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Abstract
In this paper, we prove that for positive real numbers a, b, τ and µ with 0 ≤ µ ≤ 1

2
≤ τ ≤ 1 and for

a positive integer m, we have

µm

τ

(
am∇τ bm − (a]τ b)m

)
+ rm

(
b
m
2 − (a]τ b)

m
2

)2
≤
(
a∇µb

)m
−
(
a]µb

)m
and

(1− τ)m
1− µ

(
am∇µbm − (a]µb)m

)
+ r′m

(
a
m
2 − (a]µb)

m
2

)2
≤
(
a∇τ b

)m
−
(
a]τ b

)m
,

where a∇µb = µa+(1−µ)b and a]µb = aµb1−µ are, respectively, the weighted arithmetic and geometric
means, and rm and r

′
m are two positive numbers. Our results extend some fresh results obtained by

Kittaneh, Manasrah, Zhao and Wu. As applications we give some Young’s type inequalities for operators
and matrices.

1 Introduction

We start by reviewing some important facts concerning the classical Young’s inequality and its refinements.
The famous Young inequality (for scalars) says that for a, b > 0 and 0 ≤ µ ≤ 1, we have

aµb1−µ ≤ µa+ (1− µ)b.

Even though this inequality looks very simple, it is of great interest in operator theory. Refining this
inequality has taken the attention of many researchers in the field, where adding a positive term to the left
side is possible.
Throughout, we denote µa + (1 − µ)b and aµb1−µ, respectively by a∇µb and a]µb. When µ = 1

2 , the
arithmetic and geometric means can be rewritten by simplification as a∇b, a]b, and the Young inequality
reduces to the arithmetic and geometric means inequality

√
ab ≤ a+ b

2
.

The first refinement of Young inequality is the squared version proved in [8] as follows

(aµb1−µ)2 + r20(a− b)2 ≤ (µa+ (1− µ)b)2, (1)

where r0 = min{µ, 1− µ}.
Later, Kittaneh and Manasrah [14], obtained the other interesting refinement of Young’s inequality

aµb1−µ + r0(
√
a−
√
b)2 ≤ µa+ (1− µ)b, (2)

where r0 = min{µ, 1− µ}.
Zhao and Wu [16], obtained another refinement of inequality (2) as follows:
∗Mathematics Subject Classifications: 47A63, 15A60.
†Department of Mathematics, Faculty of Sciences-Semlalia, University Cadi Ayyad, Av. Prince My. Abdellah, BP: 2390,

Marrakesh (40.000-Marrakech), Morocco (Maroc)
‡Department of Mathematics, Faculty of Sciences-Semlalia, University Cadi Ayyad, Av. Prince My. Abdellah, BP: 2390,

Marrakesh (40.000-Marrakech), Morocco (Maroc)

731



732 A Generalization of Refined Young’s Inequality

1. If 0 < µ ≤ 1
2 , then

aµb1−µ + µ(
√
a−
√
b)2 + r1(

4
√
ab−

√
b)2 ≤ µa+ (1− µ)b. (3)

2. If 12 < µ ≤ 1, then

aµb1−µ + (1− µ)(
√
a−
√
b)2 + r1(

4
√
ab−

√
a)2 ≤ µa+ (1− µ)b, (4)

where r0 = min{µ, 1− µ}, and r1 = min{2r0, 1− 2r0}.

Manasrah and Kittaneh [1] gave generalized refinements of (1) and (2) as follows

Theorem 1 ([1]) Let a, b > 0 and m be a positive integer, then we have(
aµb1−µ

)m
+ rm0

(
a
m
2 − bm2

)2
≤
(
µa+ (1− µ)b

)m
, (5)

where r0 = min{µ, 1− µ}.

The interested reader is referred to [2, 6, 9, 10, 11, 12, 14] as a sample of recent progress in this direction.
Let B(H) denote the C∗-algebra of all bounded linear operators on a complex Hilbert space H. An

operator A ∈ B(H) is called positive, denoted as A ≥ 0 if 〈Ax, x〉 ≥ 0 for all x ∈ H. The set of all positive
operators is denoted by B(H)+. The set of all invertible operators in B(H)+, is denoted by B(H)++, and
Mn(C) denotes the space of n × n complex matrices. The singular values of a matrix A ∈ Mn(C) are the
eigenvalues of the positive semi-definite matrix |A| = (A∗A)1/2, denoted by si(A) for i = 1, 2, 3, . . . , n. A
norm |||.||| on Mn(C) is called unitarily invariant if |||UAV ||| = |||A||| for all A ∈ Mn(C) and all unitary
matrices U, V ∈ Mn(C). The trace norm is given by ||A||1 = tr|A| =

∑n
k=1 sk(A), where tr is the usual

trace. This norm is unitarily invariant.
Let A,B ∈ B(H)++ and µ ∈ [0, 1]. The µ−weighted operators geometric mean of A and B, denoted by

A]µB, is defined as

A]µB := A1/2
(
A−1/2BA−1/2

)µ
A1/2,

and the µ-weighted operators arithmetic mean of A and B is defined as

A∇µB := (1− µ)A+ µB.

If µ = 1
2 , these operators can be rewritten by simplification as A∇B and A]B.

This paper is organised as follows. In Section 2, we establish in Theorem 3 a new generalized refinements
of Young’s inequality. Section 3, is devoted to certain applications of Theorem 3, to deduce (see Theorem
4) Young’s type inequalities for operators. Section 4, is devoted to certain applications of the main result of
the second section therein obtain a new refinement of Young’s type inequalities for determinants, trace and
norms of positive definite matrices.

2 A Generalization of Refined Young’s Inequality

Before giving the main result, we need the following theorem concerning the arithmetic-geometric mean
inequality.

Theorem 2 Let n be a positive integer. For k = 1, 2, . . . , n, let xk > 0 and let µk ≥ 0 satisfy
∑n
k=1 µk = 1.

Then, we have

n∏
k=1

x
µk
k ≤

n∑
k=1

µkxk. (6)
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We need also the following two lemmas.

Lemma 1 Let m be a positive integer and let µ be a positive number, such that 0 ≤ µ ≤ 1. Then we have
m∑
k=1

(
m

k

)
kµk(1− µ)m−k = mµ

and
m−1∑
k=0

(
m

k

)
(m− k)µk(1− µ)m−k = m(1− µ)

where
(
m
k

)
is the binomial coeffi cient.

Proof. For any non-negative real numbers x1 and x2, we have

(x1 + x2)
m =

m∑
k=0

(
m

k

)
xk1x

m−k
2 , (7)

by derivation of (7) with respect x1 and x2 respectively we find that

m(x1 + x2)
m−1 =

m∑
k=1

(
m

k

)
kxk−11 xm−k2 , (8)

and

m(x1 + x2)
m−1 =

m−1∑
k=0

(
m

k

)
(m− k)xk1xm−k−12 . (9)

By multiplying (8) and (9) by x1 and x2 respectively, we get

mx1(x1 + x2)
m−1 =

m∑
k=1

(
m

k

)
kxk1x

m−k
2 , (10)

and

mx2(x1 + x2)
m−1 =

m−1∑
k=0

(
m

k

)
(m− k)xk1xm−k2 . (11)

By setting x1 = µ and x2 = 1 − µ in (10) and (11), respectively, we deduce the result. This completes the
proof.

Lemma 2 Let µ and τ be a two positive numbers such that 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1, and m be a positive number.

Then we have

(1− µ)m − (1− τ)µ
m

τ
≥ 0 and τm − (1− τ)m µ

1− µ ≥ 0.

Proof. Under the condition 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1, we have

1−τ
τ ≤ 1 and

µ
1−µ ≤ 1. So,

(1− µ)m − (1− τ)µ
m

τ
≥ (1− µ)m − µm ≥ 0

and
τm − (1− τ)m µ

1− µ ≥ τ
m − (1− τ)m ≥ 0.

This completes the proof.
Throughout the rest of this paper, rm = min{µ

m

τ , (1 − µ)
m − (1 − τ)µ

m

τ } and r
′
m = min{ (1−τ)

m

1−µ , τm −
(1− τ)m µ

1−µ}.
The main result to be proved in this paper is the following theorem.
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Theorem 3 Let a, b > 0 and 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1. Then for all positive integer m,

µm

τ

(
am∇τ bm − (a]τ b)m

)
+ rm

(
b
m
2 − (a]τ b)

m
2

)2
≤ (a∇µb)m −

(
a]µb

)m
(12)

and
(1− τ)m
1− µ

(
am∇µbm − (a]µb)m

)
+ r

′

m

(
a
m
2 − (a]µb)

m
2

)2
≤ (a∇τ b)m −

(
a]τ b

)m
. (13)

Proof. Suppose that 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1. We claim that(

a]µb
)m

+
µm

τ

(
am∇τ bm − (a]τ b)m

)
+ rm

(
b
m
2 − (a]τ b)

m
2

)2
≤ (a∇µb)m. (14)

We have, the following identities

(a∇µb)m −
µm

τ

(
am∇τ bm − (a]τ b)m

)
− rm

(
b
m
2 − (a]τ b)

m
2

)2
=

m∑
k=0

(
m

k

)
µk(1− µ)m−kakbm−k − µm

τ

(
τam + (1− τ)bm − (a]τ b)m

)
−rm

(
b
m
2 − (a]τ b)

m
2

)2
=

m∑
k=0

(
m

k

)
µk(1− µ)m−kakbm−k − µmam − µm 1− τ

τ
bm +

µm

τ
(a]τ b)

m

−rm
(
(a]τ b)

m + bm − 2(a]τ b)
m
2 b

m
2

)
=

m−1∑
k=1

(
m

k

)
µk(1− µ)m−kakbm−k +

(
(1− µ)m − µm 1− τ

τ
− rm

)
bm

+
(µm
τ
− rm

)
(a]τ b)

m + 2rm(a]τ b)
m
2 b

m
2

=

m+1∑
k=0

µkxk,

where xk is given by

x0 := bm, with µ0 := (1− µ)m − µm
1− τ
τ
− rm,

and for 1 ≤ k ≤ m− 1,

xk := akbm−k, with µk :=

(
m

k

)
µk(1− µ)m−k,

xm := (a]τ b)
m, with µm :=

µm

τ
− rm

and
xm+1 := (a]τ b)

m
2 b

m
2 , with µm+1 := 2rm.

By using Lemma 2, we have

1. xk > 0 for all k ∈ {0, 1, . . . ,m,m+ 1},

2. µk ≥ 0 for all k ∈ {0, 1, . . . ,m,m+ 1}, with
∑m+1
k=0 µk = 1.
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Hence by Theorem 2, we get

(a∇µb)m −
µm

τ

(
am∇τ bm − (a]τ b)m

)
− rm

(
b
m
2 − (a]τ b)

m
2

)2
≥

m+1∏
k=0

x
µk
k = aµ(m)bτ(m),

where

µ(m) =

m−1∑
k=1

(
m

k

)
(m− k)µk(1− µ)m−k +mτ

(µm
τ
− rm

)
+
mτ

2
2rm

=

m∑
k=1

(
m

k

)
kµk(1− µ)m−k

= mµ, (by Lemma 1)

and

τ(m) =

m−1∑
k=1

(
m

k

)
(m− k)µk(1− µ)m−k

+m
(
(1− µ)m − µm 1− τ

τ
− rm

)
+m(1− τ)

(µm
τ
− rm

)
+ (m− mτ

2
)2rm

=

m−1∑
k=0

(
m

k

)
(m− k)µk(1− µ)m−k

= m(1− µ) (by Lemma 1).

If 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1, then we have 0 ≤ 1 − τ ≤ 1

2 ≤ 1 − µ ≤ 1, So by changing two elements a, b and two
weights µ, τ by 1− τ , 1− µ respectively in inequality (14), the desired inequality is obtained.

Remark 1 If we set m = 1 in Theorem 3 and τ = 1
2 in inequality (12) and µ =

1
2 in inequality (13) then

we recapture the inequalities (3) and (4).

3 A Refined Operator Version of Young’s Inequalities

In this section, we are concerned by the investigation of operator version of Young’s type inequalities for
operators.
Before stating and proving our result, we need to recall the following lemma.

Lemma 3 ([15], p. 3) Let T ∈ B(H) be self-adjoint. If f and g are both continuous functions with f(t) ≥
g(t) for t ∈ Sp(T ) (where the sign Sp(T ) denotes the spectrum of operator T ), then f(T ) ≥ g(T ).

The main result of this section reads as follows.

Theorem 4 Let A,B ∈ B(H)++ and 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1. Then for all positive integer m, we have

µm

τ

(
A∇τ (A]mB)−A]mτB

)
+ rm

(
A+A]mτB − 2A]mτ2 B

)
≤ A]m(A∇µB)−A]mµB
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and

(1− µ)m
1− τ

(
A∇µ(A]mB)−A]mµB

)
+ r′m

(
A]mB +A]mτB − 2A]m2 +mτ

2
B
)

≤ A]m(A∇τB)−A]mτB. (15)

Proof. Let b = 1 in inequality (12), then we get

µm

τ

(
(τam + (1− τ))− amτ

)
+ rm

(
1 + amτ − 2amτ2

)
≤ (µa+ (1− µ))m − amµ. (16)

The operator C = A
−1
2 BA

−1
2 has a positive spectrum, then by Lemma 3 and inequality (16) we get

µm

τ

(
(τCm + (1− τ)I)− Cmτ

)
+ rm

(
I + Cmτ − 2C mτ

2

)2
≤ (µC + (1− µ)I)m − Cmµ. (17)

Finally, multiplying inequality (17) by A
1
2 on the left and right hand sides, we get

µm

τ

(
A∇τ (A]mB)−A]mτB

)
+ rm

(
A+A]mτB − 2A]mτ2 B

)
≤ A]m(A∇µB)−A]mµB.

Using the same technique in inequality (13), we get inequality (15). This completes the proof.

4 Refinements of Young’s Type Inequalities for Matrices

In this section, we give some refined Young type inequalities for traces, determinants, and norms of positive
definite matrices. A matrix Young’s inequality due to Ando [4] asserts that

sj(A
µB1−µ) ≤ sj(µA+ (1− µ)B),

the above singular value inequality entails the following unitarily invariant norm inequality

|||AµB1−µ||| ≤ |||µA+ (1− µ)B|||.

4.1 Refinements of Young’s Type Inequality for Determinants

A determinant version of Young’s inequalities is also known [7, p. 467]: For positive semi-definite matrices
A, B and 0 ≤ µ ≤ 1,

det(AµB1−µ) ≤ det(µA+ (1− µ)B). (18)

To prove the main result of this section, we need the following lemma (see, e.g., [7, p. 482,] ) is the
Minkowski inequality for determinants.

Lemma 4 Let A,B ∈Mn(C) be positive definite matrices. Then we have

det (A+B)
1
n ≥ det(A) 1n + det(B) 1n . (19)

The main result to be proved in this subsection is the following theorem.
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Theorem 5 Let A,B ∈Mn(C) be positive definite matrices and 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1. Then for all positive

integer m, we have

µm

τ

(
det(A)m∇τ det(B)m − (det(A)]τ det(B))m

)
+rm

(
det(B)

m
2 − (det(A)]τ det(B))

m
2

)2
≤

(
det(µA+ (1− µ)B)

)m
−
(
det(AµB1−µ)

)m
, (20)

and

(1− µ)m
1− τ

(
det(A)m∇µ det(B)m − (det(A)]µ det(B))m

)
+r′m

(
det(A)

m
2 − (det(A)]µ det(B))

m
2

)2
≤

(
det(τA+ (1− τ)B)

)m
−
(
det(AτB1−τ )

)m
. (21)

Proof. We have

det
(
µA+ (1− µ)B

)m
=

[
det
(
µA+ (1− µ)B

) 1
n
]nm

≥
[
det(µA)

1
n + det((1− µ)B) 1n

]nm
(by Lemma 4)

=
[
µdet(A)

1
n + (1− µ) det(B) 1n

]nm
≥ µnm

τ

(
det(A)m∇τ det(B)m − (det(A)]τ det(B))m

)
+rnm

(
det(B)

m
2 − (det(A)]τ det(B))

m
2

)2
+
(
det(A)µ det(B)1−µ

)m
=

µnm

τ

(
det(A)m∇τ det(B)m − (det(A)]τ det(B))m

)
+rnm

(
det(B)

m
2 − (det(A)]τ det(B))

m
2

)2
+
(
det(AµB1−µ)

)m
.

Using the same technique in inequality (13), we get inequality (21). This completes the proof.

4.2 Refinements of Young’s Type Inequality for Norms

The main result to be proved in this subsection, concerns the norms of positive semi-definite matrices.
Before giving our result, we need the following lemma.

Lemma 5 Let A,B ∈Mn(C) be positive semi-definite matrices. Then we have

|||AµXB1−µ||| ≤ |||AX|||µ|||XB|||1−µ. (22)

In particular

tr|AµB1−µ| ≤ (trA)µ(trB)1−µ. (23)
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Theorem 6 Let A,B ∈ Mn(C) be positive semi-definite matrices and 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1. Then for all

positive integer m, we have

µm

τ

(
|||AX|||m∇τ |||XB|||m − (|||AX|||]τ |||XB|||)m

)
+rm

(
|||XB|||m2 − (|||AX|||]τ |||XB|||)

m
2

)2
≤

(
µ|||AX|||+ (1− µ)|||XB|||

)m
−
(
|||AµXB1−µ|||

)m
, (24)

and

(1− µ)m
1− τ

(
|||AX|||m∇µ|||XB|||m − (|||AX|||]µ|||XB|||)m

)
+r′m

(
|||AX|||m2 − (|||AX|||]µ|||XB|||)

m
2

)2
≤

(
τ |||AX|||+ (1− τ)|||XB|||

)m
−
(
|||AτXB1−τ |||

)m
. (25)

Proof. By using Theorem 3 and Lemma 5 we have(
|||AµXB1−µ|||

)m
+
µm

τ

(
|||AX|||m∇τ |||XB|||m − (|||AX|||]τ |||XB|||)m

)
+rm

(
|||XB|||m2 − (|||AX|||]τ |||XB|||)

m
2

)2
≤

(
|||AX|||µ|||XB|||1−µ

)m
+
µm

τ

(
|||AX|||m∇τ |||XB|||m − (|||AX|||]τ |||XB|||)m

)
+rm

(
|||XB|||m2 − (|||AX|||]τ |||XB|||)

m
2

)2
≤

(
µ|||AX|||+ (1− µ)|||XB|||

)m
.

Using the same technique in inequality (13), we get inequality (25). This completes the proof.

4.3 Refinements of Young’s Type Inequality for Traces

The main result to be proved in this section, concerns the traces of positive semi-definite matrices which can
be reads as follows:

Theorem 7 Let A,B ∈ Mn(C) be positive semi-definite matrices and 0 ≤ µ ≤ 1
2 ≤ τ ≤ 1. Then for all

positive integer m, we have

µm

τ

(
tr(A)m∇τ tr(B)m − (tr(A)]τ tr(B))m

)
+rm

(
tr(B)

m
2 − (tr(A)]τ tr(B))

m
2

)2
≤

(
tr(µA+ (1− µ)B)

)m
−
(
tr(AµB1−µ)

)m
, (26)

and

(1− µ)m
1− τ

(
tr(A)m∇µtr(B)m − (tr(A)]µtr(B))m

)
+r′m

(
tr(A)

m
2 − (tr(A)]µtr(B))

m
2

)2
≤

(
tr(τA+ (1− τ)B)

)m
−
(
tr(AτB1−τ )

)m
. (27)
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Proof. By using Theorem 3 and Lemma 5 we have(
tr(AµB1−µ)

)m
+
µm

τ

(
tr(A)m∇τ tr(B)m − (tr(A)]τ tr(B))m

)
+rm

(
tr(B)

m
2 − (tr(A)]τ tr(B))

m
2

)2
≤

(
tr(A)µtr(B)1−µ

)m
+
µm

τ

(
tr(A)m∇τ tr(B)m − (tr(A)]τ tr(B))m

)
+rm

(
tr(B)

m
2 − (tr(A)]τ tr(B))

m
2

)2
≤

(
tr(µA+ (1− µ)B)

)m
.

Using the same technique in inequality (13), we get inequality (27). This completes the proof.
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