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Abstract

This paper explores the existence and uniqueness of fixed points for cyclic (&, X)—admissible generalized
contraction type maps in complete b-metric spaces. Further, we apply it to a pair of maps and establish
the presence of common fixed points. Our results extend/generalize the results of Kumar et al. [21] from
the metric space setting to b-metric spaces. We incorporate a few corollaries from our results and present
instances to bolster the findings. Several applications are illustrated.

1 Introduction

The cornerstones of fixed point theory are the generalization of contraction conditions in one direction
or/and the generalization of the surroundings of the operators being studied in the other direction. One of
the most useful findings in fixed point theory is the Banach contraction principle, which is crucial for solving
nonlinear equations. Many researchers have established contraction conditions by replacing several general
conditions and many fixed point results achieved for contraction type mappings in ambient spaces with their
applications in diverse domains throughout the last few decades [7, 8, 10, 11, 12, 14]. Czerwik [13] created
the idea of b-metric space or metric type space as a generalization of metric space. Afterwards, many authors
studied the existence of fixed points for a single-valued and multi-valued mappings in b-metric spaces under
certain contraction conditions [1, 4, 5, 15, 19, 20, 23, 24, 25, 26, 27, 28, 29, 30].
In this paper, R represents the set of real numbers and N is the set of all natural numbers.

Definition 1 ([13]) Suppose that O is a non-empty set and s > 1 is a given real number. A mapping
0:0 x 0 —[0,00) is said to be a b-metric if the following conditions are satisfied: for any 0,0, € O,

(01) 0<9(0,0) and 3(0, 0) = 0 if and only if 6 = o,
(02) 9(0,0) =0(e,0),
(@s) 8(0,€) < s[0(6,0) +3(e,&)]-
In this case, the pair (é, 0) is called a b-metric space with parameter s.

Every metric space is a b-metric space with s = 1. In general, b-metric space is not a metric space (see

3)-

Definition 2 ([9]) Suppose (©,9) is a b-metric space. A sequence {,,} in © is:
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380 Fixed Points of Cyclic (5, X)—Admissib]e Generalized Contraction Type Maps

e b-convergent, if there exists § € © such that 3(6,,,6) — 0 as n — oc.
e b-Cauchy, if 9(0,,,0,,) — 0 as n,m — oo.
In general, b-metric is not necessarily continuous [16].

Definition 3 ([18]) A pair (F,n) of self-maps on a set O is said to be weakly compatible if Fn = nFo
whenever 0 =nb for any 0 € O.

Definition 4 ([2]) Let O be a nonempty set, F be a self-map defined on O and 5,1 : © — [0,00) be two
functions. Then F is a cyclic (&, X)-admissible mapping if it has the following properties:

(i) (0) > 1 for some§ € © = A(F6)>1,
(i1) N(0) > 1 for some € © = &(F6)>1.

Definition 5 ([17] ) Let © be a nonempty set, D) B 6 — [0,00) be two mappings and F,n : O — O be
self-mappings. Then F is said to be an n-cyclic-(&, X)-admissible mapping if the following conditions are
satisfied:

(i) 5(nd) > 1 for some 6 € © implies \(F6) > 1,
(ii) A\(nf) > 1 for some 6 € © implies 5(F ) > 1.
The following lemma is useful in proving our main results.

Lemma 1 ([22]) Suppose (©,9) is a b-metric space with coefficient s > 1 and {0,,} is a sequence in © such
that 8(0y,0n41) — 0 as n — oco. If {0,,} is not a Cauchy sequence then there exist an € > 0 and sequences
of positive integers {my} and {ni} with ny > my >k such that for every k > 0, corresponds to my, we can
take ny which is smallest such that 8(Opm,,,0n, ) > €,0(0m,,,0n,—1) < € and

(i) e < lim 0(0p,,,0,,) < km 0Oy, s Ony,) < se,

k—o0 0

(i)

S m 6(0mk+130nk) S k:m 8(0mk+1,0nk) S 5267

k—o0

(ZZ'L) g S hin’l 6(0mk,9nk+1) S k‘m 6(9mk70nk+1) S 8267

k—oo

(iv) 5 < lim 0(0my41,0n,41) < k@oé(omk+la0nk+l) < s3e.

k—o00

In 2019, Zada et al. [6] established the following:

Theorem 1 ([6]) Let ((:)J d) be a complete b-metric space and G,\ : © — [0,00) be two mappings. If
F:0—0 andn: 0 — O such that F is an n-cyclic-(6, ) — (¢, ¢)s-rational contraction map satisfies the
following:

(i) F© C 1O with n® are closed sub spaces of O;

(ii) there exists 6y € © with 5(nf) > 1 and A(nby) > 1;
(iii) if the sequence {6,} in © with X(0,,) > 1 for alln and 6,, — 0, then \(§) > 1;
(iv) &(na) > 1, X(nb) > 1 whenever F a =na, [b=nb.

Then F and n have a unique point of coincidence in ©. Furthermore, if [ and 1 are weakly compatible, then
F and n have a unique common fixed point in ©.
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Recently, Kumar et al. [21] proved the following result in complete metric spaces.

Theorem 2 ([21]) Let (0,3) be a complete metric space and [ : © — O satisfies the following condition.:
for all 6,0 € © and there exist a1 > 0, ag,az,aq >0, 0 < h < 1 with a1 + 2as + 2a3 + 2a4 = 1 such that

O(F0,F o) <a10(0,0) +az[0(0,F0) + (o, F 0)] + as[0(0, F o) +0(F 0, 0)] + ca[M(0, 0) + hm(8, 0)],

where,
M (0, 0) = max{9(0, F 0),0(F0,0)},m(0, 0) = min{d(0, F 0),d(F 0, 0)}.

Then F has a unique fixed point in O.
We introduce ‘cyclic (4, .).\)—admissible generalized contraction type maps’ in b-metric space and prove the
existence of fixed points in complete b-metric spaces. We also extend the same to a pair of maps and prove

the existence of common fixed points. We draw some corollaries from our results and provide examples to
support our results. We include applications to nonlinear integral and functional equations.

2 Fixed Points of Cyclic (5, )\)-Admissible Generalized Contrac-
tion Type Maps

We first introduce cyclic (&, ')'\)—admissible generalized contraction type maps in b-metric spaces:

Definition 6 Suppose (@ 0) is a b-metric space with s > 1 and &, A6 — [0,00) are two given mappings.
Let F : © — O be a self-map on © such that F is a cyclic (g, /\) admissible mapping. If there exist py > 0,
Loy fhzy fg > 0, 0 < b < 1 with g + 2y + 25115 + 25, = 1 such that if 5(0)A(o) > 1, then

sO(F0,F0) < 1,0(0,0) + po[0(6, F0) + 0o, F 0)]
+113[0(0, F o) + (0, F 0)] + p4[A(0, 0) + hd(0, 0)] (1)

for all 8,0 € ©, where A0, 0) = max{0(0,F 0),0(o,F 0)} and §(0, 0) = min{d(0, F 0),0(0, F )}, then we say

that F is a cyclic (&, )\) admissible generalized contraction type map.
Example 1 Let © = (0,1)U{1,2,3,...}. We defined: O x O — [0,00) by

0, 0= o,
5(9’@:{ (O+07 620

Then 3 is a b-metric with s = 2. We define F : © — © by

£ 9e(0,1)
= 100° ? )
F () { 146, 6e{1,2,3,.1,

and 5,1 : © — [0,00) by

0 €(0,1),

otherwise,

. _4
and A\0) = { 146> 0 €(0,1),

0, otherwise.

3
5(6) = { e

It is easy to see that F is a cyclic (G, )\) admissible mapping. The next step is to demonstrate that [ is a
cyclic (6, )\) admissible generalized contraction type map. For 0,0 € O with

F(O)X(0) > 1 <= 6,0€ (0,1).
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We choose p, = %, Mo = %, M3 = % =y, h = %. Then we have py + 245 + 2sp15 + 2spy = 1. For 6 # o,
we have
S(F0,Fo) = (2) (ﬁ 9—2)2
el = 100 " 100
2 1 62 02 1 02 62
< ) (0 2 04+ — = T Y N2
< B0+ 07+ () O+ 1+ ok 52|+ () [0+ 557+ (et 157
1 0 92 9 0 62
— g1 £ Z 2 g1 £ Z
) [max{( + 100) o+ )"} + 75 mind (0 + 100) (e 155) }}
< 1y0(0,0) + ps[0(0, FO) +3(0, F 0)] + ps[0(0, F 0) + 3(o, F 0)]

+u4[max{3(0, FQ)> 6(97 Fe)} +h mln{z§(07 FQ)7 6(@7 FG)H
Therefore F is a cyclic (G, }'\)—admissible generalized contraction type map.
The following is the main result of this paper.

Theorem 3 Let (C:)7 0) be a complete b-metric space with s > 1 and F : (:)~—> O be a cyclic (4, X)—q.dmissible
generalized contraction type map. Further, suppose that there exists g € O such that 5(6p) > 1, A(6p) > 1
and either one of the following holds:

(a1) F is b-continuous; or

(a3) if {6,} C O such that 6,, — v and X(0,) > 1 for all n then \(v) > 1
Then F has a fized point and it is unique if (v) > 1 or A(v) > 1.

Proof. Let §y € ©. Then by the hypotheses, we have () > 1 and A(fy) > 1. We construct a sequence
{60,} by 041 = FO,, n € NU{0}. Assume that 6,,,1 = 0,, for some ng, so that F0,, = 0,41 = 0, and
hence the proof.
Without diminishing the generality, we presume that 6,, # 6,41 for all n € NU{0}. Since () > 1 and
[ is a cyclic (¢, \)-admissible map, we attain A(6;) = A(F 6) > 1 and that &(62) = &(F 6;) > 1. Continuing
in this manner, we get
5(021) > 1 and X(fgy1) > 1 for all ke NU{0}. (2)

As ').\(90)"2 1 and £ is a cyclic (5, A\)-admissible map, we get 5(01) = &(F 6y) > 1. Therefore it follows that
A(f2) = A(F61) > 1. Continuing in this way, we get that

A(@21) > 1 and 5 (faps1) > 1 for all k € NU{0}. (3)
From the inequalities (2) and (3), we conclude that
5(0,) > 1 and A(A,,) > 1 for all n. € NU {0}.

We now prove that lim 9(0,,0,41) = 0. Since §(0,)A(0ny1) > 1 for all n € NU{0} and from the inequality

(1), we get -
SPO(FOny FOnt1) < 113000, 00s1) + 110[0(00, F 05) + (01, F Opnyr)]
+113[0(0n, F Ony1) +0(Ony1, F On)] + pg[A(On, Ony1) + hS(0n, 0ni1)], (4)
where
A(9n79n+1) = maX{6<9n; F9n+1)76< n+17F9 } = (Gna9n+2)
and

5(9n79n+1) = min{6(9n7F9n+1)76( n+17F9 )} = 0.
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From the inequality (4), we have

S 8( n+1, n+2) S N16(9n79n+1) +H’2[6(0n79n+1)+5( n+1, n+2)}
F13[0(0n; Ony2) + 0(0ng1, O0ng1)] + 1140(0n, Ony2). (5)

Now, we suppose that 8(0,,60,+1) < 0(0p+1,0n+2) for some n € NU {0} and from the inequality (5),

$°0(On41, Onga) < (py + 29 + 2843 + 25114)0(0nt1, Ons2) = 0(Ont1, Onsa) (6)

which implies that (s® — 1)3(0,,41,0,12) < 0 and hence that 6,,,1 = 6,2, which is a contradiction as
Ont1 # Opyo. Therefore d(0,,,60,11) > 0(0,41,0n42) for every n € NU{0}. Thus, {9(0,,,0,+1)} is decreasing
and there exists r > 0 such that lim 0(0,,0,4+1) =7. Let > 0. As n — oo in (6), we get
sS(r)<r = (s* = 1)r <0,

which a contradiction. Thus, lim 8(0,,0,+1) = 0. We suppose that {6, } is not b-Cauchy. As 6(0,,,) > 1
and A(0,,) > 1 we obtain (0, )A(0,,) > 1, using (1) and Lemma 1, we get
Sga(emk+1>9nk+1) = 836(F9mk7F9nk)
< /1'16(077% s an) + po [5(0?7% ) emk+1) + 5(97% ’ 0”k+1)]
+H’3[8(0mk70nk+1) + 6(07lk’0mk+1)} + /L4[A(0mk70 ) + hé( mg nk)]’ (7)

where

{ A(Omy, 0, ) = max{0(0my, Ony41), 0(0ny s Omy41)}, 8)
5(6mk ) enk) = mln{6(9mk 9 enk-‘rl)a 6(0nk ) emk-‘rl)}-

By Lemma 1 and taking limit superior as k — oo in (8), we get

k—o0 (9)
klim §(Om,,0n, ) < max{s?e, s%e} = s%e.

{ lm A(0,,,,0,,) < max{s?e, s%c} = s,
Let k — oo in (7) and from (9), we obtain

se = 5°(5) < ST 0O i1,0n,40)]

= Tim [s°0(F Oy, F On, )]

< kli{lgo[ﬂ’lé(emk ) 97%) + py [8(0mk ’ gkarl) + 6(0nk ) ankJrl)}
+H3 [6(077% ’ ank+1) + 5(0?% ) emk+1)] + iy [A(gmk s gnk) + h(s(amk ) ank)ﬂ
<

pa im 0Oy, Oni) + pro im 0(Omy, Omy1) + T 0(Ony, Oy 1))
Jﬁus[ m 5(0m'k70"1k+1) + m (0 Omy+1)]

Hpg[ im A(Opy, O ) + B Tim 6O, 0]

< g (s€) + 2p5(5%€) + py(s”e + hs®e) < (g + 25015 + 2s414)s€ < se,

which is a contradiction. Therefore {0} is a b-Cauchy sequence in ©. Since O is b-complete, there exists
v € O such that lim 6, = v. Firstly, assume f is b-continuous. Then lim f6, = Fv and that Fv =

n—oo n—oo

lim F6, = lim 0n+1 = v. Therefore v is a fixed point of F. We suppose that (az) is true, which means,

n—oo

)\(0 ) >1 for all n. Then we have )\( ) > 1. Suppose that fv # v. The b-triangular inequality gives us

O(v, Fv) <s[o(,F0,)+93(Fb,, Fv).
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If we consider the upper limit to be n — 0o, we obtain
1 _
-0(v,Fv) < lim O(F0,, Fv). (10)
S n—oo

Also, we have 0(F 0, F v) < s[O(F 0, v) + 0(v, F v)]. Taking upper limit as n — oo, we get

lim O(F0,,Fv) < sd(v,Fv). (11)

n—oo

From the inequalities (10) and (11), we have

éfﬁ(y,Fl/) < Lim 8(F O, Fv) < sd(v, Fv). (12)

n—oo

Since &(60,)A(v) > 1, from the inequalities (1) and (12),
o(v,rv) < s$*0(v,Fv)
33(§5(l/, Fv))
n@@ s*0(F 0, F V)
n@o[pli‘}(&n, V) + 11000, F 0,,) +0(v, F v)]
+13[0(0n, 1 v) + 0w, 1 0n)] + 14 [A(On, v)] + h (00, V)], (13)

IN

IA

where
A(0,,v) = max{0(0,, Fv),0(v,F0,)} and §(0,,v) = min{d(0,, Fv),0(v,Fb,)}.

If we take the limit superior as n — oo then we get

lim A(f,,v) <sd(v,Fv) and lim §(6,,v) = 0.

n—oo n—o0

From the inequality (13), we get
O, 1 ) < (g + st + spa)d(v, v) < (v, F ),

which is a contradiction. Thus, F v = v. Therefore v is a fixed point of £ in o. )
Assume that v # 1/ be two fixed points of f. Then (v) > 1 or A(v) > 1 and 6(v') > 1 or A\(V') > 1.
Since F is a cyclic (5, A)-admissible mapping, we obtain that

) =1 = MF() =Ar)>1

and

Av)>1 = 6(F(v))=6(v) > 1.

Hence 6(v) > 1 and A(v) > 1. Now,
g >1 = AN () =A)>1

and

AV)>1 = 6(F(/)=60)>1.

)
Thus, 6(v) > 1, A(r) > 1,6() > Tand A(V)) > 1 = G()AV) >
From the inequality (1), we get

—_

836(FVaFV/) S M16<V’V,)+M2[6(V’FV)+6(VI7FV/)]+M3[6(V/7FV)+6(V’FV/)]
+:U'4[A(V’ l/) + hé(”a V/)]v (14)
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where

A(v,V') = max{0(V, Fv),d(v,Fv)} = d(v,V)
and

§(v,v') = min{d(V', Fv),d(v,Fv')} =0(v, V).

From (14), we have
$0(0,1/) < (s + 24tz + 2015 + pa(1+ )3, /) < O(w, ),

which is a contradiction. Hence v = v/. This completes the proof. m

Definition 7 Suppose (C:)LS) is a b-metric space with parameter s > 1, G\ (:) — [0,00) are two given
mappings and F,1: O — O are two self-mappings on © with [ is an n-cyclic (&, \)-admissible mapping. If
there exist g > 0, fig, fig, by >0, 0 < h < 1 with py + 2uy + 2sps + 28, = 1 such that if 6(nd)A(no) > 1,
then

s°0(FO,Fo) < 1,0(nb,no) + pa[d(nd, FO) + d(no, F o))
+13[0(n0, F o) +3d(no, FO)] + 114[As(0, 0) + hds (6, 0)] (15)

for all8, 0 € ©, where A4(8, 0) = max{0(nd, F 0),0(ne, F 0)} and d5(0, 0) = min{d(nb, F 0),0(no, F 0)}. Then
we say that F is an n-cyclic (G, \)-admissible generalized contraction type map.

Example 2 Let © = (0,1) U {1,2,3,...}. We define d: © x © — [0, 00) by

0, 0=o,
9(6,0) = { (0402 0#o0

Then, 0 is a b-metric with s = 2. We define F,7n: © — © by

6> 6 € (0,1),

g) ={ 100°
F(0) {1+3(92+1), 0c{1,2,3,..},

_ o, 0 € (0,1),
77(9)_{ 1+60, 60€{1,2,3,.},

and 5, : © — [0,00) by

5(&){ %: 601, X(H){ § 6 € (0,1),

otherwise, otherwise.

Since

.. 4 4
- 2 2>
&(nd) 000 1 < 6 €(o,1),

we have \(F0) = 75 =32 > 1and also 0 € 0, \(nf) = % =2>1 < 0 € (0,1), we have
g(F0) = % = 4(% > 1. Therefore F is an n-cyclic (&, X)—admissible mapping. Now, we show that F is an
n-cyclic (&, .).\):admissible generalized contraction type map.

For 0, 0 € © with §(nf)A(ne) > 1 < 6,0 € (0,1). Hence, for 0, o € (0,1) with 6 # o, we choose

2 1 1 9
= — = -, = — = s h:—
e . i

Then we have p1; + 2y + 2sp3 + 25, = 1. We now consider

6> 6>

3 — 3 _ 4~
S(0.r0) = (2155 + 100

)2
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2 2 1 2 02

< 20407+ 0+ 2 (ot LV [0+ L+ (o )
2 2 2 2
g |max{ (04 277, (0 + 15507} + hmin{ (64 22, (04 15577}

= 1 0(nb,no) + pe[0(nd, F 0) +3(no, F 0)] + ps[0(nd, F o) +d(ne, F 0)]
+14[max{0(n0, F 0),0(ne, F 0)} + hmin{d(nb, F 0),d(no, F 0)}].

Thus, £ is an n-cyclic (4, X)—admissible generalized contraction type map.

Theorem 4 Let (©,3) be a complete b-metric space with coefficient s > 1 and F be an n-cyclic (7, A)-
admissible generalized contraction type map. Further, if 0y € © with g(nhy) > 1 )\(7790) > 1 and the
following conditions hold:

(b1) F(©) C n(O) with n(©) is closed subspace of ©;
(bs) if {6n} C © with \(0,) > 1 for all n and 0,, — v, then \(v) > 1;
(b3) &(nu) > 1 and A(nv) > 1 whenever Fu = nu and Fv = no.

Then F and n have a unique common fived point whenever the pair (f,m) is weakly compatible.

Proof. Let 6y € ©. Then by the hypotheses, we have () > 1 and A(Ay) > 1. We can define two sequences
{6,,} and {p,} in © by o, = F0,, = 10,41 for all n. Consider Ong+1 = Op, for some ng € NU {0} i.e., 0511
is a coincidence point of / and 7. In order to maintain generality, we therefore suppose that o, 7é o,, for

all n e NU{0}. As 6(nfp) > 1 and F is an 7-cyclic-(5, \)-admissible map, we obtain A(nf;) = A(F6) > 1
and that &(nfs) = 6(F 01) > 1. Continuing in this manner, we achieve

G(nbar) > 1 and A(nbagyr) > 1 for all k € NU{0}. (16)

Also, we have 5\"(7790) > 1and f is an n-cyclic-(G, \)-admissible map, we get &(nf) = &(F 6p) > 1. Therefore
it follows that A(nfz) = A(F601) > 1. Generally, we continue this process, we can find that

An02) > 1 and 5(n0241) > 1 for all k € NU{0}. (17)
Hence, from these inequalities (16) and (17), we conclude that
G(n0,) > 1,A\(n6,) > 1 for alln € NU {0},

it suggests that &(nf,)A(n0p41) > 1.
From this inequality (15), we have
533(F0m FOnr1) < g 0m0n,n0n11) + pa[0(00n, F 0r) + 0(00py1, F Ony1)]
+M3[5(779m Fon-i-l) + 3("7671-&-1’ Fen)]
+/1’4 [As (9n7 9n+1) + h(ss(en» 0n+1)]7 (18)

where
AS(HWA 9n+1) = max{ﬁ(nenv F9n+1)76(776n+17 Fen)} = 6(Qn717 Qn+1)

and
65(971, 0n+1) = mm{5(779n, Fe’ﬂ-‘rl)) 6(779n+17 Fen)} =0

From this inequality (18), we have

5°0(0ps 0ns1) < 1110(0n1,0,) F 12[0(0 15 0,) + 000, 01 41)]
+113[0(0, 15 0n11) +0(0y, 0,)] + 140(00 15 0ni1)- (19)
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If 9(0,,_1,0,) < 0(0,,0,1) for some n € N then from (19), we get that

835(9713 Qn—i—l) S (/’Ll + 2:“’2 + 28#’3 + 25:“’4)6(an Qn+1) = 6(9713 Qn—',—l)

which implies that (s*~1)3(0,,, 0,,.1) < 0 and that g, = g,,,, which a contradiction. Therefore d(g,,_;, 0,,) >
9(0y,,0,41) for all n € N. Hence, the sequence {3(o,,, 0,,41)} is decreasing in ©. So there exists r > 0 such
that lim 9(o,,0,41) =7

Assume that r > 0 and from the inequality (19), we obtain

§°0(0ps Ons1) < (py + 2ty + 28413 + 25114)0(0, 15 0,) = 0(0,_150,)- (20)

On taking as n — oo in (20), we have s3(r) < r implies that (s> — 1)r < 0, which is a contradiction. Thus,
lim 9(o,,,0,41) = 0. Next, we demonstrate that {o,} is b-Cauchy on the contrary way. Assume that {o,,}
n—oo

is not b-Cauchy. We have 5(o,,, +1) > 1 and S\(anﬂ) > 1 and that 5(o,,, +1)M(0,,4+1) = 1. From the
inequality (15) and using Lemma 1,

538(9mk+17 an—‘rl) = 535(F6’mk+17 FOni1)

1100y +15 M0y +1) + P2 [0(N0myt1, F Omyt1) + 0(00nyt1, F Onyt1)]
13100y +15 F Onyt1) + 0041, F Omyt1)]

4 [Ds (Omp+1, Oy 1) + hs(Omy 11, 0ny41)]

1110(0pmy > Ony,) F 12[0(0nm s Oy 41) + 00y s Oy 1)

F113[0(0pm» Oy 1) + (0> Oy 11)]

IA

F14[As(Omy41, Onp41) + 765 (Omy 11, On1)], (21)
where
As(Ompt1, Onp+1) = max{Onbmy+1s F Ongtr)s 0MOntrs FOmyta) }
= max{0(0pm,, 0n,11),9(0n, O, 41)}
and

ds (077lk ) ank) = min{ﬁ(gmw an+1)7 8(97%7 Q7nk+1)}'

On taking limit superior as k — oo and by Lemma 1, we get

{ km Ag(Omy 41,00, +1) < max{s?e, s’e} = s,
— OO

km 8s(Omy+1,0n,+1) < max{s?e, s%e} = s%.
— 00
Taking limit superior now as k — oo in (21), using (22) and (i)—(iv) of Lemma 1, we have

€ -
se = 53(;2) < 33[klggo O(0my41+ Onyt1)]
- km [836(F9mk+1’/:9nk+1)]
< k@[mé(nemwh 779nk,+1) + o [5(779mk+1’ Fekarl) + 6(779nk+17 Fenk+1)]

+ g [6(nemk+1v FenkJrl) + 6(n9nk+17 Femk+1)]
+:LL4[A5(0mk+17 0"1k+1) + h’55(07”k+17 9nk+1)H
1251 klingo 6(@77%7 Q'nk) + Mo [kh—{go 5(kaa ka-l-l) + kll»Holo 8(@7%7 an+1)]

IN

—|-,LL3 [k@o 6(ka7 an+1) + k@o 6(gnka ka+1)]

+:U’4 [k@o As(amk+1’ enk“l‘l) +h k@o 68 (077lk+17 an-‘rl)]
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< g (s€) + 2u5(s%€) + py(s%e + hs?e) < (g + 25p5 + 254,)s€ < se,

which is a contradiction. Thus, {g,,} is b-Cauchy in (©,d). Since © is b-complete, there exists v in (E) such
that lim g, = v. Then we have lim F6, = lim 76,11 = v. Since n(0O) is closed, we can find u € © such

n—oo

that nu = v. Thus, we prove that f (u) = v. Suppose F (u) # v. The b-triangular inequality leads to the
following:

(v, Fu) < s[d(v, F0,) +B(F O, Fu)] = iEi(y,Fu) < Tim 3(F0,, Fu).

n—oo

Also, O(F 0y, Fu) < s[0(F0,,v) + 0(v, Fu)] implies

lim d(F 0, Fu) < s0(v, Fu).

Thus,
l35(1/,Fu) < lim O(F O, Fu) < s0(v, Fu).
S n—0oo

Since g, — v, it follows that A(g,,) = A(70,41) > 1. By the hypotheses, we obtain A(v) = A(nu) > 1 and

that &(nf,)A(nu) > 1 for all n € N. From the inequality (15), we get
s0(F O, Fu) < 0000, mu) + 2[00, F0,) +0(nu, Fu)]
+3[0(n0n, Fu) +0(nu, F 0n)] + 114 [As (05, w) + hés(0n, u)], (23)

where

AS(GTH U) = max{ﬁ(neﬂv FU), 6(77’“7 F'gﬂ)} = max{ﬁ(gn—u FU), 6(77u7 Qn)}

and
58 (6”’ U’) = min{a(gn—u Fu)? 5(771’6’ Qn)}'

On letting n — oo in (23), we get
2 31
s“0(v, Fu) = s (;5(1/, Fu))

n@o $3(F 0, Fu)

IN

IN

Tim [1,0(n0n, nu) + po[0(10n, F 0n) + O(u, Fu)]
+13[0(n0n, Fu) +0(nu, F0n)] + 114[As (O, w) + hos (0, w)]], (24)

where
lim Ay (0,,u) < max{sd(v, Fu),0} = sd(v, F u)

n—oo

and o
lim 05(0,,u) < min{sd(v, Fu),0} = o.

n—oo

From the inequality (24), we have
§20(v, Fu) < (po + sptg + sp,)0(v, Fu) < d(v, Fu),

which is a contradiction. Thus, fu = nu = v. We show that F and 7 has a unique point of coincidence v.
Let v # v/ be a point of coincidence. After it, there is v € © with fv = nv = /. By the hypotheses, we

have &(nu)A(nv) > 1. Thus, from the inequality (15), we get that

s39(v,0") = $30(Fu, Fo)
< 0(nu, v) + po[0(nu, Fu) +0(nv, o)
+13[0(nu, Fv) + (v, Fu)] + pa[As(u,v) + hés(u, v)],
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where

As(u,v) = max{0(nu, Fv),0(nv, Fu)} = d(v, Vl)
and

55(”7 ’U) = min{a(mb, FU), 6(771}; ru)} - 8(1/7 V/)'
Therefore

$33(v,1/) < 11, + 211+ 1,(1 + DB, V) < B, ),

which is a contradiction. Thus, v = v/. Since the pair (F,7n) is weakly compatible and Fu = nu, we have
Fr=Fnu=nfFu=nv=w.

So w is a point of coincidence of F and 7. But v is unique point of coincidence of f and n so w = v and
that v = Fv = nv. Further, if £ = F& = né then £ is a point of coincidence of f and 7. By the uniqueness
of coincidence point, we get that v = . Thus v is a unique common fixed point of F and . m

3 Examples and Corollaries
We start the section with an illustration of Theorem 3.

Example 3 Suppose © = [1,2] U {3,4,5,...}. We define : © x © — [0, 00) by

0, 0= o,
1 0,0€ 1,2
_ ) o ’ T
9(0 ) 4+ eJlrgv 0,0€ {3,4,5,...},
2, otherwise.

It is easy to see that 0 is a b-metric with s = %. We define F : © — O by

214 0c1,2]
F9 :{ 30 P
() 1+, 0€{3,4,5,..},

and 5, X : © — [0,00) by

2 0€(L2]
— 146 Pt B
5(0) { 0, otherwise,
2 0€e]L,2]
= 1467 4 ?
A©) { 0, otherwise.
Since #(0) > 1 if and only if 8 € [1,2], we have A(F ()) = ﬁ = 311@ > 1 and also § € ©, A\(A) > 1 if and
only if 6 € [1,2], we have
. 3 3
= = > .
5(F(6)) 1+ 10 3—§_1

As a result £ is a cyclic (5, A)-admissible mapping. Now we prove that the mapping F is a cyclic (4, \)-
admissible generalized contraction type map. For 0,0 € © with §(0)A(0) > 1 if and only if 6,0 € [1,2].
Hence, for 0,0 € [1,2], we have fF 0 =2 — g, Fo=2-—%. We choose

LS S - S
:u’1_10a ”2_47 /J“3_135_/J“47 _10'
Then we have 1, + 2uy + 2sp3 + 2sp, = 1. For 6 # o,
3 1 3 3
5F97F = T . 69) = 5 607F9 = 5 6 7F =
( 2 12— (0 + o) (6.2) 0+o ( ) 2(0+ 1) (0.F-0) 2(1+ o)
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3 3
90,Fo)= —2>— 3o, FO) = —2>
(0. F o) 30 —o0+2 (0.£6) 30—0+2
3 3 3
0 0) = 3
max{9(0, f 0),9(o, F 0)} {39_Q+273g_9+2 e
and 5 5
in{d(0 0)} =
mln{6(,FQ),6(Q,F )} {39_Q+2739_0+2
Now we consider
27 3
35(r 0 = (P (e
s°0(F 0, F o) (26)(127(9+Q))
27
< 3
1.1 1.1 1 13.3 3 3.3 927
< ()(Z Y B i | B i | B T
= (10)(4”(4)[2+2]+(135)[7+7] (135)[7 70]
< ) e ] TR S
= M TG T o) T30 02 T 30— 0+ 2
3 . 3
Fralmaxi s, 3 g ot Thmind g s o
< p10(n0,m0) + pa0(no, F ) + d(no, F o)

+u3[0(nb, F o) +0(no, F0)] + 114[A(0, 0) + hd (0, 0)].

Therefore F satisfies all the hypotheses of Theorem 3 and % is the unique fixed point.

The following is an example in support of Theorem 4.

Example 4 Let © = [1,2] U {3,4,5,...}. We define 3: 0 x © — [0,00) by
0, 0=o
1,1
7 +< 0,0€1,2]
_ 7] 0’ ) y 4]y
9(6; o) b+i+1 00e{3.45,..}
g, otherwise.

It is obvious that 0 is a b-metric with s = %. We define f,n: © — © by

0(3—0), 0el,2],
F(0) =
) { 1+%, 0 € {3,4,5,..},
42 01,2
9 — b ) b
n(0) { 14 s 0€{3.4,5,..),
and 5, X : © — [0,00) by
4 0e]1,2
_ 9° Pl B
5(0) { 0, otherwise,
. 3 0e(l,2]
— 6 9 )
AO) = { 0 otherwise.
?ince g(nd) = 7%9 = 02+2 > 1 if and only if 6 € [1,2], we have )\(F( )) = F = 0(3 79 = L and also 0 € o,
A(nb) = %: g3 = 1if and only if 6 € [1,2], we have G(F (9~)) = 0(3 g7 = 1. Therefore F is an
n-cyclic (&, \)-admissible mapping. Clearly f (©) C 1(0) and 7(0) is a closed subspace of ©. Now we show
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that £ is an n-cyclic (&, \)-admissible generalized contraction type map. For 6, 0 € © with &(nf)A(no) > 1
if and only if 0, ¢ € [1,2]. Hence, for 0, o € [1,2] with 6 # o, we choose

_t _1 -7 _ 1
/-1/1_47 /’(‘2_2’ M3_128_M4, _10'
Then we have p + 29 + 2sp3 + 251, = 1. Now
1 1 3 3 3 1
8 07 = 76 97 = 2 76 97 0 = 2 b
(Fé.Fo) 0G0 o0 (né.me) = 2 e 6.0 =75 2 03-0)
3 1 3 3 1
o(ne, Fe) = + 00, Fo) = Z=— + ,0(ne, 10) = + :
(ne.F o) 0*>+2 o(3—0) b 1) = = o(3—0) (e, ) >+2 6(3-10)
3 1 3 1 1
max{d(nb, F 0),d(no, FO)} = { s>— + : + > =
{80, Fe),0(ne, FO)} = {5 s s Fie 9(3_9)} >
and 3 ) 5 )
min{d(nd, F 0),0(no, F )} = { b=

3 + ) +
0°+2 o(3—0) 0*+2 0(3-0)

N

Now we consider

3 _ (43

84,1 1

< (2)3(=+=

< (7) (3+3)
1.1 1 1.1 1 1 1 7.1 1 1 1

< i - \[= 4= Z — =4+ = 4 =

= QPGP+ 3543 (128)[2+2 3 +3
1287'2 "2 1 10'2 2

< (—3+—3)+[3+ L +3+ 1]

= M e T e TR T30 T 22 o3 —0)
S L. S . S . N
Pl o T o3 —0) " 2+2  0B—0) M T102

IN

p10(n0, o) + 1o[0(nd, F 0) +0(no, F 0)] + 13[0(nb, F o) +3(nb, F 0)]
+p4[max{d(nb, F 0),0(ne, F0)} + hmin{d(nd, F 0),d(ne, F0)}].

Therefore F and 7 satisfy all the hypotheses of Theorem 4 and 2 is the unique common fixed point.

If we take () = A() = 1 in Theorem 3 and Theorem 4, we get Corollary 1 and Corollary 2 respectively.

Corollary 1 Let (6,3) be a complete b-metric space with parameter s > 1. Suppose F : © — © be a
continuous self-map satisfies the following:

sS0(FO,Fo) < p,0(0,0) + 1a[0(6, F6) + (0, F 0)]
+13[0(0, F 0) +0(o, F 0)] + 114 [A(0, 0) + hd(0, 0)],

where A(0, 0) = max{0(0, F 0),0(0, F0)}, 6(0,0) = min{d(0, F 0),0(0, FO)}, for all 0,0 € O and the exist
>0, po, pig, oy >0, 0 < h <1 with g + 2009 + 2sp5 +2sp, = 1. Then F has a unique fived point.

Remark 1 Corollary 1 extends and generalizes Theorem 2 to b-metric space.

Corollary 2 Suppose ((:),Na) is a complete b-melric space with parameter s > 1 and F,n : 6 — O are two
self-maps with F (©) C n(0),n(0) is closed subspace of © and F ,n satisfy the following:

sP0(FO,Fo) < p,0(nd,no) + py[0(nd, FO) +d(no, F o)]
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+13[0(n0, F o) +d(no, F0)] + 14[As(0, 0) + hds(0, 0)],

where
Ag(0, 0) = max{d(nb, F 0),d(no, F )}, 0s(6,0) =min{d(nb, F 0),d(no, F )},

for all 6,0 € © and there exist py =0, po, pagypry > 0,0 < h <1 with py + 2y + 25u3 + 2spy = 1. If the
pair (F,n) is weakly compatible, then there is a unique common fized point for F and n in O.

4 Application to Nonlinear Integral Equations

Suppose Q = Cla;, b,] is a set of real valued continuous functions on [a;, b,]. We define & : Q x Q — RT by

8(C7£): max ‘C(T)_g(T)|p7

c€lar,bu]

for all (,& € Q with s = 2971, g > 1 a real number. In this section, we present unique solution to nonlinear
integral equations of the Fredholm type defined by

by

¢(s / (¢,7,¢(s (25)

where ¢ € Q[al,by}, pER, ¢, 7 € lag, by], D: [ar, by] X [ar,by] X R — R and N : [a;,b,] — R are continuous.
Let & : Q2 — Q be a mappings defined as

by

3(((<)) / (6.7, C(<))dr. (26)

Considering the following;:
(S1) v [ag, by] X [ag, by] — RT is continuous with
be
1
max }/V(QT)dT S (7_ and |/¢| S 1,

7€[a1,bu by —a;)9~1
ap

(Sy) there exists ¢, € Q such that 1,( o) > 0 and 75(C,) > 0;
(

(S4) 1n1(¢) > 0 for some ¢ € 0 = 75 (S¢) > 0 and 15(¢) > 0 for some ¢ € 0 = 7.(S¢) >0

&2

3) if {¢,,} € @ such that lim ¢, = ¢ and 75(¢,,) > 0 for all n, then 7,(¢) > 0;

&

&2

(S5) m1(u) > 0 and n,5(v) > 0 whenever Su = u and Sv = v;

&

(S6) if 71(SC) >0, 1,(I€) > 0, for all ¢, & € Q such that for ¢, 7 € [ay, b,], the following holds:

©

D5, ¢(6) ~ Dl m66)]” < 5576,V 8)
where

Vi((,6) = pil¢—E&" +py[|¢—¢° + |€ — 3¢I¥]
+us[|¢ — SEI¥ + |€ — S¢|F]
+py[max{|¢ — S, € — ¢[¥} + hminf[¢ — IE]7, [€ — I¢IVY.



Babu et al. 393

Theorem 5 Let S : Q2 — € be defined by (26) for which the conditions (S1)~(S6) hold. Then (25) has a

unique solution in 2.

Proof. Now we prove that $ is a cyclic (é,;\.)-admissible generalized contraction type map. We define
G,A: Q2 —Q as

o , 1m1(¢) > 0 where ¢ € Q,

7(0) = { 0, otherwise,

and

oo [ 1, ny(¢) >0 where ¢ € Q,
A = { 0, otherwise.

From the condltlon (36), 11(S¢) > 0 and 75(IE) > 0, for all ¢, & € Q so that §(SC)A(IE) > 1. Let ¢ € R be
such that 1 —|— L — 1 using the Holder’s inequality and ¢, £ € Q and from (3) and (S¢), for all ¢. So we have

0(3¢,3¢) = max [I((s) = IE(o)]”
(E[ahbu]
£

bu
max |,u|@/75§7'c dT—/D§T€))

c€lar,bu]

©

by

~ max | / (Dls,7.¢(s)) — Dls, 7. £()))dr

CE[ahbu]

ap

1 14 %
bu g ®
8]
< | mox lul” (/1%) (/\ (6,7,¢(6) = Bls, 7, ()| )
s€lar,b
1 o

by

S (b —al IflaX (/ §7T C D(gvTag(g)‘pdT)
s€lar,b
[
= (by — )" max ( D(s, 7, ¢(s D(gﬂ',f(@‘ dT)
ce[az,b ]

b’(L
< — )t
< (by—a) nax ]/2350 576, 7)Vs(C,8)

by

(buial)pil © Sl x| P
= gefﬁ?%] W’Y(Qﬂ[#l\(*ﬂ + po[|C — ¢ + 1§ — S¢]7]

+ag[l¢ = SE1” + 1€ = SCI7] + g fmax{|¢ — F¢|7, 1€ — 3¢|7}
+hmin{|¢ — I¢|7, 1€ — I¢|7H]

which implies that

s*0(3¢, ) < p0(C, ) + pa[0(C, I¢) + B(E, IE)] + p3[0(C, IE) + (€, I¢)]
+pg [max{D(¢, I¢),8(€, IC)} + hmin{d(¢, I¢),0(E, IO H -

The hypotheses of Theorem 3 is satisfied. Hence & defined in (26) has a unique solution. m
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5 Application to Dynamic Programming

We discuss the following existence of bounded solution for functional equations that arises in dynamic
programming. Let ‘opt’ represents inf or sup, ©; and O, are two Banach spaces; D C @1 is the decision
space; S C O is the state space; U(S), the set of all bounded real valued functions on S with b-metric is
defined by:

O(pz, py) = sup |pz(t) — py(t)|", for all p;,p, € U(S) with parameter s = 2"
teS

Now we consider the following functional equations:

{ F(US) = Optvde’ﬁ{Cl(Usa Ud) + Cl(vsavd7 F(wl(US7vd)))} for all Vs € S~5 (27)

77('05) = Optvdeﬁ{<2(va Ud) + C2(U37Ud777(w2(vsavd)))} for all v, € Sa

where vy is a decision vector, v, is a state vector where as wi,ws denotes the transformations of the process,
and F (vs),n(vs) indicates the optimal return functions.
Let &N : G(S) — U(S) be two mappings defined by:

{ %f(vs) = Optvde’ﬁ{gl(vs; vd) + Cl(vsavda f(wl(vsvvd)))} for all Vs € ‘?7 (28)
Nf(US) = Optvdeﬁ{<2(v87vd) + CQ(USaUdv f(wQ(Usa Ud)))} for all vs € S,

where (vs, f) € S X U(S).
Let £;,&, : U(S) x R. Assume the following:

(DPy) S(U(S)) C R(B(S)) and R(V(S)) is closed subspace of U(S),
(DPy) if fo € B(S) such that & (Rfy) > 0 and &,(Rfp) > 0,
(DPs) if {f,} is a sequence in U(S) such that nan;O fn = fand &(fn) > 0 for all n then &,(f) >0,

(DPy) if £,(Sf) > 0, £,(Rg) > 0, for all f,g € U(S) and there exist g > 0, po, pi3, ptg > 0, 0 < h < 1 such
that gy + 2ug + 2sp5 + 2sp, = 1 then for all (vs, vg, f,g) € S x D x U(S) x U(S), we have
1

|C1(U3a Ud; f(wl(vwvd))) - C2(v$’ Ud’g(WQ(U&Ud))” + |C1(U$7Ud) - CQ(”S7U11)| < (23737’A5(f7 g)) E

where

As(fr9) = IRF=Rgl" + po[Rf = Sf[" + [Rg — Sgl']
Tz [|RS = gl + [Rg — Sf|"]
g [max{|Rf — Sg|", Rg — Sf|"} + hmin{|Rf — Sg|", [Rg — Sf|"}].

DP5) £, (Xf) >0 for some f € U(S) = £,(Sf) >0 and £,(Rf) > 0 for some f € U(S) = £(Sf)>0

(DPs)
(DPs) & (Ru) > 0 and &5,(Nv) > 0 whenever Su = Ru and Sv = N,
(DP;) for some f € (S ) SN f = NG f whenever Sf = Nf,

(DFs)

DPg) w;,C; are bounded for i = 1, 2.

Theorem 6 Suppose I, N : U(S) — U(S) are defined by (28) for which the conditions (DP;)~(DPg) hold.
Then (27) has a unique bounded common solution in U(S).

Proof. Take e > 0. Let p € S, f,g € O(S) with ¢;(Rf) > 0 and (,(Rg) > 0.Since w;,C; are bounded for
i = 1,2, there exists L > 0 such that

Sup{||OJ1(US,’Ud)||, ||WQ(U57Ud)||7 ”Cl(vmvdvt)‘la ”CQ(UMUUlvt)H : (U87vdvt) €SxDx R} <L (29)
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Now we demonstrate 3 is an R-cyclic (&, .).\)—admissible generalized contraction type map. We define &, X
U(S) — U(S) as )

oo 1, & (f) > 0 where f e UB(S),
o(f) = { 0, otherwise,

" 0 )
v 1, &(f) > 0 where f € B(S),
A _{ 0, othzerwise.

From the condition (DP;), £;(3f) > 0 and £5,(Rg) > 0, for all f,g € U(S) so thata (R )A( g) > 1. First, we
assume that opt, _s= inf By using (28), we can find vy € D and (vs, f,g9) € S X G(S) x U(S) such that
vg €D va €D
Sf(vs) > Ci(vs, va, fwi(vs,va))) + ¢ (vs, va) — €, (30)
Sg(vs) > C2(vs, va, g(w2(vs; va))) + Co(vs, va) — €, (31)
Sf(vs) < Cl(vsv UVd, (wl(vsa d))) + Cl(vsv 'Ud)v (32)
Sg(vs) < Ca(vs, v, g(w2(vs, va))) + Co(vs, va)- (33)

From (30) and (33), we get

%f(US) - %9@3)
> Cl(vs,vdv f(wl(U57Ud))) - CQ('US?vdag(WZ(USa'Ud))) + Cl(vsvvd) - C2(v57vd) — €
> —IC1(vs, va, f(wi(vs,va))) = Ca(vs, v, g(w2(vs, va)))| + |1 (vs, va) — Colvs, va)| + €} (34)

Also by using (31) and (32), we have
Sf(vs) = Sg(vs)

< Ci(vs,vg, f(wi(vs,va))) — Ca(vs, va, g(w2(vs, va))) + €1 (vs, va) — (o (vs, va) + €
< Cu(vs, va, f(wi(vs, va))) — Ca(vs, va, g(wa(vs, va)))| + €1 (vs, va) — Co(vs, va)| + €. (35)

From (34) and (35), we have

|%f(vs) - %9(08” < Cl(”é:vvdv f(wl(vsvvd))) - CQ(US,vdvg(wQ(vsa vd))) + Cl(vsa vd) - C2(p7 Q) +e
< [C1(vs, va, fwi(vs; va))) — Ca(vs, va, g(w2(vs, va)))| + [y (vs; va) — Calp g)] + €.

Suppose that opt, .= sup .Again by using the inequality (28), we can find vy € D and (vs, f,g9) € S x

U(S) x U(S) such that e
Sf(vs) < Civs, va, f(wi(vs,va))) + G (vs,va) + €, (36)
Sg(vs) < Ca(vs,vd, g(wa(vs,va))) + Co(vs, va) + €, (37)
Sf(vs) = Ci(vs, va, f(wi(vs,va))) + (1 (vs, va), (38)
Sg(vs) = Co(vs,va, g(wa(vs,v4))) + Co(vs, v4)- (39)

From (36) and (39), we get

Sf(vs) — Sg(vs)
< G (US7 Ud, f(wl(v& Ud))) - CQ(”& Vd, g(WQ(US’ Ud))) + CI(US’ Ud) - C2(v87 Ud) +e€
< [C(vs, va, fwi(vs; va))) = Ca(vs, va, g(w2(vs, va)))| + [C1 (vs, va) — Co(vs, va)| + €. (40)

Also by using (37) and (38), we have

Sf(vs) — Sg(US)
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> Cl(Us,Ud, f(wl(U87vd))) - CQ(US7Ud7g(w2(US’ Ud))) + Cl(vs’vd) - <2(U87’Ud) —€
> —{ICi(vs,va, f(w1(vs,v4))) = C2(vs, va, g(w2(vs, va)))| + €1 (vs, va) = Co(vs,va)l + €} (41)

From (40) and (41), we have

IS (vs) — Sg(vs)]
< G (rUSv Ud, f(wl(vw Ud))) - CQ(US’ Vd, g(w2(U87 Ud))) + Cl(vw Ud) - CQ(U37 Ud) +e
< [Ci(vs, va, f(wi(vs,va))) = Ca(vs, v, g(wa(vs, va)))| + |C1 (vs, va) — (0] + €. (42)

On letting € — 0 in (42), we obtain

S (vs) = Sg(vs)| < [C1(vs, va, fwi(vs,va))) = Co(vs,va, g(w2(vs, va)))| + (€1 (vs, va) = Co(vs; va)l-

By using the condition (DPy), we have

ISf(vs) = Sg(vs)| < [Cr(vs, va, f(wi(vs;va))) = C2(vs, va, g(wa(vs, va)))| + [C1 (vs, va) — Co(vs, va)l
< (@7VA(f,9)7
= (227 (u INf = Rg|" + po[Rf = SFI" + [Rg — Sg["]
+ugIRf = Sg|" + [Rg — S]]
g [max{Xf — Sg|”, Rg — SF|"} + hmin{|Rf — Sg|”, [Rg — SFI"}]))"
< (2777 sup (g IRF = Rg|" + po[|Rf = S+ [Rg — g7

vsES
Fpz[[Rf = Sg|” + [Ng — Sf]]
+pg[max{[Rf — Sg|”, [Rg — SF["} + hmin{[Xf — Sg|", [Rg — SF["}))~
= (2277 (1, O(Rf, Rg) + po[O(Nf, Sf) + 0(Rg, Sg)]
+13[0(Rf, Jg) + I(Rg, Sf)]
+1[max{O(Rf, Sg), 0(Rg, Sf)} + hmin{d(Xf, Sg), 0(Rg, SF) 1)) "

which implies that

ISf(vs) = Sg(va)|” < 2273 (u, O(RS, Rg) + o [ORS, Sf) + 0(Rg, Sg)]
+uz[O(Rf, Sg) +0(Rg, Sf)]
+u4[max{3(Nf, Sg)a 6(Ng7 Sf)} + hmln{ﬁ(Nfa %g)a 3(Ngﬂ Sf)}])

Now, for all f,g € U(S), we have

s°0(3f (vs), Sg(vs)) = 27 sup|If(vs) — Sg(vs)|"
peES

P O(Rf,Rg) + po[0(Rf, Sf) + 0(Rg, Sg)] + p3[0O(Rf, Ig) + 0(Rg, Sf)]
+hy[max{O(Rf, Jg),d(Rg, If)} + hmin{d(Rf, Sg),0(Rg, If)}].

IN

It is clear that Theorem 6 satisfies all the hypotheses of Theorem 4. According to Theorem 4, a unique

common fixed point for & and N exists in U(S), implies that the functional equations which are defined in
(27) has a unique bounded common solution. m
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