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Abstract

The purpose of this paper is to establish positive linear operators including the Hermite-Kampé de
Fériet polynomials of two variables. The universal Korovkin-type condition is employed to validate
the convergence properties of these operators, and the classical modulus of continuity is applied to
compute the order of approximation. The convergence properties of these operators are also explored in
weighted spaces of functions on the positive semi-axis as well as the approximation is estimated using the
weighted modulus of continuity. Furthermore, numerical and graphical examples are provided to show
the convergence behavior, effectiveness and accuracy of the proposed operators.

1 Introduction

So far, the notion of generalised special functions has seen a major evolution. This new development in the
theory of special functions provides an analytic foundation for the vast majority of problems in mathematical
physics that have been precisely solved and have broad practical applications.
The 2-variable Hermite Kampé de Fériet polynomials (2VHKdFP)Hn(x, a) are defined as [5]:

Hk(x, a) = k!

[ k2 ]∑
r=0

xk−2r ar

r! (k − 2r)! (1)

and

exp(xt+ at2) =

∞∑
k=0

Hk(x, a)
tk

k!
.

These polynomials are solutions of the heat equation:

∂

∂a
Hk(x, a) =

∂2

∂x2
Hk(x, a),

Hk(x, 0) = xk.

There exists the following relationship:

Hk(x, a) = (−i)kak/2Hk

(
ix

2
√
a

)
,

of the 2VHKdFP Hk(x, a) with the classical Hermite polynomials Hk(x). Also, it is to be noted that

Hk(2x,−1) = Hk(x).
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98 A Note on Positive Linear Operators

Positive approximation processes are crucial to approximation theory and frequently occur naturally in
problems involving the approximation of continuous functions. In recent years, there has been a surge of
interest in the study of linear positive operators based on specific polynomials see [1, 3, 2, 7, 9]. Some
approximation properties of a new class of Bernstein polynomials and Stancu-Kantorovich variant of Szász-
Mirakjan operators based on Bézier basis functions with shape parameter have been studied in [8, 6]. Also,
in [4] the authors studied point-wise and weighted approximation properties of Stancu variant of λ-Schurer
operators.
In this article, we construct the Kantorovich operators involving the 2-variable Hermite Kampé de Fériet

polynomials (2VHKdFP)Hn(x, a) defined as:

Kn,H(f ;x) = ne−nx−a
∞∑
k=0

Hk(nx; a)

k!

(k+1)
n∫

k
n

f(s)ds, x ∈ [0,∞). (2)

The remainder of the paper is structured as follows: In the following section some preliminary results for the
operators Kn,H(f ;x) are obtained. In section 3, approximation properties of the operators Kn,H(f ;x) and
the convergence theorem are discussed. Section 4 investigates the convergence of these operators in weighted
spaces of functions and estimate the approximation with the help of weighted modulus of continuity. Some
numerical examples are provided in the final part to demonstrate the validity of the observations.

2 Preliminary Results

Several noteworthy observations about the convergence of sequences of positive linear operators (Ln(f))∞n=1
was discovered by P. P. Korovkin [13]. As an instance, if Ln(f, x) converges uniformly to f in the specific
cases f = 1, x, x2, then it converges uniformly to f for any continuous real function f .
Let us review the definitions: CB [0,∞) denotes the space of all bounded and continuous functions defined

on [0,∞) equipped with the norm ‖f‖ = supx∈[0,∞) |f(x)|.

Definition 1 Let f ∈ CB [0,∞) and δ > 0. The modulus of continuity w(f ; δ) of the function f is defined
by

w(f ; δ) := sup
x,y∈[0,∞)
|x−y|≤δ

|f(x)− f(y)|. (3)

Then, for any δ > 0 and each x ∈ [0,∞), it is well known that one can write

|f(x)− f(y)| ≤ w(f ; δ)
(
|x− y|
δ

+ 1

)
, δ > 0. (4)

If f is uniformly continuous on [0,∞), then it is necessary and suffi cient that

lim
δ→0

w(f, δ) = 0.

Definition 2 The second modulus of continuity of the function f ∈ CB [0,∞) is defined by

w2(f ; δ) := sup
0<t≤δ

‖f(.+ 2t)− 2f(.+ t) + f(.)‖CB .

We denote by CE [0,∞) the set of all continuous functions f on[0,∞) with the property that |f(x)| ≤ βeαx

for all x ≥ 0 and some positive finite α and β.

For h > 0, the function

fh(t) =
1

h

t+h
2∫

t−h
2

f(u) du
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as well as the iteratively defined functions

fh,r(t) =
1

h

t+h
2∫

t−h
2

fh,r−1(u) du, r = 2, 3, · · ·

fh,1(t) = fh(t)

are known as Steklov functions.
Consider the following Lemmas:

Lemma 1 (Gavrea and Raşa [12]) Let g ∈ C2[0, a] and (Kn)n≥0 be a sequence of positive linear opera-
tors with the property Kn(1;x) = 1. Then,

|Kn(g;x)− g(x)| ≤ ||g′||
√
Kn((s− x)2;x) +

1

2
||g′′|| Kn((s− x)2;x).

Lemma 2 (Zhuk [14]) Let f ∈ C[a, b], h ∈ (0, a−b2 ) and fh be the second-order Steklov function attached
to the function f . Then, the following inequalities are satisfied:

(i) ‖fh − f‖ ≤
3

4
w2(f ;h), (5)

(ii) ‖f ′′h ‖ ≤
3

2h2
w2(f ;h). (6)

In the following lemma with the help of equation (1), one can obtain some moment estimates of operators
Kn,H easily.

Lemma 3 The operators Kn,H(f ;x) satisfy

Kn,H(1;x) = 1, (7)

Kn,H(s;x) = x+
1

n

(
2a+

1

2

)
, (8)

Kn,H(s2;x) = x2 +
x

n
(2 + 4a) +

1

n2

(
1

3
+ 4a2 + 6a

)
, (9)

Kn,H(s3;x) = x3 +
x2

n

(
9

2
+ 6a

)
+

x

n2

(
7

2
+ 12a2 + 24a

)
+
1

n3

(
1

4
+ 8a3 + 30a2 + 16a

)
,

Kn,H(s4;x) = x4 +
x3

n
(8a+ 8) +

x2

n2
(
24a2 + 60a+ 15

)
+

x

n3
(
32a3 + 144a2 + 114a+ 11

)
+
1

n4

(
1

5
+ 16a4 + 112a3 + 168a2 + 42a

)
.

By using the linearity property of the operators (2) and Lemma 3, it follows that:

Kn,H((s− x);x) =
1

n

(
1

2
+ 2a

)
, (10)

Kn,H((s− x)2;x) =
x

n
+
1

n2

(
1

3
+ 4a2 + 6a

)
, (11)

Kn,H((s− x)4;x) = 3
x2

n2
+

x

n3
(24a2 + 50a+ 10) +

1

n4

(
1

5
+ 16a4 + 112a3 + 168a2 + 42a

)
.
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3 Approximation Properties of Kn,H

The present section deals with the convergence properties of Kn,H operators.

Theorem 1 Let f ∈ CB [0,∞). Then
lim
n→∞

Kn,H(f) = f (12)

uniformly on each compact subset of [0,∞).

Proof. In view of Lemma 3, it follows that

lim
n→∞

Kn,H(si, x) = xi, i = 0, 1, 2, 3, 4 (13)

uniformly on each compact subset of [0,∞). Using (13) and Korovkin theorem, (12) follows.
Next, we obtain the order of approximation of the operators Kn,H .

Theorem 2 Let f ∈ CB [0,∞). Then the operators Kn,H satisfy the following inequality:

|Kn,H(f ;x)− f(x)| 6
(
1 +

√
x+

1

n

(
1

3
+ 4a2 + 6a

))
w

(
f ;

1√
n

)
. (14)

Proof. In view of the modulus of continuity (4), we have

|Kn,H(f ;x)− f(x)| 6 ne−nx−a
∞∑
k=0

Hk(nx; a)

k!

k+1
n∫

k
n

|f(s)− f(x)| ds

6 w(f ; δ)

1 + 1δ ne−nx−a
∞∑
k=0

Hk(nx; a)

k!

k+1
n∫

k
n

|s− x| ds

 . (15)

By Cauchy-Schwarz inequality, the above inequality becomes

|Kn,H(f ;x)− f(x)| 6 w(f ; δ)

1 +
1

δ

ne−nx−a ∞∑
k=0

Hk(nx; a)

k!

k+1
n∫

k
n

(s− x)2


1
2


= w(f ; δ)

{
1 +

1

δ

√
Kn,H((s− x)2;x)

}
.

On choosing δ = 1√
n
, assertion (14) follows.

Theorem 3 The following inequality holds true:

|Kn,H(f ;x)− f(x)| ≤
2

α
||f || l2 + 3

4
(α+ 2 + l2)w2(f ; l), (16)

where

f ∈ C[0, α], l := ln(x) =
4

√
Kn,H((s− x)2;x)

and the second-order modulus of continuity is given by w2(f ; l) with the norm ‖f‖ = maxx∈[a,b] |f(x)|.
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Proof. Denote the second-order Steklov function attached to the function f by fl. Using equation (7), we
get

|Kn,H(f ;x)− f(x)| ≤ |Kn,H(f − fl;x)|+ |Kn,H(fl;x)− fl(x)|+ |fl(x)− f(x)|
≤ 2 ‖fl − f‖+ |Kn,H(fl;x)− fl(x)| ,

which on using inequality (5) becomes

|Kn,H(f ;x)− f(x)| ≤
3

2
w2(f ; l) + |Kn,H(fl;x)− fl(x)|. (17)

Taking into account that fl ∈ C2[0, α], from Lemma 1, it follows that

|Kn,H(fl;x)− fl(x)| ≤ ||f ′l ||
√
Kn,H((s− x)2;x) +

1

2
||f ′′l || Kn,H((s− x)2;x),

which in view of inequality (6) becomes

|Kn,H(fl;x)− fl(x)| ≤ ||f ′l ||
√
Kn,H((s− x)2;x) +

3

4l2
w2(f ; l)Kn,H((s− x)2;x). (18)

Further, the Landau inequality

||f ′l || ≤
2

α
||fl||+

α

2
||f ′′l ||,

and Lemma 2 gives

||f ′l || ≤
2

α
||f ||+ 3α

4l2
w2(f ; l). (19)

Using inequality (19) in inequality (18) and taking l = 4
√
Kn,H((s− x)2);x, we find

|Kn,H(fl;x)− fl(x)| ≤
2

α
||f || l2 + 3

4
(α+ l2)w2(f ; l). (20)

Use of the inequality (20) in (17), then establishes the assertion (16).

4 Weighted Approximation

In this section, the approximation properties of the operators Kn,H(f ;x) on the weighted spaces of continuous
functions are given with exponential growth on R+0 = [0,∞) with the help of the weighted Korovkin type
theorem established in [10, 11]. First, we consider the following weighted spaces of functions which are
defined on the [0,∞).
Let ρ(x) be the weight function and Mf be a positive constant, then we define

Bρ(R+0 ) = {f : R+0 → R : |f(x)| < Mfρ(x)},
Cρ(R+0 ) = {f ∈ Bρ(R+0 ) : f is continuous},

Ckρ (R
+
0 ) =

{
f ∈ Cρ(R+0 ) : limn→∞

f(x)

ρ(x)
= Kf <∞

}
.

It should be noted that Ckρ (R
+
0 ) ⊂ Cρ(R+0 ) ⊂ Bρ(R+0 ). The space Bρ(R+0 ) is a linear normed space with the

following norm:

||f ||ρ = sup
x∈R+0

|f(x)|
ρ(x)

.

The following results on the sequence of positive linear operators in these spaces are given [10, 11].
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Lemma 4 ([10, 11]) The sequence of positive linear operators (Ln)n≥1 which act from Cρ(R+0 ) to Bρ(R
+
0 )

if and only if there exists a positive constant k such that

Ln(ρ, x) ≤ kρ(x), i.e.,

||Ln(ρ, x)||ρ ≤ k.

Theorem 4 ([10, 11]) Let (Ln)n≥1 be the sequence of positive linear operators that act from Cρ(R+0 ) to
Bρ(R+0 ) such that

lim
n→∞

||Ln(ti, x)− xi||ρ = 0, i ∈ {0, 1, 2}.

Then for any f ∈ Ckρ (R+0 )
||Lnf − f ||ρ = 0.

Now, we will prove the following lemma:

Lemma 5 Let ρ(x) = 1 + x2 be a weight function. If f ∈ Ckρ (R+0 ), there exists a positive constant M such
that ‖Kn,H(ρ;x)‖ρ ≤ 1 +M.

Proof. From Lemma 3, it follows that

||Kn,H(ρ;x)||ρ = sup
x≥0

{
1

1 + x2

(
1 + x2 +

x

n
(2 + 4a) +

1

n2

(
1

3
+ 4a2 + 6a

))}
6 1 +

x

n
(2 + 4a) +

1

n2

(
1

3
+ 4a2 + 6a

)
.

Since limn→∞ 1
n = 0 and limn→∞

1
n2 = 0, there exists a positive constant M such that

Kn,H(ρ;x) 6 1 +M.

This completes the proof.

Theorem 5 Let ρ(x) = 1 + x2. Then, for each f ∈ Ckρ (R+0 ),

lim
n→∞

‖Kn,H(f ;x)− f(x)‖ρ = 0.

Proof. It is suffi cient to show the conditions of the weighted form of Korovkin type approximation theorem
proved in Theorem 4, are satisfied. From (7), it is immediately seen that

lim
n→∞

‖Kn,H(e0;x)− e0‖ρ = 0. (21)

Using (8), we have

||Kn,H(e1;x)− e1||ρ =
1

n

(
2a+

1

2

)
,

which implies that
lim
n→∞

‖Kn,H(e1;x)− e1(x)‖ρ = 0. (22)

By means of (9), we get

‖Kn,H(e2;x)− e2(x)‖ρ 6
1

n2

(
1

3
+ 4a2 + 6a

)
.

Therefore,
lim
n→∞

‖Kn,H(e2;x)− e2(x)‖ρ = 0. (23)

From equations (21)—(23), it follows that

lim
n→∞

||Kn,H(eν ;x)− eν(x)||ρ = 0, ν ∈ {0, 1, 2}.

In view of Theorem 4, we obtain the desired result.
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Figure 1: The convergence of operator (2) to f(x).

5 Numerical Results

The numerical outcomes are presented in this section. Making use of the expression (11) in Lemma 1, we
find that

|Kn,H(f ;x)− f(x)| ≤ ||f ′||

√
x

n
+
1

n2

(
1

3
+ 4a2 + 6a

)
+
1

2
||f ′′||

(
x

n
+
1

n2

(
1

3
+ 4a2 + 6a

))
. (24)

Taking a = 0.1, the absolute error |Kn,H(f ;x) − f(x)| of the operators (2) with the function f(x) = 1
2+x3

and f(x) = −4xe−3x are represented in Table 1 and Table 2, respectively.

n error bound at x = 0.2 error bound at x = 0.4 error bound at x = 0.6 error bound at x = 0.8
20 0.0087 0.0275 0.0552 0.0830
30 0.0061 0.0205 0.0422 0.0642
50 0.0040 0.0144 0.0306 0.0470

Table 1

n error bound at x = 0.2 error bound at x = 0.4 error bound at x = 0.6 error bound at x = 0.8
20 0.1141 0.0496 0.1107 0.1252
30 0.0856 0.0372 0.0870 0.0982
50 0.0620 0.0266 0.0650 0.0731

Table 2

For n = 20, 30, 50 and a = 0.1, the convergence of operator (2) to the functions

f(x) =
1

2 + x3
and f(x) = −4xe−3x

are demonstrated in Figure 1, respectively.
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6 Conclusions

In this study, the positive linear operators involving the 2-variable Hermite-Kampé de Fériet polynomials
are introduced. The convergence theorem and rate of convergence of these operators are also established.
The impact of different choices of n on the absolute error of approximation are presented. Both numerical
and pictorial findings show that the suggested operators have good convergence behaviour as n increases in
value.

Acknowledgment. The authors are thankful to the reviewer(s) for several useful comments and sug-
gestions towards the improvement of this paper.
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