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Abstract

This paper investigates an axially moving beam that includes the coupling of longitudinal and
transversal vibrations, as well as nonlinear tension. By employing an appropriate boundary control
technique, we prove the exponential stability result using the Lyapunov method.

1 Introduction

Consider a nonlinear coupling of the longitudinal and transverse beam displacements under axial transport
of mass, with a mass fixed at its end:

ρ
(
vtt + 2γvtx + γ2vxx

)
+ cv (vt + γvx) + EIvxxxx =

{
Pvx + EAvx

(
ux + 1

2v
2
x

)}
x
,

ρ
(
utt + 2γutx + γ2uxx

)
+ cu (ut + γux)− EA

(
ux + 1

2v
2
x

)
x

= 0, in (0, L)× R+,
v(x, 0) = v0(x), vt(x, 0) = v1(x), u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, L),

(1)

subject to 
mvtt(L, t) = Uv(t) + EIvxxx(L, t)−

{
Pvx + EAvx

(
ux + 1

2v
2
x

)}
(L, t),

mutt(L, t) = Uu(t)− EA
(
ux + 1

2v
2
x

)
(L, t),

v(0, t) = vx(0, t) = vxx(L, t) = 0, u(0, t) = 0, ∀t ∈ R+,
(2)

where v(x, t) and u(x, t) are the transversal and longitudinal displacements of the beam at the position x
for time t, the subscripts mean partial derivatives, ρ, L, γ, P, EI and EA are the volumetric mass, length,
transport speed of mass, axial tension, bending stiffness and axial stiffness of the beam, and m is mass fixed
at x = L. cu and cv are the structural damping coeffi cients, Uv(t) and Uu(t) are the control applied at x = L.
Recently, the technique of boundary control has seen widespread use in various fields, including the

control of vibrations in flexible structures. In studying these systems, they are modeled using second-
order partial differential equations (for strings and cables) and fourth-order partial differential equations (for
beams and plates). Where many results of stability/stabilisation have been established in this regard (see
[1, 4, 5, 13, 16, 17, 18, 19, 20, 23]) and for an axially moving system, see [2, 7, 8, 12, 14].
In [9], an axially moving Kirchhoff string is controlled by a boundary viscoelastic term. For high gain

adaptive output feedback type, we can refer to the work in [10], for a distributed delay in internal feedback
to [11]. The authors in [6], studied system (1) without axial motion, i.e., γ = 0. They proved an exponential
stability result for the riser system under robust boundary control. The same result was reached in [15],
where the riser system was considered by replacing frictional dissipation with viscoelastic dissipation.
Our goal in this work is to select the appropriate boundary control that enables us to achieve exponential

stability for the system without imposing any conditions on the transport speed γ.

∗Mathematics Subject Classifications: 93D23, 93D05, 74H45.
†Faculty of Exact Sciences and Computer Science, University Ziane Achour of Djelfa, PO Box 3117, Djelfa, Algeria
‡SD Laboratory, Faculty of Mathematics, University of Science and Technology Houari Boumediene, P.O. Box 32, El-Alia

16111, Bab Ezzouar, Algiers, Algeria
§SD Laboratory, Faculty of Mathematics, University of Science and Technology Houari Boumediene, P.O. Box 32, El-Alia

16111, Bab Ezzouar, Algiers, Algeria

297



298 Exponential Stabilization of Coupled Beam with Nonlinear Tension

The rest of the paper is organized as follows: In the next section, we will present some basic tools that are
essential for our work. In the final section, we will present a result on exponential stability and demonstrate
a result regarding the uniform boundedness of solutions.

2 Preliminary

In this section, we will provide the fundamental materials necessary to demonstrate our results. Below, we
will denote the inner product and norm in L2(0, L) by (·, ·) and ‖·‖2, respectively.
To stabilize the beam (1)—(2), we propose the following control:{

Uv(t) = −k1vt(L, t)− k2vxt(L, t)− k3vx(L, t)− k4v(L, t),

Uu(t) = −k5ut(L, t)− k6uxt(L, t)− k7ux(L, t)− k8u(L, t),
(3)

where ki, i = 1, ..., 8, are positive constants.
Because the beam is moving with a constant speed γ, the total derivative operator with respect to time

is defined by
d

dt
=

∂

∂t
+ γ

∂

∂x
.

For more details see [22]. The energy of system (1)—(2) is defined by

E(t) =
ρ

2

[
‖vt + γvx‖22 + ‖ut + γux‖22

]
+ EL(t) +

EA

2

∥∥∥∥ux +
1

2
v2x

∥∥∥∥2
2

+
EI

2
‖vxx‖22 +

P

2
‖vx‖22 , (4)

where EL(t) = m
2

[
u2t + v2t

]
(L, t).

Lemma 1 The total derivative of energy (4) is given by

d

dt
E(t) = −cv ‖vt + γvx‖22 − γmvttvx(L, t)− γEIv2xx (0, t) + Uv(t) (vt + γvx) (L, t) (5)

−cu ‖ut + γux‖22 − γmuttux(L, t)− γEAu2x(0, t) + Uu(t) (ut + γux) (L, t).

Proof. The L2(0, L) inner product of (vt + γvx) and (vt + γvx) with first and second equations in (1),
respectively, and integrating by parts, leads to

ρ
((
vtt + 2γvtx + γ2vxx

)
+ cv (vt + γvx) , (vt + γvx)

)
=
ρ

2

d

dt
‖vt + γvx‖22 + cv ‖vt + γvx‖22 , (6)

(EIvxxxx, vt + γvx) = EIvxxx (vt + γvx) (L, t) + γEIv2xx (0, t) +
EI

2

d

dt
‖vxx‖22 ,

−P (vxx, vt + γvx) = −Pvx (vt + γvx) (L, t) +
P

2

d

dt
‖vx‖22 ,

−EA(

{
vx

(
ux +

1

2
v2x

)}
x

, (vt + γvx)) = EA

∫ L

0

(
ux +

1

2
v2x

)
vx (vt + γvx)x dx

−EAvx
(
ux +

1

2
v2x

)
(vt + γvx) (L, t),

ρ
((
utt + 2γutx + γ2uxx

)
+ cu (ut + γux) , (ut + γux)

)
=
ρ

2

d

dt
‖ut + γux‖22 + cu ‖ut + γux‖22 ,

−EA(

(
ux +

1

2
v2x

)
x

, (ut + γux)) = γEAux(0, t)− EA
(
ux +

1

2
v2x

)
(ut + γux) (L, t)

+EA

∫ L

0

(
ux +

1

2
v2x

)
(ut + γux)x dx.
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Taking into account the fact that:

EA

∫ L

0

[(
ux +

1

2
v2x

)
vx (vt + γvx)x +

(
ux +

1

2
v2x

)
(ut + γux)x

]
dx =

EA

2

d

dt

∥∥∥∥ux +
1

2
v2x

∥∥∥∥2
2

. (7)

Combining the results (6)—(7), we get (5).

Lemma 2 Let u be a function defined on [0, L]× R+ satisfies u(0, t) = ux(0, t) = 0. Then

u2(x, t) ≤ L ‖ux(t)‖22 , and ‖u(t)‖22 ≤ L
2 ‖ux(t)‖22 ≤ L

4 ‖uxx(t)‖22 , ∀t ≥ 0.

Lemma 3 We have
ab ≤ δa2 +

1

4δ
b2, ∀ a, b ∈ R, δ > 0.

Lemma 4 ([3]) Let u ∈ C1([0, L]) satisfying u(0, t) = 0. Then the following inequality hold:∥∥u2(t)∥∥∞ ≤ 2 ‖u(t)‖2 ‖ux(t)‖2 , ∀t ≥ 0,

where ‖.‖∞ is the norm of L∞([0, L]).

3 Stability

Now, we define the Lyapunov function by

L(t) = βE(t) +
∑5

i=1
Vi(t),

where β is a positive constant, E(t) is the energy given by (4) and

V1(t) = V11(t) + V12(t) + V13(t),

V11(t) = ρ

∫ L

0

1

2
v (vt + γvx) + u (ut + γux) dx,

V12(t) =

∫ L

0

cv
4
v2 +

cu
2
u2dx,

V13(t) = m

[
1

2
vtv + utu

]
(L, t),

V2(t) = mβγ [vtvx + utux] (L, t), (8)

V3(t) =
βγ

2

[
k2v

2
x + k6u

2
x

]
(L, t),

V4(t) =

[
k1/2 + βk4

2
v2 +

k5 + βk8
2

u2
]

(L, t),

V5(t) =
k2
2
vvx + k6uux. (9)

Now we aim to prove the exponential decay of the Lyapunov function. Using the following proportions,
we will analyze the energy decay.

Proposition 1 If k2 = γm, k6 = γm, k1/2+βk4m ≥ 1
2β and

k5+βk8
m ≥ 1

β , then

βEL(t) + V13(t) +

5∑
i=2

Vi(t) ≥ 0, t ≥ 0. (10)
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Proof. We take the sum of EL(t) and the five functions V13(t) and Vi (t) , i = 2, ..., 5,, we have

βEL(t) + V13(t) +

5∑
i=2

Vi(t)

=
βm

2

[
v2t + 2γvtvx + γ2v2x +

1

β
vtv +

k1/2 + βk4
βm

v2 +
γ

β
vvx

]
+
βm

2

[
u2t + 2γutux + γ2u2x +

2

β
utu+

k5 + βk8
βm

u2 +
2

β
γuux

]
=

βm

2

[
(vt + γvx)

2
+
k1/2 + βk4

βm
v2 +

1

β
v (vt + γvx) + (ut + γux)

2
+
k5 + βk8
βm

u2 +
2

β
u (ut + γux)

]
=

βm

2

[(
vt + γvx −

1

2β
v2
)2

+

[
k1/2 + βk4

βm
− 1

4β2

]
v2 +

(
ut + γux +

1

β
u

)2
+

[
k5 + βk8
βm

− 1

β2

]
u2

]
.

Since k1/2+βk4
m ≥ 1

2β and
k5+βk8
m ≥ 1

β , we have (10).

Proposition 2 There exist αi > 0, i = 1, 2, such that

α1

(
βE(t) + V13(t) +

5∑
i=2

Vi(t)

)
≤ L(t) ≤ α2

(
βE(t) + V13(t) +

5∑
i=2

Vi(t)

)
, ∀t ≥ 0. (11)

Remark 1 ([21]) From the practical points of view, the slope of the beam vx in the vibration never goes to
infinity. Hence, we assume that there exists c ∈ R+ such that ∀t ≥ 0 and x ∈ [0, L] , |vx| ≤ c.

Proof. By using Young’s inequality we obtain

V11(t) + V12(t) ≤
ρ

2

[
‖vt + γvx‖22 + ‖ut + γux‖22

]
+ L

∫ L

0

2ρ+ cv
4

v2x +
ρ+ cu

2
u2xdx.

On the other hand ∫ L

0

u2xdx ≤
∥∥∥∥ux +

1

2
v2x

∥∥∥∥2
2

+
1

4

∥∥v2x∥∥22 ≤ ∥∥∥∥ux +
1

2
v2x

∥∥∥∥2
2

+
1

4
‖vx‖2∞ ‖vx‖

2
2 . (12)

Combining the inequalities (10), (12) and Remark 1, we get

|V11(t) + V12(t)| ≤ max

{
1,

2 (ρ+ cu)L

EA
,

(2ρ+ cv)L+ (ρ+ cu) c

2P

}
E(t) = λE(t).

Choosing β properly, for all t ≥ 0, we deduce (11), with α1 = β − λ > 0 and α2 = β + λ.

Lemma 5 The total derivative of V1(t) yields

dV1
dt

(t) =
ρ

2
‖vt + γvx‖22 + ρ ‖ut + γux‖22 −

EI

2
‖vxx‖22 − EA

∥∥∥∥ux +
1

2
v2x

∥∥∥∥2
2

(13)

−P
2
‖vx‖22 +

m

2
v2t (L, t) +

1

2
Uv(t)v(L, t) +mu2t (L, t) + Uuu(L, t).

Proof. We write the functional V1(t) as

V1(t) = Vv(t) + Vu(t),
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where

Vv(t) =

∫ L

0

ρ

2
v (vt + γvx) +

cv
4
v2dx+

m

2
vtv(L, t) and Vu(t) =

∫ L

0

ρu (ut + γux) +
cu
2
u2dx+mutu(L, t).

A total derivative of Vv(t) yield

dVv
dt

(t) =
ρ

2
‖vt + γvx‖22+

ρ

2

∫
v
(
vtt + 2γvtx + γ2vxx

)
dx+

cv
2

∫
v (vt + γvx) dx+

m

2

[
vttv + v2t

]
(L, t). (14)

Substituting the first equation of (1) in (14), and integrating by parts, we have

(
P

2
vxx −

EI

2
vxxxx, v) = −EI

2
vxxxv(L, t)− EI

2
‖vxx‖22 +

P

2
vxv(L, t)− P

2
‖vx‖22 , (15)

EA

2
(

{
vx

(
ux +

1

2
v2x

)}
x

, v) =
EA

2

(
ux +

1

2
v2x

)
vxv(L, t)− EA

2

∫ L

0

(
ux +

1

2
v2x

)
v2xdx. (16)

Substituting (15)—(16) into (14), we have

dVv
dt

(t) =
ρ

2
‖vt + γvx‖22 −

EI

2
‖vxx‖22 −

P

2
‖vx‖22 +

m

2
v2t (L, t) +

1

2
Uv(t)v(L, t)− EA

2

∫ L

0

(
ux +

1

2
v2x

)
v2xdx.

In the same way, a total derivative of Vu(t) yields

dVu
dt

(t) = ρ ‖ut + γux‖22 +mu2t (L, t) + Uuu(L, t)− EA
∫ L

0

(
ux +

1

2
v2x

)
uxdx.

By adding the last two relations, we obtain (13).

Lemma 6 The functions Vi(t), i = 2, ..., 4, given by (8)—(9), respectively, satisfy

d

dt
V2(t) = mβγ [vttvx + vtvtx + uttux + uttutx] (L, t), (17)

d

dt
V3(t) = βγ [k2vxvtx + k6uxutx] (L, t),

d

dt
V4(t) = [(k1/2 + βk4) vvt + (k5 + βk8)uut] (L, t),

d

dt
V5(t) =

[
k2
2
vtvx +

k2
2
vvtx + k6utux + k6uutx

]
(L, t). (18)

Proof. A differentiation of (8)—(9) leads to (17)—(18), respectively.

Lemma 7 Time derivative of L(t) satisfies

d

dt
L(t) ≤ −αL(t), (19)

where α is positive constant.

Proof. We have
d

dt
L(t) = β

d

dt
E(t) +

∑4

i=1

d

dt
V1(t).
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Taking estimates of d
dtE(t) and d

dtVi(t), i = 1, ..., 4, we obtain

d

dt
L(t) = −

[
βcv −

ρ

2

]
‖vt + γvx‖22 − [βcu − ρ] ‖ut + γux‖22 −

EI

2
‖vxx‖22 −

P

2
‖vx‖22 − EA

∥∥∥∥ux +
1

2
v2x

∥∥∥∥2
2

+Uv(t)

(
βvt + βγvx +

1

2
v

)
(L, t) + Uu(t) (βut + βγux + u) (L, t) + βγmvtvtx(L, t) +

m

2
v2t (L, t)

+mu2t (L, t) + βγmututx(L, t)− βγEAu2x(0, t) +

[
k1/2 + βk4

2
vvt +

k5 + βk8
2

uut

]
(L, t)

−βγEIv2xx (0, t) +

[
k2
2
vtvx +

k2
2
vvtx + k6utux + k6uutx

]
(L, t) + βγ [k2vxvtx + k6uxutx] (L, t).

Using the control law defined by (3), we have

d

dt
L(t) = −

[
βcv −

ρ

2

]
‖vt + γvx‖22 − [βcu − ρ] ‖ut + γux‖22 −

EI

2
‖vxx‖22 −

P

2
‖vx‖22 − EA

∥∥∥∥ux +
1

2
v2x

∥∥∥∥2
2

−
[
βk1 −

m

2

]
v2t (L, t)−

(
βk3 + γβk1 −

k2
2

)
vtvx(L, t)−

(
γβk4 +

k3
2

)
vvx(L, t)− γβk3v2x(L, t)

+ [βγm− βk2] vtvtx(L, t)− k4
2
v2(L, t)− [βk5 −m]u2t (L, t)− γβk7u2x(L, t)− (γβk8 + k7)uux(L, t)

−k8u2(L, t)− (βk7 + γβk5 − k6)utux(L, t) + [βγm− βk6]ututx(L, t)− βγ(EIv2xx + EAu2x)(0, t).

By applying Young’s inequality to the non-constant sign term and fixed k2 = k6 = γm, we get

d

dt
L(t) ≤ −

[
βcv −

ρ

2

]
‖vt + γvx‖22 − [βcu − ρ] ‖ut + γux‖22 −

EI

2
‖vxx‖22 −

P

2
‖vx‖22 − EA

∥∥∥∥ux +
1

2
v2x

∥∥∥∥2
2

−
[
βk1 −

m

2
− |βk3 + γβk1 − k2/2|

δ1

]
v2t (L, t)−

[
k4
2
− γβk4 + k3/2

δ2

]
v2(L, t)− βγEAu2x(0, t)

−
[
βk5 −m−

|βk7 + γβk5 − k6|
δ3

]
u2t (L, t)−

[
k8 −

γβk8 + k7
δ4

]
u2(L, t)− βγEIv2xx (0, t)

− [γβk3 − δ1 |βk3 + γβk1 − k2/2| − δ2 (γβk4 − k3/2)] v2x(L, t)

− [γβk7 − δ3 |βk7 + γβk5 − k6| − δ4 (γβk8 + k7)]u
2
x(L, t).

where δ1, δ2, δ3 and δ4 are positive constants.
Now we choose β, ki, i = 1, ..., 8, and δi, i = 1, ..., 4, so that all the coeffi cients in the previous inequality

are strictly positive. Then, we have

d

dt
L(t) ≤ −α3

(
βE(t) + V13(t) +

4∑
i=2

Vi(t)

)
, (20)

where

α3 = 2 min

{
βcv − ρ/2

βρ
,
βcu − ρ
βρ

,
1

2β
,
βk1 −m/2− |βk3 + γβk1 − k2/2| /δ1

βm
,

βk5 −m− |βk7 + γβk5 − k6| /δ3
βm

,
γβk3 − δ1 |βk3 + γβk1 − k2/2| − δ2γβk4 − δ2k3/2

βγk2
,

γβk7 − δ3 |βk7 + γβk5 − k6| − δ4 (γβk8 + k7)

βγk6
,
δ2k4 − 2γβk4 + k3
2δ2 (k1/2 + βk4)

,
δ4k8 − γβk8 + k7
δ4 (k5 + βk8)

}
.

Now, combining the inequality (11) and (20), we have(19) with α = α3
α2
.
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3.1 Uniform Boundedness

Theorem 1 For the system (1)—(2), under the control (3), given that the initial conditions are bounded,
we can conclude that uniform boundedness (UB), the state of the closed-loop system v(x, t) and u(x, t) will
remain in the compact set

Ω =
{

(u(x, t), v(x, t)) ∈ R2/ |u(x, t)| , |v(x, t)| ≤ D,∀(x, t) ∈ [0, L]× [0,+∞)
}
. (21)

where constant

D = max

{√
2L

Pα1
L(0),

√
2L

EAα1
L(0)

}
.

Proof. Multiplying equation (19) by eαt, we obtain

d

dt

(
L(t)eαt

)
≤ 0.

Integrating over (0, t), we obtain

L(t) ≤ L(0)e−αt ∈ L∞([0,+∞)), (22)

which implies that L is bounded. By utilizing Lemma 2 and Proposition 2, we have

P

2L
v2(x, t) ≤ P

2
‖vx‖22 ≤

1

α1
L(t) and

EA

2L
u2(x, t) ≤ EA

2
‖ux‖22 ≤

1

α1
L(t). (23)

Combining the inequalities (22) and (23), we obtain that v(x, t) and u(x, t) is uniformly bounded as follows:

|v(x, t)| ≤
√

2L

EAα1
L(0) and |u(x, t)| ≤

√
2L

Pα1
L(0).

3.2 Exponential Stability

Theorem 2 The energy E(t) satisfies

E(t) ≤ Ae−αt, ∀t ≥ 0,

where A and α are two positive constants.

Proof. Using the Proposition 2 into the inegality (22), we have

E(t) ≤ βL(0)

α1
e−αt,

with A = βL(0)
α1

.
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