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Abstract

In this paper, we firstly presented the definitions of asymptotical Wijsman deferred Cesàro equiva-
lence, Wijsman strongly deferred Cesàro equivalence and Wijsman strongly r-deferred Cesàro equivalence
(0 < r < ∞) for double sequences of sets. Then, we proved some theorems associated with the concept
of Wλ

2 [D]
r-equivalence, and we examined the relations between the concepts of Wλ

2 [D]
r-equivalence and

Wλ
2 DS-equivalence for double sequences of sets.

1 Introduction

Long after Pringsheim [36] introduced the concept of convergence for double sequences, this concept was
extended to the concept of statistical convergence by Mursaleen and Edely [26] and also to the concept
of lacunary statistical convergence by Patterson and Savaş [34]. Furthermore, the concept of asymptotical
equivalence for double sequences was firstly studied by Patterson [33].
The concept of Wijsman convergence which was discussed in this paper is one of the concepts of several

convergence for sequences of sets (see, [4, 5, 6, 27, 38, 43, 44]). The concept of Wijsman convergence for
double sequences of sets was firstly introduced by Nuray et al. [28]. Also, the concepts of Wijsman Cesàro
summability, Wijsman statistical convergence and Wijsman lacunary statistical convergence for double se-
quences of sets were studied by Nuray et al. in [28], [31] and [29], respectively. Furthermore, some basic
asymptotical equivalence definitions in the Wijsman sense for double sequences of sets were given by Nuray
et al. [30] with examples.
Long after Agnew [1] introduced the concept of deferred Cesàro mean for real (or complex) sequences, the

concept of deferred statistical convergence was studied by Küçükaslan and Yılmaztürk [23]. Also, the concepts
of deferred Cesàro summability and deferred statistical convergence for double sequences was presented by
Daǧadur and Sezgek in [7] and [37]. Furthermore, some basic asymptotical deferred equivalence definitions as
asymptotical deferred equivalence, strongly r-deferred Cesàro equivalence and deferred statistical equivalenve
for sequences were given by Koşar et al. [22].
In [2], Altınok et al. introduced the concepts of Wijsman deferred Cesàro summability and Wijsman de-

ferred statistical convergence for sequences of sets. Also, the definitions of asymptotical deferred equivalence
and deferred statistical equivalence in the Wijsman sense for sequences of sets were given by Altınok et al.
[3]. Recently, Ulusu and Gülle [42] studied on the concepts of deferred Cesàro summability and deferred
statistical convergence in the Wijsman sense for double sequences of sets.
The intent of this paper is to study on some new asymptotical deferred equivalence types in the Wijsman

sense for double sequences of sets, which are more comprehensive than the concepts given in [30].
More information on the concepts of convergence and asymptotical equivalence in this paper can be found

in [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 24, 25, 32, 35, 39, 40, 41].
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†Sivas Cumhuriyet University, Sivas 58140, Turkey
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2 Basic Concepts

Let’s start by remembering some basic definitions and notations (See, [16, 28, 30, 31, 33, 34, 42]). For a
metric space (Y, ρ), µ(y, U) denote the distance from y to U where

µ(y, U) = inf
u∈U

ρ(y, u) := µy(U)

for any y ∈ Y and any non-empty U ⊆ Y.
For a non-empty set Y, let a function f : N → 2Y (the power set of Y) be defined by f(k) = Uk ∈ 2Y

for each k ∈ N. Then, the sequence {Uk} = {U1, U2, . . .}, which is the codomain elements of f , is called
sequences of sets.
Throughout the study, (Y, ρ) will be considered as a separable metric space and U, Ukj (k, j ∈ N) will

be considered as any non-empty closed subsets of Y. The double sequence of sets {Ukj} is said to be

(i) Wijsman convergent to the set U provided that

lim
k,j→∞

µy(Ukj) = µy(U),

for each y ∈ Y and it is denoted by Ukj
W2−→ U ;

(ii) Wijsman strongly Cesàro summable to the set U provided that

lim
m,n→∞

1

mn

m,n∑
k,j=1,1

∣∣µy(Ukj)− µy(U)
∣∣ = 0,

for each y ∈ Y and it is denoted by Ukj
W2[C]−→ U ;

(iii) Wijsman statistically convergent to the set U provided that for every ε > 0

lim
m,n→∞

1

mn

∣∣∣{(k, j) : k ≤ m, j ≤ n :
∣∣µy(Ukj)− µy(U)

∣∣ ≥ ε}∣∣∣ = 0,

for each y ∈ Y and and it is denoted by Ukj
W2(S)−→ U .

The deferred Cesàro mean Dψ,ϕ of a double sequence U = {Ukj} is defined by

(Dψ,ϕU)mn =
1

ψ(m)ϕ(n)

q(m)∑
k=p(m)+1

t(n)∑
j=s(n)+1

µy(Ukj) :=
1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

µy(Ukj),

where [p(m)], [q(m)], [s(n)] and [t(n)] are sequences of non-negative integers satisfying following conditions:

p(m) < q(m), lim
m→∞

q(m) =∞; s(n) < t(n), lim
n→∞

t(n) =∞ (1)

and
q(m)− p(m) = ψ(m); t(n)− s(n) = ϕ(n). (2)

Note here that the method Dψ,ϕ is openly regular for any selection of the sequences [p(m)], [q(m)], [s(n)]
and [t(n)]. Throughout the paper, unless otherwise specified, [p(m)], [q(m)], [s(n)] and [t(n)] are considered
as sequences of non-negative integers satisfying (1) and (2).
The double sequences of sets {Ukj} is said to be
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(i) Wijsman deferred Cesàro summable to the set U provided that

lim
m,n→∞

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

µy(Ukj) = µy(U),

for each y ∈ Y and it is denoted by Ukj
W2D−→ U ;

(ii) Wijsman strongly r-deferred Cesàro summable (0 < r <∞) to the set U provided that

lim
m,n→∞

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣µy(Ukj)− µy(U)
∣∣r = 0,

for each y ∈ Y and it is denoted by Ukj
W2[D]

r

−→ U ; where if

If r = 1, then the sequence is simply called Wijsman strongly deferred Cesàro summable to the set U

and it is denoted by Ukj
W2[D]−→ U ; and

(iii) Wijsman deferred statistically convergent to the set U provided that for every ε > 0

lim
m,n→∞

1

ψ(m)ϕ(n)

∣∣∣{(k, j) : p(m) < k ≤ q(m), s(n) < j ≤ t(n),
∣∣µy(Ukj)− µy(U)

∣∣ ≥ ε}∣∣∣ = 0

and it is denoted by Ukj
W2DS−→ U .

The non-negative double sequences a = [akj ] and b = [bkj ] are said to be asymptotically equivalent to
multiple λ provided that

P − lim
k,j→∞

akj
bkj

= λ.

It is denoted by a λ∼ b.
For any non-empty closed subsets {Ukj}, {Vkj} ∈ Y such that µy(Ukj) > 0 and µy(Vkj) > 0 for each

y ∈ Y, the double sequences {Ukj} and {Vkj} are said to be Wijsman asymptotically equivalent to multiple
λ provided that

lim
k,j→∞

µy(Ukj)

µy(Vkj)
:= lim

k,j→∞
µy

(Ukj
Vkj

)
= λ,

for each y ∈ Y and it is denoted by Ukj
Wλ

2∼ Vkj .
As an example to this concept, the following sequences of circles in R2 can be given. Let Y = R2 and

double sequences {Ukj} and {Vkj} be defined

Ukj :=
{

(u, v) : u2 + v2 − 2kjv = 0
}
,

Vkj :=
{

(u, v) : u2 + v2 + 2kjv = 0
}
.

Then, we have

lim
k,j→∞

µy

(Ukj
Vkj

)
= 1

for each y ∈ Y, i.e. Ukj
Wλ

2∼ Vkj .
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Definition 1 ([16]) For any non-empty closed subsets {Ukj}, {Vkj} ∈ Y such that µy(Ukj) > 0 and µy(Vkj) >
0 for each y ∈ Y, the double sequences {Ukj} and {Vkj} are said to be asymptotically Wijsman deferred sta-
tistical equivalent to multiple λ provided that for every ε > 0,

lim
m,n→∞

1

ψ(m)ϕ(n)

∣∣∣∣∣
{

(k, j) : p(m) < k ≤ q(m), s(n) < j ≤ t(n),

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣ ≥ ε

}∣∣∣∣∣ = 0,

for each y ∈ Y and it is denoted by Ukj
Wλ

2 DS∼ Vkj.

The class of all double sequences of sets that asymptotically Wijsman deferred statistical equivalent is
denoted by {Wλ

2 DS}.
A double sequence θ2 = {(km, jn)} is said to be double lacunary sequence if there exist two increasing

sequences (km) and (jn) of integers such that

k0 = 0, hm = km − km−1 →∞ and j0 = 0, h̄n = jn − jn−1 →∞ as m,n→∞.

3 New Definitions

In this section, we give the definitions of asymptotically Wijsman deferred Cesàro equivalence, Wijsman
strongly deferred Cesàro equivalence and Wijsman strongly r-deferred Cesàro equivalence for double se-
quences of sets.
In the following definitions, we will consider that µy(Ukj) > 0 and µy(Vkj) > 0, for each y ∈ Y and any

non-empty closed subsets {Ukj}, {Vkj} ∈ Y.

Definition 2 The double sequences {Ukj} and {Vkj} are said to be asymptotically Wijsman deferred Cesàro
equivalent to multiple λ provided that

lim
m,n→∞

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

µy

(Ukj
Vkj

)
= λ,

for each y ∈ Y. In this case, the notation Ukj
Wλ

2 D∼ Vkj is used and simply call these sequences asymptotically
Wijsman deferred Cesàro equivalent if λ = 1.

Definition 3 The double sequences {Ukj} and {Vkj} are said to be asymptotically Wijsman strongly deferred
Cesàro equivalent to multiple λ provided that

lim
m,n→∞

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣ = 0,

for each y ∈ Y. In this case, the notation Ukj
Wλ

2 [D]∼ Vkj is used and simply call these sequences asymptotically
Wijsman strongly deferred Cesàro equivalent if λ = 1.

As an example to this concept, we can give the following sequences of circles in R2.

Example 1 Let Y = R2 and double sequences {Ukj} and {Vkj} be defined as following:

Ukj :=



{
(u, v) ∈ R2 : (u+ 1)2 + (v − 1)2 =

1

kj

}
if p(m) < k ≤ q(m), s(n) < j ≤ t(n)

and k, j are square integers,

{(−e,−e)} otherwise.
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and

Vkj :=



{
(u, v) ∈ R2 : (u− 1)2 + (v + 1)2 =

1

kj

}
if p(m) < k ≤ q(m), s(n) < j ≤ t(n)

and k, j are square integers,

{(−e,−e)} otherwise.

Then, we have

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− 1

∣∣∣∣→ 0, (m,n→∞)

for each y ∈ Y (i.e. Ukj
Wλ

2 [D]∼ Vkj, λ = 1).

Definition 4 The double sequences {Ukj} and {Vkj} are said to be asymptotically Wijsman strongly r-
deferred Cesàro equivalent to multiple λ provided that

lim
m,n→∞

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r = 0,

for each y ∈ Y, where 0 < r < ∞. In this case, the notation Ukj
Wλ

2 [D]
r

∼ Vkj is used and simply call these
sequences asymptotically Wijsman strongly r-deferred Cesàro equivalent if λ = 1.

The class of all double sequences of sets that asymptotically Wijsman strongly r-deferred Cesàro equiv-
alent will be denoted by {Wλ

2 [D]r}.

Remark 1

(i) For p(m) = 0, q(m) = m and s(n) = 0, t(n) = n, the concepts of asymptotical Wijsman deferred
Cesàro equivalence, Wijsman strongly deferred Cesàro equivalence and Wijsman strongly r-deferred
Cesàro equivalence coincides with the concepts of asymptotical Wijsman Cesàro equivalence, Wijsman
strongly Cesàro equivalence and Wijsman strongly r-Cesàro equivalence (Wλ

2 [C]r) for double sequences
of sets in [30], respectively.

(ii) For p(m) = km−1, q(m) = km and s(n) = jn−1, t(n) = jn where {(km, jn)} is a double lacunary
sequence, the concepts of asymptotical Wijsman deferred Cesàro equivalence, Wijsman strongly deferred
Cesàro equivalence and Wijsman strongly r-deferred Cesàro equivalence coincides with the concepts
of asymptotical Wijsman lacunary equivalence, Wijsman strongly lacunary equivalence and Wijsman
strongly r-lacunary equivalence for double sequences of sets in [30], respectively.

4 Main Theorems

In this section, we firstly prove some theorems associated with the concept of Wλ
2 [D]r-equivalence for double

sequences of sets. Let {Tkj}, {Ukj} and {Vkj} be double sequences of non-empty closed subsets of Y.

Theorem 1 Let Tkj ⊆ Vkj for all k, j ∈ N, then

Ukj
Wλ

2 [D]
r

∼ Vkj ⇒ Ukj
Wλ

2 [D]
r

∼ Tkj .
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Proof. Assume that Tkj ⊆ Vkj for all k, j ∈ N and Ukj
Wλ

2 [D]
r

∼ Vkj . For all k, j ∈ N,

Tkj ⊆ Vkj ⇒ µy(Vkj) ≤ µy(Tkj)

⇒
∣∣∣∣µy(UkjTkj

)
− λ
∣∣∣∣ ≤ ∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣

is hold for each y ∈ Y. Thus, for 0 < r <∞ we have

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjTkj

)
− λ
∣∣∣∣r ≤ 1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ

∣∣∣∣r .

For m,n→∞, by our assumption, we get that Ukj
Wλ

2 [D]
r

∼ Tkj .

Theorem 2 Let Ukj ⊆ Tkj for all k, j ∈ N, then

Ukj
Wλ

2 [D]
r

∼ Vkj ⇒ Tkj
Wλ

2 [D]
r

∼ Vkj .

Proof. Assume that Ukj ⊆ Tkj for all k, j ∈ N and Ukj
Wλ

2 [D]
r

∼ Vkj . For all k, j ∈ N,

Ukj ⊆ Tkj ⇒ µy(Tkj) ≤ µy(Ukj)

⇒
∣∣∣∣µy(TkjVkj

)
− λ
∣∣∣∣ ≤ ∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣

is hold for each y ∈ Y. Thus, for 0 < r <∞ we have

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(TkjVkj

)
− λ

∣∣∣∣r ≤ 1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r .

For m,n→∞, by our assumption, we get that Tkj
Wλ

2 [D]
r

∼ Vkj .
Considering that Vkj ∩ Tkj ⊆ Vkj and Ukj ⊆ Ukj ∪ Tkj for all k, j ∈ N, we give the following corollary.

Corollary 1 Let Ukj
Wλ

2 [D]
r

∼ Vkj. Then

Ukj
Wλ

2 [D]
r

∼ Vkj ∩ Tkj and Ukj ∪ Tkj
Wλ

2 [D]
r

∼ Vkj .

In the following theorem, we will give the relation between the concepts of Wλ
2 [D]r-equivalence and

Wλ
2 [C]r-equivalence for double sequences of sets.

Theorem 3 Let
(
p(m)
ψ(m)

)
and

(
s(n)
ϕ(n)

)
are bounded. Then, double sequences {Ukj} and {Vkj} are Wλ

2 [D]r-

equivalent if these sequences are Wλ
2 [C]r-equivalent.
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Proof. Assume that
(
p(m)
ψ(m)

)
and

(
s(n)
ϕ(n)

)
are bounded, and Ukj

Wλ
2 [C]

r

∼ Vkj . Here, we can write

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r =

1

ψ(m)ϕ(n)

q(m),t(n)∑
k,j=1,1

−
p(m),t(n)∑
k,j=1,1

−
q(m),s(n)∑
k,j=1,1

+

p(m),s(n)∑
k,j=1,1

 ∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

=
q(m)t(n)

ψ(m)ϕ(n)

 1

q(m)t(n)

q(m),t(n)∑
k,j=1,1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r


− p(m)t(n)

ψ(m)ϕ(n)

 1

p(m)t(n)

p(m),t(n)∑
k,j=1,1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r


− q(m)s(n)

ψ(m)ϕ(n)

 1

q(m)s(n)

q(m),s(n)∑
k,j=1,1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r


+
p(m)s(n)

ψ(m)ϕ(n)

 1

p(m)s(n)

p(m),s(n)∑
k,j=1,1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r
 ,

for each y ∈ Y. From here, it can be clearly seen that the asymptotical Wijsman strongly r-deferred Cesàro
equivalence of the sequences {Ukj} and {Vkj} is equal to the linear combination of the asymptotically
Wijsman strongly r-Cesàro equivalence of these sequences. Here, this linear combination can be considered
as a matrix transformation. For this matrix transformation to be regular (which is desirable), the sequence{(

p(m) + q(m)
)(
s(n) + t(n)

)
ψ(m)ϕ(n)

}

must be bounded that similar stuation was shown in [37]. Thus, the proof is completed.
Now, we will give some relations between the concepts of Wλ

2 [D]r-equivalence and Wλ
2 DS-equivalence

for double sequences of sets.

Theorem 4 If double sequences {Ukj} and {Vkj} are Wλ
2 [D]r-equivalent, then these sequences are Wλ

2 DS-
equivalent.

Proof. Assume that Ukj
Wλ

2 [D]
r

∼ Vkj and 0 < r <∞ . For every ε > 0, we can write

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r ≥

q(m),t(n)∑
k=p(m)+1

j=s(n)+1∣∣∣µy(UkjVkj

)
−λ
∣∣∣≥ε

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

≥ εr

∣∣∣∣∣
{

(k, j) : p(m) < k ≤ q(m), s(n) < j ≤ t(n),

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣ ≥ ε

}∣∣∣∣∣,
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for each y ∈ Y and so we have

1

εr
1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

≥ 1

ψ(m)ϕ(n)

∣∣∣∣∣
{

(k, j) : p(m) < k ≤ q(m), s(n) < j ≤ t(n),

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣ ≥ ε

}∣∣∣∣∣.
For m,n→∞, by our assumption, we get that Ukj

Wλ
2 DS∼ Vkj .

The sequence {Ukj} is said to be bounded if supk,j
{
µy(Ukj)

}
< ∞ for each y ∈ Y. Also, we denote

the space of all bounded double set sequences by L2∞. The converse of Theorem 4 is provided when the
sequences {Ukj} and {Vkj} are bounded. Otherwise it is not provided. We can explain this situation with
the following example:

Example 2 Let Y = R2 and double sequences {Ukj} and {Vkj} be defined as following:

Ukj :=


{

(u, v) ∈ R2 : (u− k)2 + (v − j)2 = 1
}

if p(m) < k ≤ q(m), s(n) < j ≤ t(n)
and k, j are square integers,

{(−π, π)} otherwise,

and

Vkj :=


{

(u, v) ∈ R2 : (u+ k)2 + (v + j)2 = 1
}

if p(m) < k ≤ q(m), s(n) < j ≤ t(n)
and k, j are square integers,

{(−π, π)} otherwise.

It is obvious that both double sequences are not bounded. Also, for every ε > 0 we have

1

ψ(m)ϕ(n)

∣∣∣∣∣
{

(k, j) : p(m) < k ≤ q(m), s(n) < j ≤ t(n),

∣∣∣∣µy(UkjVkj

)
− 1

∣∣∣∣ ≥ ε
}∣∣∣∣∣

≤
√
ψ(m)ϕ(n)

ψ(m)ϕ(n)
→ 0, (m,n→∞)

for each y ∈ Y (i.e. Ukj
Wλ

2 DS∼ Vkj, λ = 1). On the other hand,

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− 1

∣∣∣∣9 0, (m,n→∞)

for each y ∈ Y (i.e. Ukj
Wλ

2 [D]� Vkj, λ = 1).

Theorem 5 If double sequences {Ukj}, {Vkj} ∈ L2∞ areWλ
2 DS-equivalent, then these sequences areW

λ
2 [D]r-

equivalent.

Proof. Assume that {Ukj}, {Vkj} ∈ L2∞ and Ukj
Wλ

2 DS∼ Vkj . Since {Ukj}, {Vkj} ∈ L2∞, there is an M > 0
such that ∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣ ≤M
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for all k, j ∈ N and each y ∈ Y. Thus, for every ε > 0, we have

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

=
1

ψ(m)ϕ(n)

q(n),t(n)∑
k=p(m)+1

j=s(n)+1∣∣∣µy(UkjVkj

)
−λ
∣∣∣≥ε

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

+
1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1∣∣∣µy(UkjVkj

)
−λ
∣∣∣<ε

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

≤ Mr

ψ(m)ϕ(n)

∣∣∣∣∣
{

(k, j) : p(m) < k ≤ q(m), s(n) < j ≤ t(n),

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣ ≥ ε

}∣∣∣∣∣+ εr

for each y ∈ Y. For m,n→∞, by our assumption, we get that Ukj
Wλ

2 [D]
r

∼ Vkj .

As a result, combining Theorem 4 and 5 yields the following corollary.

Corollary 2 {Wλ
2 [D]r} ∩ L2∞ = {Wλ

2 DS} ∩ L2∞.

The following theorems will be considered under the restrictions:

p(m) ≤ p′(m) < q′(m) ≤ q(m) and s(n) ≤ s′(n) < t′(n) ≤ t(n)

for all m,n ∈ N, where all of these are sequences of non-negative integers.

Theorem 6 Let
(
ψ′(m)ϕ′(n)
ψ(m)ϕ(n)

)
→ L ∈ R. Then

Ukj
Wλ

2 [D]
r
[ψ,ϕ]∼ Vkj ⇒ Ukj

Wλ
2 [D]

r
[ψ′,ϕ′]∼ Vkj .

Proof. Assume that
(
ψ′(m)ϕ′(n)
ψ(m)ϕ(n)

)
→ L ∈ R and Ukj

Wλ
2 [D]

r
[ψ,ϕ]∼ Vkj . Here, we can write

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r ≥ 1

ψ(m)ϕ(n)

q′(m),t′(n)∑
k=p′(m)+1

j=s′(n)+1

∣∣∣∣µy(UkjVkj

)
− λ

∣∣∣∣r

≥ ψ′(m)ϕ′(n)

ψ(m)ϕ(n)

 1

ψ′(m)ϕ′(n)

q′(m),t′(n)∑
k=p′(m)+1

j=s′(n)+1

∣∣∣∣µy(UkjVkj

)
− λ

∣∣∣∣r


for each y ∈ Y. Then, for m,n→∞, by our assumption, we get that Ukj
Wλ

2 [D]
r
[ψ′,ϕ′]∼ Vkj .
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Theorem 7 Let the sets K1 = {k : p(m) < k ≤ p′(m)}, K2 = {k : q′(m) < k ≤ q(m)}, J1 = {j : s(n) < j ≤
s′(n)}, J2 = {j : t′(n) < j ≤ t(n)} are finite for all m,n ∈ N and {Ukj}, {Vkj} ∈ L2∞. Then,

Ukj
Wλ

2 [D]
r
[ψ′,ϕ′]∼ Vkj ⇒ Ukj

Wλ
2 [D]

r
[ψ,ϕ]∼ Vkj .

Proof. Let the sets K1,K2, J1, J2 are finite for all m,n ∈ N. Assume that {Ukj}, {Vkj} ∈ L2∞ and

Ukj
Wλ

2 [D]
r
[ψ′,ϕ′]∼ Vkj . Since {Ukj}, {Vkj} ∈ L2∞, there is anM > 0 such that∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣ ≤M

for all k, j ∈ N and each y ∈ Y. Thus, we have

1

ψ(m)ϕ(n)

q(m),t(n)∑
k=p(m)+1

j=s(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r =

1

ψ(m)ϕ(n)


p′(m),s′(n)∑
k=p(m)+1

j=s(n)+1

+

p′(m),t′(n)∑
k=p(m)+1

j=s′(n)+1

+

p′(m),t(n)∑
k=p(m)+1

j=t′(n)+1


∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

+
1

ψ(m)ϕ(n)


q′(m),s′(n)∑
k=p′(m)+1

j=s(n)+1

+

q′(m),t′(n)∑
k=p′(m)+1

j=s′(n)+1

+

q′(m),t(n)∑
k=p′(m)+1

j=t′(n)+1


∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

+
1

ψ(m)ϕ(n)


q(m),s′(n)∑
k=q′(m)+1

j=s(n)+1

+

q(m),t′(n)∑
k=q′(m)+1

j=s′(n)+1

+

q(m),t(n)∑
k=q′(m)+1

j=t′(n)+1


∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r

≤ 1

ψ′(m)ϕ′(n)

q′(m),t′(n)∑
k=p′(m)+1

j=s′(n)+1

∣∣∣∣µy(UkjVkj

)
− λ
∣∣∣∣r + 8

Mr

ψ′(m)ϕ′(n)

for each y ∈ Y. Then, for m,n→∞, by our assumption, we get that Ukj
Wλ

2 [D]
r
[ψ,ϕ]∼ Vkj .

5 Conclusion

In this study, we introduced some new asymptotical deferred Cesàro equivalence concepts in the Wijsman
sense for double sequences of sets, which are more comprehensive than the concepts given in [30]. Also,
we proved some theorems associated with the concept of asymptotical Wijsman strongly r-deferred Cesàro
equivalence (0 < r < ∞), and we showed that for bounded double set sequences, {Wλ

2 [D]r} = {Wλ
2 DS}.

Furthermore, these defined concepts can be extended to new concepts for double sequences of sets with the
help of the concepts of ideal convergence, invariant mean.
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[21] Ş. Konca, Asymptotically deferred f -statistical equivalence of sequences, Filomat, 32(2018), 5585—5593.
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