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Abstract

In this paper, we consider the Heisenberg group
Hiipmy = (a,b,cla’ = b =™ =1,[a,b] = ¢, [a,d = [b,d] = 1).

First, we study the k—Fibonacci sequence of H; ;). Then we introduce a new coding scheme using the
k-Fibonacci sequence of the Heisenberg group as an application of groups in coding theory. It is shown
that the error-correcting capability of these codes is very high.

1 Introduction

The mathematical foundation of error-correcting codes [2, 15] is generally well-known but not always appre-
ciated. Error-correcting codes were first investigated by Hamming [10]. He introduced many fundamental
concepts including the Hamming distance and Hamming bound. In [20], Shannon established the funda-
mental concepts of information theory which are the basis for modern communication and cryptographic
systems. This paper presents new results on error-correcting codes based on recent extensions to the Fi-
bonacci sequence and its algebraic generalizations [3, 6, 7, 12, 13] within the broader field of information
theory [21]. One generalization relevant to error-correcting codes and their relationship to number theory is
the k-Fibonacci sequence [5, 9, 14, 16, 17, 19].

Definition 1 For k > 2, the k-Fibonacci sequence, {F¥}° , is
Fy=Fy  +Fi_ o+ +Fy_, n>k,

where Ff =0, FF =0, ..., F,@Q =0, and F,f;l = 1. Let Ki(m) denote the minimal period of the sequence
{F* (mod m)}5<,. This is called the Wall number of the k-Fibonacci sequence modulo m [5].

Definition 2 A k-Fibonacci sequence in a finite group G = (X) is a sequence of group elements x1, xa, ...,

Zn, ... for which given an initial (seed) set X = {a1,...,a;}, the elements are
Qs n <7,
Tn =14 T1T2...(Tp_1), J<n<k,

Tk o (Tpn_1), n>k.

The k-Fibonacci sequence of the group G = (X) and its period are denoted by F;(G; X) and L,(G; X),
respectively [16].
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Lemma 1 ([11]) For integers n and m > 2, if

FF=0 (mod m),
FF.,=0 (mod m),

0 (mod m),
FF, 1=0 (modm).

Then Ki(m) | n.

Definition 3 ([18]) For allt, [, m € Z, each element of the Heisenberg group, H s m), has the form

1 ¢t m+tl
0 1 l
0 0 1

Then
H(t,l,m) = <&, b7c|at = bl =c" = 1, [avb] = [CL,C] = [ba C] = 1>

Based on the above, we have the following lemma.

Lemma 2 Every element of H ) can be written uniquely in the form a’bick where 1 <i<t, 1<j<I
and 1 < k <m.

In [22], a new coding scheme was introduced based on generating matrices of the Fibonacci p-numbers.
The (m,t)-extension of the Fibonacci p-numbers and corresponding codes were given in [1]. In [8], codes
were constructed using a new class of Fibonacci sequences. The k-Fibonacci sequence for k£ > 3 was defined
and studied in [14] and it was used to obtain new codes. In [17], codes were constructed using the t-extension
of the p-Fibonacci lower and upper triangular Pascal matrices. It was shown that the corresponding error
correction capability is 100%. In this paper, we derive the k-Fibonacci sequence of the Heisenberg group.
Then new codes are introduced using this sequence.

The rest of this paper is organized as follows. The 3-Fibonacci sequence of the Heisenberg group is
examined in Section 2. This is generalized to the k-Fibonacci sequences in Section 3. In Section 4, a new
coding scheme is defined using the Heisenberg group, and the error correction capability is shown to be high.

2 The 3-Fibonacci Sequence of H; )

In this section, we obtain the 3-Fibonacci sequence of H(;;,,) and determine its period. To study the
3-Fibonacci sequence of H(;; n,) with respect to X = {a, b, c}, we require the following sequences

F3 .= F,,
T(TL) = Fn73 + Fn72a
9(1) =9(2) =0,9(3) =1,
gn)=gln—1)+gn—2)+gn—-3)— (T(n—3)F_4+ (T(n—3)+T(n—2))F,_3), n>4.
We next provide a standard form for the 3-Fibonacci sequence x4, s, ..., of Hj m)-

Lemma 3 Every element of F3(H ;m); X) can be represented by x,, = afr=2pT(M o) > 4.
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Proof. For n =4 and n = 5, we have 24 = a'blc! = a™2bTW 9™ and 25 = abe? = af#b7G)90) | Then by
induction on n we obtain
Tn = Tpn—3Tn—2Tn—1
_ aFn_5 bT(n73)Cg(n73)aFn_4 bT(n72) Cg(n72)aFn_3bT(n71)Cg(n71)
_ aFn,g, bT(TL—3)aFn,4 bT(n—Q)aFn,g bT(n—l)Cg(n—3)+g(n—2)+g(n—1)
_ aFn,5+Fn,4bT(n73)+T(n72) bT(n72)aFn,3 bT(nfl)Cg(n73)+g(n72)+g(nf1)7(T(n73))Fn,4
_ aFn,5+Fn,4+Fn,3bT(TL—3)+T(7L—2)+T(n—1)Cg(n—3)+g(n—2)+g(n—1)—(T(n—3)Fn,4+(T(n—3)+T(n—2)Fn,g)

— gFameT(0) o)

which completes the proof. =

Lemma 4 The following statements (i) and (ii) hold:
(i) Forn>6, g(n) = Fu_o — S0 Fu_(i4a)(Fi + Fig1) Fira + (Fig1 + Figs) Figs).
(ii) For i an integer and s = 2%, let n = K3(2+1). Then we have

g(n+1)=0 (mod s),
g(n+2)=0 (mod s),
g(n+3)=0 (mod s).

Proof.
(i) Forn=6
9(6) = Fy = S0P Fo_ (i) (Fy + Fiy1) Fisa + (Fig1 + Figs)Figs) = 2.
Then by induction on n,
gn) = gn—-1)+g(n—-2)+g(n—3)—(T'(n—3)F—a+ (T'(n—3)+T(n—2))F,3)
= Fo3— S Fy i) (Fy + Fi1) Fiyo + (Fig1 + Fis)Figs) + Fra
S F,iv6)(Fi + Fip1)Fiyo + (Fiy1 + Fis)Fips)
+Fns — S Fy o4y (F + Fiy1) Figo + (Figr + Fiys)Figs)
—(T(n—3)Fy_s + (T(n—3) + T(n —2))Fa_s)
= (Fos+Fua+Fous)— (S ((F+ Fip1)Fipo + (Fiy1 + Fiyz)Fiys)
37 ((Fs + Fig) Fipa + (Figr + Figs) Figs)
+3 P ((Fi + Figa) Figa + (Figa + Figs)Figs) + T(n = 3)Fr—y + (T(n — 3) + T(n — 2)) F,_3)
= Foo— S F, (40 (Fi + Fi1)Fiyo + (Fiy1 + Fips)Fips).
(ii) By induction on i, we prove that g(n + 2) =0 (mod s). We have that
9(K5(2°)+2) = g(10) = Fs — S5 Fy_ (14 (Fy + Fi1) Fiyo + (Fig1 + Fiys) Fips) = —390 = 0 (mod 2).
If g(K3(2*1) +2) =0 (mod 2¥), 1 <v <i— 1. Then
w1y
g(Ks(2"th) +2) = Freyaot1y — Efigl(g ) 4Fn—(i+4)((Fi + Fip1)Fipo + (Figr + Figs)Figa)
v+1ly
= =T E, (B + Fip1) Fivz + (Fip1 + Fias)Fiys)
= Ef(:g'l(zv)an(iH)((Fi + Fip1)Fipo + (Fip1 + Fig3)Figs)
K. v+1
+Ei:3[((23(2vg+1Fn—(i+4)((Fi + Fit1)Fivo + (Fip1 + Figs) Figs)
22 B4y (Fi + Fis1) Figa + (Fipr + Fiys)Fips) = 0 (mod 2Y),

and the result follows.
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Lemma 5 If L3(H;m); X) = s, then s is the least integer such that

F,1=1 (mod t),
F, =0 (mod t),
Fsy1=0 (mod t),
T(s+1)= (mod 1),
T(s+2)= (mod 1),
T(s+3) = 0 (mod 1),
g(s+1)=0 (mod m),
g(s+2)=0 (mod m),
g(s+3) = (mod m)

Moreover, K3(t) divides L3(H 4,,m); X)-

Proof. By Lemma 3 we have x,, = afn—2pT () co(n) Further, zs11 = a,x542 = b, and x443 = c. Every
element of H(t7l7m) can be written uniquely in the form a'bick where 1 < i < t,1<j<l,and 1 <k <m,
so we have

Fs1=1 (mod t),
F, =0 (mod t),
Fo1=0 (mod t),
T(s+1)= (mod 1),
T(s+2)= (mod 1),
T(s+3) = (mod 1),
g(s+1) = (mod m),
g(s+2) = (mod m),
g(s+3) = (mod m)

Then Lemma 1 yields that K3(t) | s. m
Theorem 1 For integer u > 1 and t =1 = m = 2 we have Lg(Hm); X) = K3(2“T1).

Proof. Let s = 2%. Then
Trey(s)41 = aFrs@-1pT(Ks(s)+1) ,9(Ka(s)+1) — a,

TK3(s)+2 = aFxso) pT (Ks(s)+2) L9(Ks(s)+2) _ b,

(543 = aFrarr1pT(Ks(s)+3) L9(Ks(s)+3) _ .
From Lemmas 1 and 5
Fry(s)-1 = F_1 =1 (mod s), Fg, ) = Fo =0 (mod s), and Fg, (541 = F1 =0 (mod s),
Tky(s)+1 =0 (mod s), Tk,(s)42 = 1 (mod s), and Ti, (543 = 0 (mod s),
9K 2ut1y+1 = 0 (mod s), gr,2ut1y42 =0 (mod s), and gg,2u+1y43 = 1 (mod s).
Therefore, &,11 = a, Tnio = b, Znis = ¢, Le. L3(Hpymy; X) | K324 Let i = L3(Hy,1,m), X). Then

Fz’—l =1 (HlOd S),
F,=0 (mod s),
Fiy1=0 (mod s),
TiE+1)= (mod s),
T(E+2)= 1 (mod s),
T(iE+3)= (mod s),
gi+1) = 0 (mod 24+1)
g(i+2)=0 (mod 2v+1)
g(i+3)=1 (mod 2vH)
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Table 1: Period of L3(H,m); X) for 1 <n <10 and t =1 =m = 2".

n | K52 | Ls(Hppm)i X) | 0 | K3(2"M) | La(Hm)s X)
1 8 6 256 256
2 16 16 7 512 512
3 32 32 8 1024 1024
4 64 64 9 2048 2048
) 128 128 10 4096 4096

If i = j x K5(m), then by Lemma 4 we have

gli+1)=0 (mod 2¢+1),
g(i+2)=0 (mod 2¢*1),
g(i+3)=1 (mod 2vt1).

so K3(m?) is a divisor of L3(H,1,m); X) and therefore Lz(H m); X) = L3(24+Y). m
Table 1 gives the period of L3(H s my; X) for 1 <n <10 and t =1 =m = 2.

3 The k-Fibonacci Sequence of H

In this section, we determine the k-Fibonacci sequence of H g ,,) for k > 3 and investigate its period. Before
proving the main results, we present some useful lemmas. For k = 4, we have

ha(4) = Fy_5 + Fy_y,

Wi(4) = Wa(4) =0, W3(4) = Wy(4) =1,

Wn (4) - Wn—4(4) + Wn—3(4) + Wn—2(4) + Wn—l(4)
—(Fy_ahn-s(4) + (Fo_s + F_)hn—2(4) + (Fy_s + Fo_g + F_5)hn-1(4)))

for n > 5.

Lemma 6 Every element of F3(H(t,l,m);X) can be represented by ., = ah"(‘l)bFﬁcW“(‘l), n>5.

Proof. For n = 4 and n = 5, we have z4 = alblc! = aht@pFiWa@) and 25 = a2b2c! = ghs@pls W54,
Then by induction on n

Tp = Tpn-4Tp—-3Tn—2Tn-1
— gl pFa s Wnoa(d) ghn—s () pFr 5 Wa—s(4) ghn—2(4) pFu_s Win-2(4) ghn-1(4) pFr_y ;Wn-1(4)

= W pFL s s pF g ghm2 (D pFR o ghn 1 () pFr g W at Waos + Wi 2+ Wiy

ahn-1@)thn s (D) pFL 4+ F g ghn—2(8) pFo_s ghn—1 (4 pF_1 WinoatWi_s+Wn 24+ W1 =F,_ hn_3(4)

aln @ pFn Wan—a(D)+Wa_s (D) +Wa2 () +Wa1(4) = (Fy_shn—3(4)+(F_4+F_g)hn—2(4)+(Fy_y+F,_g+F,_5)hn_1(4)))

ahn (DB W (),

and the result follows. m
Table 2 gives the period of Ly(H s my; X) for 2 < p < 29, p prime, and t =1 =m = p.
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Table 2: Period of Ly(H,,m; X) for 2 < p < 29, p prime, and ¢t =1 =m = p.

p | Ka(p) | La(Hpam); X) | p | Ka(p) | La(Ht1m); X)
3 26 78 13 84 1092

5 312 1560 17 | 4912 43504

7 342 2394 19 | 6858 130302

11 120 1320 23 | 12166 279818

We now generalize the 4-Fibonacci sequence to the k-Fibonacci sequence of H(; ). First, we have that

hn(k) == Fj:fg +FT]:),1 +"'+F7]:+k757 n Z k+27

hl(k) = hl(k - 1)?h2(k) = h2(k - 1)’ Ty hk(k) = hk(k - 1)a
i (k) = hya (k= 1) + FL 75,
Wi(k) = Wik = 1), Wa(k) = Wa(k = 1), -+, Wipr(k) = Wiqa(k — 1),

Wiia(k) = Wiga(k = 1) = (ha(k = 1) + hs(k — 1) + he(k — 1) + (B 7" + Fy 7)),

~(ha— o)) Fy s+ (Fy g+ Fy b mzy + -+ (B g+ FY g4 4+ FY )1 (K)).

Lemma 7 Every element of Fi(Hm); X) can be represented by x,(k) = ah“(k)bF:fo‘ch"(k), k > 4,
n > 4.

Proof. We use induction on both k and n. By Lemma 6, we have z,(4) = a"®pFn W) and if z,(s) =
aln(pFare-acWn(s) 5 < g <k —1, it is sufficient to show that

Zn(s) = aln B pFok—a (Wn(k)

For this, we use induction on n. If 4 < v < k — 1, from the definitions of F,,, h,, and W,, we have
Fk = FF1 h,(k) = hy(k — 1), and W, (k) = W,(k — 1), respectively, so z,(k) = x,(k —1). Then by
induction on k

x, (k) = av B pFisk—a Wok)

Now suppose that the hypothesis holds for all v < n — 1. From the definition of x,(k), if ¢, = t,(k),
F, := F* and z, := z,,(k). Then

Tn = Tp—kTpn—k+1Tn—k+2""" xn72(xn71)

= gtnrpfrn-a Wik ghne-1) pFn—3 Wn--1) « ... « ghn-1pFn+k—5, Wn-1
= gln-rptr-aghn—ce-npFa—s Wn-rtWn_-1) « ... « gln—1pFnt+r—s5Wn-1
— ghn—rtha—ge-npFn—atFas WaktWo ooy =Fa—ahn_k-1) ... x gln—1pFntr—5,Wn-1
— s thage-ntthapFaoat Foogt A+ Fage—s

+CW71—1+W77,—2+"'+Wn—k7(hn—(k71)Fn—4+(Fn—4+Fn—3)hn—(k—2)+"'+(Fn—4+Fn—3+'“+Fn+k—5)hn—1)

_ hn pFntk—a Wn
— anb n+ 4c n,

and the proof is complete. m
Theorem 2 For integer t > 1 and prime p we have

Kk(l)|Lk(H(t,l,m); X)
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Proof. The proof is similar to that of Lemma 5 and so is omitted. =
We end this section with the following open question. Prove or disprove for t = = m = p and p a prime
that
Lie(Hmy: X) = Ki(p?).

4 Error Correcting Codes From the 3-Fibonacci Sequence of H, ; ,,,

In this section, a new class of error-correcting codes is obtained using the 3-Fibonacci sequence of Hy i ),
and the error detection and correction capability of these codes is examined. For this, from Lemmas 3 and

4 we have that
T, = aansz(n)cg(n),

where
g(n) = Fpo — S 0F, (iya)(Fy + Fiz1) Fio + (Fip1 + Fiys) Figs).

Using Lemma 2, define

1 Foo FooX(Fuo+Fo3)+ (Fno2— E?;lﬁFn—(i+4)((Fi + Fip1)Fipo + (Fig1 + Figs)Figs))

Un =10 1 Fn72 + Fn73
0 0 1
and
1 0 0
U;{ = Fn72 1 0 )

a F, o+F, 3 1
where
a:=Fn_o X (Fu_a+ Fo_s) + (Fa—a — 52 Fy(i44)(Fi + Fig1)Figo + (Figr + Fiys)Figs)).
For a message M3y3, the transformation
E=UxMxU,,
is called 3-Fibonacci Heisenberg group encoding and the transformation
M= (Uy)"' x Ex (Ua)7Y,

is called 3-Fibonacci Heisenberg group decoding. The matrix F is called the code matrix and all elements
of M are positive, i.e.
my Mm2 Mms3
M:=|my ms mg|,
mr mg My

where m;, 1 <i <9, is a nonnegative integer. The following example explains this method.

Example 1 Consider the message given by

5 7 2
M: =14 3 6
0 2 1

—_

If n =8 we have
(1 Fs  Fox (Fo+ F5) + (Fs — 27, Fs_ (i) (Fi + Fip1) Fiya + (Fip1 + Fiys) Fiys))

Ug: 0 1 F6+F5
0 0 1
[1 7 53
=0 1 11
0 0 1
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Using 3-Fibonacci Heisenberg group encoding gives E = UL x M x U, so that

E=Ulx M x Us

1 0 0 5 7 21|11 7 53 5 42 344
=|7 1 0|4 3 6{(0 1 11|={11 129 1175
53 11 1| (10 2 1| |0 0 1 319 2639 21546

Then 3-Fibonacci Heisenberg group decoding results in

= (Ug)™" x M x (Us) ™"

1 0 O 5 42 344 1 -7 24 5 7 2
=|-7 1 0 11 129 1175 0 1 —-11| =14 3 6
24 —11 1| |319 2639 21546( |0 O 1 10 2 1

Lemma 8 For E = UL x M x U, we have det(E) = det(M).

Proof. Since det(U,) = 1, the result follows. m
The generalization of 3-Fibonacci Heisenberg group coding to k—Fibonacci Heisenberg group coding for
k > 4 is as follows. k-Fibonacci Heisenberg group encoding is

E=Uf X M X Ugp,
and k-Fibonacci Heisenberg group decoding is

M = (Ul 1) ' X EX (Ungy) ™"

where
L ho(k) Wa(k)+ha(k)Fr ey
Umn,ky = |0 1 F7]f+k:74 )
0 0 1

and U k) denotes transpose.
For 3-Fibonacci Heisenberg group coding, we have the following relationship for the elements of the code
matrix F

(U)X B x (Un) ™!

1 0 0
= |Foo X (Fh_2+ Fy_3)— Z?:flGan(iH)((F + Fip1)Firo+ (Fis1 + Fivs)Fiys) 1 0
—Fp_o+ E:l:_16Fn—(z+4)((Fz + FH—l) i+2 + ( i+1 + Fz+3)F1+3)) *(Fn—Z + Fn—3) 1
€er ey e3 1 a —Fo o+ X F, (i4a)(Fi 4+ Fig1)Figo + (Fig1 + Fiys)Figa))
X |leq €5 €g| X 0 1 _( n—2 +Fn,3)
ey €g €9 0 0 1
€1 b C
= |d f g,
h o u

where
a=Fnox (Fy_a+ Fy3) = 2 Fy(iha)(Fi + Fiy1)Fipo + (Figr + Fiys)Figs),

bi=(Fp_o X (Fyo+ Foosg) = S 0F, 140y (Fy + Fi1) Figo + (Fig1 + Fivs)Fiis))er + ea,
ci=(—Fno+ 2 F,_(140)(Fi + Fi1)Fiyo + (Fig1 + Fips)Figs)))er — (Fueo + Fu_s)ea + €3,
d:=(Fp_o X (Fp_2+ Fy_3) — E?;16Fn—(i+4)((Fi + Fit1)Fipo+ (Fig1 + Fiys)Fivs))er + eq,
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fo = Faax (Fooa+ Fuog) = S0 F, (i) (Fi + Fiy1) Fiva + (Fip1 + Fips)Fiys)er + e4)
X(Fp2 X (Fu—2+ Fu_3) = 572 Fy_ (i) (Fi + Fip1) Fiya + (Fip1 + Fiys)Fiys))
+(Faeo X (Fu—a + Fu_3) = S o (i4)(Fi + Fig1) Figa + (Fig1 + Figs) Figs))ea + €5,

g+ = Fuax (Fyz+ Fy3) = S0 Fy_(i4a)(Fi + Fiy1)Figo + (Figr + Fiys)Figs)er + eq)
X(—=Fn—2+ S} Fu_(i4a)(Fi + Fis1)Fiya + (Fiy1 + Fi3)Figs))) — (Fuoa 4+ Fos) X (Fuz
X(Fp2+ Fn3) = X7 Fo_(i40)(Fi + Fiy1)Fiya + (Fig1 + Fiys)Figs)ea + e5)
+(Foa X (Fa2+ Fu3) = X7 Fu_ (i) (Fi 4+ Fiy1)Fiya + (Fig1 + Fiys)Figs))es + es,

hi=—F, o+ X" PF,_ (i+4) (Fi + Fip1)Fiyo 4+ (Fip1 + Fiy3)Fiyz)))er — (Fo + Fyi_3)eq + ex,

0 i =(=Fua+ S Fy 40y (Fi + Fip1)Fipo + (Figr + Figs)Fiys)))er — (Fuz + Fo_s)es + e7)
X(Fro X (Fro+ Fp_3) — Z;L;16Fn—(i+4)((Fi + Fip1)Figo + (Fig1 + Figz)Fiys))
+(—Fp—2+ Z?;16an(i+4)((Fz‘ + Fip1)Fito+ (Fis1 + Fiys)Fiys)))ea — (F—a + Fy_3)es + es,

u o =(—Fh_o+ X2 16F (i+4) (Fi + Fiy1)Fiyo + (Fipr + Figz)Figz)))er — (F—o + Fr_3)eq +e7)
o+ 2070 1 Fo(ipa)(Fi + Fip1)Fiyo + (Fip1 + Fig3)Fiys)))

(
Fooo+ S 40y (Fs + Fip1) Fipo + (Fir + Fiys)Fiys)))ea
o+ F,_ 3)e5+€8) (n o+ I 3)
(

(=
(=
—(
+(—Fpeo + S Fy (i) (B + Fig1) Fio + (Fip1 + Fiys)Fiss)))es
—(
(

X

Fn_o+ Fr_3)es +e9),

Since M = (U~ x E x (U,)~ and m; >0, 1 <i <9, we have

my =e1 > 0,

mo =b:= (F_o X (F—a + Fy_3) — E?;16an(i+4)((Fi + Fip1)Fipo 4+ (Fiy1 + Fiys)Firs))er + ea > 0,

mg =c:=(—Fr_a+ E?;16Fn—(i+4)((Fi + Fij1)Fipo + (Fig1 + Figs)Figs)))er — (Fr—2 + Fr_3)ea +e3 > 0,
my=d:= (Fp_o X (Fh_o+ F,_3) — 2?:_16Fn—(i+4)((ﬂ + Fip1)Fipo + (Figr + Figs)Figz))er +e4 > 0,

ms = fi=Fpoo X (Fpoo+ Fy_3) — 2?:_16Fn7(i+4)((Fz‘ + Fiy1)Fito+ (Fig1 + Fiys)Fiys)er +eq)
X(Fp—o X (Fp—o + Fy_3) — Z;L:_lﬁan(iJrzL)((Fi + Fiy1)Fipo + (Fig1 + Fixs)Fiys))

+(Freg X (Fp—2 + Fy—3) = S0 Fy_ i3y (Fy + Fip1) Figo + (Fig1 + Fiys)Figs))ea + e5 > 0,

me = gi=(Fp_ox (Fyo+Fos) =X F, (i110)(Fi + Fi1)Fiyo + (Fis1 + Fis)Fiys)er + es)
X(—Fn2+ 37 Fu (i) (Fi + Fis1)Fiya + (Fi1 + Figs)Figs))) — (Fuoa 4 Foos) X (Frz
X(Fp2+ Fn3) = 37" F_(i00)(Fi + Fiy1)Fiya + (Fig1 + Fiys)Figs)ea + e5)
+(Fua X (Fp—g + Fy3) = S72 P40y (Fi 4+ Fig1) Fipo + (Fipa + Fips) Fiys))es + €6 > 0,

my =h:=—-F, o+ E;L;16Fn—(i+4)((Fi + Fir1)Firo+ (Fig1 + Fiys)Fivs)))er — (Fp—a + F—3)es + €7 > 0,

ms = o0:=(-F,_ o+ X F, (i+4) (5 + Fiq1) Fipo + (Fip1 + Fig3)Figz)))er — (Fo + Fu_3)eq + e7)

X(Fu—a X (Fp—2+ Fu_s3) = 57 Fy_(i44)(Fi + Fiy1) Figo + (Fig1 + Fiys)Fiys))
+(—Fh—2+ E?;16Fn—(i+4)((Fi + Fii1)Fito+ (Fis1 + Fivs)Fiys)))ea — (Fp—a + Fi_3)es +es > 0,
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mo =:u = (—Fn_o+ X" F,_(i4a)(Fi + Fip1)Fipo + (Fip1 + Figs)Figs)))er — (Fu—a + F_3)es + €7)
—Fooo + S Fy 40y (Fs + Fi1) Fipo + (Frg1 + Fiys)Fiys)))

(—Fu2+ S0 F (i) (Fs + Fipa) Figo + (Figr + Fiys) Figs)) e

(Fro—a+ Fn_3)es +eg) x (Fr_o+ F,_3)

+(—Fh—2+ Z?;lﬁan(H»él)((Fi + Fip1)Firo+ (Fis1 + Fiys)Fiys)))es — (Fp—a + Fi_3)eg + eg9) > 0.

X

me = (Fr_o X (F_o+ Fp_3) — Z?;16Fn—(i+4)((Fi + Fip1)Fipo+ (Fip1 + Fiys)Fivs))er +ea > 0,
we have
(Fpeo X (Fp—a + F_3) = S20F, 50y (Fy + Fig1)Figo + (B + Figps)Figs))er > —eo,

which gives

€1 1
— < - : (1)
€2~ —Fy o X (Fya+ Fuo3) + 2 F iy (Fi + Fig1) Fiya + (Fiyn + Fiys)Figs)
Similarly, we have
€1 1
d< 2
es3 1 ( )
ﬂ S n—6 ! ’ (3)
€4 —Fy o X (Fho+ Fo3) + X0 Fypay(Fi + Fip1) Figo + (Fig1 + Figs)Fiys)
1
672 S n—6 ’ (4)
es  —Fy o x (Fuo+ Fy3) + X0 F_(iqay (Fi + Fip1) Fiyo + (Fipr + Figs) Figs)
1
ej S =6 ) (5)
€6~ —Fn_o X (Fp_a+ Fou—3) + 0 ((F + Figq) Fivo + (Fig1 + Figs)Fiys)
€1 1
—_ -, 6
i (6)
€9 1
=< 7
es 1 ( )
€3 1
D <z 8
2l ®

where
i = —Fuo+ 3 F, (i4a)(Fi 4 Fig1)Figo + (Fig1 + Fiys)Figs))
+(Fp—2 + Fp—3) X (Fp—o X (Fy—2 + Fj,_3) — E?;16Fn—(i+4)((Fi + Fip1)Fito + (Fig1 + Fivs)Fiys)).

Therefore, the determinant of the message M, det(M), is connected to the determinant of the code matrix
E, so det(M) affects the entries of E. First, assume that only one error exists in the received matrix E.
There are nine cases to consider

[a es e3] Y e es ¢
(1) |es e5 €5 (2) |esa e5 €5 (3) |ea e5 €5
le7 es eg) le7 es eg) le7 es eg
_61 €2 63_ _61 €2 63_ _61 €2 €3
(4) |d es5 eg (5) |lea e eg (6) |ea es f
_67 es 69_ _67 es 69_ _67 €g €9
_61 €9 63_ _61 (D) 63_ _61 €y €1
(7) |lesa e5 €5 (8) |esa €5 eg (9) |esa e5 eg
|9 es e9] Le7 h €9 | le7 es @
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where a, b, - -+, ¢ are the possible erroneous entries. From det(E) = det(M) we have

(1) a(eseg — eges) — ea(eseg — eger) + es(eses — eser) = det(M),

(2) er(eseq — eges) — b(egeg — eger) + es(eses — eser) = det(M),

(9) e1(esi — eges) — ea(eqi — eger) + es(eses — eser) = det(M).

Then we can consider double errors in F, for example

a e b
€4 €5 €6 |
€7 €8 €9

so there are (g) = 36 possibilities.
The number of possible error patterns is

0 () (e () -rom

Using det(E) = det(M) and the relations (1)—(8), we can correct zero, single, double, ..., and eight errors,

1
but not nine errors. Thus, the probability of correct decoding is % = 0.998 (99.8%) if the error patterns

are equiprobable [22].

The k-Fibonacci Heisenberg group coding has a high error correction capability compared to classical
(algebraic) coding. The reason is that matrix theory is used rather than algebraic techniques that add parity
symbols to information symbols. As in [22], we compare 3-Fibonacci Heisenberg group codes with the binary
Hamming codes. For r > 1, the Hamming code parameters are n = 2" — 1 and k = 2" — r — 1. There are 2"
error patterns of which 2" = 2"~F can be corrected. Thus, the probability of correct decoding is

2n=k 1

on ok’

so the percentage decreases as r increases. As an example, let r = 4, so n = 15 and k = 11 [22]. This code
can correct 219711 = 2% = 16 error patterns so the probability of correct decoding is .0625. Conversely, the
error correction capability of the 3-Fibonacci Heisenberg group codes is .998 which is much higher.

5 Conclusion

In this paper, we studied the k-Fibonacci sequence in the Heisenberg group and considered its application in
error correction coding. A new class of codes was introduced and the coding/decoding examined. The error
correction capability of this coding method was shown to be very high compared to the Hamming codes.

Acknowledgment. The authors would like to thank the reviewers for their helpful comments and
suggestions.
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