Midterm Exam 2 Solution

1 (15 points) True or False. T for true and F for false.

i (F)Ifa>0andx>y>0,then log, x > log, y.

(F)
ii (T) For any real number |z| < 1, we have cos(arccosx) = z.
iii (F) If f and g are continuos on [a,b] and f(x) > g(x) on [a,b] , then / |f(x)|dx >
b

|9(x)|dz.
b

iv (F) A particle moves along a line so that its velocity at time t is v(t) = t> —t — 6. The
distance traveled during the time period 1 <t <4 is —%

v (T) Assume that f and g are continuous, that a < b, and that ff f(x)dz > f;g(x)dx, then
for any partition P of [a, ]

b
Us(P) > / g(x)dx
2 (5 points) Find the upper Riemann sum Uy (P) and the lower Riemann sum L ¢(P) of the function
f(z) =223 — 322 + 1 on [-2,4] with P = {-2,-1,2,4}.

Answer: f'(z) = 62> — 62 = 6z(x — 1). Hence f(x) is increasing on [—2,0] and [1,4] and
decreasing on [0, 1]. Therefore

Up(P) = f(=1) x 14 f(2) x 3+ f(4) x 2= -4+ 15+ 162 = 173
Li(P) = f(=2) x L+ f(=1) x 34 f(2) x 2= —27 — 124+ 10 = —29

3 (25 points.) Compute the following derivatives.

i 4 [(cos )5 %]

dx

Answer:

d : d : sin® z
f[(COS x)smx] — 7651n:plncosx — esmxlncosx coszlncosz —
dx dzx CcoS T

(2
; sin® x
= (cosx)™? (cos xlncosz — )
cos

d
ii — arctan(2”)

dz
Answer: 4 n2(2%)
X T __ n *

%arctan@ ) = T30 xIn2x 2% = [+ 2%

d

iii %[ln(csc:r)]

Answer:
i[ln(csc x)] = (—cscxcotx) = —cotx
dz ~ cscx N



Va2 +4e*

iv Find ¢'(0), where g(x) = (Hint: Use logarithmic differentiation.)

(x +1)°

Answer: ]
Ing(z) = 5 In(z? 4 4) +2 —5ln(z + 1)
Therefore .
, x
= ST

/@) =90) (g 1 g )

and

v Find A'(z), where h(x) = / © .
Answer:

z? VT 1 28 1

W(z) = —mo——= x 20 — x — _
(@) V21 VVE+1 2V Var4l 2z +1

4 (25 points) Compute the following integrals.

1 .’IJ3
i Find / ———dx
0 2 +1

Answer:
1 u—l 1s 2 2v2 1 2 V2
(zu2 —u2 — V22— —+1l=-—- =
/0362 =(Gue —ud)| =T o V2o gdl=g oy
ii Find
et +1
Answer:
e 1
/ dﬂvz/du:ln(em—l—l)—i—c
et +1 U
1
iii Find/ vV1-—22dz
—1

1 0 T T _
/ \/1—w2d:v:—/ \/1—cos2ﬁsin0d9:/ sin29d9:/ Mdﬁ:
—1 g 0 0

T
2 2

1
iv Find / (2% —1)(2® — 32+ 2)* da
0

Answer:

1 0
1
2 3 4 4
—1 —3rx+2)"dr = “uiduy = ——
/O(x )(33 X ) X /2 3u U 15

T
v Find | ———dz
/\/1—$4

/ T4 / L u=tarsina? +C
—F aAr = —F——————— AU = — arcsinx
V1—at 2v1 — u? 2



5 Let Q the region enclosed by curves y = 22 and y = 2.

i (2 points) Find the area of .
2

2
1 4
Answer: The area A is / 2z — 2?)de = 2* — Z23| ==
ii (6 points) Find the volume of the solid generated by revolving  about the z-axis and the

y-axis.
Answer: Denote the volume of the solid generated by revolving ) about the z-axis and
the y-axis by V, and V, respectively. Then

2
32 32 64
Ve = /0 m(4z? — z) de = (E — E)TF =37
% /22 (20 — 22) dy = 2x(L0 _ 10y _ 8
= mx(2r —x*)dr =2n(— — —) = -7
) 3 4’73
iii (2 points) Locate the centroid of (2.
Answer: By Pappus’s theorem, we have
Vi 8 7= Vy
Y= o0mA ™ 5 C2mA

6 (5 points) The base of a solid is the region enclosed by the ellipse

Find the volume of the solid given that each cross section perpendicular to the z-axis is an
isosceles triangle with base in the region and altitude equal to one-half the base.

Answer:

Alx) = Shh = (”’m) (Zm) _ ZZ(aQ _2?)

a

a a 2()2 a 9 9 4 9
V= Alx)der =2 [ A(z)dz=— [ (a"—2%) = jab
—a 0 = Jo
7 (5 points) Simplify the following expression
tan(arcsec z).
Answer: Let § = arcsecx. Then 6 € (0,7/2) if x > 0 and 0 € (—7/2, ) if © < 0. Therefore
tan®(arcsecz) = tan®f = sec’ — 1 = 22 — 1

Hence tan(arcsecz) = V&2 — 1 if 2 > 0 and tan(arcsecz) = —vz2 — 1 if z < 0.

1
8 (10 pints) Let L(z) = / n dt for x > 0. Prove that
1



i L(a) + L(b) = L(ab), for all a > 0 and b > 0.
Answer: Let ¢t = au. Then dt = adu and

ab b b
1 1 1
/ ;dt: adu:/ —du = L(b)
a 1

1 au U

Therefore we have

aq ab 1 ab 1
1 a 1

ii L(a") =nL(a), for a >0 and n € R.
Answer: Let Let t = v”. Then dt = nu™ 1du and

a1 @ q “1
L(a"™) = / —dt = / —nu" tdu = n/ —dt =nL(a)
1t pou” 1 U

9 (10 points) Let f be a continuous function on [a,b] and f(x) > 0 on [a,b]. Prove that if
b
/ f(z)dz =0, then f(xz) =0 on [a,b].

Answer: Suppose f(z) # 0 on [a, b], then there exists ¢ € [a, b], such that f(c) > 0. Since f(x)

is continuous on [a, b], then for e = f(c)/2 > 0, there exists 6 > 0 such that |f(x) — f(c)| < € for

all [x —¢| < 0 and x € [a,b]. Let [k,l] = [c—6/2,c+ /2] N[a,b]. Then for all z € [k,l], we have
f(z)> flc) —e=2¢e—e=ce.

Since f(x) > 0, we have

/abf(x)d:cz/klf(x)dx>/kled93:e(l—k:)>O

It contradicts to the fact [;" f(z) dz = 0. Hence f(z) =0 on [a,b].



