit
lim (M) (204)
r—0 log r

either exists with value L # 0 (for example, u(x) = Slog|z|, L =5, x € R?) or does not exists
(usually, it is either +oo or —oo). Similarly, for n > 3, the limit

. maxgp, |ul

r—0

either exists with value L # 0 or does not exists (usually, it is either +00 or —oo).

42



1.20 Growth behavior of harmonic functions on R? as |z| — occ.

As an application of Theorem 1.96, we have the following;:

Theorem 1.105 Assume u : R? — R is a harmonic function on R? and satisfies

lim <mxa—3|“‘) — 0, (206)

r——+00 log T

where B, is the open ball centered at x = 0 with radius r > 0. Then it must be a constant function.

Remark 1.106 (Be caregul.) Note that the function u (x) in the above must be defined on all R?,
otherwise it is not correct. For example, the function u (r,0) = r~"cosn#, n € N, is harmonic and
defined on R?\ {(0,0)} satisfying (206), but it is not a constant function.

Remark 1.107 Forn > 3, the condition

lim (maxa—BT]u\) =0, n>2,

r—-+00 r2-n

18 trivial because it will imply that u is bounded on R™ and so it must be a constant function.

Proof. Let Q = {z € R?: |z| < 1}\ {0} and let

v<x):u<#), zeQ,

By Lemma 1.29, the function v (x) is also harmonic on . It satisfies

magp, o]\ _ . (mixan,,
lim (| ———— ) =lim (| ———X—
r—0 logr r—0 logr
maxgp,, |u 1
i (Eomy [ DY Ly (mees [l
r—0 \  —logl/r r s—+00 log s

By Theorem 1.96, v (z) can be defined at = 0 such that it is C* and harmonic in the whole open
ball {x € R?: |x| < 1}. In particular, v (x) is bounded near x = 0 and so u () is bounded near
|z| = +00. Hence u : R? — R is a bounded harmonic function on the entire space R? and it must
be a constant function. O

xz

o :é>1, U(r):u(%)

jf?

This is the end of elliptic equations.
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