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Abstract

In this paper, we introduce and study the concept of epi convergence for double function sequences
and establish the equivalence between epi convergence of a sequence of functions and the Kuratowski
convergence of their epigraphs.

1 Introduction

The concept of epi convergence is important because it provides a convenient concept of convergence to
approximate minimization problems in the field of mathematical optimization. Recently, studies on double
sequences have gained importance. In this study, we will generalize the concept of epi convergence, which is
known for single function sequences, to the double function sequences.

Double sequences may arise as solutions of partial difference equations. Convergence properties of these
solutions are as important as many others such as boundedness, positivity, oscillatory behaviors, periodicity
(see the articles [7], [12] and [13]. For the detailed information on the subject and the studies on convergence
methods and their applications (see, for examples,[6, 8, 10, 14, 15, 16, 17, 18, 19, 22, 23]).

Now, we recall the basic definitions and concepts. Let’s start by giving the definition of convergence of
a double sequence. The notion of convergence for double sequences was presented by Pringsheim [21].

A double sequence & = (Zpm)n,men of real numbers is said to be convergent to L € R in Pringsheim’s
sense if for any € > 0, there exists N, € N such that |z, — L| < €, whenever n,m > N.. In this case we
write

P— . 7lrilmoO Tpm = L.
A double sequence © = (z,,) is bounded if and only if there exist a positive integer M such that
|Zpm| < M for all n and m.
A double subsequence of a double sequence is defined as follows (see, for example, [20]):
A double subsequence y = (ynsm) is a double subsequence of x = (z,,,) provided that there exist increasing
index sequences (n;) and (m;) such that y is formed by

Tnimi  Lnams Tnsgms LTnigmao

xn4m,4 xnsm;; x’ngmg

Tngmg Tnmgms LTnymz

A double sequence x = (xy,) is said to converge regularly if it converges in Pringsheim’s sense and, in
addition, the following finite limits exist:

lim z,m =am (Mm=1,2,3,..),

lim z,m =a, (n=12,3,..).

m—0Q0
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Note that the main drawback of the Pringsheim’s convergence is that a convergent double sequence fails in
general to be bounded. The notion of regular convergence introduced by Hardy [9] lacks this disadvantage.
In addition to the Pringsheim’s convergence, the regular convergence requires the convergence of rows and
columns of a double sequence.

Let = (2m) be a double subsequence of real numbers and, for each k, let ap = supy{@mn : m,n > k}.
The Pringsehim limit superior of @ = (2, ) is defined as follows:

(i) if ap = +oo for each k, then P — limsup z,,, := +00;
(ii) if ap < 400 for some k, then P — lim sup x,,,, := inf{ay}.

Similarly, for eack k, let 8, = infg{z;, : m,n > k}. Then the Pringsheim limit inferior of = (z,,)
is defined as follows:

(iii) if B), = —oo for each k, then P — lim inf z,,, := —o0;
(iv) if B;, > +oo for some k, then P — liminf x,,,, := sup, {5}

Example 1 Let the double sequence () defined by

n, ifm=0,
A —m, ifn=0,
mm (=)™, ifm=n>0,
0, otherwise.
Then we have P — liminf z,,, = —1 and P — limsup x,,, = 1. This sequence is neither bounded above nor

bounded below; however, the Pringsheim limit superior and inferior are both finite numbers.

A double sequence of functions (f,.,) is said to be pointwise convergent to f on a set S C R if for each
point z in S and for each € > 0, there exists a positive integer N = N(z,€) such that

| from(x) — f(z)| <€, forall n,m > N.

In this case, we write P — lim fp,,(z) = f(x) or fi, — fon S.
An extended real-valued function f : X — [—00, 00] on a metrizable space X is called lower semicontinuous
provided its epigraph
epif ={(z,a):z € X,a € R and a> f(z)}

is a closed subset of X x R.

A fundamental convergence concept for sequences of lower semicontinuous functions in optimization
theory, decision theory, homogenization problems and variational analysis is the notion of epi convergence.
During the last three decades the concept of epi convergence was introduced and then it was used in various
investigations in optimization and related areas. There are many papers dealing with the epi convergence of
single sequences of functions. In this paper we will introduce and study the concept of epi convergence for
double sequences of functions.

2 Epi Convergence of Double Sequence of Functions

In order to give the definition of epi convergence of a double sequence of functions, we will first give the
following definition.

Definition 1 Let (X,d) be a metric space. For every x € X let us denote the system of the neighbourhood
of x by U(zx). To any double sequence (frnm) of functions from X into [—oo, 00|, we have associated two limit
functions:
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(a) The epi limit inferior of the sequence (fnm), denoted by lic frm, is defined by

(liefom)(x) = sup P —liminf inf fon,(u).
VEU(:{;) n,m /U/EV

(b) The epi limit superior of the sequence (fnm), denoted by lse frm, is defined

(IS¢ frm)(z) = sup P —limsup inf fi,(u).
VeU(x) n,m uweV

Definition 2 Let (X, d) be a metric space and (frnm) be a double sequence of functions from X into [—o0, c0].
This sequence (fnm) is said to be epi convergent at x if the following equality holds:

(liefnm)(x) = (lSef”””)(x)'

This common value is then denoted lime frm (x):

lime fom (x) = lie fam/(x) = Ise frm ().
For lower semicontinuous functions equivalent definition can be given as following:

Definition 3 Let (fnm) be a double sequence of lower semicontinuous function on a metric space (X,d).
We say that (fnm) is epi convergent to f, in sense of Pringsheim, and we write f = lime frm, provided at
each © € X, the following two conditions both hold:

(c) whenever (Tn.m) is P-convergent to x, we have
f(z) < P —liminf frm(Tnm),

f(z) <liminf fm (Tnm)
and
f(x) < hn}nmf fnm(xnm);

(d) there exists a sequence (T, ) is P-convergent to x such that

f(z) = P =1im frm(Tpnm)-
nm
Some Examples

Example 2 Let fp, : R — R be defined by fnm(z) = max{-%-, -1} and f(x) = 0. Then the double function
sequence (fnm) is epi convergent to the function f.

Example 3 Let f,,, : R — R be defined by

1 . . .
if x is rational,
fanan(a) = { /

nm’ :
1———, otherwise,
nm

and
1

1——=—, ifx is rational
x)=1-—2 — nm?’ ) ’
f2n+1,2m+1< ) f2n,2m { 1 otherwise.

nm’

Then we have the subsequences (fan2m(x)) converging to

(@) = 0, if x is rational,
g\ = 1, otherwise,
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and (fon+1,2m+1(x)) converging to

| 1, ifx is rational,
hiz) = { 0, otherwise.

Since g(x) # h(x) Vax € R, the sequence (fri(x)) does not convergence pointwise. On the other hand, this
sequence is easily shown to be epi convergent with the epi-limit f(x) = 0, by choosing for any arbitrary x
and a sequence (Ypm) according to

. 1
Yon,2m  rational such that |yan om — x| < —
nm

and

. . 1
Yont1,2m41  drrational such that  |yon+1,2m+1 — | < gt

Then yi, — x and fr(yr) = ﬁ/Q — 0 thus limsupy,; fr1 < f(x) = 0 whereas 0 = f(z) < P—liminfy; fr;(z),
0 = f(z) < liminfy fr(xg) and 0 = f(z) < liminf; fi(zr) are trivially satisfied for any sequence (xg;)
converging to x.

Example 4 Take frm = gnm, where

0, ifreQorx= ﬁ,k €7Z,5€{1,2,...,n}1e{1,2,..m},
—1, otherwise.

(o) = {

Then we have fpm — 0 pointwise, but lim, fr,, = —1. If we take fnm = (—1)" ™ gpm, then we have frm, — 0
pointwise, but lime f,,, does not exists at any point.

Example 5 Let fo, : R — R be defined by fonn(x) = mne™ % Then we have

. |0, if £ <0,
P_hmfm"_{ 400, ifz >0,
and
0, ifx <0,
lime frn = -, if =0,
+o00, ifx>0.
Example 6 Let f,, : R — R be defined by
0) fo < _m}‘rn’
fm"(x): %’ if 7m}‘rn <z < m}‘rn’
1, ifx >
Then we have
0, ifzx<0,
P —lim f,, = %, ifx =0,
1, ifx>0

and

llmefnm = { 1’ ,fo ; 0.



648 Epi Convergence of Double Function Sequences

The lower semicontinuity property of functionals has often played an important role in proving the
existence of the extremals of the functionals.

Theorem 1 Let (fnm) be a sequence of lower semicontinuous functional on a metric space (X,d). If (fnm)
is epi convergent to f then the functional f is lower-semicontinuous (l.s.c.).

Proof. Assume that at some z the limit f is not l.s.c. Then there exists an ¢ > 0 such that in any
neighbourhood U(z, =) = {w : d(w,z) < -} we can find an element wy,, € U(z, =) satisfying

' nm nm

fwpm) < f(x) —e. Since (fnm) is epi convergent to f, we have for all double sequence (wp,,) there exists
subsequence (£, ) such that

1
d(gvnmawnm) < o
and X
fUnm (gvnm) < f(wnm) + %

where (vn,,) can be chosen as to be strictly increasing in the Pringsheim sense. Hence we have a double
sequence (£, ) which is P-convergent to x with

1 1
fvnm (évnm) < f(wnm) + % < f(a?) — €+ %

yielding
P —liminf f,, (£, ) < f(z)—€

in contradiction to for all (£, ), P-convergent to z,
f(z) < P —liminf f, (£, )
nm
according to the assumption of epi-convergence. m

Definition 4 We say that a double function sequence fnm : X — [0,+00] is equicoercive if there exists a
compact set K (independent of n and m) such that

inf{fom(z) : x€ X} =imf{fn(z): ze€K}.

Theorem 2 Let (fnn) be an equicoercive double sequence of functional which is epi converges in the Pring-
sheim sense to the functional f. Assume that (Tnm) is a double sequence of minimizers for (funm), respectively
and P —limy,,, Tnm = L then L is a minimizer of f and
f(L) =min f(z) = P—lm frm(znm) = P—limmin f,,,(z).
reX nm nm reX
Proof. From the (c¢) part of the definition of epi convergence in the sense of Pringsheim we are granted the

following
F(L) <P —lminf fom(@om).

Now, for any Ly € X , we know that there exists a double sequence {yn.,} such that P — lim,,,, Ynm = Lo
and

Using the fact that x,,, is a minimizer of f,,,, we obtain the following

nm

and therefore L is a minimizer of f. Eventually, letting Ly = L leads to the fact that all inequalities are in
fact equalities and we have the result. m
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3 Kuratowski Convergence of Double Sequences of Sets

The study of Kuratowski convergence of epigraphs originated with Wijsman [24, 25], and has its roots in
convex analysis. This mode of convergence is now usually called epiconvergence in the literature (see, for
example, [1]-[5],[11]). In this section, this concept will be generalized to double set sequences.

Definition 5 Let (A,.,) be double sequence of subsets of X. The lower limit of the sequence (Anm) i
defined by

Lidpm =c | | (| ddu

(n,m)eNXN {(k,l):k>n,l>m}

where cl denotes the closure operation.
The upper limit of the double sequence (Aynm) is defined by

LsA,., = ﬂ cl U clAp
(n,m)eNXN {(k,l):k>n,l>m}
The double sequence (Apnm) is said to be convergent if the following equality holds:
LiA,,, = LsA,pm,.

Its limit, denoted A = LimA,,, is the subset A of X equal to this common value. We shall refer to this
notion of set convergence under the name Kuratowski convergence.

The following theorem make these limits easy to handle:

Theorem 3 Let (A,m) be a double sequence of subset of X. Then

LiAnm: ﬂ cl U Akl (1)

NeNi (k,HeN
and
LsA,,, = ﬂ cl U Ap (2)
NeN (k,l)eN
where

Noo ={N C Nx N:Nx N\ Nis finite}
N.={NCNxN: N s infinite}.

Proof. Formula (2) follows directly from the definition of LsA,,,. Let us prove (1).
Lidpm=c | |J N dAw|c ) d| U 4u
(n,m)eNxN {(k,l):k>n,I>m} NeNt (k,l)eN
Since the second member is closed, it is equivalent to prove that

N dAp ce | |J Au

{(k,l): k>n,>m} (k,l)eN



650 Epi Convergence of Double Function Sequences

for all (n,m) € N x N and for all N € N%.. By definition of V%, since N € N& for any (n,m) € N x N
{(k,) ENXN:k>n,1>m}|N#0.

Therefore

ﬂ clAy C U clAy C ¢l U clAy | = U clAy;.

{(k,1):k>n,1>m} (k,l)eN (k,)eN (k,l)eN

Let us now prove the opposite inclusion

al N dAw)> () d| U Aw

(nm)ENXN  {(k,1):k>n,1>m} Nent  \(BDEN

It is equivalent to prove that for any sequence of closed sets (A,,,)

R=cl U ﬂ A | D ﬂ cl U Al = Q.

(n,m)ENXN  {(k,1):k>n,1>m} NeNE  \(BDEN

Let us take 2 ¢ R and prove that « ¢ Q. Since x ¢ R, there exists a neighbourhood U which contains « and
satisfies; for all (n,m) € N x N there exists k,, > n,l,, > m such that

UNAg, 1, = 0.
Let us define N = {(kn,ln) : (n,m) € N x N}. N belongs to N% and for all (k,1) € N
UNAy = (Z);

equivalently

Un( U Apr) = 0.

(k,l)eN
So we have found an N € NV% such that
xT ¢ Cl( U Akl)7
(k,l)eN
which is equivalent to say that z ¢ Q. m

Theorem 4 Let (X,d) be a metric space and (Annm) be a double sequence of subsets of X. Then LiApp,
and LsAy,,, are two closed subsets of X and LiA,,, C LsA,m.

Proof. Since intersection of closed sets is closed, from (1) and (2) it follows that LiA,,, and LsA,,, are
closed. The inclusion LiA,,,, C LsApy, follows from (1), (2) and the inclusion Now C NE. =

Proposition 1 Let (X,d) be a metric space. For any double sequence (Anm) of subset of X the following
sequential formulations hold:

LiApm ={z € X : A@nm),Y(n,m) e NX N, 2y € Ay P— lim 2y, =} (3)

n,m—oo

and
LsApm ={z € X : I(nk,my), Iag),Y(k,1) e Nx Nyag € Apym, P — kllim T = x}. (4)
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Proof. Let us first prove (3); the inclusion

LZAnm D {.’E =P— lim z,p: Tpm € Anm}

n,Mm— 00
is true in a metric space. Let (2,,,,) be such that for all (n,m) € N x N z,,,, € A,,, and

P— lim =z, =uz

n,m—oo

then for any neighbourhood U of z, there exists Ny € N such that

U {z} CU.

(k,l)eNy

Since for any N € N%, NN Ny # 0, it follows preceding inclusion that

Un U A #@

(k,l))EN

This being true for any neighbourhood of z and any N € N¥ | it follows from (1) that

x € m Cl( U Akl):LiAnm.

NeNt,  (kDeN

Let us prove the opposite inclusion. Let x € LiA,,, and (Uy;) be a countable open neighbourhoods of
z which is decreasing and such that (), nyn Un = {z}. By definition of LiAy,, for every (k,l) € Nx N
there exist integers nj, and m; such that

Uk'l ﬂ Anm 7é @

forall n > ny, m > my. Let us define a sequence (z,,,) in the following way: For each n such tat ny <n <
ngt1 and for each m such that m; < m < mgy1, take pm € Ui () Anm, which is nonvoid. The defined
sequence () satisfies for all (n,m) € NxN z,,, € A, and for all (k,]) € NxN x,,, € Uy for all
n > ny and m > my. This exactly the definition of the convergence of the sequence () to .

The proof of (4) can be obtained in a similar way. m

From this proposition, we get the sequential definitions of convergence of a double sequence of sets.

Definition 6 Let (A,,) be a double sequence of closed subsets of X. We say that (Apm) is Kuratowski
convergent to a closed subset A of X provided A = LiAy,, = LsA,,, where

LiA,, = {x € X: there exist a sequence (anm) P-convergent to

x with  apm € Apm  for all but finitely many pairs of integers (n,m)}
and

LsA,,, = {x € X : there exists positive integers mni < mng < ng < ...,

my <mg <mg<.. and ag € Ap,m, Such that P — kllim ag; = T}.
,l— 00

When A = LiA,,, = LsA,,, we write A = LimA,,.
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Example 7 Let (Anm) be the following double sequence of sets:

1 1

1
Anm = {L ]
2°3 n+m

1.
For anyn,me N

- 1
cl U Ap :{O}U{m:n,meN}

k>n,l>m
and
0o 00 1
{ A = —_— .
ﬂ c U Kl {0}U{n+m n,m € N}
n,m=1 k>n,l>m
Similarly
0o 0o 0o 1
ﬂ Akl :ATLWH U ﬂ Akl:{m :n,mEN}
k>n,l>m nm=1k>n,l>m
and

al U N 4u)|={0}u{—— :nmeny

n-+m
nm=1k>n,I>m +

and then the double sequence (Anm) is Kuratowski convergent to

{O}U{ﬁ:n,mEN}.

Example 8 Let (Anm) be the following double sequence of sets
Apm = {(z,y) € R*:  y < nmaz}.
This double sequence of sets is Kuratowski convergent to the set

A={(z,y) eR*: 0< 2z}

Example 9 Let the double set sequence (Anm) be defined by

n+m n+m

Aan{(x,y)ERQ: lz] 7= + |y 2

<1}
Then this double sequence of sets is Kuratowski convergent to the set

A={(z,y) eR*: |z| <1, |yl <1}

Theorem 5 Let (X,d) be a metric space and (fnm) a double sequence of functions from X into [—oo, o).
The limit sets Li(epifnm) and Ls(epifnm) are still epigraphs. They are equal to the epigraphs of lse fnm and
lie fnm respectively, that is,

Li(epifum) = epi(lse frm) (5)
Ls(epifnm) = epi(liefnm)- (6)
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Proof. Let us first prove (5). By definition Li, (x,«) € Li(epifnm) if and only if: For all V € U(z) and for
all € > 0, there exists (n,m) € N x N such that for all k > n, I >m

(Vx (a—e€,a+e€)Nepifi # 0.
This is equivalent to for all V' € U(x) and for all € > 0, there exist (n,m) € N x N such that for all £ > n,

I >m and x; € V satisfying
a+e> fru(rm).

This can be reformulated in the following way:

o> sup inf sup inf fri(w)
VeU(z) (Rm)ENXN f( 1):k>n,1>m} vEV
that is

a> sup P —limsup inf fom(u) = (Sefnm)(@)
VeU(x) n,m— oo ueV

which means (x, &) € epi(lse frm)-
Let us prove (6). By definition Ls, (z,a) € Ls(epifnm) if and only if: for all (n,m) € N x N | for all
V € U(z) and for all € > 0, there exists k > n, { > m such that

(Vx(a—ea+e)Nepifi # 0.
Because the sets are epigraphs, this is equivalent to: for all (n,m) € N x N, for all V' € U(z) and for all

€ > 0, there exists zg,,, € V such that
o+ e > fkl(xkl).

This can be reformulated in the following way:

a > sup sup inf inf fr(u)
VeU(z) (n,m)eNxN {(k,0):k>n,1>m} ueV (u
that is,

a> sup P — liminf inf fo.,(u) = (liefnm)(x)
VEU(m) n,m—oo ucV

which means (x, o) € epi(lic frm). B

We are now able to state the main result of this paper and establish the equivalence between the epi
convergence of a double sequence of functions and the Kuratowski convergence of double sequences of set of
their epigraphs. It is direct consequence of Definition 2 and Thoerem 5

Theorem 6 Let (X,d) be a metric space and (fnm) a double sequence of functions from X into [—oo, x0].
The sequence(frnm) is epi convergent if and only if the sequence of sets (epifnm) is convergent in the Kura-
towski sense. In that case following equality holds:

epi(lime frm) = Lim(epi frm)-

Theorem 6 allows us to interpret, by consideration of epigraphs, the epi convergence of a double sequence
of functions in terms of double set convergence.

Acknowledgment. The author is thankful to the referees for their valuable comments.
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