Applied Mathematics E-Notes, 24(2024), 89-96 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

On A Class Of Strongly Coupled Singular (p, ¢)-Kirchhoff Type
Systems”

Seyyed Hashem Rasouli'

Received 12 October 2022

Abstract

The existence of positive solutions for a singular (p, ¢)-Kirchhoff type system under Dirichlet boundary
condition is studied. The main novelties consist in the presence of a Kirchhoff type system and in the
strongly coupled reaction terms which tend to —oo. Our approach relies on the method of sub- and
supersolutions.

1 Introduction

The aim of this paper is to study the singular (p, ¢)-Kirchhoff type system

My Jo IVulPde) Ay = daa) (Fu,0) - &), weQ,
—My( [, |Vv|qu) Agv = \b(z) (g(u,v) — v%), x €N, (1)
Uu=v= 07 T e 69,

where M; : RT — R*, i = 1,2 are two continuous and increasing functions such that M;(t) > m; >
0 for all t € RT, A,z = div(|Vz|""2Vz2), for r > 1 denotes the r-Laplacian operator, X\ is a positive
parameter, € is a bounded domain in R™, n > 1 with sufficiently smooth boundary and «,8 € (0,1).
Here a(z),b(x) € C(Q) are weight functions such that a(z) > ag > 0, b(z) > by > 0 for all x € €,
f,9 € CH(0,00)x(0,00))NC([0, 00) x [0, 00)) are nondecreasing functions for both u, v and f(0, 0), (0, 0) > 0.

Problem (1) is called nonlocal because of the presence of the term —M ([, |Vu|"dx) which implies that
the equation in (1) is no longer a pointwise identity. This phenomenon causes some mathematical difficulties
which makes the study of such a class of problem particularly interesting. Besides, such a problem has
physical motivation. Moreover, problem (1) is related to the stationary version of Kirchhoff equation

2 L 2
p%— (&+£ @‘de)@:() (2)
ot? h = 2L J, Oz Ox?
presented by Kirchhoff [13]. This equation extends the classical d’Alembert’s wave equation by considering
the effects of the changes in the length of the strings during the vibrations. The parameters in Eq. (2) have
the following meanings: L is the length of the string, h is the area of cross section, E is the Youngs modulus
of the material, p is the mass density, and Py is the initial tension.

When an elastic string with fixed ends is subjected to transverse vibrations, its length varies with the
time: this introduces changes of the tension in the string. This induced Kirchhoff to propose a nonlinear
correction of the classical D’Alembert’s equation. Later on, Woinowsky-Krieger (Nash-Modeer) incorporated
this correction in the classical Euler-Bernoulli equation for the beam (plate) with hinged ends. See, for
example, [4, 5] and the references therein.

Moreover, nonlocal problems also appear in other fields as, for example, biological systems where (u,v)
describes a process which depends on the average of itself (for instance, population density). See, for
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example, [2], [3], [10], [19] and [20] and the references therein. In recent years, problems involving Kirchhoff
type operators have been studied in many papers, we refer to [7, 8, 12, 17, 21, 22, 23, 24] in which the authors
have used different methods to get the existence of solutions.

Let F(s,t) = [f(s,t) — -=] and G(s,t) = [(g(s,t) — 75]. Then

SO(
lim F(s,t)=—-o0o= lim G(s,t),
(5,t)—(0,0) (5,t)—(0,0)
and hence we refer to (1) as an infinite semipositone problem. See [1], where the authors studied the corre-
sponding non-singular finite system when M;(t) = My(t) = 1, and a(z) = b(x) = 1. It is well documented
that the study of positive solutions to such semipositone problems is mathematically very challenging [6],
[18]. In this paper, we study the even more challenging semipositone system with
lim F(s,t)=—-oc0o= lim G(s,t).
(5,£)—(0,0) (5,£)—(0,0)
We do not need the boundedness of the Kirchhoff functions M;, Ms, as in [9]. Using the sub and supersolu-
tions techniques, we prove the existence of positive solutions to the system (1). To our best knowledge, this is
an interesting and new research topic for singular (p, ¢)-Kirchhoff type systems. One can refer to [14, 15, 16]
for some recent existence results of infinite semipositone systems.
To precisely state our existence result we consider the eigenvalue problem

*AT‘QS = )\ |¢|Tﬁ2 ¢7 T e Qa
{ 6=0, € 0. ®)

Let ¢, ,. be the eigenfunction corresponding to the first eigenvalue A1, of (3) such that ¢, ,.(x) > 0in €2, and
|61 ,+]lcc = 1 for r = p,q. Let m, 0,5 > 0 be such that

o< ¢ <1, zeQ -0,

V.| >m, z€Qs,

for r = p,q, and s = a, 3, where Q5 := {z € Q|d(x,0Q) < é}. (This is possible since [V, .|” # 0 on IQ
while ¢, . = 0 on 9Q for r = p,q. We will also consider the unique solution ¢, € Wol’r (Q) of the boundary
value problem
A, =1, z€Q,
{ ¢, =0, x € 08,

%Cnr < 0 on 99.

to discuss our existence result, it is known that ¢,. > 0 in € and

2 Existence Result

In this section, we shall establish our existence result via the method of sub-supersolution (see [1] ). By a
solution pair of (1), we mean a pair of functions of the form (u,v) € WP N C(Q) x W4 N C(Q) such that
(u,v) = (0,0) on 09,

Ml(/ |Vu|pd:1c)/ |VulP~2 Vu - Vwdz < )\/ a(x)(f(u,v) - i&)wdaz7
Q Q Q u

and
1

q q—2 . 1
Mz(/ﬂlw\ dx)/Q |Vo]|972 Vo dea:S/\/Q b(x)(g(u,y) Uﬂ)U’dl‘

By a sub-solution pair of (1), we mean a solution pair of the form (v;,1,) € WP N C(Q) x Whin C(Q)
such that (¢1,15) < (0,0) on 99,

([ [9vapds) [ 90,0290, Vwde <0 [ ala) (£1,02) = S5 Jwd

a
Q (G
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and

]\42(/Q \Vz/)2|qd:p>/g |V¢2|qf2 Vipy - Vwdx < )\/Q b(x) (9(1/)1’1/12) — qplﬂ)U}dz

2

By a super-solution pair of (1), we mean a solution pair of the form (21,22) € WP N C(Q) x Whin C(Q)
such that (z1, z2) > (0,0) on 012,

1
Ml(/ |Vzl|pd:1c)/ V21|P"2 V2, - Vwdz > )\/ a(a:)(f(zl,zg) - Z—a)wdw,
Q Q Q

1

and

1
Mg(/ |Vz2|‘1dx)/ V2|92 V2o - Vwdr > )\/ b(x) (g(zl,zg) - —B)wda:,
Q Q Q

Z2

for all w € W = {w € C§°(Q)|w > 0,z € }. We remark that, a solution (uyx,wvy) of (1) is large if uy — oo
and vy — 0o as A — 00. Then the following result holds:

Lemma 1 (See [11, 15, 7]) Suppose there exist sub and supersolutions (11,14) and (21, z2) respectively of
(1) such that (q,v9) < (21, 22). Then (1) has a solution (u,v) such that (u,v) € [(V¥q,15), (21, 22)].

We make the following hypotheses:

(H1) f,g € C*((0,00) x (0,00)) N C(]0,0) x [0,00)) are nondecreasing functions for both u,v such that
f(0,0), 9(0,0) > 0.

(5 = Jm_g(0,8) = +o0,

and

lim 9529

=0.
s—+oo g4—1

1
(H2) lims_ % =0, for all A > 0.
We establish:
Theorem 2 Let (H1) and (H2) hold. Then (1) has a large positive solution (u,v) for A > 1.

Proof. For fixed r1 € ( and 79 € (———, - ), we shall verify that

q—1+87 q—1

piTa 1)
rl(p_ 1 PoiTa 7 (q_l"‘ﬂ) bo | 1 =iT7
(V1,9) = (>\ T E)p‘ o1, 7)\27(] (m*2)q‘1 1, M)’

is a sub-solution of (1). Let w € W. Then a calculation shows that

rip @0\ 1o z:iaa
Vi, = A 1(m—1)p—1 ¢1’p1+ Vi,
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and we have

/|V¢1|pd$)/ |Vep, P72 V), - Vwdx

A=D1
- %7]\/[1
m

ao)\ (p=1)m1

_ Ml(/ Ve, [Pdz

/ Vi Pda / b T Vg, POV, Vde

/

(P ry

—1)ry ap

_ apAP~V Ml( IV, |Pd (A1 ¢p_mf|V¢ P(1- 7)¢ -

-~ 2 P1p Lp 1+’ 0P

) =) (1—a)(p—1) [V |
< )\(p 1)1 / A p—l+oa a;):" .
S Qg o [ Lp®1p p—1l+a« P—ita ] de

Lp
Similarly,

Mz(/ |V¢2|qd$>/ [V1py|972 Vipy - Vwda
Q Q

a(q—1) _ _ \v4 q
< poAlahr / [A1q o1, — (1=fa-1 | ¢51;q| Jwdz 3 .
Q ’ q—1+p G TP

1,9

Thus (¢1,15) is a sub-solution if

ao)\ {)\1 png(PlJrl; o (]- — Oé)( - 1) |V¢1 P| } a(x) (f(qul,wg) . il)

and

Wy (1-8-1) |V¢>1 |9
b)\ by q—1+8 q
0 { Lafig q—1+p is

1,9

<20t (s, v) )

First we consider the case when x € Q5. Since 1 — (p — 1)r; — ria < 0, for A > 1, we have

oy =)= 1) [Vor,[” 1

Al |
_ 7P0¢a — r 1 _ o p7P = [0
polia g (X7 ()7 (2o o5 )

p 1,p

Also in Qs (in fact in Q), since (p — 1)1y < 1, if A > 1,

p(p=1)

)\(P 1)r A ’pqsp T+o

IN
>
~
—~
=
(=}
~—

)
)

S VA / Vi [Pde) { / Al,pabi’,;m—|V¢17p|"‘2V¢1,pV<¢1;’“af“‘ﬂwdw}
)

| 1900,0772900, {V (61,7 0) w9 (0,7 | do

1+"]wdx}
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It follows that in Qs for A > 1, we have

) p(p—1) 1— -1 |V p
aO)\T |:)\1 p¢p 1ta ( a)(p ) | d)i;)l)‘ ]
p—1+a p—1+a

Lp
e (1=a)(p—1) [V,
_ p—l+a _ \T1 ;P
= Go [ MpPlp A p—1+a ﬁ]
Lp
ag. 1 p—1+a b, 1 q—1+0
< )\ /\71 _“\p=1 p— 1+a )\7"2 -1 q— 1+/3
< @) (NP () o, T A T () o)
A
1 p—l+a ﬁ *
() (et )
1
= 2a(@)(F1,00) — —= ).
@) (f W12 = )
On the other hand, on Q — Qj, sinceogqﬁf’;;“ <1, forr=p,qand s =qa, S,
r 001 p—1+a s b q—1+0 1
FnEm B oxm () )o) - 1 —
1 P ma z (3 ()7t (=52 0,57
1
< y) — —=.
< f(W11y) e
Also, since (p— 1)r; <0, for A > 1,
e (1-a)(p—1) [V,
ao)\ |:/\1,p ip e — a,’, ]
p—1+a ¢f71+a
p(p—1)
< apA A1 o7,
1 -1 —1 1
< ag[£(V (e BEEEY o e Loy (1 1E A ) : —]
™ y " ’ (A Gy (=) 0,
ag . 1 p—14+a,  —2— bo .1 q—1+0
< A A (et (——— p=ifa yr2 D yo=p (L - T/ q— 1+B
< ) [F(X T Jol, TN T (T ) ol
_ 1 }
(VG (2 077
1
= (@) (F1,00) — —= ).
@) (f @102~ )
Hence, if A > 1, we see that
M ( P p—2 1
([ IVeirde) |96V Vwde X a() (F(61,0) - =5 Jwda,
Q Q Q (Ch
Similarly, for A > 1, we get
1
Mo [ 1vaftar) [ 1900012 V- ude < [ o) (o000 - g we
2

Thus, (vq,15) is a positive subsolution of (1).
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Now, we construct a supersolution (z1, z3) > (11,%,). By (H1) and (H2) we can choose C' >> 1 so that

Let

my A (ClG oo B2 7 [9(CUE lloos CNIG N ] 7T 1€, o)

lalloo — crt

1

(o120) = €6y 2] g0 ), i)

We shall show that (z1, z2) is a supersolution of (1). Then

%

vV

v

Ml(/ |Vz1|Pda:)/ V2 P2 V2 - Vwdz

Q Q

cp—lMl( / |v,zl|f’dx) / V¢, [P2VC, - Vwde
Q Q

Cp_1M1</ |Vzl|pdx)/wdm
Q Q

m,CP1 / wdx
Q

Ml | £(CUG o |
)\/Q a(x)(f(zl,zz) - %)wdw

b|so A o N
” 7'7'1 |7 (CIG oes UG o) T oo i

Again by (H1) for C large enough we have

Hence

v

Y]

Vv

Vv

1

i  lo(Cgpll=:CliG )]
(M\Hloo)ﬁucqnoo B CHCp”oo

m

Mg(/ |Vz2\qu)/ V2|92 V2o - Vwdx
Q Q

Bl .
[} g(c||<puoo,cugp||m)M2(/ \sz\qu)/ V¢, [172 V¢, - Vwde
meo Q Q

Allblloe
ng(0||<puoo,cucp||w>M2(/Q\VZQ\qdm)/Qwdw

Alblloog (C1¢, oo ClIC, o) / wdz
blloc Ay 32 o
NI / 9(ClG, o [%] P (G(C1C loer CIC DT IE 1o 0 da
A b d
/Q (2)9(z1, z2)w da

)\/Q b(x) (9(21,22) - %)wdfc.

22

i.e., (z1,22) is a supersolution of (1). Furthermore, C' can be chosen large enough so that (21, 22) > (11, 1¥5).
Thus, there exist a positive solution (u,v) of (1) such that (¢;,%5) < (u,v) < (21, 22). This completes the
proof of Theorem 2. =
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