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Abstract

In this paper, we provide the bifurcation diagrams of positive solutions of two-point boundary value
problem

{ —u” = Af(u), in (-1,1),
u(—=1) =u(l) =0,

where f(u) = —au® +bu + ¢, a,b,c € R and a # 0. By these results, we obtain the exact multiplicity of
positive solutions. In addition, there no references to completely solve this problem. Thus this research
is important.

1 Introduction

In this paper, we study the shapes of bifurcation curve of positive solutions for two-point boundary value
problem

—u" = N—au? +bu+c), in (—=1,1), 1

{ u(—=1) =u(l) =0, (1)

where a,b,c¢ € R and a # 0. On the (X, [Ju|,)-plane, we define the bifurcation curve S of (1) by
S ={(\ Jlualls) : A > 0 and uy is a positive solution of (1)} . (2)

For the sake of convenience, we let
f(u) = —au® + bu + c.

It is well-known that studying of the exact multiplicity of positive solutions of (1) is equivalent to studying
the shape of the bifurcation curve S. Thus this research is important. For similar researches, we refer to
[2, 3, 4, 5, 6, 7] and references therein.

The main motive is to study the problem with cubic nonlinearity

—u" = AN—¢eu® + ou® +Tu+p), in (—1,1),
Tt ®)

where ¢ > 0, 0 > 0, 7 > 0 and p > 0. Hung and Wang [7, Theorem 2.1] proved that the bifurcation curve
of (3) is from S-shaped to monotone increasing with varying e > 0. However, there are no references to
completely obtain the global bifurcation diagrams for problem (1) with general quadratic polynomial f.
Thus we begin this research.
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2 Main Results

It is well-known that (1) has no positive solutions when f(u) < 0 for all u > 0. So we require that f(u) > 0
for some v > 0. Then we consider the following eight conditions:

(C1) a<0,b>0andc=0.

(C2) eithera <0and A <0,0ora<0,b>0,¢c>0and A > 0.
(C3) a<0,b<0and A=0.

(C4) a<0,b<0,c>0and A >0.

(C5) either a <0and ¢<0,0ra<0,b<0andc=0.

(C6) a >0 and ¢ > 0;

(C7) a>0,b>0and c=0;

(C8) a>0,b>0,c<0and A>0

where A = b? + 4ac. See Figure 1.
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Figure 1: Graphs of f(u) on [0,00) when f(u) > 0 for some u > 0.

The following Theorem 1 is our main result.

Theorem 1 Consider (1). Let

. :b+\/b2+4ac . :b—Q\/b2+4ac ()
1= 2% ) 2 = %2, )
0= 3b — v/9b? + 48ac and 7= 3b+ v/9b2 + 48ac (5)
- 4a - 4a '

Then the following statements hold:

(1) If (C1) holds, then the bifurcation curve S is strictly decreasing, starts from (0,00) and goes to the point
2
(%5, 0)-
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(2) If (C2) holds, then the bifurcation curve S is D-shaped, starts from the point (0,0) and goes to (0,00).
(3) If (C3) holds, then the bifurcation curve S has two disjoint connected components such that
(8a) the upper branch of S is strictly decreasing, starts from (0,00) and goes to (oo, %);
b

(3b) the lower branch of S is strictly increasing, starts from the point (0,0) and goes to (0o, 5% ).
(4) If (C4) holds and

b< =2 (;l\f— 3) ac ~ —2.111v/—ac, (6)

then the bifurcation curve S has two disjoint connected components such that

(4a) the upper branch of S is strictly decreasing, starts from (0,00) and goes to (00,rs2);
(4b) the lower branch of S is strictly increasing, starts from the point (0,0) and goes to (co,71).

(5) If (C5) holds, then the bifurcation curve S is strictly decreasing, starts from (0,00) and goes to (o,n)

where
7= / \/ et (L) "

(6) If (C6) holds, then the bifurcation curve S is strictly increasing, starts from the point (0,0) and goes to
(007 Tl)'

(7) If (C7) holds, then the bifurcation curve S is strictly increasing, starts from the point (”Tf, 0) and goes
to (o0, 2).
(8) If (C8) holds and b < %\/—ac, then the bifurcation curve S does not exist (i.e. (1) has no positive

solutions for all A > 0). If (C8) holds and b > %\/—ac, then the bifurcation curve S is C-shaped,
starts from the point (o,m) and goes to (co,r1) where o is defined by (7).

3 Proofs of Main Result

In order to study the shape of bifurcation curve S of (1), we use the time-map techniques. The time-map
formula which we apply to study (1) takes the form as follows:

1 1 B
\F)\ZE/O mdu:T(a)7 (8)

where F(u) = fou flt)ydt = %‘Lu?’ + %uQ + cu, see [1]. Observe that positive solutions uy for (1) correspond to
ur]loe = @ and T(a) = VA
It implies that by (2),
S:{(A,a);ﬁzT(a)} (9)

Thus, studying the shapes of bifurcation curve S is equivalent to studying the shape of the time map T'(«).
In addition, we observe that

f(u) = —a(u—r1)(u—ro) and F(u) = —§U(u—n) (u—1), (10)

where 71 is defined by (4), n and 7 are defined by (5), and

_ b— vVb% + dac

% (11)

To

Next, we begin to prove Theorem 1.
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Figure 2: Graphs of bifurcation curves S. (a) (C1) holds. (b) (C2) holds. (c¢) (C3) holds. (d) (C4) and (6)
hold. (e) (C5) holds. (f) (C6) holds. (g) (C7) holds. (h) (C8) holds and b > % —ac.

3.1 Proof of Theorem 1(1)
Assume that (C1) holds. Then f(u) > 0 for u > 0. So by (8), the domain of T is (0, 0). We compute

L[ )b
T()mﬁaé[HMFwWﬂd’ (12)

where 0(u) = 2F(u) — uf(u). Since a < 0 and 6(u) = au®, and by (12), we see that

a « o —ud
T (a) = 6730 /0 ()~ P du <0 for o> 0. (13)
In addition, we compute
f(0)=0, f(u)—uf'(0)=—au®>0 foru>0, and lim flw) _ o0

u—oo U

So by [1, Theorem 2.5 and Corollary 2.10.1], we obtain

T
lim T(a) = —= and lim T(«) =0. 14
Jim T(a) = T2 andlim () (14)

By (9), (13) and (14), the proof of Theorem 1(1) is complete.

3.2 Proof of Theorem 1(2)

Assume that (C2) holds. Then f(u) > 0 for u > 0. So by (8), the domain of T" is (0, 00). Clearly, we have
a < 0and ¢> 0. Then
dfw)  fwu-fl) -l —c

@ — 5 =—0 >0 for eventually u > 0. (15)
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Since f(0) = ¢ > 0 and f is convex on (0,00), and by (15) and [1, Theorem 3.2], we see that
T(«) is strictly increasing and then strictly decreasing on (0, 00) . (16)

In addition, we compute

So by [1, Theorems 2.5 and 2.9], we obtain

lim T(«) = lim T'(a)=0. (17)

a—0t a—00

By (9), (16) and (17), the proof of Theorem 1(2) is complete.

3.3 Proof of Theorem 1(3)

Assume that (C3) holds. Then f(u) = —a(u — £)? >0 for u > 0 and u # £. So by (8), the domain of T
is (0,00)\{£}. We compute
lim —f(u) = lim 7f(u) =

u—0t U u—oo U

So by [1, Theorems 2.5 and 2.9], we obtain

linol+ T(a) = aler;o T(a) =0. (18)
Since ) )
Flo) =P = [ j(ha —;[<3Mtw—hf,

and by (8), we compute

OHhm T(a) =4/ —Qa/ 3/2 du = oo. (19)

In addition, by [1, Lemma 3.1], (1) has at most two positive solutions for A > 0. By (2), (18) and (19), we
observe that T'(c) is strictly increasing on (0, ) and strictly decreasing on (£, 00). So by (9), (18) and
(19), the proof of Theorem 1(3) is complete.

3.4 Proof of Theorem 1(4)

Assume that (C4) and (6) hold. Recall rg, r; and ro defined by (11) and (4), respectively. By (C4), we
observe that 0 < r; < 79 < r2. By (10), then

>0 forO0<wu<ryoru>rg,
F’(u) = f(u) =0 foru=1ry and u= 0, (20)
<0 forr <u<ry.

Since we compute

b2 + 6ac) b+ (b2 + 4ac) Vb2 + 4ac
Pry) = e 0F (P2 dec) = ), (21)

and by (20), we observe that

Fla)— F(u) >0 for0<u<a and a€ (0,r1] U (r,00). (22)
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Since f(r1) = 0, and by (22), the domain of T is (0,71) U (r2,00). Recall the function 6(u) defined in the
proof of Theorem 1(1). Clearly, (u) = (au® + 3c) u/3. It follows that

0(0) = 0(r/—3c/a) =0 and 0'(u) =au®>+c{ =0 foru= \/_Za, (23)

So we observe that
>0 for0<u<a<,/-=%,
O(a) — 0(u) (24)
<0 f0r0<u<aandoz2,/f—‘;.

Next, we divide this proof into the following three steps.

Step 1. We prove that T'(«) is strictly increasing on (0,71). Since
(2\/—(10 + Vb2 + dac+ b) (2\/ —ac+ /b2 + dac — b) = 4+/—ac(b? + 4ac) > 0
and b < 0, we see that 2¢/—ac + Vb2 + dac + b > 0. It follows that

c . 2\/—ac+\/b2+4ac+b>0
[ = =
—a

2 (—a)

because a < 0. By (24), we obtain #(a) — 6(u) > 0 for 0 < u < @ < 71. So by (12), T'(er) > 0 on
(0,71). It implies that T'(«) is strictly increasing on (0,71).

Step 2. We prove that T'(«) is strictly decreasing on (r2,00). By (6), we have
4 ) 4
—b>2 g\ffS ac and b >4 g\[f?) ac.

Then we observe that

—b+2\/m _2\/ %\[ ac+2\/4(%\/§—3) ac + 4ac

7= ~2a
) Wg ﬂ%aw)ﬁ: =

By (24), we obtain 6(«) — (u) < 0 for 0 < u < @ and « > ro. So by (12), T'(«) < 0 on (re,00). It
implies that T'(«) is strictly decreasing on (rq, c0).

Step 3. We prove
lirgl+ T(o) = lim T(a) =0 and lim T(a) = lim+ T(ar) = o0.
a— a—00 a—r a—Ty
Since lim, o+ f(u)/u = oo, and by [1, Theorem 2.9], we obtain lim, o+ T(a) = 0. By (10), we
compute
f(w)

0< lim ——— = —a(rg —m1) < 0.
u—ry 1 —U
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So by [1, Theorem 2.6], we obtain lim T () = oo. In addition, by (21), then

7‘7

lim T(a) = / du> lim /
My Jmy V2 VR W

= = lim T(a) = .

a—r f F 7“1 a—ry

Let M > 0. Since lim, . f(u)/u = oo, there exists N > ry such that f(u) > Mu for u > N. Then

/ f(t dt>M/ tdt = — (a® —u?) >0 fora >u> N. (25)
By (22) and (25), then
Fla) = F(u) = [F(a) = F(N)]+[F(N) - F(u)]
> F(a)—F(N)E%(aQ—N) for a > 2N > N > u >0
So for ao > 2N,
T(a) = }/Nldwl RN
2Jo VF(@)—F(u)  v2J/v /F(a)=F(u)

IN

[ v [ =)

1 N N 1 1
= + arcsin 1 — arcsin — —— | — + arcsin —
VM <\/042—N2 ) vM (\[ 2N>

Since M is arbitrary, we see that lim, oo 7'(c) = 0.

So by (9) and Steps 1-3, the proof of Theorem 1(4) is complete.

3.5 Proof of Theorem 1(5)

Assume that (C5) holds. Recall rg and 71 defined by (11) and (4), respectively. By (C5) and (10), we observe
that 7 < 0 < ro. By (10), then

<0 for0<u<7‘0,

F'(u)= f(u){ =0 foru=ro, (26)

>0 foru>rg.
Recall n and 7 defined by (5). By (C5), we observe that 7 < 0 < 7. So by (10) and (26), F(a) — F(u) > 0
for 0 < u < @ and a > 7. It implies that the domain of T is (1, 00). Since a < 0 and ¢ < 0, we see that
~a(a®—u?) +3c(a—u)
B 3

from which it follows that by (12), T"(a) < 0 on (7, 00).
By (8) and (10), we observe that

<0 for0<u<a,

lim T(o) = lim

1/1adt:1/1ﬁdt
a—nt a—>n+\/§ 0 F(Oz)—F(Oét) \/i 0 \/—F(T]t)
1 [t 3
el \/atut)(ntm‘“”

3 [t 1 3
\/%/0 ,/t(l—t)dt: \V 241"

N
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where o is defined by (7). It follows that lim,_,,+ T'(a) = o exists. By similar argument in the proof of
Theorem 1(4), we obtain lim,_.. T(a) = 0. So by (9), the proof of Theorem 1(5) is complete.

3.6 Proof of Theorem 1(6)
Assume that (C6) holds. Recall 7y defined by (4). By (C6), we observe that rg < 0 < r1. By (10), then

>0 for0<u<ry,
F'(u) = f(u){ =0 foru=r, (27)
<0 forwu>nr.
Since F(0) = 0, and by (27), we obtain F(a) — F(u) > 0 for 0 < u < @ < 1. It implies that the domain of
T(a) is (0,71). Since @ > 0 and ¢ > 0, we see that
3 —ud) +3c(a—
9(05)—0(u):a(a u)3 cla—u)

from which it follows that by (12), T"(a) > 0 on (0,71) . In addition, by (10), we compute

0 < lim 7f(u) =a(rg—r1) <oo and lim 7f(u) =00
u—ry T1—U u—0t U

>0 for 0 <u< q,

So by [1, Theorems 2.6 and 2.9], we obtain

lim T(a) =0 and lim T(«a) = oco.

a—0t a—ry

So by (9), the proof of Theorem 1(6) is complete.

3.7 Proof of Theorem 1(7)
Assume that (C7) holds. Then

>0 for0<u< g,
F'(u) = f(u) =u(—au+b){ =0 foru=2, (28)

<0 foru>§.

Since F(0) = 0, and by (28), we obtain F(a) — F(u) > 0 for 0 < u < o < 2. It implies that the domain of
T is (0, 2). Since a > 0, we see that

a (Oé3 — U3)

() — O(u) = 3

>0 for0<u<a,

from which it follows that by (12), 7"(e) > 0 on (0, ). In addition, we compute

; uu =b<oo and f(u) —uf'(0) = —au?® < 0 for u > 0.

So by [1, Theorems 2.6 and 2.10], we obtain

s s
lim T(a) = =— and Ilim T(«a)= oco.
a—0t ( ) f’(O) \/B a—2” ( )

By (9), the proof of Theorem 1(7) is complete.
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3.8 Proof of Theorem 1(8): a >0,b>0,c<0and A >0
Before we prove Theorem 1(8), we need the following Lemmas 2—4.
Lemma 2 Consider (1). Assume that (C8) holds. Then the following statements (i)-(ii) hold:

(1) If b < %\/—ac, then the domain of T'(«) is empty; and if b > %\/—ac, then the domain of T() is
(n,71) where n and 1 are defined by (5) and (4), respectively.

(i) On/0b <0 for b > %\/—ac. Moreover,

\VaE<n< _(f’c for %\/fac<b<%\/fac,
n< /= forb> %x/—ac.

Proof. (I) By (C8) and (10), then

<0 on (0,79) U (ry,00),
F’(u) = f(u) =0 foru=1r9and u= r1, (30)
>0 on (ro,r1)-

We compute

. b% 4 8ac + bv/b2 + 4ac
1 .

F = 1
(1) 124 (31)
Then we consider two cases.
Case 1. Assume that b < %\/fac. Since a > 0, and by (31), we observe that
" 4 2 4 4 2
F(r) < — —+v/—ac | +8ac+ —=+/—ac —/—ac | +4dac| =0. 32
o< 15 | (7577) 7 (5) o

Since F(0) = 0, and by (32), we see that, for any a > 0, there exists @ € (0, «) such that F(a) — F(u) < 0.
Thus the domain of T'(«) is empty.
Case 2. Assume that b > %\/—ac. Since a > 0, and by (31), we see that

Fir) > - [(2 \/—Tc>2+8ac+ jg\/—Tc\/<j§\/—Tc)2+4ac ~0. (33)

12a <\/§

Since F'(0) = 0, and by (33), we see that 0 < n < r1 < 7). Moreover, F(«) — F(u) > 0 for 0 < v < o and
n < a <ry. Since f(r1) = 0, the domain of T'(«) contains in (1, 71).

By Cases 1-2, the statement (i) holds.

(IT) Since a > 0 and ac < 0, we see that

2 B §\/3b2 + 16ac — v/ 3b?
b T 1 avBE T L6ac

\ =2 ifb:%m,
8
3

" \/% ifh—

So (29) holds by (34). Then the statement (ii) holds.
The proof is complete. m

<0. (34)

We compute
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Lemma 3 Consider (1). Assume that (C8) holds and b > %\/—ac. Then the following statements (i)-(ii)
hold:

(i) O(a) = O0(u) <0 for 0 <u<a < /=5
(ii) g(a,u) >0 for 0 <u < a and o > /¢ where
g, u) = abu® 4 2a (ba + 4¢) u? + (2aba® + 8aca — 3be) u + aba® + 8aca’® — 3bea.

Proof. Since a > 0 and ¢ < 0, we have
0'(u) =au® +c{ =0 foru=,/=5, (35)

It follows that the statement (i) holds. We find that
0
8—9(04, u) = 3abu® + 4a (ba + 4¢) u + 2aba® + S8aca — 3be
u

is a quadratic polynomial with variable u. For o > /—¢, its discriminant

[4a (ba + 4¢))” — 4 [3ab] [2aba® + 8aca — 3bc]
= a (—2al92042 + 8abca + 64ac’® + 9b20)

2
< a|-2ab? (\/ —c) + 8abey | ~€ 1 6dac® + 9b%c (because a > 4 /—E)
a a a

= ac (11b2 + 8v/—ach + 64ac)

4 2 4 4
< acl|ll| —=v—ac| +8V—ac| —=+v—ac)| + 64ac because b > —+/—ac
l (577 +ovae( 5ve) ( VA
_ 16 _ 22
= -3 (2\/§ 1)ac < 0.
It follows that
0g(a,u)/0u >0 for0<u<aanda>\/%c. (36)

Since b > %\/—ac, and by (36), we observe that, for 0 < u < a and a > /=,

gla,u) > g(e,0) = o (aba® + 8aca — 3bc)

() () oo

a<8—£>m6>0.

Then the statement (ii) holds. The proof is complete. m

Lemma 4 Consider (1). Assume that (C8) holds and b > %\/ —ac. Then

lim T'(«) emists, lim T(a) =00 and lim T'(a) = —oo.
a—nt a—ry a—nt
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Proof. By (8) and (10), we see that

. . 1t o 1 1 "
L Tle) = Im % /0 NEOERREE \/5/0 NaTO
3 [ 1 [ 3 ! 1
a \/;/0 \/t(l—t)(ﬁ—nt)dt< 0(7_7—77)/0 \/t(l—t)dt
~ Na@-n"

So limg_,,+ T(«) exists. Since a > 0 and 71 > 79, we see that

f(u)

0 < lim = lim —a(u—ro)(u—r) =
u—ry T —u u—ry T —u

a(ry —ro) < oo.

So by [1, Theorem 2.6}, we obtain lim,_,, - T'(er) = oo.

In order to prove lim,_,,+ T"(a) = —o0, we consider two cases.

a—T

Case 1. Assume that b > §/—ac. By Lemma 2(ii), we have n < /=<. Then by (35), we see that

6(n) —0(nt) <0 for0 <t <1

and

)~ 6(t) < 6(n) — B(2) <0 for 0 <t < %

So by (12) and (10), we observe that

o 0( 77 — (nt) Y2 0(n) — 0(nt)
alig]lﬁ— T (Ot) - 2\/> / F(T]t)]g/Q 2\/> / )]3/2 dt
1/2 (
< 2v2 / ()]

~ 0(n) 9(3) 1/2 1
a 2\f(§772)3// [t(lft)(ﬁ*nt)]g/zdt

—a - 3/2/ el =
2\@(577 7)

Case 2. Assume that %\/—ac <b< %y/—ac. By Lemma 2(ii), we have y/—¢ <n < 1/*730. Then by

(35), there exists t* € (0,1) such that

_— <0 for0<t<tr,
0<nt" < ”7 and 6(n) —0(nt)q =0 fort=t", (37)

>0 fort* <t<l.
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Since O(u) = (au® + 3c) u/3, and by (10), (35) and (37), we compute

/1 o) —00t) . _ /1 0(n) = 0(nt) . /1 6(n) — 6(nt) ”

< [F(n) — F(nt)]*? C=F@PP T e (2t (=) (5 —nt)])*
1 ' 0(n) — O(nt)
< [%77215* (- 77)]3/2 /f* (1- t)3/2 dt
_ 1 1an3(t+t2+1)+3cndt
[en2es (7 — )] /t vi—t

3an® + 3cn /1 1 dt < 0o
t

(g2t (g —m)]** Je VI-T

and

/t* 0m) —00rt) .. _ /t* ﬂ(n)f)(nt*)dt/t* o) o0t
o [F 0 o |

(n) — F(nt)]*” [—F(nt)]*? a2t (1) (n —mt)]*?
) o) 1
o g Jy =

So by (12), we obtain

ey — [ 00— 0Cat) b0 -6
i, 7'}~ | [F(n)—F(nt)]3/2dt+/t* Fn)— PP

The proof is complete. m

4

Proof of Theorem 1(8). By Lemma 2(i) and (9), the bifurcation curve S does not exist for b < 7V —ac.
Thus we assume that b > %\/—ac. We assert that
T(«) is strictly decreasing and then strictly increasing on (n,71). (38)

So by (38) and Lemma 4, the proof is complete.
Next, we prove (38). We consider two cases:

Case 1. Assume that b > §y/=ac. By Lemma 2(ii), we have n < {/=°. Then by (35), we see that

O(a) —0(u) <0 for0<u<aandn<a§\/_—c.
a

So by (12), T"(a) < 0 for n < a </ =Z¢. Since lim,_,, - T'(a) = oo, we see that r; > y/—°. Then by Lemma

3(ii), we observe that, for \/—c/a < a < ry,

1

” 1., B 1 /“ —6AB — 2BC + 3A? + 4B?
T (a) + aT (a) - 4\/§a o B5/2 du
1 /aé[[a(a3—u3)+30(a—u)]2+3(a—u)29(a,u)}d .
14 > .
4\/50[ o Bo/Q u

It implies that T'(«) has exactly one critical point on (n,71). So (38) holds by Lemma 4



264 Bifurcation Diagrams of BVP with Quadratic Nonlinearity

Case 2. Assume that %\/—ac <b< %x/—ac. By Lemma 2(ii), we have n > |/ =£. Similarly, by Lemma
3(ii), we obtain

1
T" () + ET’(a) >0 forn<a<r.

It implies that T'(«) has exactly one critical point on (n,71). So (38) holds by Lemma 4. m
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