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Abstract

This paper is concerned with a geometric inverse problem related to the elasticity equation. We aim
to identify an unknown hole from boundary measurements of the displacement field. The Kohn-Vogelius
concept is employed for formulating the inverse problem as a topology optimization one. We develop a
topological sensitivity analysis based method for detecting the location, size and shape of the unknown
hole. We derive a higher-order asymptotic formula describing the variation of a Kohn-Vogelius type
functional with respect to the creation of an arbitrary shaped hole inside the computational domain.

1 Introduction

Let Q be a bounded and smooth domain of R3, occupied by a material body of elastic nature. In 1 this study,
we assume that the total boundary 0f2 is decomposed into two disjoint parts I' and X such that 9Q =T UX
and I'N'Y = 0. Also, we assume that the displacement field w in 2 satisfies the following elasticity system:

—dive(w) =F 1inQ,
olwin =G on3, (1)

v =0 onlT,

where F' is a given body force, G is an imposed external force and n denotes the outward normal to the
boundary T'. Here, we recall that w — o(w) represents the stress tensor which is given by

oij(w) = A div(w) 6;5 + 2pei;(w), 1<4,j <3
with ¢,; is the Kronecker symbol and w +— ¢(w) is the strain tensor, defined as

87,0,' 8wj

1
i = — 1<4,5<3.
61_7(w) 9 <8xj + 81'1)7 >%4) > 3

Inside the structure domain €2, we assume the existence of a small hole O, . = z 4+ €O that is characterized
by its center z, its size € and its shape O, with O is a bounded domain of R3 containing the origin, whose
boundary 00 is connected and piecewise of class C!.

The aim of this work is to develop an efficient approach for identifying the unknown parameters (location,
size and shape) of the hole O, . from boundary measurement of the displacement field on the boundary .
This issue can be formulated as a geometric inverse problem having the form:

- Given a Neumann and Dirichlet data on the accessible boundary ¥:: an imposed force F' and a measured
displacement field W,,.
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- Determine the location z, size € and shape O of the unknown hole O, . such that the solution we, .
of the Elasticity equation satisfies the following over-determined boundary value problem

—divo(wo, .) =F inQ\O0..,

o(wo, .)n =G on X,
wo, . =Wpn onl
wo, . =0 on I,

olwo, .)n =0 on 00, ..

In order to examine the considered geometric inverse problem, we propose in this paper a new approach
combining the advantages of the Kohn-Vogelius formulation [8, 14, 15, 32] and the topological sensitivity
analysis method.

The topological sensitivity technique is an optimization method used for different applications [16, 17,
18, 19, 20, 21, 22, 23]. The main idea consists on developing of an asymptotic expansion of the objective
function in relation to the domain topological perturbation. Many operators has been studied in the case
of this method such as, the Laplace operator, the Stokes system, the Helmoltz equations. The majority
of the existing works using topological sensitivity method are limited to the first order expansion which is
sufficient in the case where the size of the domain to be detected is of infinitesimal size and not close to
the boundary. However, In the case where this constraint is not ensured or if the first order term in the
asymptotic expansion is equal to zero at some critical points, we need an extension of the expansion to the
higher order terms. We present in this work an extension of this concept to the elasticity operator.

2 The Proposed Approach

The first step of our approach is based on the Kohn-Vogelius formulation which rephrase the considered
geometric inverse problem into a topology optimization one.

2.1 Kohn-Vogelius Formulation

It leads to define for any given hole O, . two forward problems: The first one which is called Neumann
problem is associated to the Neumann datum F"

—dive(w?) =F inQ\O, .,

N owMn =G on3,
(P:) wY =0 onT,
wy¥ =0 ond0, ..

The second one is associated to the measured displacement W,, which will be called as the Dirichlet problem:

—dive(w?P) =F inQ\O,.,

€
D
D w; = Wm on E,
(P=) w? =0 on I,
wP =0 on 00, ..

As one can remark here, if O, . coincides with the exact hole O,- . = z* + ¢*0*, the misfit between
the solutions become zero (wY = w?). Starting from this remark, the inverse problem can be formulated
as a topology optimization one. The unknown hole will be characterized as the minimum of the following

Kohn-Vogelius type functional

KIOND-) = [ o) —ow?) de
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More precisely, the identification problem can be formulated as follow:

(Popt) { find O,« o« C Q, such that K(Q\ O, o«) = min  K(Q\ O,,.),

0.,c€Daa

where D,q4 is a given set of admissible domains.
It is interesting to note that, in the absence of hole the function K reads

/C(Q):/Q|a(wgv)—a(w5)|2 da,

where w)) and w{ satisfy the Elasticity systems in the non perturbed domain

—dive(w)) =F inQ, —dive(wP) =F in Q,
(P cwfm =G on¥, and (PP) wd =W, on3,
w) =0 onTl, wd =0 on I,

2.2 Sensitivity Analysis Method

To solve the topological optimization problem (P,,;) and identify the unknown hole, we will propose a
simplified approach based on the topological sensitivity analysis for the Kohn-Vogelius function A.

The classical topological sensitivity analysis method is based on a first order asymptotic expansion of the
form

K(Q\ 0. 2) — K(9) = p(e)5K(2) + o(p(e)). ¥z € 2,
where
e = — p(g) is a positive scalar function going to zero with &;

e 2z — 0K(z) is the first order topological gradient.

In this work, we extend the topological sensitivity notion for the high-order case. We will derive a high-
order topological asymptotic expansion for the Kohn-Vogelius functional X with respect to the presence
of the Dirichlet geometric perturbation O, . inside the domain €. It consists in studying the variation
K(Q\ O,.) — K(Q) with respect to € and establishing an asymptotic formula on the form

K(Q\O.0) = K(Q) = Y py(£)5K(2,0) + 0(py, (¢))

where

e ¢ p,(e), 1 < g < m are positive scalar functions defined on R* verifying p,,,(¢) = o(p,(¢)) and
lim, 0 p,(g) = 0;

e 0/CY denotes the ¢ topological derivative of the functional K;

e m € N* an arbitrary order of the asymptotic expansion.

To this end, we start our analysis by deriving a preliminary result showing the relationship between the
quantity £(Q\ O,.) — K(Q) and the variations of the Neumann and Dirichlet perturbed solutions w2 —w{’

b5 e — Wo
and w; — wy .
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3 The Kohn-Vogelius Functional Variation

In this section, we discuss the sensitivity of the considered Kohn-Vogelius functional K with respect to the
presence of a small hole O, . inside the elastic domain. We will prove that the variation K(Q\O, ) — K(Q2)
can be only described by four integral terms, involving the discrepancy between the initial and the perturbed
Elasticity problem solutions.

Theorem 1 Let O, be a small hole, strictly embedded into the elastic domain §. In the presence of O, .,
the Kohn-Vogelius function IC admits the following variation

KQ\O,) —K(Q) = / U(wév — wév)nwévds — / a(wED — wé))nwODds
90. .. 00...
—|—/ |U(wéj)|2da: —/ {U(wév)fdx.
Oz,s z,€

Proof. The variation of the function X is given by

’C(Q\éz,e) - IC(Q)

2 2
/i lo(w) — o(w?)| dm—/ lo(wd) — o(w?)|* du
Q\Ozyg Q
/7 |a(wgv)|2dx+/ B |a(w£)|2dx—2/  owP)o(wN)dz
0. . O, . O .

/Q|J(wév)|2dx/Q|a(wé))|2dx+2/ﬂ\o J(wOD)a(wév)dx.

z,€

As one can observe K(Q\O. o) — K(Q) can be decomposed as
K(N\O..c) — K(Q) = Tn(e) + Tp(e) — 2T (e),
with 7y is the Neumann term
2 2
In(e) = / B ‘a(wév)| dx — / lo(w)|” da,
D . Q
Tp is the Dirichlet term
2 2
Tp(e) = / B |o(w£)| dz 7/ |0(wOD)| dz,
\O... Q

and 7)s is the mixed term

= O"LUDO'IUN X — O"LUDO'wN XT.
TM@)—/Q\% (wP)o (w™)d /Q\Om (wP)o (wd)d

Next, we will examine each term separately. We start our analysis by studying the term 7y.

Variation of the Neumann term: The term 7y reads
Ny |2 Ny |2
In(e) = _o(w? )’ dz — | |o(w] )| dx
N0, . Q

- / o(w? — ) yo(w)dz + / o(w! — wl)o(w))dz
OO, .

Q\@z,s
—/ ’U(wév)‘zdx.

z,€
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Using Green formula, from the Elasticity system satisfied by w2 — w{’, we obtain

/ o(wd —wd)o(w)de = / o(wh — wi ynw ds.
O\D... 00...

In addition,
/ o(wY —w))o(wN)dz = 0.
Q\O. .

Then, the term 7x5 can be written as

Tn(e) :/8(9 U(wév—wév)nwévds—/o |a(wév)’2dm. (2)

z,€

Variation of the Dirichlet term: We have

/ |0(w£)‘2dx—/ !a(w{?)fdx
O\D... Q

/7 ‘a(w?—wOD)fdx—i—Q/ B U(wED—wOD)a(wé))dw—/ }a(wéj)’zdm.
Q\Oz,a Q\Oz,s Oz,z

TD (6)

Using Green formula, the system (P{) implies

/ o(w? —wh)o(wh)dx = / F(wP —wh)dx — / o(wf )nwd ds.
NO. . A0 . 20, .

Then, the Dirichlet term admits the following variation

Tple) = /Q\o |J(w£—w(?)|2dx+2/ﬂ\o F(wP — wh)dx

—/ ’0’(11)0D)|2 dx — 2/ o(wP )nw ds.
.. 00. .

Using Green formula, from the system verified by (wP — w{), we deduce
Tple) = —/ a(w?—wéj)nw(?ds—&—Q/ F(wP —wf)dx
90, . N0 .
—2/ o(wP )nwl ds — / ’U(wé))‘2 dx. (3)
00; ¢ O:.e

Variation of the mixed term: We have

’TM(s)z/Q\(9 a(wév)a(wf)dxdt—/Qa(wév)a(wé))dx.

From the weak formulation of problems (PX) and (PZ'), it follows that
Tu(e) = / F(wP —wéj)dx—/ FuwpPdz.
9\62,5 Oz 5

From the fact that —diveo(w{’) = F in O, ., one can deduce

/ FuwpP da :/ |a(w0D)’2dx+/ o(wPnwl ds.
0215 Oz,s 8oz,s
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Consequently, the term 7j; can be written as

Tu(e) = /sz\o F(wP —wl)dx — /O ‘0(11)5)’2 dr — /Bo o(wP)nwP ds. (4)

Variation of the Kohn-Vogelius function K: Combining the variations (2), (3) and (4), one can deduce
that the variation of I can be written as

KQ\O,.) —K(Q) = / U(wév — wév)nwévds — / ‘o(wév)‘Q dx
00, O
+ /
16)

|U(wOD)’2dx—/80 o(w? — wP)nwPds.

z,€

4 Asymptotic Behavior of the Perturbed Solutions

In this section, we discuss the influence of the geometric perturbation O, . on the solutions of the Elasticity
problems (PY) and (PP). More precisely, we derive an asymptotic formula describing the variations of the
displacement field with respect to the perturbation size e. We start our analysis by the perturbed Elasticity
Neumann problem.

4.1 The Neumann Perturbed Solution

This section is devoted to an asymptotic formula describing the variation of the Neumann solution (w® —wg’)

with respect e. We begin our analysis by the following first order estimate.

Lemma 2 Let O, . be a small geometric perturbation strictly included into Q2. Then the perturbed Elasticity
solution w satisfies the behavior

wl (z) — wi(v) = B ((x = 2)/e) + O(e) in Q\ O,

)

where the leading term EY is solution to the following Elasticity exterior problem

—dive(E)) =0 in R3\ O,
EY —0 at oo,
EY =—-wl¥(z) ond0.

Proof. The existence of EJ can be established with the help of a single layer potential. One can derive
B )= [ Ul—0af @), v er\O
where U is the fundamental solution of the Elasticity system in R?

Uly) = %(61 + vereTT) By €eR

with 7 = ||y||, e, = % and e is the transposed vector of e,. Here i is the solution to the following boundary
integral equation

/ Uy — ) nd (Dds(t) = —wd (2), ¥y € DO.
o0

Setting
Ma) = w0l (z) —wp' (x) — By’ ((z — 2)/e).
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As one can observe, 2V satisfies the system

—dive(z) =0 in Q\O. .,
oz = —Lo(EY) (- »)/n on %,
W ——EN(@=-2)/e) ol

wd = —wl +wl (2) on 90, ..

Using the change of variable z = z 4+ ey and the standard energy estimate for the Elasticity problem, one
can derive that there exists a constant ¢ > 0, independent of ¢, such that

Hzév < ce.

HH%Q\@Z,E) —
One can see ([26], Proposition 3.1) for similar proof. m

Next, we extend this estimate to the high-order case. The obtained asymptotic behavior is illustrated by
the following theorem.

Theorem 3 Let O, . = z+ O be a small geometric perturbation, strictly embedded in the elastic domain (2.
Then the displacement fild variation satisfis the following asymptotic behavior

m

wl () — wi (2) = B (& = 2)/e) + )" Vi (@) + BY ((z — 2)/e)] + (™),
k=1

where (VN )o<k<m is a set of smooth functions satisfying the Elasticity system in Q@ and (ENYo<k<m is a set
of smooth functions verifying the exterior Elasticity problem in R3\ O.

Proof. The terms of the derived asymptotic expansion are built iteratively.

Initialization: We start our construction process by the terms associated with £ = 0. The two sequences
(VM )o<k<m and (EY)o<k<m are initialized as follows:

— V¥ = w{¥ which is the solution to the Elasticity problem (PZ'), defined in the non perturbed domain
Q.

— B} is the solution to the exterior Elasticity problem (5), defined in R?\ O.

The k" term: Let k € {1, ..., m}. Assume that we have already derived the terms V¥ and E¥ for all
0<i<k-—1, and we want to derive the terms VkN and E,]gv

In order to define the desired terms, we need to establish a preliminary calculus. It concerns the asymp-
totic behavior of the functions EY with respect to . Recalling that EXN is constructed as a solution to an
exterior Elasticity problem defined in R?\ O. Then, due to a single layer potential, E¥ can be written as

EN(y) = / Uty — 1) n (1)ds(t), Yy € R*\ O,
o0

where 72 is the solution to a boundary integral equation defined on 0. From the fact that U(y/e) = eU(y)
it follows that for each z € R?\ O, . we have

Ef((x—2)/e) = / U((z —2)/e —t)n} (t)ds(t)
200

c /ao Ul — 2) — e )y (1) ds(t).

From the fact that O, . is not close to the boundary 02, one can remark that for all t € 0O, the function
e+— Up_,(e) = eU((x—2z)—et) is smooth with respect to € and admits the following asymptotic expansion

Ux—z,t(s) = Z

p=1

eP - m
= 1),U£’i;2<o> +o(e™),
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where U (p)

r—2z,t

(0) is the p' derivative of U,_, + at € = 0. It depends on the p'* derivative of the function U at
the point z — z. Consequently, the function e — EN ((z — 2)/¢) satisfies the following asymptotic behavior

m

EN((x—2)/e) = > e’ B\ (x — 2) + o(e™), (5)

p=1

with EJ(\Z,))l is the smooth function defined in R?\ O by

BW) = o [ U OnY (0ds(o). vy e B\O, (6)

—Determining the term: V. It is constructed using the functions EN
the solution to the following Elasticity system

0<i¢<k-—1. It is defined as

7

—dive(VY) =0 in €,
a(ka)n =— zp Lo(BEY),._)(—2)n on, (7)
vy o=-— szl EJ(Vk_p(x —z) on T,

where the functions EJ(\Z;)] is defined by (6).

—Determining the term: E,ﬂv It is constructed using the functions ViN7 0 <4 < k. This term is defined
as a solution to the following exterior problem

—dive(EYN) =0 in R*\ O,
EN —0 at oo, (8)
EBY =-V¥(z) = Xyl 2DV (2)(yF)  on 90,

where DkaJ\ip(z) is the p'" derivative of the function Vk,_p at the point z and y? = (y, ..., y) € (R3?)P.

Justification of the asymptotic formulas: Here we will prove that the constructed sequences (VkN Jo<k<m and
(EN)o<k<m permit us to derive the expected asymptotic formulas. Posing

Ry (@) = wp () + By ((x = 2) /) + Y _ "V (2) + B (& — 2) /)] — wl.
k=1

One can easily verify that R%,E solves the Elasticity system in Q\ O, .
—dive(R) ) =0 inQ\O..,
and satisfies the following boundaries conditions:

On 00, .: Using the systems (7)-(8), the multi-linearity of DPV, »(2), Taylor’s Theorem and the fact
that ||x — z|| = O(e) on 00, ., one can derive

m m—

RY (@) = > [V @) - 3

k=0 p=0

% ka Y((z —2)P)| = o(e™).

On I': the Dirichlet boundary condition in (7) and the asymptotic expansions (5) imply

kaEzjcv((x —z)/e)) + Z€kaN($)
= ZE [ZEPEP) } Emjgk[

p=1 k=1 p=
= o(am).

Ry, ()

k
ER),_(z—2)| +o(e™)
1
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On X: by the change of variable z = z + ey, we have
1 m m
0(Rme) = - Y Foy (B (@ —2)/e) + ) to (V) ().
k=0 k=1
Using again the change of variable, from (5) one can deduce
oy (BY)(x = 2)/e) = ) o (E))(@ = 2) +oe™).
p=1

The two last relations combined with the Neumann condition used in (7) imply

0(Rm,e)n=o0(c™) on X.

4.2 The Dirichlet Perturbed Solution

This section is concerned with brief analysis of the Dirichlet case. Here, we consider (V;?)o<k<m a set of
smooth functions satisfying the Elasticity system in  and (E,? Jo<k<m @ set of smooth functions verifying
the exterior Elasticity problem in R?\ 0. The two considered sequences (VkD Jo<k<m and (EkD Jo<k<m are
initialized as follows:

— VP = w{’ which is the solution to the Elasticity problem (P{).

— EJ is defined as the solution to the following exterior Elasticity problem

—dive(EY) =0 in R*\ O,
EP —0 at oo,
E =-wP(z) on o0,

The term VkD : It is defined as the unique solution to the following Elasticity system

{ —dive(VP) =0 in Q,

9
VP =- le;:l Eg),)k_p(x —z) onTUE, ©)

where the functions Eg)j, 0 < j <k are defined by

B0 = = [ U 0P (0ds(o). Yy B\ D. (10)

The term EP: It is constructed using the functions VjD, 0 < 7 < k. This term is defined as a solution to
the following exterior problem

—dive(EP) =0 in R3\ O,
EP —0 at oo, (11)
EP =-VP(z) -t LprypP P o0
k i (2) Zp:1 ! k*p(z)(y ) on )

Theorem 4 In the presence of a small geometric perturbation O, . = z + O inside the elastic domain €2,
the solution wP of the perturbed Dirichlet Elasticity problem admits the asymptotic behavior

wl (z) —wg' (x) = By ((z = 2) /) + Y " Vil (@) + BP (¢ — 2)/e))] + o(e™).
k=1
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5 High-Order Topological Asymptotic Expansion

In this section we extend the topological derivative notion for the high-order case. We derive a high-order
term in the topological asymptotic expansion for the Elasticity operator. We will derive an asymptotic
formula describing the variation of the Kohn-Vogelius functional K with respect to the insertion of a small
hole inside the elastic domain €.

From Theorem 1, the variation caused by the presence of the geometric perturbation O, . = z + €O can
be decomposed as

K(@Q\O.c) = K(Q) = TV (e) = TP(e),

where the Neumann and Dirichlet terms are defined by

TN () = /80 o(wY — w) ynwl'ds — /o ’a(wé\/)‘2 dx, (12)

z,€

TP(e) = /ao o(w? — wP)nwPds — / |cr(wé))|2 dz. (13)

z,€

To derive the expected high-order asymptotic expansion for Kohn-Vogelius functional K we will examine the
terms JV and JP separately.

5.1 Estimate of the Neumann Terms
Here, we derive a sensitivity analysis for each term in J7(¢) with respect to the parameter . We will

establish a high-order asymptotic expansion for each term. Our mathematical analysis is based on the

asymptotic behavior of the perturbed solution w? .

Lemma 5 The first term in (13) admits the estimate

m—1
/8 ol —unafds = 30 / oy (BN (y)n(y) ol (= + ey)ds(y)

k=1

Proof. Using the previous relation and the decomposition presented in Theorem 3, one can derive

m m+1
o(wd —wy') = éay(EéV)((w —2)/e) + ) o (Vi) (@) + Y oy (BY) (@ — 2) /&) + o(e™).
k=1 k=1

Then, the first term in (13) satisfies the estimate

1
/ o(wl —w)nw)ds = = / oy (EN)((x — 2)/e))n.w) ds
20, . € Jo0. .

m+1

" kz::l - /8(9“ oy (B ) ((x — 2)/e)nwy ds

+ Z ek / c(VM) (z)n.wd ds + o(e™).
k=1 90:,¢
Making use of the change of variable x = z + ey, one can deduce

[ @)= afmadds = [ o, umm .l ¢ +edso)
90, . 80
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/ (V) (@)l ds = &2 / (V) (= + ey)n(y)wd (= + <y)ds(y).
00, . 80

Consequently, we obtain

/80215 o(wl —winwl'd Z gk+1/ EN)(y)n(y).wl (z + ey)ds(y)
+ Z ch+2 / V) (2 + ey)nawd (2 + ey)ds(y) + o(e™).
k=1

Next, we will examine the two integral terms in the right hand side of (14).
Lemma 6 We have

m—1 m—1

gkl /ao oy (EY) (y)n(y).wl (2 + ey)ds(y Z eI (2,0) + o(e™),

k=0 q=0

where the functions z — ’C;’N(Z, 0), 0 < g <m are defined in Q by

Ye0=3 ; /8 B )0 D ()6 ds()

with D®)wl¥(2) denotes the p'" derivative of the function wlY at the point z € Q and y? = (y, ..., y) € (R®)P.

Proof. Due to the smoothness of the velocity field w{’, by Taylor’s theorem one can derive

Nz +ey) = Z D(p) N (2)(5P) + o(e™). i~
It follows
5 [ e
- 7:__:5“1(15%5? aoUy(E;iV)(y)n(y)-[D(”>wéV(z)(yp)}ds(y))+0(8m)
: EQH(,:;;/@@%(E?—H@) W) [DW o (2)(y")ds(y) ) +o(™)
n

Lemma 7 The second integral term in the right hand side of (14) satisfies

m—2

m—2
Z gkt / Vi) (z + ey)nawd (z + ey)ds(y) Z eIt K2 N(z,0) + o(e™),
=1

qg=1

where the functions z — ICg’N(z, 0), 1 < g <m—2 are defined in Q by

K0 = 3 pt [0, @m0 D () st
=0
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Proof. Here we exploit the smoothness of the functions VqN . This follows from the fact that VqN is solution
to the Elasticity problem (7), defined in a smooth domain € and verifying smooth boundary data on 952.
Using Taylor’s formula, one can derive

z—l—ay Z D(p ( ;/i )i)(z)(y”)—i—o(sm), 1<4,5<3.

Recalling that

V)i, OV,

O(Vk )%J H’( 83,:] axz )+ Adiv (Vk )5'LJ

where d; ; is the Kronecker symbol. Then, for each 1 <14, j < 3, one can derive
m

o(V¥)is(z + ey) = Z;i: () + o(e™), (16)
p=0

with 0‘( )(Vk )(2) = D® (o(VN); ;) (2) which is the p'™ derivative of the function

oV 0ViY);
a O0x; * Ox;

) —+ A div (Vk )51'7]'

at the point z € Q.
Due to the Cauchy product formula, the relations (15) and (16) imply

/ (V) (= + ey)mwd (= + ey)ds(y)
20

DV @ DE Dl (2) (g ds(y)) + o(™).

k=1 ©
_ m—2 gio g—1 p 1 O'(l) N n (p—1) P p—l1 S 0
> (p_(,;l'@—l)'/ao (V)2 DO Dud (2) (P )ds(y)) + (™)

Lemma 8 The second term in (13) admits the estimate
m—3
/O o(wd)2dz = 3 e K3V (5,0) + o(e™),
z,E q:()

where {z — IC;”N(Z7 0),0<q<m—3} is a set of functions, defined in Q by

q

1 _ _
/CZ”N(z,O) = Zm/(gD(erl)wév(z)(yp) : DU p+1)wév(2)(yq P)dy.
« p !
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Proof. The change of variable x = z 4 ey, implies

| lowi)Pde == [ o)z + ).
O:.e o

Since w{) is smooth near z, by Taylor’s theorem it follows

m

o(wh) (s +ey) =Y %D@“)wﬁ ()W) + o(c™).

p=0

By Cauchy product formula, we obtain

o (wg")[* (= + ey) = qu (Z #D(”“)W(I)V(Z)(y”) : D(q”“)wéV(Z)(yq”)) +o(e™).

= rla—p)!

5.2 Estimate of the Dirichlet Terms

In this section, we examine the Dirichlet terms involved in the Kohn-Vogelius functional variation. Based
on the asymptotic behavior of the perturbed solution w? with respect to the parameter €, we establish a
high-order asymptotic formula for each term of the function J(g). Using Theorem 4, the function JP(¢)
admits the following estimate

T = Y [ oD wm)f ¢ + edsiy)
o0

+ ) ekt /do o(Vi?)(z + ey)nwg (= + ey)ds(y)
k=1

—e/|a (WD) (= + ey) Pdy. + o(e™).

Similar to the Naumann case, we derive the following preliminary lemmas estimating the integral terms in
the last equality.

Lemma 9 We have

m—1
Z gk“/ oy (EP)(y)n(y)-wd (= + ep)ds(y) = 3 TP (2,0) + o(e™),

q=0

where the functions z — K;’D(z, 0), 0 < g <m are defined in Q by

q
1
P01=3 | o EL ) mm) o () st

Lemma 10 The second integral term in the right hand side of (1/) satisfies

m—2 m—2
Z gkt / VP)(z + ey)nwl (z + ey)ds(y) = Z €q+2K§’D(z, 0) + o(e™),

q=1

where the functions z — KE’D(Z, 0), 1 <q<m—2 are defined in Q2 by

K3P(20) = 3 gy [ o) e () sty
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Lemma 11 The second term in (13) admits the estimate
m
[ o)+ ep)Py =3 < K3P(2,0) + ofe™),
(@] q=0
where {z — K3P(2,0), 0 < q <m} is a set of functions, defined in Q by

q 1 B B
KgP(2,0) =Zm/{90(p+”w(’?®)(y”) Lol TP (2) (y? ) dy.
) !

5.3 Topological Asymptotic Formula

In this section, we derive a high-order topological asymptotic expansion for the Kohn-Vogelius functional A.
The main result of this section is described by Theorem 12.

Theorem 12 Let O, = z+ €O be a small hole inserted in the elastic domain Q. In the presence of O .,
the Kohn-Vogelius functional IC satisfies the following high-order asymptotic expansion

KQ\O, ) =K(Q) + ieq(SqIC(z, O) + o(e™),

where 09K is the ¢'" topological derivative order, defined in Q by

§1K(2,0) = [;cl N b D} (2,0) ifg=1,2,

q—1
and

31K (2, 0) = [ic;;Nl - /c;f’l} (2,0) + [;cgfg - /cgg} (2,0) — [/cg’;Ng - ;cgg} (,0) if3<qg<m.

Proof. According to Lemmas 5-8, the Neuman term J% () satisfies the estimate

m—1 m—2 m—3
TN () = Z eIMIN (2,0) + Z eI 2N (2,0) - Z eI KIN(2,0) + o(e™).
q=0 qg=1 q=0

Based on Lemmas 9-11, the Dirichlet term J () can be estimated as

m—1 m—2 m—3
TPE) = e™MKIP(2,0)+ Y K2 (2,0) = > e"KIP(2,0) + o(e™).
q=0 q=1 q=0

Combining the two previous estimates and using the fact that
K(Q\O-.c) = K(Q) = J¥(e) = TP (e),

one can derive the desired asymptotic formula. m

6 Conclusion

In this paper, we have derived a high-order topological asymptotic formula describing the variation of the
Kohn-Vogelius functional with respect to the presence of a small hole immersed in the elastic domain. The
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[P

obtained formula can serve as very useful tools for the numerical identification of the location “z”, the size“e
and the shape “O” of the unknown geometric perturbation.

From the asymptotic formula in Theorem 12, it now follows that, up to terms of smaller order, the
unknown parameters z, ¢ and O can be characterized as the solution of a parameters estimate problem
minimizing the nonlinear scalar function

Fle,2,0) = e'6K(z,0).

q=1

[Pk

A first task of the identification process, is then the determination of the location “z” (center of the geometric
perturbation) and the size“c”. A second task would be (as well as possible) the determination of other
informations about the created hole, such as its shape “O”.

A detailed account of this work and some numerical investigations will be the subject of a forthcoming

paper.
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