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Abstract
This study introduces novel variants of Hankel matrices, including the left Hankel matrix and its
symmetric forms, as well as the newly defined CFPrLrR (Column-First-Plus-rLast-rRight) and CLPrFrL
(Column-Last-Plus-rFirst-rLeft) Hankel matrices, with entries derived from Fibonacci numbers. We
establish properties of these matrices, deriving exact expressions for their Euclidean norms and bounds for
their spectral norms using well-known Fibonacci sum identities. Additionally, inequalities for maximum
row and column sum norms are provided, along with corollaries for specific cases. The results contribute
to the understanding of structured matrices in linear algebra, with potential applications in system

identification, signal processing, and numerical analysis.

1 Introduction

Special matrices are widely studied in the research area of matrix theory. In particular, special matrices
whose entries are well known number sequences and polynomials have become a very interesting research
subject in recent years and some scholars have obtained some good results in this area. Many studies
examined the norms of the special matrices involving famous number sequences and polynomials. They
found various properties of these matrices, such as lower bounds, upper bounds, and exact values for the
spectral norms, Euclidean norms, and determinants.

Hankel matrices are one of the most researched and well-known types of structured matrices, and they are
widely used. Hankel matrices arise in many different theoretical and applied fields. For example, in the study
by Mu and Chen [10], the comparable conditions for the system’s identifiability were covered in the paper
first. It was then demonstrated that the identifiability of the system was equal to the row-full-rank of the
Hankel matrix made up of impulse responses. Finally, the necessary and sufficient conditions were given for
the row-full-rank of the Hankel matrix made out of correlation functions. The instantaneous autocorrelation
function reconstruction problem was formulated [15] as a block Hankel matrix rank minimization problem,
which robustly handles amplitude changes between signal components and efficiently reduces the impact of
burst missing data. This work [13] proposed two modified minimal realization techniques that use modified
Hankel matrices to obtain lower-order models in the time domain. The techniques were effective, easy to
compute, and also applicable to multiple-input, multiple-output systems. A self-contained survey of quick
techniques for solving linear equation systems using Toeplitz or Hankel coefficient matrices was provided in
[5]. They talked about Schur-type and Levinson-type algorithms. It was shown how they relate to Lanczos
methods, Padé recursions, and triangular factorizations. Split algorithms were devised and their linkages
with butterfly factorizations were studied in the case where the matrices had additional symmetry features.
It was demonstrated in [2] that the singular values of this Hankel matrix were the square roots of the proper
orthogonal decomposition energies and that the left singular vectors represented a discrete approximation
of space-time proper orthogonal decomposition modes. The work of Toeplitz, Hankel and circulant matrices
has led to significant recent success and can be credited with several important mathematical advances
[1, 9,11, 12, 14].
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In this study, we introduce the definitions of the left Hankel matrix and its varieties. Secondly, we
produce the new concepts called CFPrLrR and CLPrFrL Hankel matrices and the properties of the related
Fibonacci numbers. Then, we present the main results and the detailed presentation.

2 Preliminaries

A matrix H = [h;;] € Mpxn(C) where h;j = h;1;_o, is called a Hankel matrix [4]. A Hankel matrix is of the
form

ho hl e hn_2 hn—l
hi  hy ... hp1  hy
ho  hs ... hn  hng
H = ) . ) ) )
hn—2 hn—l cee h2n—4 h2n—3
hn—l hn cee h2n—3 h2n—2

nxn

A matrix H, = [hi;] € M,x»(C) such that

Boi — Thi+j_2, Z+]STL,
Y hi+j—27 Z+] >mn,

is called a left r-Hankel matrix. A matrix SH, = [hi;] € M, x»(C) such that

hoo—d Thivj-2, i+j>n+l,
E hi+j—27 7’+j §n+1a

is called a symmetric left r-Hankel matrix [3].
The Euclidean norm of the matrix A is defined as

1/2
n

1Allg = | D lail?

i,j=1

The singular values of the matrix A are o; = \/A;(A*A), where \; goes through the eigenvalues of A*A and
A* is the conjugate transpose of matrix A. The square roots of the maximum eigenvalues of A*A is called
the spectral norm of A and is denoted by [|Al|,.

The following inequality holds,

1
7 1Al < [[Ally < 1Al -

The maximum column and row sum matrix norm of the matrix A are
n n
All, = max a;;| and ||A|_ = max a;jl -
4l = max 3" lag;| and 4] = max 3 oy
=I="i=1 ===l
Define the maximum column length norm ¢, and the maximum row length norm r; of any matrix A by

2 2
rl(A):miaX Z'aij| and cl(A):mJaX Z'aij| ,

j i
respectively. Let A, B and C be m x n matrices. If A = B o C, then [6]

[Ally <71 (B)er (C).
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Let A be an m x n matrix. We have [8]

2lr + 7o+ 73+ o+ T
m+n

b

1Al >

where r; denote the row sums of A.
The following sum formulas for the Fibonacci numbers are well-known [7]:

ZF Fo1 —
n—1
ZiFi =2+nF,12 — Fuys,
=1

n—1

ZF2 FuF, 1,

n—1
Z’I,FZ . nFnFn+1—F3+l,
© T\ nF,Fo — F2,

i=1

if n is odd,

if n is even.

3 The Left Hankel Matrices

Definition 1 A left-Hankel matriz is defined by

ag a as Q-1
Qnp ag ay Ap—2
Ap41 Gp ag Apn—3
LH = . .
a2pn—-3 0G2p—4 A2n—5 ... ay
agn—2 G2n—-3 0a2n—4 .- ag nxn
Definition 2 A matriz LH, = [h;;] € Mpxn(C),
Qo ay a2 An—1
Tan ago a1 Gp—2
TAp+1 Tanp ap an—3
LH, =
ragn—3 ragn—4 Tap—5 ... al
ragn—o2 Tagp—3 TAp—4 ... ap

nxn

is called a left r-Hankel matriz. A matric SLH, = [hi;] € M, xn(C),

ao ray Tas ran—1
Qp, ao rai ranp—2
Ap41 (079 ap ran—3
SLH, —
a2pn—-3 Qa2p—4 A2n—5 ... rai
a2pn—2 GA2p—3 A2n—4 ... rag

nxn

is called a symmetric left r-Hankel matriz. Let A = H(ap, a1, as, ...

We have
A= BE

yan—1) and B = LH(an_1,0n—2,0n_3, ...

aalaao)'
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where E is the exchange matriz defined by E = antidiag(1,1,1,...,1),
det(A) = det(B).
Theorem 1 Let A be a left r-Hankel matriz with the first row (Fo, F1, Fa, ..., Fr_1).

(i) If |r| > 1, then

\/(2n71)F27L72F27L717(77/71)F7LF77,717(2n71)F27L71F2'7L7F22n,1+1

n
\/(2n*1)an_zF2n_17(n71)FnFn —(2n—1)Fap_1For—F2,_, < [|All
n

and

14, < { IMVnEensFon—s = FuFuy), i m is odd,
>\ rlvVn(Fen—sFan—2 — FuF_1)  if nis even.

(i) If |r| < 1, then

Ir |\/(2n 1)Fap_2Fop_1—(n— 1)FnFn 1—(2n—1)Fap_1Fan—F2 _ +1

<
‘ |\/(2n 1 an oF5, 1— (TL l)F Fn 1— (ZTL I)an 1Fop 7F2277, 1 - ||A||2
and
\/n(F2n73F2n72 - Fnanl)v an is 0dd7
[All, < o
Vn(Fan—3Fon_o — FyF,_1), ifn is even.
Proof. The matrix A is of the form
FO Fl Fn—2 Fn—l
TFn FO ... F,_ Fn_2
TFn+1 T‘Fn N Fn,4 Fn,3
A= ) . . .
TFQH_g TFQn_4 e FO Fl
’I"an,Q TFQH,3 e TFn FO nxn
Then we have,
2n—2 n—1
JAIG =1 D> @n—1-9)F+ Y (n—i)F.
i=n i=0
Hence, when |r| > 1 we obtain
2n—2
HA||E > Z n—1—1 F2+Z (n—1)
that is
||A|| > (2”—1)F2n72F2n71—(n—l)FnF271—(2n—1)F2n71F2n—F22n71+1’ if n is Odd7
2 = \/(2n71)F2n,2F2n,17(n71)Fnin,1 (2n—1)Fap_1 Fan—F2, _ L i is even.
On the other hand, let the matrices B and C' as
Fy F F A 1 11 1
Fn FO Fl ... F 2 r 1 1 1
Fn+1 Fn FQ e Fn_g r 1 1
B = . . . . ) and C = :
Fon 3 Fong Fops ... P T 1
Iy o Fop 3 Fong ... Fy roror

nxn nxn
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such that A = Bo C. Then

and
0(C) = mﬁ — V- DFEFL

We have

IAll, < |r|v/n(Fan—sFan—2 — FuFp_1).

When |r| < 1, we also obtain

"r| \/(anl)an_Qan_l7(’!7,71)FnFn_17(2n71)F2n_1F2n7F22n71Jrl

- < 14
‘r|\/(Qn—l)an,Qan,l—(n—l)FnFn,l—(2n—1)F2n,1F2n—F22n71 = 2
n

and

1Al < | Vol sFon s = FuFu ), if s odd,
o \/n(FQ"_?’F?"—? — F,F,_1), ifniseven.

|
Corollary 1 Let A be a right r-Hankel matriz with the first row (Fy, F1, Fa, ..., Fj,_1).
(i) If Ir| = 1, then [[A]l, = | All. = [rl(Fan — Fusa).
(i) If [r| <1, then [|A]ly = [|All o = Fapa = 1.
Corollary 2 Let A be a right r-Hankel matriz with the first row (Fy, F1, Fa, ..., Fr—1). We have

|r1+ 7o +rs+ ...+ 1]

Al > - :
22220 — 1 — i) F + Y (0 — i)y
||A||2 Z n 9

and
[r[(1 = 2n)(Frg1 + Fon—1) + nFpqo + Fopgo — Fpgs] —nFy + Fizs —n — 2|
n

[Ally =

4 The CFPrLrR and CLPrFrLL Hankel Matrices

Definition 3 A column-first-plus-rlast-rright Hankel matriz with the first row (ag, a1, as, ..., an—1), denoted
by CFPrLrRH (ag,a1,as,...,a,—1) means a square matrix of the form

rag ray + rag ras + ray e Qp—1 Tt Tap_29
ray ras + ray raz + ras . Ay,
A= : : : :
TQp—3 TOp—2+7TAp—3 Gp_1+T0p—2 ... G2n—4
TGp—2 Gp—1 +TGp—2 QA v a2n—3

Ap—1 (279} An41 e A2p—2 nxn
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Definition 4 A column-last-plus-rfirst-rleft Hankel matriz with the first row (ag, a1, as, ..., an—1), denoted
by CLPrFrLH(ag,a1,az,...,a,—1) means a square matriz of the form

ag+ray ... Tap_3-+Tp_—2 TAp_9o +TAp_1 TAp_1
Ap et TQp_gq +T0p_3 TAp_3+7TAp_2 TAn_2o
Ap+1 oo TQp—5 +TAn—4 TAp—g +TAp_3 Tap_3
B =
A2n—3 .. (o5 ag +ray ray
a2n—2 N Ap+1 Qanp rag nxXn

Remark 1 A a column-first-plus-rlast-rright Toeplitz matric A = H,+rT™ and || All, < |[[Hy|lo+|r] [T,
where H, is the r-Hankel matriz below in the form

rag ray ras e Ap—1
rai ras ras ‘e Qp
ras ras Ta4 . Ap+1
H, = .
Tp—-2 GAp-1 Qnp cee G2p-3
Ap—1 Qp Up41 ... G2p—2 nxn

and T™ is the left-upper triangular matrixz below in the form

0 ag a ... Qap—2

0 a1 as e 0

0 ag as 0
TrY — ) )

0 ap—2 O 0

0 0 0 0

nxXn

Similarly, B a column-last-plus-r first-rleft Hankel matrizc B = SLH, +rT", where RLH, is the left symmet-
ric r-Hankel matriz and T™ is the right-lower triangular matriz. Then we have | B, < |SLH,||l,+|r| || T" H2

Theorem 2 Let A be a column-first-plus-rlast-rright Hankel matriz with the first row (Fo, F1, Fa, ..., Fp_1).

(i) If |r| > 1, then

\/(2n—1)(—F22n71—FnFn,l)+(n—1)FnFn,1+nFnFn+1+(n—2)FEL+F22nfl+1
= <[4
\/(27171)(422”717F,LF,,L,1)+(n71)F,LF,H+nF,LF,L+1+(n72)F3+F§n,1 -

n

and

A, < |T|\/n(F2n71F2n72 —F,_1F,_2), ifnis odd,
27 Il n(Fon—1Fan—2 — Fuo1Fu—2), ifn is even.

(i) If |r| < 1, then

|T|\/(2n—1)(—F§n,1—Fnanl)+(n—1)FnFn71+nFnFn+1+(n—2)F,,"Z+F§n71+1
n < A
|r|\/(2n71)(7F22n_17FnFn,1)+(n71)FnFn,l+nFnFn+l+(n72)F3+F22n_1 < |4l
n

and

||A||2 < \/n(FZn—lFQn—Q - Fn—an—Z), an Z:S 0dd7
Vn(Fay—1Fon—o — Fy_1F,_2), ifn is even.
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Proof. The matrix A is of the form
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TFO TFO+7’F1 T‘F1 +’I"F2 Fn—l +’I"Fn_2
’]"Fl TF1+7’F2 T'F2+7'F3 Fn
rFy rEky +rF3 rFy +1rFy Fo
A= . : ) )
7/']‘7‘71—2 Fn—l + TFn—Z Fn F2n—3
anl Fn Fn+1 F2n72 nxn
and
’I"Fo TF2 T’Fg Fn—l + ’I"Fn_g
T’Fl ’I”Fg TF4 Fn
TFQ TF4 ’I"Fs Fn+1
A= : : : .
701:‘7172 anl + 7"-Fn72 Fn F2n73
anl Fn Fn+1 F2n72 nxn

Then we have

2n—2

n—2
Al =17 Y iF2 4+ Y 2n—1—=)F + (n—1)(Fy1 +7F, 2)* + F_y.
=1 i=n

Hence, when |r| > 1, we obtain

n—2 2n—2
1Al > D iFP + Y 2n—1=0)F + (n—2)F; + Fi_y,
i=1

i=n

that is
”A” N (277/71)(7F22n,17Fnanl)+(n71)Fn:n71+nFnFn+1+(n72)F3+F22n,1+1 if n is odd,
2= \/(znfn(fpgnflan,Fn_1)+(nf1)ﬁ;7Fn_1+nFnFn+1+(nf2)FE+F§nfl7 if n is ever.
On the other hand, let the matrices B and C' as
Fy Fy F3 Fo_1+7rF,_o r r.or 1
F1 F3 F4 ce Fn T r r 1
Fy Fy F Fo ror T 1
B= . . . and C =
Fn72 anl + an72 Fn F2n73 r 1 1 1
Fn—l Fn Fn+1 F2n—2 nxn 111 1 nxn

such that A = Bo C. Then

and

a(C) ="7", /ZI%F =V =D+ 1

We have

||A||2 S |r|\/n(F2n71F2n72 - anan72)~
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When |r| < 1, we also obtain

|T’| \/(2n71)(7F22n_17FnFn,1)+(n71)FnFn,1+nFnFn+1+(n72)FE+F22n_1+1

n < ||A
|T|\/(Qn—l)(—FQQnA—FnFn,l)+(n—1)FnFn,1+nFnFn+1+(n—2)F3+F22n71 < H2
n

and

Al < VI (Fon—1Fon—2 — Foo1Fp—s), if nis odd,
27 Vn(Fan—1Fon—2 — F1F,—2), if nis even.
N

Corollary 3 Let A be a column-first-plus-rlast-rright Hankel matriz with the first row (Fo, F1, Fa, ..., F_1).
(i) If |r| > 1, then

||A||1 =|r|(Fn = 1)+ Fop1 + |7|F2 and ||A||oo = |r[(Fn = 2) + Foqr + |7 Fa.

(i) If |r| < 1, then
HA”l =Fy5,_1—F, and HAHOO =F5,_1—F, + |T‘Fn,2.

Corollary 4 Let A be a column-first-plus-rlast-rright Hankel matriz with the first row (Fo, F1, Fa, ..., F_1).
We have
PSR+ (20— 1 — i)y 4 (0 — 1) (Fyoy + 7F, o) + F2_ |

1Al = i=n .
and
14, > r@+O=DF = Fus) + (20— D(Fenr = Fupn) + (2= 20) P
2 -
n
\ Ponst #nFuis = Fos & (0= D(Facs +rFu0) + 2|

n

5 Conclusion

This study presents new variants of Hankel matrices that have not been defined in the literature. In this
paper, we firstly define the left Hankel matrix and its varieties with Fibonacci numbers as entries. Then we
introduce the Euclidean norm equality and the spectral norm inequalities of these matrices. We also obtain
some bounds for the spectral norms of the CLPrLrR Hankel matrices.
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