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Abstract

With the idea of normal family, we intend to deal with the uniqueness problems of entire functions
that share two rational functions with their k-th derivatives. The result obtained in the paper improves
and generalizes the result due to Chen and Zhang [2]. Some relevant examples are exhibited to show
that the conditions of our result are the best possible.

1 Introduction, Definitions and Results

In this paper, by a meromorphic (resp. entire) function we shall always mean meromorphic (resp. entire)
function in the open complex plane C. We use the standard notations of Nevanlinna theory e.g., N(r, f),
m(r, f), T(r,f), N(r,a; f), N(r,a; f), m(r,a; f) etc. (see [4, 12]). We denote by S(r, f) a quantity, not
necessarily the same at each of its occurrence, that satisfies the condition S(r, f) = o{T(r, f)} as r — oo
except possibly a set of finite linear measure.

Let f(z) and g(z) be two non-constant meromorphic functions in the complex plane C and Q(z) be a
rational function or a finite complex number. If g(z) — Q(z) = 0 whenever f(z) — Q(z) = 0, we write f(z) =
Q(z) = g(z) = Q(z). We say that a non-constant meromorphic function f(z) “partially” shares Q(z) with a
non-constant meromorphic function g(z) if either f(z) = Q(z) = g(z) = Q(2) or g(z) = Q(z) = f(z) = Q(z).
If f(z) = Q(2) = g(2) = Q(2) and g(2) = Q(z) = f(2) = Q(z), we then write f(2) = Q(z) < g(2) = Q(2)
and we say that f(z) and g(z) share Q(z) IM (ignoring multiplicity). If f(z) — Q(z) and g(z) — Q(z) have
the same zeros with the same multiplicities, we write f(z) = Q(z) = ¢g(z) = Q(z) and we say that f(z) and
g(z) share Q(z) CM (counting multiplicity).

Let R(z) = ggi; # 0 be a rational function, where P(z) and @Q(z) are co-prime polynomials. We define
the degree of R as deg(R) = deg(P) — deg(Q). If R(z) = 0, then we define deg(R) = —oo. Thus if R

is a non-zero polynomial, then deg(R) = deg(R). It is easy to verify that deg (%) = —1, if R(z) is a

}g((zz)) =0, if R(z) is a non-zero rational function. If R; and

non-constant rational function. Therefore lim

Z— 00
Ry are two non-zero rational functions, then deg (%) = deg(R;) — deg(Rz).

We recall that the order p(f) of meromorphic function f(z) is defined by

p(f) = limsup M.

r—00 logr

Furthermore when f(z) is an entire function, we have

log T log log M
p(f) = lim sup L TE) _ g 08108 M (1 ])
r—00 logr oo log
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where M(r, f) = lmlax |f(2)|]. Let f be an entire function. We know that f can be expressed by the power

(o]
series f(z) = Y. anz™. We denote by
n=0

pir.f) = o {an2"l}, v(rf) = sup(n: a,|r” = p(r. ).

Clearly for a polynomial P(z) = a,2" + an_12""% + ...+ ao, a, # 0, we have
w(r, P) = lay|r™ and v(r,P)=n

for all r sufficiently large.
Let A be a meromorphic function in C. Then h is called a normal function if there exists a positive real
number M such that h#(z) < M for V z € C, where

)
&) = TP

denotes the spherical derivative of h.

Let F be a family of meromorphic functions in a domain D C C. We say that F is normal in D if
every sequence {f,} C F contains a subsequence which converges spherically and uniformly on the compact
subsets of D (see [11]).

During the last four decades the uniqueness theory of entire and meromorphic functions has become a
prominent branch of the value distribution theory (see [12]). In the uniqueness theory an important subtopic
that a meromorphic function and it’s derivative share some values or functions or set is well investigated.

Rubel and Yang [10] were the first to study the entire functions that share values with their derivatives.
In 1977 they proved the following important theorem.

Theorem 1 ([10]) Let a and b be complex numbers such that b # a and let f(z) be a non-constant entire

function. If f(z) =a= f'(2) =a and f(z) =b= f'(z) =b, then f(z) = f'(2).
In 1980, G. G. Gundersen [3] improved Theorem 1 and obtained the following result.

Theorem 2 ([3]) Let f be a non-constant meromorphic function, a and b be two distinct finite values. If

fy=a=f'(z)=aand f(z) =b= f'(2) =0, then f(z) = f'(2).

Mues and Steinmetz [8] generalized Theorem 1 from sharing values CM to IM and obtained the following
result.

Theorem 3 ([8]) Let a and b be complex numbers such that b # a and let f(z) be a non-constant entire
function. If f(z) =a < f'(z) =a and f(z) =b < f'(z) =b, then f(z) = f'(2).

In general the condition that f(z) and f’(z) have two shared values in the above theorems is necessary.
This may be seen by the example

z

f(z) = /e—et (1—c) dr.

In this case, we have
f/(Z) —1 z
F&-1 ="
so that f(z) =1« f'(2) =1, but f(z) # f'(2).
In 2006, Li and Yi [6] improved Theorem 1 with the idea of “partially” sharing values. Actually they
proved the following result.
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Theorem 4 ([6]) Let a and b be two complex numbers such that b # a,0 and let f(z) be a non-constant
entire function. If f(z) =a = f'(2) =a and f'(z) = b= f(z) = b, then f(z) = f'(2).

Remark 1 Since b # a, one may assume that b # 0 in Theorem 1. So Theorem /J improves Theorem 1 with
the idea of “partially” sharing values.

In the same paper, Li and Yi [6] exhibited the following example to show that the condition “b # 0” can
not be omitted in Theorem 4. Let

f(z) =Ce€* +a—C, where C € C\ {0}.

Note that f'(z) # 0. Clearly f(2) =a = f'(2) =a and f'(z) = 0= f(z) =0, but f(z) Z f'(z). In 2009,
Qi, Lii and Chen [9] asked the following question.

Question 1 What will happen if the sharing values a and b are replaced by sharing two non-zero polynomials
Q1 and Qo in Theorem /J ¢

To give an affirmative answer of the above Question 1, Qi, Lii and Chen [9] obtained the following result.

Theorem 5 ([9]) Let Q1(z) = a12? + a1p—12P7 + ... + a1 and Q1(2) = a22P + agp—12P "1 + ... + a2
be two polynomials such that deg(Q1) = degQ2 = p € NU {0} and a1, az(az # 0) are two distinct
complex numbers. Let f(z) be a transcendental entire function. If f(z) = Q1(z) = [f'(2) = Q1(2) and

f'(2) = Q2(z) = [f(2) = Qa(2), then f(z) = ['(2).

In the same paper, Qi, Lii and Chen [9] exhibited the following example to show that the hypothesis that
f(2) is transcendental can not be omitted in Theorem 5.
Let

f(2)=2% Qi(z) =22 —32% and Qq(z) = 2°.

Then
f'(z) = @i(2)
f(2) = @Qi(2)

Now observing Theorem 5, Chen and Zhang [2] emerged the following question in 2011.

=2 and f'(2) = Q2(2) = f(2) = Qa(z), but f(z) # f'(2).

Question 2 Does Theorem 5 hold when Q1 and Q2 are respectively replaced by two rational functions Ry
and Ry ?

Now taking the possible answer of Question 2 into back ground, Chen and Zhang [2] obtained the following
result.

Theorem 6 ([2]) Let Ri(z) and Ra(z) be two non-zero rational functions such that lim 220 £ 1 and
Z—00

Ri(z)
deg(R1) = deg(R2) and let f(z) be a transcendental entire function. If f(z) = Ri(z) = f'(2) = R1(2) and
f'(2) = Ra(z) = f(2) = Ra(z), then one of the following cases must occur:

(i) f(2) = f'(2);

(i) f'(z) = Ra(z) + CAe** and (A — 1)R}(2) = ARa(z) — Rh(2), where C and X\ # 1 are two non-zero
constants. In fact, R1(z) and Ry(z) are two polynomials.

In the same paper, Chen and Zhang [2] exhibited the following example to show that the hypothesis that
f is transcendental can not be omitted in Theorem 6.
Let
f(z) = 2% Ri(z) =22 —42° and Ry(z) = 2.
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Then
f'(2) = Ra(2)
f(2) = Ri(2)

but neither f(z) # f'(z) nor f/'(z) = Ra(z) + CAe** and (A — 1)R}(2) = ARa2(z) — Ry(2).

From Theorem 6, it is clear that Theorem 6 is the improvement of Theorem 5. Also the result obtained
in Theorem 6 is no doubt a useful contribution in the field of uniqueness problems of entire functions that
share two small functions with their derivatives. But unfortunately there is an error in the proof of Theorem
6 although the techniques of the proof of Theorem 6 are so novelty. Now we explicitly point out the error
that occurred in the proof of Theorem 6.

In the last section of the proof of Theorem 6, the authors have concluded that

=2 and f'(z) = Ra(2) = f(2) = Ra(2),

f'(2) = Ra(2) + CAe?*

and
(A= DR (2) = ARa(2) — Ry(2),

where R;(z) and Ry(z) are two non-zero polynomials. But the equality (A —1)R}(z) = ARz2(z) — R(2) does
not hold for two non-zero polynomials of same degree. Therefore at a glance from the proof of Theorem 6,
we solely have f*) = f as the conclusion of Theorem 6.

On the other hand in the same paper authors [2] have exhibited the following example to show that the
conclusion (i7) of Theorem 6 can not be deleted.

Let

2 1
f(2) =263 + 227 Raz) =22 — 52° and Ra(2) ==

Note that f/(z) # Ra(z). Then

PE=RE) L e
o) —Ri(e) 2 2 [ =) = f(2) = Baf2),

but neither f(z) # f'(z) nor f'(z) = Ra(z) + CAe™ and (A — 1) R} (2) = ARa(2) — Rb(2).

The above example has no relevancy to fortify the argument “conclusion (i¢) of Theorem 6 can not be
deleted” because in the above example we have deg(R;) # deg(Rz).

Therefore our first objective to write this paper is to find out the correct form of Theorem 6 without
imposing any other conditions.

Our second objective to write this paper is to solve the following questions.

Question 3 What will happen if the first derivative f'(z) in Theorem G is replaced by the general derivative
F®(2) ?
Question 4 What will happen if one replace the condition “deg(R;) = deg(R2)” by “deg(R1) # deg(R2)”

in Theorem 6 ¢

Now in this paper taking the possible answers of the above questions into back ground, we obtain the
following result which not only rectify Theorem 6 but also improves and generalizes Theorem 6 in a more
compact way.

Theorem 7 Let Ry(z) and Ra(z) be two non-zero rational functions such that lim RQE;; # 1 and let f(z)
zZ—00

Ry
be a non-constant entire function. Suppose f(z) = Ri(z) = f*¥)(2) = Ri(2) and f¥)(2) = Ray(2) = f(2) =
Rs(2). Now

(I) when deg(R;) = deg(Ry), then f(z) = f*)(2).

(II) when deg(Ry) # deg(Rz), then one of the following two cases must occur:
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(111) f(z) = f®(2);
(112) f*)(2) = Ry(2)+Ce and (A—I)ng)(z) = )\Rg(z)—ng)(z), where C, ¢ and \(# 1) are non-zero
constants such that c* = X\ and Ry(z), Ra2(2) reduce to polynomials.

Remark 2 Let us take k = 1. Then from Theorem 7 we can easily get a theorem which is the improvement
as well as the generalization of Theorem 6.

Remark 3 Let us take k = 1 and deg(R;) = deg(R2). Then from Theorem 7 we can easily get a theorem
which is the rectification of Theorem 6.

Remark 4 The following example shows that the condition “lim gfgg % 17 in Theorem 7 is sharp.

Example 1 Let f(z) = ( 2= +e ) + Zz, k =2 and R1(z) = Ra2(z) = z. Note that f'(z) — Ra(z) =
e?* +e % — 2z and f(z) — =1 (e +e72" —2) and so f"(z) = Ra(z) = f(2) = Ra(2). Also we see
that deg(Ry) = deg(R2) and hm R2(2) — 1. On the other hand we have

R1(2)
f(z) — Ri(z) = i (e +e > —2), f"(z) —Ri(z) = +e > -z

and so f(z) = Ri(z) = f"(2) = R1(2), but f"(2) £ f(2).

Remark 5 The following examples shows that the condition “f*) = Ry = f = Ry” in Theorem 7 is sharp.
Example 2 Let f(z2) =2+ Ce®, k=2, c=+2, A\ =2, Ri(2) =2z and Rg(z) = z. Then f"(z) — Ra(2)
has infinitely many zeros whereas f(z) — Ra(z ) has no zeros and so f"(z) = Ra(2) #& f(2) = Ra(z). Also we
see that deg(R1) = deg(R2) and lim RQ(Z) 1 # 1. On the other hand we have f(z) — Ry(z) = Ce™* — z,

Ri(z)
J/(2) = Ra(2) = 2(Ce* — 2) and s0 [(2) = Ra(z) = "(2) = Ra(2), but ["(2) £ f(2).
Example 3 Let f(z) = eV2* — e V22 4 2 k = 2, Ry(2) = 22 and Ry(2) = 1. It is clear that f"(z) =

Ry(2z) & f(2) = Ra(z). Also we see that deg(Ry) # deg(Rz) and hrn ?8 0 # 1. On the other hand we

have

f(z) = Ri(z) =eV?* —e V2" — 2, f"(2) = Ri(z) =2 (eﬁz eV z)
and so f(z) = Ri(z) = f"(z) = Ri(z), but neither f"(z) = f(z) nor f"(z) = Ra(z) + Ce** and (A —
DR{(2) = ARy (2) — B3 (2).
Example 4 Let f(z) = 1e?* + 32, k =2, ¢ =2, A = 4, Ri(z) = 2z and Re(2) = 1. It is clear that
f"(z) = Ra(z) & f(2) = Ra(z). Also we see that deg(R;) # deg(R3) and hm gggzg =0# 1. On the other

hand we have

1

f(z) = Ri(z) = 1 (e —2), f'(2) = Ri(z) =¢e* —z
and so f(z) = Ri(z) = f"(2) = Ri(z), but neither f"(z) = f(z) nor f"(z) = Ra(z) + Ce** and (A —
DR (2) = ARy(2) — Ry (2).
Remark 6 We give an example to show that the conclusion (I12) of Theorem 7Tcan not be deleted.
Example 5 Let f(z) =2+ Ce”*, c=A =1, Ri(z) =2 — 2z and Ry(z) = 1. Then f'(z) — Ry has no zeros
and so f'(z2) = Re(2) = f(2) = Ra(z). Also we see that deg(Ry) # deg(Rz) and hm 228 =0#1. On the
other hand we have

f(z) = Ri(z) =Ce”* +22 -2, f'(2) — Ri(z) = % (Ce®™ +22—2)

and so f(z) = Ri(z) = f'(2) = R1(z). Thus f(z) satisfies all the conditions of Theorem 7, where f'(z) =
Ro(2) + Ce® and (A — 1)R}(2) = ARa(z) — Ry(2).
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2 Lemmas
In this section we introduce the following lemmas which will be needed in the paper.

Lemma 1 ([5, Lemma 1.3.1]) P(z) = Y., a;z" where a,, # 0. Then for all € > 0, there exists rg > 0
such that ¥ r = |z| > ro the inequalities (1 — €)|ap|r™ < |P(z)] < (14 €)|an|r™ hold.

Lemma 2 ([5, Theorem 3.1]) If f(z) is an entire function of order p(f), then

p(f) = limsup M.

r—oo  logrT

Lemma 3 ([5, Theorem 3.2]) Let f(z) be a transcendental entire function and 0 < § < %. Suppose that
at the point z with |z| = r the inequality

[f()] > M(r, fu(r, f)=3+

holds. Then there exists a set F' C RT of finite logarithmic measure, i.c., fF %dt < 400 such that

1) = (M) opsa

holds for allm € NU{0} andr ¢ F.

Lemma 4 ([13]) Let F be a family of meromorphic functions in the unit disc A such that all zeros of
functions in F have multiplicity greater than or equal to I and all poles of functions in F have multiplicity
greater than or equal to j and « be a real number satisfying —l < o < j. Then F is not normal in any
neighborhood of zg € A, if and only if there exist

(i) points z, € A, z, — zg,
(ii) positive numbers p,,, p, — 07 and
(i1i) functions f, € F,

such that p,* frn(zn + p,C) — 9(C) spherically locally uniformly in C, where g(z) is a non-constant mero-
morphic function. The function g(z) may be taken to satisfy the normalisation g¥ () < g™ (0) = 1(¢ € C).

Remark 7 Clearly if all functions in F are holomorphic (so that the condition on the poles is satisfied
vacuously for arbitrary j), we may take —1 < a < 0.

Lemma 5 ([7]) Let f(z) be a meromorphic function of infinite order on C. Then there exist points z, — oo
such that for every N >0, f#(z,) > |za|Y, if n is sufficiently large.

Lemma 6 ([1]) Let f(z) be a meromorphic function on C with finitely many poles. If f(z) has bounded
spherical derivative on C, then f(z) is of order at most 1.

3 Proof of Theorem 7

Suppose Ry (z) = 8;8 and Ra(z) = 828, where Q;(z) (i = 1,2, 3,4) are polynomials such that Q1 (z), Q2(z)
and Q3(z2), Q4( ) are co-prime respectively. Also we define Pi(z) = Q1(2)Q4(z) and Pa(z) = Q2(2)Q3(2).
Since hm Ra(2) £ 1, it follows that Ri(z) # Ra(z). If f(z) is a polynomial, then f(z) — Ri(z) and

G
FH (= )

(
Ri(2)
1( ) cannot have same zeros with same multiplicities, which contradicts the fact that f(z) — R1(z)
and f*)(z) — Ry(z) share 0 CM. Therefore f(z) is a transcendental entire function. We now discuss the
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following two cases.

Case 1. Suppose that p(f) < +o00. Let

¥ (2) = Ri(2)
f(z) = Ri(2)

We claim that a(z) # 0. If not, suppose a(z) = 0. Then we have f(®)(z) = Ry(z). Since f(z) is a
transcendental entire function, it follows that Rj(z) is a polynomial. Then by integration, we have f(z) =
P(z), where P(z) is a polynomial of degree deg(R;1) + k. This shows that f(z) is a polynomial, which is a
contradiction. Hence a(z) # 0. If a(z) = 1, then we have f(*)(z) = f(2), which is one of the conclusion of
our result. Next we suppose a(z) # 1. Consequently f*)(z) # f(z). Since f(z) — R1(z) and f*)(2) — Ry (2)
share 0 CM, one can easily deduce that «(z) has no zeros and poles. Note that

() o) 30} 1) ) <

a(z) =

and so p(a) < +o0. Therefore we can assume that a(z) = €?(*), where y(2) is a polynomial. Hence

f(k)(z) — Rl(z) — e'y(z)
f(z) = Ra(2)
We claim that y(z) is a constant polynomial. If not, suppose that v(z) is a non-constant polynomial. Let

deg(y) =m >1and y(2) = 2™ + Cm_12™"1 + ... + o, where ¢; € C for i = 0,1,...,m and ¢, # 0. Now
from (1), we have

(1)

I®(z) _ Ri(2) fM () Riz)
e'y(z) — f(z) f(=)

. _ FiIONI©
e ie., v(z) =log —1 IO

f(2) f(2)
where log h is the principle branch of the logarithm. Therefore by Lemma 1, we have

fM(E) _ BRiz)

m f(z z
[emlr™ (1 + o(1)) = [1(2)] = log% . (2)
He)
Since f is a transcendental entire function, M (r, f) — oo as r — oco. Again let M(r, f) = |f(z)|, where

z. = re'" and 0, € [0,27). We see that lim m = lim ﬁ = 0. Now from Lemma 3, there exists a

subset E C (1, +00) with finite logarithmic measure such that for some point z, = re®~ (6, € [0,27)),r ¢ E
and M(r, f) = |f(2.)|, we have

() (( )
f(zv") Zr
Ry (2)

Since f(z) is a transcendental entire function, it follows that 7oy —Oas |z| = oco. Therefore from (2), (3)
and Lemma 2, we get

k
) 1+ o(1). (3)

fM(z) _ Rizr)
em|™ (14 0(1)) = [1(z0)| = [log = =] = OClog ),
f(zr)

for |z] =r — +o0, r € E, which is impossible. Hence 7 is a constant polynomial. Without loss of generality
we assume that

FP(2) = Ri(2) = A(f(2) = Ri(2)), pe, fP(2) = Mf(2) + (1= N)Ri(2). (4)

Since f*)(2) # f(z), it follows from (4) that A # 1. Again since f(z) is an entire function and R;(z) is a
rational function, from (4) one can easily conclude that R;(z) is an entire function. Therefore Ry(z) is a
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polynomial. Let zy be a zero of f(*)(z) — Ry(z). By the assumption, we have f(z9) = Ra(z). Putting z = 2o
into (4), we get Ri(z0) = Ra2(z0). Since R1(z) # Ra(z), it follows that zp must be a zero of R;i(z) — Ra(z).
Therefore one can easily deduce that all the zeros of f(*)(2) — Ry(z) are the zeros of Ry(z) — Ra(2) and so
f®)(2) — Ry(2) has finitely many zeros. Since f(z) is a transcendental entire function of finite order, we can
take

F¥(2) = Ra(z) + P(2)e?), 5)

where P(z) is a non-zero rational function and Q(z) is a non-constant polynomial. Now from (4) and (5),
we have

—~

Af(2) = Ra(2) — (1 = MRy (2) + P(2)e9®). (6)
Differentiating k-times, we obtain from (6) that
MO () = B (2) = (1= VR () + (P)Q™ + Py(2)) €9, (7)
where Ps(z) is a rational function. Now from (5) and (7), we have
RS (2) = ARa(2) — (1= VR (2) + ((Q = N P(2) + Ps(2)) e?¢) = 0. 8)
Clearly from (8), one can easily conclude that
(A= DRP(2) = ARa(2) - B (2) (9)
and
(A= Q%) P(z) = P3(z). (10)

Since Ry(z) is a polynomial, from (9), we conclude that Ry(z) is also a polynomial. Therefore from (5),
we observe that P(z) is a non-zero polynomial and so from (7) we conclude that Ps(z) is a polynomial and
deg(P3) < deg (PQ™™). Now (10) gives @* = X and P3(z) = 0. Thus Q'(2) is a constant, say Q'(z) = p.
Then Q(z) = pz + b and ¥ = X\, where b € C. So from (5), we have

FP(2) = Ra(2) + P()e"* .

It is easy to deduce that deg(P3) = deg(P’). From P3(z) = 0, one can easily conclude that P(z) is a non-zero
constant. Let P(z)e? = C. Finally we have

F®(2) = Ro(2) + Ce (11)
and
(A = DR (2) = ARy (2) — R (=), (12)

where C' € C\ {0} and A € C\ {0, 1} such that ¢* = \. If deg(R;) = deg(Ry), from (12) we must have A = 0
and so ¢ = 0, which is impossible. Consequently (11) is valid only when deg(R;) # deg(Rz).

Case 2. Suppose that p(f) = +oo. Let F(z) = 1{1((22) Since p(Ry) = 0, it follows that p(F') = +oo. Now

by Lemma 5, there exists {w;}; — oo(j — oo) such that for every N > 0
F#(w;) > |w;|V, if j is sufficiently large. (13)

Since R;(z) has finitely many poles and zeros, there exists a 7 > 0 such that F'(z) is analytic and R;(z) # 0, 00
inD ={z:|z] >r}. Alsosincew; — 0o as j — oo, without loss of generality we may assume that |w;| > r+1
for all j. Let D; = {z: |z] < 1}. Note that

flwj+2)

Fi(z)=F(wj +2) = R, 12)

Since |w; + 2| > |w;|—|z#], it follows that w;+z € D for all z € Dy. Also since F(z) is analytic in D, it follows
that F};(z) is analytic in D for all j. Thus we have structured a family (F}); of holomorphic functions. Note
that F#(0) = F#(w;) — 0o as j — oo. Now it follows from Marty’s criterion that (F}); is not normal at
z = 0. Then by Lemma 4, there exist
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(i) points z; € Dy such that z; — 0 as j — oo,
(ii) positive numbers p;, p; — 0%,
(iii) a subsequence {F(w; + 2z; + p;¢) = Fj(z; + p;¢)} of {F(w; +2)}
such that
flwj + 25+ p;0)

9i(Q) = Fi(z + p;C) = Ri(wj + zj + pC) = 9() (14)

spherically locally uniformly in C, where g(¢) is a non-constant entire function such that g#(¢) < g% (0) = 1.
Now from Lemma 6, we see that p(g) < 1. Also in the proof of Zalcman’s lemma, we have

pj < F;(/le) (15)

for a positive number M. Now from (13) and (15), we deduce that for every N > 0,
pj < M‘wﬂiN (16)
for sufficiently large values of j. We now want to prove that

pkf(k)(wj + 25 +ng) -
7 Ry(wj + 2z + ij)

From (14), we see that

f’(wj +Zj+ij> ’ Rll(wj+zj+ij) i i
PiRi(ws + 2+ piQ) 90+, RY(wj + 2 + Pjof(wj +a+ Al "
o Ri(wj+2+p;0)
= gj(g)+ij1(wjHﬁpjogg(o.
Al that
so we see tha Ri(wj +z; + ij) 0 (as j — o). (19)

Rl(wj +z; + ij)
Now from (14), (18) and (19), we observe that

f(wj + 2+ p;0)

!
Pj Rl(wj ¥z +PjC) g (0).
Suppose
pf(p)(wj + 2 +p0) — g®(0).
T Ry(wj + 25 + ;)
Let

_ Vi 24 0i0)

Gj(o =Pj Rl(wj T2 +Pj<) .

Then G,(¢) — g?(¢). Note that

p+1 F D (w; + 2 + 219)

) Ry (wj + 2 + p;C)
J Rl(wj‘-i-Zj“v‘ij)

o / +1
AR RE(w; + 2 + p;C)

o Ry(wj + 2 + p;Q)
= Gj(oerle(wj+zj+p;§)Gj(o' (20)

PPN w; + 25 + p;C)
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Now from (19) and (20), we see that

pt f(p-‘rl)(Wj + 25 +ij) R G/(C) ie., o
J y 1.6 Py Rl(wg‘i‘zg"‘ij)

pj Rl(wj +Zj +PJC)

Then by mathematical induction we get the desired result (17).

— g® ().
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First prove that ¢ = 1 = ¢®) = 0. Suppose that 9((y) = 1. Then by Hurwitz’s Theorem there exists a

sequence {(;}, (; — (o such that (for sufficiently large j)

gj(Cj) _ fwj + 2 +pj<j)

= =1, ie, Wit z:i+0.C)=Ri(w: +z: +0.:C:).
Rl(wj—l—zj—l-pj(:j) flwj J P]Cj) 1(w; g pJCJ)

By the given condition, we have f*)(w; + z; + piC;) = Ri(w;j + z; + p;¢;). Now from (17), we see that

g(k)(C ) = lim g(k)(Cl) = lim p’?f(k)(wj +% 1 0iG) = lim p’?Rl(wj 24 05)
077 j00 T mee ) Ralwy 4 2+ p5G)  dmee Y Ralw) 4 25+ p5¢5)

Thus g(¢) =1 = g™ (¢) = 0. Next we prove that ¢'*) =0 = g = 1. Now from (17), we see that

pkf(k)(wj + 2+ p;CQ) — Ra(w; + 25 + p;()
/ Ri(wj + 25 + p;C)

— g™ (Q).

(21)

Suppose that ¢(*)(n,) = 0. Then by (21) and Hurwitz’s Theorem there exists a sequence {n;its mj — mo
such that (for sufficiently large j) ) (w; + 2z; + pin;) = Ri(w; +2; + p;n;). By the given condition we have

flwj+ 2z + pjnj) =Ri(w; +z; + pjnj). Therefore

o(n0) = lim flwj+ 2z +pn;)
o) =

= 1.
i—oo Ri(wj + 25 + p;n;)

Thus ¢*) = 0= g = 1. Consequently we have g = 1 < ¢(¥) = 0. Note that

Ry(wj + 2 + pj€) ‘ _ ‘P2(wj +zj + p;€) ‘ _ { o(1), if deg(Py) < deg(Py),
Ry(wj + zj + p;€) Pr(w; + zj + p,€) O(lw;["), if deg(P2) > deg(P),

where ¢t = deg(P,) — deg(P1) > 0. Now let kN > ¢. Therefore from (16) we have
lim p§|wj|t < lim M*|w; "= = 0.
j—oo j—oo

Since p; — 0 as j — oo, from (22) and (23), we have

pk RQ(wj + Zj +pjf)
TTRy(wy + 25 + py€)

— 0 (as j — 00).

By the given condition, we have lim %gzg = lim gfg’zg # 1. Also we see that

Ro(w. _ _ Py (w. , _ oo, if deg(Py) > deg(Py),
20w +2 +0;8) _ Polwy 24 06) 0, if deg(Py) < deg(Py),

im = lim
i—oo Ra(wj +2j +p;€)  i—o0 Pr(wj + 2 + ps€) co, if deg(Py) = deg(Py),

where ¢cg € C\ {0,1}. Now from (17) and (24), we see that

p O w4 25+ p;€) — Ro(wj + 25 + pjk)

g — d® gy
Pi Ry (wj + z; + pjﬁ) g7 )
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Suppose that g(*)(£,) = 0. Then by (26) and Hurwitz’s Theorem there exists a sequence (§;)4> &5 — &o such
that (for sufficiently large 7) f*)(w; + z; + p;€;) = Ra(w; + z; + p;€;). By the given condition we have
flwj +zj + p;§;) = Ra(w; + 2j + p;€;). Therefore from (14) and (25), we have

, , s Ro (. , s oo, if deg(Py) > deg(Py),
flwj+2zi+p;§;) lim 2(wj + 2+ p;E;) _ )0 it dea(Py) < dea(Py).

co, if deg(P2) = deg(F1).

= lim =
9(60) jso0 Rl(wj + 2; + pjgj) j—o00 Rl((JJj + Zj + ijj)

Since g is an entire function, it follows that g(§,) # co. Consequently we have g(§,) = ¢1 € C\{1}. Therefore
we have ¢i*) =0 = g =¢y. Since g =1 < ¢g*) =0, we arrive at a contradiction.
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