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Periods, logarithms and multiple zeta values

Chieh-Yu Chang

ABSTRACT. This is a survey article discussing classical periods, loga-
rithms and multiple zeta values and some connections between them.
We also report the recent progress of the parallel theories and problems
in the setting of function fields in positive characteristic.

1. Classical logartihms

1.1. Logarithms of algebraic numbers. Let Q be the field of alge-
braic numbers. Let e* := " Z—T be the usual exponential function. This
is the exponential map of the commutative algebraic group G,,, and one has

the short exact sequence
0—>Z 2mrv/—1—C - C* =G,(C) = 1.

Given any nonzero complex number z, Hermite and Lindemann showed
in the late 19th century that one at least of z, e* is transcendental over Q.
As a consequence, one derives the transcendence of A with 0 # X € C for
which e* € Q. Such an ) is called a logarithm of algebraic number.

In the beginning of the twentieth century, Hilbert raised a famous list
of 23 problems, part of which was devoted to number theory and Diophan-
tine geometry, and there have been some wonderful developments since then.
Hilbert’s seventh problem, which is referred to the seventh among the list
mentioned above, is about the linear independence of two logarithms of alge-
braic numbers. More precisely, Hilbert asked about the transcendence of o
for av # 0,1 an algebraic number, and an irrational algebraic number S. It
was believed by Hilbert that the proof of this transcendence question would
be very difficult and that the solution of this question would lead valuable
approaches.
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Surprisingly, it turns out that Hilbert’s seventh problem was solved by
Gelfond and Schneider independently in 1934. The theorem of Gelfond and
Schneider asserts that given two nonzero algebraic numbers «aq, ao so that
log @1 and log aip are linearly independent over the rational numbers, then
we have

p1logag + Balogas # 0

for arbitrary nonzero algebraic numbers (1, (2. Baker’s celebrated theo-
rem on linear forms in logarithms fully generalizes the work of Gelfond-
Schneider: if the given nonzero algebraic numbers aq, ..., a, satisfy that
log aq, . ..,log a, are linearly independent over Q, then 1,logayq,...,logay,
are linearly independent over Q. It is well known that Baker’s theorem has
many applications in number theory. One typical example is the solution of
Gauss’ class number one problem using Baker’s theorem. Concerning alge-
braic relations over Q among the logarithms of algebraic numbers, Gelfond’s
conjecture asserts that logasy,...,loga, are algebraically independent over
Q under the hypothesis that log ar, . .., log o, are linearly independent over
Q. However, Gelfond’s conjecture is still open in the classical transcendence
theory. For more details, we refer the reader to the book [BWO07]| and the
survey articles [W02, Wa08|.

1.2. Periods of elliptic curves and logarithms. Let A be a lattice
of C with two generators A1, Ao. We assume that

1 1 1 1
g2 = g2(A) == &0 > N 93 = gs(A) = 110 > 6
0£AeA O£

are algebraic numbers. We let pp be the Weierstrass p-function associated
to A, and one knows that pa(2), ¢/, (2) parametrize the elliptic curve

Ep:y® =42 — gox — g3

defined over Q. Elements of A are called periods of the elliptic curve Ex and
they can be expressed as
dx

v Y
for some cycle v € H1(E)\(C),Z). Note that %’3 is a differential form of the
first kind, and so elements of A are also called periods of the first kind of Fj.
The transcendence of nonzero periods of the first kind of the elliptic curve
Ep was first proved by Siegel in the case of complex multiplication, and by
Schneider in the general case.

We consider 222 which is a differential form of the second kind and the
period integral
xdz
v Y

is called period of the second kind or quasi-period of E. These quasi-periods
can be expressed in terms of the Weierstrass (-function (s of the lattice A,
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which satisfies the differential equation
CA = —pa.
The function (y is quasi-periodic in the sense that for A € A, we have
Ca(z+A) = Ca(2) +n(A) for some n(A) € C.
We pick cycles 1,72 € H1(EA(C),Z) for which

d
T,
v Y

and so we have J
/ T () for i = 1,2.
v Y

Note that nonzero quasi-periods of the elliptic curve E) are known to be
transcendental numbers by the work of Schneider. The following

P (3 100)

is called the period matrix of the elliptic curve Ej. The Legendre relation
asserts that det Py = +27+/—1, which implies the comparison isomorphism
between deRham and Betti cohomologies:

Hip(Ex) ©g C = Hp(Ey) ®g C.

The periods conjecture in this case asserts that

tr. degg Q(A1, A2, (A1), m(A2)) =

— 2 if Ep has complex multiplication,
4 otherwise.

This conjecture was proved by Chudnovsky in the case when E has complex
multiplication (CM), but it is still open in the non-CM case, in which case
Masser showed the Q-linear independence of 1, 27v/—1, A1, A2, (A1), n(\2).

Along the direction of Baker’s theorem on linear independence of loga-
rithms, one can also consider the elliptic logarithms and quasi-logarithms.
Let ui, ..., upm € C\ A satisfy expp, (u;) € EA(Q), and note that each Ca (u;)
is well-defined as u; ¢ A. Wiistholz showed that if uq,...,u,, are linearly
independent over End(FE)} ), then the following 2 + 2m values

1a 2my —1,U1, <oy Um, CA(ul)a cey CA(um)

are linearly independent over Q. We mention that the elliptic analogue of
Gelfond’s conjecture asserts that the 2m values

ULy ooy Uy CA(UL), -+, CA(Um)

are algebraically independent over Q under the hypothesis above.

Wiistholz’s result generalizes the previous works on linear independence
of elliptic logarithms due to Masser in the CM case, and Bertrand-Masser
in the non-CM case. The linear independence result above is a consequence
of the powerful machinery when dealing with generalized logarithms at al-
gebraic points, the so-called Wiistholz’s analytic subgroup theorem.
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THEOREM 1.2.1 (Wiistholz [W89]). Let G be a commutative algebraic
group defined over Q, and let expg : Lie G(C) — G(C) be the ewponential
map when regarding G(C) as a Lie group. Let u € Lie G(C) satisfy expg(u) €
G(Q), and let Viy C Lie G(C) be the smallest linear subspace that contains u
and that is defined over Q. Then we have

Vu =Lie H(C)
for some algebraic subgroup H of G defined over Q.

The spirit of Wiistholz’s analytic subgroup theorem is that the Q-linear
relations among the coordinates of u are explained by the defining equations
of Lie H. To see more applications of Theorem 1.2.1 we refer the reader
to the book of Baker-Wiistholz [BWO07|, where one also sees the historical
developments.

2. Multiple zeta values

2.1. Real-valued MZV’s. Classical real-valued multiple zeta values
(abbreviated as MZV’s) are generalizations of the special values of Riemann
(-function at positive integers at least 2. We refer the reader to the pio-
neering paper of Zagier [Za94|. An index is an r-tuple of positive integers
s =(81,...,5), and we call s ‘admissible’if s; > 2. The MZV at s is defined
by the following multiple zeries

1
((s) == Z ——, €R”
nl PEEEEY nr
ny>-->np>1

We call wt(s) := > 7, s; and dep(s) := r the weight and depth of the
presentation ((s) respectively. When r = 1, these values are special Riemann
zeta values. MZV’s have many interesting connections. For example, we have
the following.

e MZV’s are periods of mixed Tate motives by Terasoma [Te02| and
Goncharov [Gon02].

e Double zeta values (MZV’s of depth two) have connections with
modular forms by Gangl-Kaneko-Zagier [GKZO06].

e MZV’s have connections in arithmetic geometry (see [Br14]).

For relevant references on this topic, we refer the reader to the following
books [An04, Zh16, BGF18|.

2.2. Regularized double shuffle relations. In the classical theory,
there are many QQ-linear relations among the same weight MZV’s produced
by the machinery of regularized double shuffle relations. To describe it, we
let $ := Q < x,y > be the non-commutative algebra generated by the
(non-commutative) variables =, y over Q. We then consider the following
two subalgebras

H:=Q+zHy Cc H=Q+ Hy C H.
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There are two new products (multiplication laws), called stuffle product (de-
noted by %) and shuffle product (denoted by IIT) on $! for which $! be-
comes a commutative Q-algebra under e = x, III (see [Ho97|). For any
admissible index s = (s1,...,8,), we have the corresponding admissible
word x5 tyx2~ly ... %~ ly, and one has the following evaluation map: for
e = x or III,

sr=ly sy Q(sl,...,sr)) 9’ 5 R,

and defines the map on whole $° by linearity. In fact, the map above is
a Q-algebra homomorphism deriving that the Q-vector space spanned by
MZV’s have two Q-algebra structures. The classical theory of double shuffle
relations asserts that for any two admissible words wy, ws € $°, we have

Lo := (xsl_lnyQ_ly- e

Z*(Wl *WQ) = Z]_U (W11HW2).

The identity above produces some non-trivial Q-linear relations among
MZV’s of the same weight. The algebra homomorphism Z, comes from the
series presentation of MZV’s for e = x, and from integral presentation for
o = [II.

The regularized double shuffle relations were developed by Racinet [Ra02]
and Thara-Kaneko-Zagier [IKZ06| and we briefly describe the machinery as
follows. First, for @ = x or ® = I1I we denote by $] the associated Q-algebra
under the product e which contains £ as subalgebra. By [Ho97, Re93] one
knows that ! is freely generated by y over 0 for @ = %, III. That is, any
element g of ! can be uniquely written as

g=go+giey+---+g ey

for some go, ..., g, € H? with g, # 0. Let T be an indeterminate. We then
extend the algebra homomorphism Z, : .69 — R to

Ze: 9L = R[T]

by putting Zs(y) := T and Z.|59 = Z,. Precisely, for the expansion of g € $}
above we have

A~

Zo(9) = g0+ Ze(91)T + - + Za(g-)T".

(3 )

and define the R-linear map p : R[T] — R[T] by

plexp(Tu)) = A(u)(exp(T'u)).

The regularized double shuffle relations for MZV’s are the following identity
on H:

Define

Zm = po Z*.
We mention that Goncharov [Gon97] predicted that there are no non-
trivial Q-linear relations among different weight MZV’s.
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CONJECTURE 2.2.1 (Goncharov). For any integer n > 2, we let 3, be
the Q-vector space spanned by the MZV’s of weight n, and let 3 := )" <, 3y
be the Q-vector space spanned by all MZV’s. Then 3 forms a graded algebra

in the sense that
3=EP3n.

n>2

The regularized double shuffle relations can produce many Q-linear rela-
tions among the same weight MZV’s, and conjecturally they account for all
Q-linear relations.

CONJECTURE 2.2.2 (Ihara-Kaneko-Zagier [IKZO06|). The regularized
double shuffle relations generate all the Q-linear relations among the same
weight MZV’s.

As we have 3, - 3n, C 3n,+ny, according to the Ihara-Kaneko-Zagier
conjecture above, understanding the Q-algebraic relations among MZV’s is
theoretically reduced to understanding the Q-linear relations among the same
weight MZV’s. This is why the following Zagier’s dimension conjecture is the
core problem in the theory of MZV’s.

CONJECTURE 2.2.3 (Zagier). Let dy :== 1, d; := 0, dy := 1 and d,, :=
dp—o + dp—3 for integers n > 3. Then for each integer n > 2, we have

dimg 3, = d,.

The best known result is that dimg 3,, < d,, for all integers n > 2 by the
works of Terasoma |Te02| and Goncharov [Gon02].

2.3. p-adic MZV’s. In what follows, we fix a prime number p and let
Qp be the field of p-adic numbers. Let C,, be the p-adic completion of a fixed
algebraic closure of Q. Fix an admissible index s = (s1,...,s,) € N and
consider the one-variable multiple polylogarithm

ni

Lis(z)i= Y ——s € Q[
S B SR
and notice that the specialization of Lis(z) at z = 1 gives the MZV ((s).
Denote by Lis(z), the same series as Lis(z) but we regard it as in Cp[z] and
consider its p-adic convergence.

To define p-adic MZV’s, Furusho first adapted Coleman’s p-adic inte-
gration theory [Co82| to show that Lis(z), can be analytically continued
to C, \ {1}, and showed that the limit value lim,_,; Lis(z), exists and is
independent of the branch choices of the p-adic logarithm when applying
Coleman’s theory. Here the notation lim/,_,; is referred to take any sequence
{z1,.-y2n,...} C @p converging to 1 and satisfying that the ramification
indexes {e(Qp(21,...,2n)/Qp)} - is bounded. Furusho’s p-adic MZV’s are
defined to be

G(5) = lim Lis(2),
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for admissible indexes s. The weight and the depth of the presentation (p(s)
are defined to be wt(s) and dep(s) respectively.

We mention that in the depth one case, Furusho’s p-adic single zeta value
(p(s) and the Kubota-Leopoldt p-adic zeta value at s just differ by a rational
multiple. In [FJ07]|, Furusho and Jafari proved that p-adic MZV’s satisfy
the regularized double shuffie relations. As Conjecture 2.2.2 asserts that the
regularized double shuffle relations generate all the Q-linear relations among
MZV’s, it leads to the following formulation creating a route from the world
of real-valued MZV’s to the world of p-adic MZV’s.

CONJECTURE 2.3.1. For any integer n > 2, we let 3, be the Q-vector
space spanned by the p-adic MZV’s of weight n. Then the following

Pp = (C(8) = Gp(8)) = 3n = 3np
is a well-defined Q-linear map.

In the following contexts, we will report the state of the art results in
the setting of function fields in positive characteristic.

3. Abelian logarithms in positive characteristic

We let A := [F,;[6] be the polynomial ring in the variable 6 over the finite
field F, of ¢ elements with characteristic p, and let k be the quotient field
of A. Let | - |~ be the non-archimedean absolute value corresponding to the
infinite place oo for which |0|o = g. We let ko be the completion of k with
respect to | - |, and note that | - | can be uniquely extended to a fixed
algebraic closure koo of koo. For convenience, we still denote by | - |o the
extended absolute value on kso. We let Co, be the completion of koo with
respect to | - |0, and it turns out that Cs is a complete and algebraically
closed field. Finally we denote by k the elements of Cy, that are algebraic

over k. Therefore we have the following analogies:

Z+ A Qo k, R ko, CCo, Qe k.

3.1. Anderson’s t-modules. In the positive characteristic world, the
t-modules introduced by Anderson [A86| are generalizations of Drinfeld
modules [Dr74]| that play the analogous role of commutative algebraic groups
in the characteristic zero world. To distinguish the different roles, we denote
by t a new variable independent from the field Co and will use FF,[t] for the
role of operators on additive groups.

In what follows, we introduce the notion of Anderson’s t-modules, but
for most interest to us, we work over the field of definition inside k. For any
A-algebra A C R C k, we denote by G, /R the additive group scheme over R.
By a d-dimensional t-module defined over R, we mean a pair E = (G2 IR 0),
where p is an Fg-linear ring homomorphism

p: Fy[t] — Endg, (Gg/R>
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for which dp; — 61, is a nilpotent matrix. Here Endp . (GZ / R) is referred to

the non-commutative ring of all F,-linear endomorphisms of the algebraic
group scheme Gg /R and for a € F[t], Op, is the induced homomorphism of
pa on the Lie algebra of G¢ /R Therefore, for any R-algebra K the K-valued
points E(K) has an F,[t]-module structure via p.

Fix such a d-dimensional t-module E over R as above. Anderson [A86]
showed that there is an exponential function of the t-module E. Precisely, it
is the unique vector-valued power series in the variable z1, ..., z4 of the form

expg(z) = Z ez,
i=0

where ey = Iy, e; € Maty(k) for all i, and z() := (zfi, . .,zgi)tr, satisfying
the identity
expp 00p, = pq © expg for all a € F,[t].

Anderson further showed that expy, : Lie F(Co) = E(Cy) is an entire Fy[t]-
linear map and its kernel Ag := Kerexpy, called the period lattice of the
t-module E, is a discrete, finitely generated F,[t]-submodule of Lie E(C).
We mention that in [A86], Anderson gave an example of a t-module for
which its exponential map is not surjective. If expp is surjective, then we
call the t-module E uniformizable and in this case we have E(Cy) = C% /Ag
as [Fy[t]-modules.

The logarithm of E is defined to be the vector-valued power series logg
which is the formal inverse of expg. That is,

expp ology = identity = logy oexpy .

Note that logy can be expressed as

oo
logp(z) = Z&z(i),
i=0
where o = I; and ¢; € Maty(k) for all i. We further mention that as a
function, the convergence domain of logp may not be the whole Lie E(Cy)
in general.

The t-module E is called trivial if p, = a(0)I4 for any a € Fy[t] in the
sense that the [Fy[t]-module structure on E(K) just arises from the scalar
multiplication of A on K% when replacing ¢ by 6. Now let us discuss the
case of one-dimensional non-trivial ¢-modules. In fact, these t-modules are
called Drinfeld modules nowadays, which were introduced by Drinfeld and
he called them elliptic modules in his seminal paper [Dr74].

We fix a Drinfeld Fy[t]-module E = (G, i p) defined over k. Since p;
is an Fg-linear endomorphism of the algebraic group G, /> @S a polynomial
map it can be written as

(3.1.1) pe(X)=0X +ay X9+ +a, X7
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for all a; € k and a, # 0 for some positive integer r, since F is a non-trivial
F4[t]-module. In terms of (3.1.1), we say that the Drinfeld F,[t]-module is
of rank r. In this situation, Drinfeld showed that the period lattice Ag is
a discrete, free A-submodule of rank r inside C,,. Note that in this one-
dimensional case, for a € Fy[t], the operator dp, is equal to the scalar multi-
plication by a(f) on Lie F(Cy) = Cs. In this case, the exponential function
expp has the infinite product expansion as follows:

expp(z) == [] (1—§>,

We mention that in the case of = 1 and a; = 1, the Drinfeld mod-
ule above is called the Carlitz module C introduced by Carlitz [Ca35]|. Its
exponential and logarithm can be written explicitly as:

00 i 00
q

z 29
(3.1.2) expe(z) = 2 D and logq(z) = > I

where Do =1, L := 1, and D; := [[{—((67 — 67'), L; := [[;_; (6 — 67') for
1=1,2,.... As mentioned above, the period lattice of C is a free A-module
of rank one, and its generator, which is denoted by 7 unique to a multiple
in IFqX, can be expressed as the following infinite product:

(3.1.3) 7= (—0)71 ﬁ(1_ 9,>le@,

qZ
i=1 0

where (—G)Q%l is any fixed choice of (¢ — 1)th root of —6 throughout this
article. Note that in the function field setting, C plays the analogue of G,,
and 7 is analogous to 2my/—1. Such as the classical result on the transcen-
dence of 2my/—1, 7 is known to be transcendental over k by Wade [Wad41].
For more details, we refer the reader to [Go96, T04].

3.2. Drinfeld logarithms. In what follows, we fix a Drinfeld F,[t]-
module £ = (G, iz p) defined over k. In [Yu86], Yu developed an analogous
theory of Schneider-Lang on what he called F, functions. As a consequence,
he showed that nonzero periods of the Drinfeld module E are transcendental
over k. Let End(F) := {a € Cx|aAr C Ag}, which can be identified with
the ring of endomorphisms of E over k and which can be shown to be a free
A-module of rank dividing r (see [G096, T04]). In [Yu97|, Yu established
an analogue of Baker’s theorem on linear forms in logarithms for Drinfeld
modules.

THEOREM 3.2.1 (Yu [Yu97]). Let Ai,...,An € Cx satisfy that
expp(Ai) € k for all i and that \y,..., Ay are linearly independent over
End(FE). Then 1,A1,..., \p, are linearly independent over k.

The theorem above is a consequence of the following Yu’s sub-t-module
theorem, which plays the analogue of Wiistholz’s analytic subgroup theorem.
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THEOREM 3.2.2 (|[Yu97, Thm. 0.1]). Let (G, ¢) be a regular t-module
defined over k. Let Z be a vector in Lie G(Cy) such that expgs(Z) € G(k).
Then the smallest linear subspace in Lie G(Cy) defined over k, which is
invariant under 0@y and contains Z, is the tangent space at the origin of a

sub-t-module of G over k.

Here the notion of ‘regular’for G means that there exists a positive integer
n so that the a-torsion submodule of G(k) is free of rank n over F,[t]/(a) for
any nonzero a € Fy[t]. By a sub-t-module of G over k, we mean a connected
algebraic subgroup of G defined over k which is invariant under the action
of ¢ for all a € Fyt].

The breakthrough from linear independence to algebraic independence
for Drinfeld logarithms was first achieved by Papanikolas in the rank one

case.

THEOREM 3.2.3 (Papanikolas [P08|). Let C be the Carlitz F[t]-module
and let A1, ..., Am € Coo satisfy that exp(N;) € k for alli. If Ay, ..., Ay are
linearly independent over k, then Ai,..., \p are algebraically independent
over k.

Along this direction for Drinfeld modules of higher rank, it was first
generalized by Papanikolas and the present author in [CP11]|, where they
showed the algebraic independence result for logarithms at algebraic points in
the case of rank two Drinfeld F[t]-modules without complex multiplication
under the assumption that the characteristic of k£ is odd. Later on they
successfully employed the theory of Galois representations on t-adic Tate
module of the Drinfeld module in question, and connected its image to the
t-motivic Galois group in question. Using Pink’s result [Pin97] on the size of
Galois image and Papanikolas’ theory [P0O8| they established the analogue
of Gelfond’s conjecture for Drinfeld modules of arbitrary rank.

THEOREM 3.2.4 (Chang-Papanikolas [CP12]|). Let E be a Drinfeld F[t]-
module of rank v defined over k. Let M1, ..., A € Coo satisfy that expg(\;) €
k for alli. If \1,. .., A\ are linearly independent over End(E), then they are
algebraically independent over k.

3.3. Quasi-logarithms. For any A-algebra R, we denote by 7 := (z —
z9) : R — R the Frobenius gth power operator. We let R[7] be the non-
commutative algebra generated by 7 over R subject to the relation:

Ta = o't for a € R.
Fix a Drinfeld Fy[t]-module E' = (G, r, p) of rank r > 2 that is defined

over k. In what follows, we describe the theory of de Rham group for F
developed by Anderson, Deligne, Gekeler and Yu in the 1980’s. We consider
Coo[7] as Fy[t]-bimodule with left action as scalar multiplication by a(f), and
right action given by p, for a € Fy[t]. A biderivation is an Fy-linear map

d:Fy[t] = Col7]T
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satisfying the identity:
Oap = a(0)5b + dqpp for all a,b € ]Fq[t].

We observe that by the definition each biderivation ¢ is uniquely determined
by d;. The set of all biderivations is denoted by D(p), and we say that
§ € D(p) is defined over k if the image of ¢ lies in k[r]7. In analogy with
the Weierstrass (-function (5 satisfying the algebraic differential equation
¢\ = —gn, for a biderivation ¢ we consider the following algebraic difference
equations

o F(6z) — 0F(z) = §i(expp(2)),

e F(z) =0 (mod deg q),
and one can solve these equations to obtain a unique function Fj(z) satisfying
above. One then easily shows that Fs(z) satisfies the follwoing: for all a €
]Fq [t]a

o F(a(0)z) — a(0)F(z) = da(expp(2))-

e F(z) =0 (mod deg q).
Furthermore, Fj5(z) can be shown to be an entire function on Co,. We call
Fs the quasi-periodic function of E associated to ¢ as when we restrict to
Ag, Fs|a, : Ap — Cu is A-linear. We call the values Fs(\), for A € Ap,
quasi-periods of E, and following Anderson we use the integration notation

//\(5 = F5(\).

A biderivation ¢ is said to be inner if there exists m € Cy[7] so that §, =
a(@)m — mp, for all a € F,[t], in which case we denote this biderivation by
5(m) . As in [Ge89, Yu90, BP02|, we put

Dgi(p) = {6(m)|m € (COO[T]T} (strictly inner),
Han(p) = D(p)/Ds(p) (de Rham),

where Hyr(p) is called the de Rham group of E. We observe that 6V : a —
a(f) — pq is a biderivation and its associated quasi-periodic function is given
by

Fya)(2) = z — expp(2),
and hence

/5<1> = \for A € Ag.
A

So we shall view 61 as the differential form of the first kind for E. We
further mention that for 6 € Dsi(p), one can show that [, d = F5(\) = 0,
whence having the well-defined pairing

Har(p) x A — Cq
(6, \) = [0

The deRham isomorphism established by Anderson and Gekeler |Ge89] is
that the above is a perfect paring. It follows that as a Cy-vector space,
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dimc_, Hgr(p) = r. Note that we have a standard basis for Hyr(p) presented
by the classes of biderivations {d,...,d,}, where we put §; := 6(1) and
8 1t 17"t fori=2,...,r. We think of that s, ..., d, are differential forms
of the second kind for E. The fundamental theorem of Yu [Yu86, Yu90|
asserts that nonzero periods and quasi-periods of F are transcendental over
k. Yu’s works are precisely the function field analogue of Siegel-Schneider’s
theorem for elliptic curves.

Fix an A-basis {A1,..., A} of the period lattice Ag. The period matrix
of F is referred to the r X r matrix

(3.3.1) Pg = (/ 6j) )
Ai 1<i,j<r

and by Anderson one has the analogue of Lengdre’s relations for elliptic
curves:
det Pp = cgm

for some constant cg € k (see [Pe07]). Let s be the rank of End(E)
over A, and note that s divides r. Using Yu’s sub-t-module theorem Brow-
nawell [B0O1] showed that all the k-linear relations among the entries of the
period matrix Pg are those induced from the endomorphisms of E; in par-
ticular, the dimension of the k-vector space spanned by the entries of Pg is
equal to r2/s. Brownawell-Yu’s periods conjecture for Drinfeld modules as-
serts that all the k-algebraic relations among the periods and quasi-periods
of E arise in the way mentioned above, and it is indeed the case from the
following theorem.

THEOREM 3.3.2 (Chang-Papanikolas [CP12|). Let E be a Drinfeld F,[t]-
module of rank r > 2 defined over k, and let Pg be the period matriz defined
in (3.3.1). Let s be the rank of End(FE) over A, and k(Pg) be the field

generated by the entries of P over k. Then we have
2

tr.degrk (Pg) = %

In fact, one can take quasi-logarithms into account. That is, we consider
the quasi-periodic functions evaluated at the Drinfeld logarithms of algebraic
points. With the help of Conrad on removing ‘separability’hypothesis for the
multiplication field of the Drinfeld module in question, the authors of [CP12]
showed the algebraic independence result when ruling out the nature linear
relations arising from the endomorphisms of the given Drinfeld module.

THEOREM 3.3.3 (Chang-Papanikolas-Conrad [CP12|). Let E be a Drin-
feld F,[t]-module of rank r defined over k. Let the classes of 01, . .., 0, repre-
sent a basis of Hyr(p) defined over k. Let uy, . .., u, € Coo satisfy expp(u;) €

kfori=1,...,n. Ifui,...,u, are linearly independent over End(E), then
the rn quasi-logarithms

Uity Uj— {F6j (ui)}

are algebraically independent over k.
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4. Positive characteristic MZV’s

4.1. Single zeta values. Let A, be the set of all monic polynomials
in A. In analogy with the special values of Riemann (-function at positive
integers, Carlitz [Ca35| initiated the following positive characteristic zeta
values: for s € N,

1
Cals) ==Y — €k
ac€A4

Note that since the absolute value |- |~ is non-archimedean, (4(s) converges
for any positive integer s. One interesting theory of Carlitz is to derive an
analogue of Euler’s formula: for any positive integer s divisible by ¢ — 1, we

have
BC
(4.1.1) Cals) = T =
s+1

where I'sy1 € A is the Carlitz factorial defined by I'gyq = H?io Dfi for
writing the g-adic expansion s = ) > s5iq*, and BCy € k is the sth Bernoulli-
Carlitz number defined from the generating function:

~S

oz i BCy
expg(z) A= Tnpa
For an integer i > 0, we denote by A; ; the set of monic polynomials of
degree i in A. Note that for any positive integer s, the power sum EaeAi,+ a’
vanishes for i > 0 by the work of Goss [Go79|. Therefore, the analogue
of Riemann zeta function at non-positive integers is defined as follows: for
integer s > 0,
o
Ca(—s) := Z Z a® | €k.
1=0 \a€A; +
Moreover, Goss showed a precise analogue of the classical situation for the
vanishing of Riemann zeta function at even negative integers: for any positive
integer s divisible by ¢ — 1, one has (4(—s) = 0.
Let v be a monic irreducible polynomial of A. Goss [Go79] further carried
out that for non-negative integer s,

Ca(=8)y = (1 = v°)Ca(=s)

interpolates to a continuous A,-valued function on S, := Z/(¢%&? — 1) x Z,,.
As a consequence, an equivalent definition of Goss’ v-adic zeta values is given
as follows: for any integer s,

o0

sl =>_ > % € A,

=0 \a€A; +,vfa

Given a positive integer s, Goss showed that (4(s), = 0 if and only if s is
divisible by ¢ — 1.
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In the seminar paper [AT90|, Anderson and Thakur gave logarithmic
interpretations both for co-adic and v-adic single zeta values. To state their
result, we introduce the notion of tensor powers of Carlitz module in [AT90].
Fix a positive integer s. The sth tensor power of the Carlitz module denoted
by C®* = (Gg /4> [']s) is the s-dimensional t-module defined over A given by
the [Fy-linear ring homomorphism

[s : Fo[t] — Mats(A[7])

with
[t]s = 0Is + Ns + EsT,
where
0o 1 --- 0 0 --- --- 0
NS:: ) ES:
: o1 : :
0 -+ --- 0 1 v oo 0

We denote by expces and logess the exponential and the logarithm of C®*
respectively. Note that since logces is a vector-valued power series with
coefficients in k, it makes sense to consider its v-adic convergence and we
denote by logces(x), whenever logees converges v-adically at the point x.

THEOREM 4.1.2 (Anderson-Thakur [AT90, Theorem 3.8.3]). Let s be a
positive integer, and v be a monic irreducible polynomial of A. Then there
exists a special point vs € C®35(A) satisfying the following.

(1) There exists a vector Zs € Lie C®%(Co) with last coordinate given
by T'sCa(s) for which expces(Zs) = Vs.

(2) The logarithm of C®* converges v-adically at [v° — 1]svs and the
last coordinate of logcws ([v° — 1]svs)y gives v°T's(Cy(s).

In [Yu91], Yu developed a transcendence theory for the last coordinate
logarithms of C®* at algebraic points. Together with Theorem 4.1.2, one
has the following transcendence results which have surpassed the classical
status.

THEOREM 4.1.3 (Yu [Yu9l|). Let s be a positive integer, and v be a
finite place of k. Then the following hold.

(1) Ca(s) is transcendental over k.
(2) Cu(s) is transcendental over k if and only if s is not divisible by

qg—1.
Using the t¢-motivic transcendence theory developed by Anderson,
Brownawell and Papanikolas [ABP04| and Papanikolas [P08], Chang and

Yu [CY07]| demonstrated that all the k-algebraic relations among the Car-
litz zeta values are those arising from the Euler-Carlitz relations (4.1.1) and
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the Frobenius pth power relations: for s,n € N,

Calsp™) = Ca(s)”".
An equivalent formulation is the following identity in terms of transcendence
degree.
THEOREM 4.1.4 (Chang-Yu [CYO07]). Let s be a positive integer. Then
we have the following:
- s s s
tr.degr k (7,¢a(1),...,Ca(s)) =s+1— {—J — { J—i—{p( J

p g—1 q—1)

In the following contexts, we will report the results of [CM17]| general-
izing Theorem 4.1.2 and their applications.

4.2. oo-adic MZV’s. In [T04], Thakur defined the co-adic MZV’s that

are generalizations of Carlitz zeta values: for any index s = (s1,...,s,) € N,
1
Cals) =) A a € Koo,
where aq, ..., a, run over all monic polynomials in A for which |aj|s > -+ >

|ar|0o. As same as the terminology in the classical theory, the weight and the
depth of the presentation (4(s) are defined as wt(s) and dep(s) respectively.
We shall mention that for higher depth MZV’s, it is not straightforward to
see whether they are non-vanishing or not, but Thakur [T09] showed that
every oo-adic MZV is non-vanishing.

For these oo-adic MZV’s, we have the following properties that are par-
allel to some of classical real-valued MZV’s:

(1) Periods interpretation. In [AT09]|, Anderson and Thakur showed
that for every oco-adic MZV (4(s), one is able to explicitly construct
a rigid analytically trivial dual ¢-motive in the sense of [ABP04]
so that up an explicit multiple in A, (4(s) occurs as certain entry
of the period matrix of the t-motive in question. This result can be
viewed as a function field analogue of the work of Terasoma [Te02]
and Goncharov [Gon02].

(2) Sum shuffle relations. In [T10], Thakur showed that the product of
two oo-adic MZV’s can be expressed as an IF),-linear combination of
certain MZV’s with the same weight, and Thakur called these sum
shuffie relations. In the special case for the product of two Carlitz
zeta values, the coefficients of the relations mentioned above are
explicitly worked out by Chen [Ch15].

(3) Double Eisenstein series. In [Chl7|, for any MZV of depth two,
called double zeta value, Chen explicitly constructed the so-called
double Eisenstein series for which the double zeta value in question
occurs as the constant term of the double Eisenstein series under the
‘t-expansion’. Furthermore, Chen established sum shuffle relations
for the product of two single Eisenstein series in terms of linear
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combinations of some double Eisenstein series of the same weight.
Chen’s lifting result can be regarded as a partial analogue of the
work of Gangl-Kaneko-Zagier [GKZO06|.

(4) Dimension conjecture. In [To18|, Todd created some linear relations
among the same weight co-adic MZV’s and predicted that these
account for all the k-linear relations.

CONJECTURE 4.2.1 (Todd’s dimension conjecture). Let n be a positive
integer, and let Z, be the k-vector space spanned by all co-adic MZV’s of
weight n. Then one has

on—1 if 1 <n<gq,
dimy Z, =< 2" 1 -1 ifn=gq
;-1:1 dimy Z,_; ifn>q.

We let Z := 372 | Z, be the vector space spanned by all co-adic MZV’s
over k. According to Thakur’s sum shuffle relations [T10| mentioned above,
we have that Z,,, - Z,, C Z,,4+n, and so Z has a k-algebra structure. Using
the work of Anderson-Thakur on periods interpretation for oco-adic MZV’s
and the linear independence criterion developed by Anderson-Brownawell-
Papanikolas [ABPO04], the so-called ABP criterion, we have the following
result as a stronger analogue of Goncharov’s conjecture including the Baker-
Wiistholz-Yu philosophy.

THEOREM 4.2.2 (Chang [C14]). The following results hold.

(1) We have Z = @, | Z,. That is, Z is a graded k-algebra.
(2) If the given co-adic MZV’s uy, . .., un, are linearly independent over
k, then

Luy,...,um

are linearly independent over k.

As a consequence, we have that every oo-adic MZV is transcendental over
k. One core problem for co-adic MZV’s is to understand all the k-algebraic
relations among them. As we have Z,,, - Z,,, C 2, 4n,, the structure theorem
above reduces the study of k-algebraic relations among oc-adic MZV’s to
the understanding of the k-linear relations among the same weight MZV'’s.
In other words, theoretically one is able to understand all the k-algebraic
relations among oo-adic MZV’s once Conjecture 4.2.1 is true, but it is still far
from Todd’s conjecture at present. However, once we fix weight and restrict to
double zeta values, then there is an effective criterion enabling us to compute
the dimensions.

THEOREM 4.2.3 (Chang [C16]). Let n > 2 be a positive integer. Put

V= {(s1,52) € N2 51 4 55 =n and (q — 1)|s2} .
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(1) For each s € V, we explicitly construct a special point =5 € C®™(A)
so that

dimy Spank {ﬁ-n, CA(lan - 1)7 CA(27n - 2)7 o 7CA(n -1, 1)}

n—1 =
T {q - 1J + rankg, () Spang, jy {Zs}sep -

(2) We establish an effective algorithm for computing the rank
ranky, ] Spang, 1) {Zs}sey -

We refer the reader to some computational data in [C16, Sec. 6.3]. By
generalizing some methods in [P08, CYO07], some algebraic independence
results for oo-adic MZV’s under certain conditions are obtained by Mishiba
in [M17].

4.3. v-adic MZV’s and state of the art. Let s be a positive integer.
We recall the Carlitz logarithm given in (3.1.2) playing the analogue of the
classical logarithm. In analogy with the classical polylogarithms, Anderson
and Thakur defined the sth Carlitz polylogarithm in [ATO09]:

(0.9} zq’b

E.

=0 !

Lis(z) :=

For convenience, we still use the same symbol Li without confusions with
the classical ones, which will not be used below. Another important inter-
pretation for (4(s) in Theorem 4.1.2 (1) is that 4(s) can be expressed as
an explicit k-linear combination of Lis; at some integral points in A. This
important formula is the key step for the authors of [CY07] when properly
quoting the theory of Papanikolas [P08].

To generalize Lis to the multi-variable version, the author of the present
article defined the Carlitz multiple polylogarithms (abbreviated as CMPL’s)
in [C14|, and one naturally defines their star version in [CM17].

DEFINITION 4.3.1. Let s = (s1,...,5,) € N". The sth Carlitz multiple
polylogarithm is defined by

q' q'r

Z .. z
. L 1 T
ng(Zl,...,ZT) = E WGk[{Zl,...,ZT]]
i1>>ip >0 tr
and its star version by
q't q'r
Z ... Z
% ._ 1 T
LIS(Zl,...,ZT) = E WE%[[ZM...,ZTH.
i1 > 21,20 0 b

In [C14], the author used the interpolation formula of Anderson-Thakur
polynomials to generalize Anderson-Thakur’s formula on Carlitz zeta val-
ues to higher depth MZV’s. For any index s € N", the MZV (4(s) can
be expressed as an explicit k-linear combination of Li; at some integral
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points. As power series, Li; can be written as a linear combination of some
Li;, (see [CM17]). Therefore we can derive the following explicit formula
(|[CM17, Thm. 5.2.5]): for any index s € N", there exist some explicit in-
dexes s, with wt(s;) = wt(s) and dep(s;) < dep(s), coefficients oy € k*, and
integral points uy € A9P(e) 5o that

(4.3.2) Cals) =) oy LiZ, (up).
¢

In what follows, we fix a monic irreducible polynomial v in A, and let
ky be the completion of k£ at v. Let C, be the v-adic completion of a fixed
algebraic closure of k,. We then fix an embedding of k into C,. For any
vector z = (21,...,2,) € CJ, we define

1zl := max {[i[, }

Inspired by the definitions of Furusho’s p-adic MZV’s, the authors of
[CM17| prove first about the v-adic analytic continuation of Li} and then
define the v-adic MZV’s.

LEMMA 4.3.3. For any index s € N", we define Li} (21, ..., 2r)y to be the
same power series as Lif(z1,..., 2 ) but we regard it as in Cy[z1,..., 2]
Then the series Lif(z1,...,2r)y can be analytically continued to the closed
unit ball {z € (CHHZHU < 1}, and we still denote by Li}(z1, ..., zr), the ana-
lytically continued function.

Based on the Lemma above, we have that Li;, (u,), is well-defined for
those sy and u, occurring in (4.3.2) as ||ug||y, < 1. Furusho’s definition of
p-adic MZV’s inspires us to define the following v-adic MZV’s.

DEFINITION 4.3.4. Fizx any index s € N". We let ay, s¢, uy be those given
in (4.3.2). We define the v-adic multiple zeta value (4(s), by the following
formula:

Ca(s)y =Y ayLif, (ug)o.
l

The weight and the depth of the presentation (A(s), are defined to be wt(s)
and dep(s) respectively.

We mention that such as the classical p-adic case, in the depth one
case our v-adic single zeta value (4(s), and Goss’ v-adic zeta value (,(s)
(for s € N) just differ by a rational multiple (1 — v=%) € k. See [AT90,
Thm. 3.8.3 (II)]. The primary result of [CM17] is to verify a stronger ver-
sion of the analogue of Conjecture 2.3.1 in the function fields setting.

THEOREM 4.3.5 (Chang-Mishiba [CM17]). Let v be a finite place of k
and fiz an embedding k — C,. For any positive integer n, we let Z, (resp.
Znw) be the k-vector space spanned by co-adic MZV’s (resp. v-adic MZV’s)
of weight n. Then the following

ONES (CA(5) = CA(B)U) : 2n — Zn,v
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is a well-defined k-linear map. Moreover, if n is divisible by q — 1, then the
kernel of ¢, contains the one-dimensional k-vector subspace k - (a(n).

Based on the result above, the following question is natural but impor-
tant.

QUESTION 4.3.6. Is the kernel of ¢, independent of v?

4.4. Key ideas of the proof of Theorem 4.3.5. In this section, we
sketch how we prove Theorem 4.3.5. There are two key ingredients in the
proof.

(1) Give logarithmic interpretations both for co-adic and v-adic MZV’s.
(2) Apply Theorem 3.2.2.

The step (1) above is to generalize Theorem 4.1.2 to higher depth MZV’s.
The precise statement is as follows.

THEOREM 4.4.1. Fix an index s = (s1,...,8,) € N with wt(s) = n
and v a finite place of k. Then one explicitly constructs a uniformizable,
reqular t-module Gs defined over A and a special point Z5 € Gs(A) so that
the following hold.

(1) There exists a vector Zs € Lie Gs(Coo) for which expg,(Zs) = Zs
and the nth coordinate of Zs gives c5-Ca(s) for some explicit nonzero
constant c; in A.

(2) The logarithm of Gs converges v-adically at Z¢ and its nth coordi-
nate gives cs - CA(8)y.

The results above are given in [CM17, Thm. 1.2.2, Thm. 6.2.4] with the
special point Z; taken to be [a(t)]vs in [CM17, Thm. 6.2.4] and the constant
s given by a(f)I's, - - - I's,. To achieve the desired results above, one goes back
to the formula (4.3.2). There are two parts in the procedure. The first is that
for each pair (sg,uy), one explicitly constructs a uniformizable, regular ¢-
module G, defined over A and a special point v, € G¢(A) so that logg, (ve)
converges and its nth coordinate is Li;, (uy). This was carried out in [CM19|
and the v-adic case can be done in the same fashion of computations on
logarithms. The ideas of constructing Gy and uy go back to [CPY19| when
considering Gy, u, as transforming certain Frobenius modules M/, and M,.
Terminology of Frobenius modules are referred to [CPY19| and the detailed
transformation and correspondence are referred to [CM17, Sec. 4].

To describe the second part, we first mention that the nth tensor power
of the Carlitz ¢t-motive denoted by C®" is a Frobenius submodule of M),
for each ¢. Note that in this setting M), and C®" are dual t-motives in the
terminology of |[ABP04]| (dual notion of the t-motives in [A86]), and C®"
is the dual t-motive associated to C®" (see [BP20]). Then we take M to be
the fiber coproduct of {M}}, over C®™ and note that M is a dual ¢-motive.
Then Gy is the corresponding t-module of M, and we note that there is a

natural morphism
T @ Gy — Gs.
¢
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To simplify the arguments for catching the crucial ideas quickly, we sim-
ply assume that all the coefficients oy are 1 (although it is not valid in
general). The special point vy € Gs(A) is image of the point (vy), under the
morphism 7. The special point =, is then taken under suitable F,[t]-action
on the point v, in the t-module G5 in order to ensure the v-adic convergence
in question. The desired formulas are then derived from the key Lemma 3.3.2
of [CM17], which basically says that the nth coordinate of logg, is the sum
of the nth coordinate of logg, .

Now we briefly describe how to prove Theorem 4.3.5 using Theorem 4.4.1
and Theorem 3.2.2. Suppose that we are given a non-trivial k-linear relations
Yot aiCa(s;) = 0 with wt(s;) = n for all . Our goal is to show that

Z aiCA(gi)v =0.
=1

Put b; := a;/cs, with ¢s, given in Theorem 4.4.1. So the original identity is
rewritten as

(4.4.2) > bics,Calsi) = 0.
=1

Put B = @, G, = = (E¥,...,E" ) € E(A) and Z = (2

=, . el
Z{ )" € Lie E(C). By Theorem 4.4.1 we know the following.

e We have expp(Z) =E;

e The nth coordinate of each block Zs,, ..., Zs,, in the vector Z gives
Csy - Ca(81), .-+, Cs,, - Ca(sm) respectively.

e The logarithm of E converges v-adic at the special point =, and the
nth coordinate of each block logGs1 (Zsy)vs - - - logg, (Zs,, )v in the
vector logp(E), gives ¢, - Ca(51)vs - - - 5 Cay, - CA(8m)o Tespectively.

We fix a natural identification Lie E = Lie G, @ - - - Lie G,,, . To simplify
the notation, we first fix a coordinate system for each Lie G, fori =1,...,m
and then let X; be the nth coordinate of the fixed coordinate system of
Lie G, for each i. It follows that Z satisfies the equation )", b;X; = 0 be-
cause of (4.4.2). We denote by p the map defining the F,[¢t]-module structure
on E. We then consider the smallest linear subspace in Lie F(Cy) so that
it contains Z, and it is invariant under Op;-action, and it is defined over k.
By Theorem 3.2.2 this space is exactly equal to Lie H(Cy,) for some sub-t-
module H of E defined over k. One shows that the hyperplane defined by
22'11 b; X; = 0 is invariant under dp;, and hence

m
(4.4.3) Z b; X; € (Defining equations of Lie H) .
i=1

Note that since Z € Lie H(Cy,), E = expp(Z) € H(Cs) N E(k). One
then shows that logg(Z), is equal to logy(Z), € Lie H(C,) and therefore
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logp(E), satisfies the defining equations of Lie H. By (4.4.3) one has the
identity > 7" bics;Ca(8;:)y = 0, whence deriving

Z aigA(si)v =0
=1

as claimed.

REMARK 4.4.4. At the end, we point out that the transcendence tool
of proving Theorem 4.3.5 is Yu’s sub-t-module theorem that is parallel to
Wiistholz’s analytic subgroup theorem. As realized from our arguments
above, logarithmic interpretation of MZV’s will provide one possible ap-
proach towards Conjecture 2.3.1. In the classical theory one can ask naively
whether any real-valued MZV (up to a rational multiple) can be related to
certain coordinate of the logarithm of certain commutative algebraic group
defined over Q fitting into Wiistholz’s theory. However, this question is still
unknown.
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