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Abstract

In this paper, we consider the Cauchy problem for the semi-linear damped o-evolution equations,
where the initial data are supposed to belong to the energy space with different additional regularity,
which means that,

(uo,u1) € (H?(R™) N L™ (R™)) x (L*(R") N L™*(R™)), mi,m2 € [1,2), o > 1.

Our main goal is to study the influence of m1 and mo on the critical exponent by proving the global
(in time) existence of small data energy solutions where their decay estimates coincide with those to the
corresponding linear equation.

1 Introduction
The semi-linear damped o-evolution equations we want to study in this paper are:
4 (—=A)7u+ dpu+ (=A)70u = [ul”, u(0,2) = ug(x), du(0,z) = u(z), (1)

with o € [1,00), p € (1,00), t € [0,00) and x € R™, n > 1. Here, the notation (—A)? denotes the fractional
Laplacian operator with symbol |£[?7, i.e.,

F(=A)f) =P F(f)(©), €€R, [f]=(G+ - +&)Y2

where F is the Fourier transform. The terms d;(-) and (—A)?9;(-) respectively denote frictional and visco-
elastic damping mechanism. In this paper we will choose the initial data (ug,u1) that belong to the energy
space H? (R") x L*(R") with different additional regularity, that is,

up € (H(R™)NL™ (R™)), uy € (L*(R*)NL™(R™)), myi,my € [1,2). (2)

Our main goal is to study the influence of m; and ms not only on the critical exponent but on the decay
estimates of solutions u as well.

Indeed, critical exponent p..;; means global (in time) existence of small data Sobolev solutions for p >
Derit, and blow-up in finite time for 1 < p < perip. Additionally, when p > p..;+ the decay estimates for
solution of the semi-linear Cauchy problem are the same for those of the linear problem.

The pioneering paper [1] is the first to deal with the problem of finding the critical exponent p..;+ where
the initial data (vo,v;) are small in (H*(R™) N L™(R™)) x (L*(R™) N L™(R™)) and m € [1,2], the authors
in [1] studied the existence property of solutions to the Cauchy problem for the semi-linear wave equation
with frictional damping

02v — Av + 0w = |ul?, v(0,7) = vo(z), O(0,z) = vy (x),
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170 Influence of Additional Regularity on Critical Exponent

and they found the number p.,;:(n, m) which divides the range of p into p € (1, perit(n, m)) (the small data
global nonexistence) and p € (perit(n, m),00) (the small data global existence), where

2m
chit(n7m) =1+ 7, m € [1,2] (3)

It is clear that p..;t(n, m) interpolates the critical exponents pe,it(n, 1) and peri+(n, 2). Here, we note that the
number pi:(n, 1) is well-known as Fujita exponent which was first found by Hiroshi Fujita for the semilinear
heat equation hy — Ah = h?, h(0,2) = ho(z), p > 1.

Now, concerning the linear wave equations with frictional and visco-elastic damping terms, the authors
in [2] studied the asymptotic profiles of solutions and showed that the effect of the frictional damping w; is
more dominant than that of the visco-elastic one (—Awu;) as t — oo, this interesting result tell us that the
critical value for the corresponding semi-linear Cauchy problem is exactly p.+(n, m) as defined above in (3).
For more results, one can see the works [3, 4] or [5] for initial data in energy space with additional L' or L™
regularity.

More recently, the authors in [6] used unified (L™ N L?) — L? linear estimates to prove the global (in
time) existence of small data solutions for the problem (1) and they found the following critical exponent:

2
Perit(nym,0) =1+ =2 m e [1,2), (4)
n

where they choose the initial data (ug,u1) as in (2) with m; = mg = m.
Since perit(n, m, o) always depends on the parameter m, this fact leads us to ask the following question:

If we choose the initial data as in (2), what happens to the critical exponent (/)¢

To answer this question, we will prove in this paper the global (in time) existence of small data solutions to
(1). Our method is standard and is based on Banach fixed point theorem, Gagliardo-Nirenberg inequality
as well as the application of mixed L™ — L? linear estimates.

For the best reading of this paper, we use the following notation:

e We write f < g when there exists a constant ¢ > 0 such that f < cg.
e H7(R™) stands for Sobolev space as defined below (see [7, p 445])

HOR™) := {f € SR") : | fllme@ny = 11+ ) EF () 2@y < 00} -
e L™(R™) is the usual Lebesgue space with m € [1, 2).

The paper is structured as follows: In Section 2 we recall some estimates for solutions to the corresponding
linear equation (5) and two inequalities which play an essential role to prove our results in Section 3.

2 Main Tools

The so-called L™ — L? linear estimates, Gagliardo-Nirenberg inequality and integral inequality are very
important tools to demonstrate Theorem 1. We introduce them in the following section.

Lemma 1 (Proposition 2.1 [6]) Let m € [1,2). Then, the Sobolev solutions u'™™ to the following linear
equation:

O2ul™ 4 (= A)Tu™ 4 9l + (=AY =0, W'(0,z) = up(z), Oub(0,z) = uy(z), (5)

satisfy the (L™ N L?) — L? estimates:
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and the L? — L? estimates:
107 (=22l (8, )| 2 S (14 8)72 77| (uo, w) | ey grtaracs-nor» (7)
for any a >0, j = 0,1 and for all space dimensions n > 1, where [-]* = max{0,-}.

The above linear estimates are proved in [6].
Recalling the data spaces (2), we may obtain the following corollary.

Corollary 1 Let my,my € [1,2). Then, the Sobolev solutions u'™™ to the linear equation (5) satisfy the
(L™ N L?) — L? estimates:

107 (=) 2ul™ (8, )| 2
,L(L,l),i,j
SJ (1_|_t) 20 \m; 2 20 ||u0||(Lm’1ﬂH"')

—n (1l _ 1) a g4
H14 0BG E T )

_n (1 _1)_a _ .
(1+t) zg(ml 2) 2o ]||(u0,ul)H(LmlmHa)X(LWLQQH[Q+2(j—1)a]+) Zf ma < My,

A
=

_n (L _1)_a _ .
(1+t) 20<m2 2) 20 jH(UO’ul)H(L’"lr‘]Ha)x(Lm/ZOH[“‘*'?U—l)"]'F) Zf m1 < ma,
as well as (7).

Proof. The general solutions 4! to (5) can be written in the following form:

y e—lE1*7t _ €27 et e €177t _ ot
F(u")(t,€) 1 [e0 F(uo)(§) + W}-(Ul)(f)
= F(Ko(t,2))(t,§)F (u0)(§) + F(Go(t,x))(t, ) F (u)(§)- (9)

Using now L™ — L? estimates for the first kernel and L™2 — L? estimates for the second kernel as well as
the Hausdorff-Young inequality or Young convolution inequality and

1

1
I79le < 1fl o gl s+ = =1, ¥ € [1,2],

2

this immediately leads to the required estimates. One can directly verify these estimates from Lemma (1).
]

We recall the fractional Gagliardo-Nirenberg and integral inequalities in the following lemmas.

Lemma 2 ([8, 7]) Let1 < q¢< 00,0 >0 and s € [0,0). Then, the following fractional Gagliardo-Nirenberg
inequality holds for all y € H° (R™)

- 0, 1-0,
1=2)" 2y oy S =)y oy 9l iy

n{l 1 s S
b=" (L) e ).
1 0(2 q+n)e o

Lemma 3 ([7]) Let a,b € R such that max{a,b} > 1. Then, it holds

where

t
/ (14t —s)"%(1 +5)*ds S (1 )~ ™in{ab)
0
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3 Main Results

Our main results are divided into two cases,
my; < mo and mg < my.

In the following theorem we will see the nice influence of my and ms on the critical exponent (4) when
mo S mq.

Theorem 1 Let us consider the Cauchy problem (1) with o > 1 and p > 1. Let my,mq € [1,2) such that
mo S ma.

We assume the following conditions for p and the dimension n:

n—2 2—my”’ (10)

2 <p< o if 20<n< A
2 <p if 1<n<20.

Moreover, we suppose

mo n
Then, there exists a constant g > 0 such that for any data

(uo,u1) € R™™27(R™) := (H7(R™) N L™ (R™)) x (L*(R™) N L™ (R™)),
with ||(uo, u1)||gmy.me.0c < €0, we have a uniquely determined globally (in time) solution
u € C([0,00), H7(R™)) N C* ([0,00), L*(R™))
to (1). Furthermore, the solution satisfies the estimates:

[Ju(t, ')HL2(Rn) S(+t) 2im 2) H(uOvul)llRmhM%U(R") )
_n (L _1)_ 1
||atu(t,')||L2(Rn) N (1+t) 20("11 2) ”(anul)Hlevmsz(Rn) ’

AV 2yt < - (F-1)-4
(—A)7Zu(t, ) S(+1) : (w0, w1) [l gmy .o ey -

L2(Rn)

In the following theorem, when m; < meg, then the critical exponent (4) can only be influenced by the
parameter mo of the additional regularity of the second initial data.

Theorem 2 Let us consider the Cauchy problem (1) with o > 1 and p > 1. Let my, mo € [1,2) such that
mq S mao.
We assume the same conditions for p and the dimension n as in (10). Moreover, we suppose

2
p>1+ ":fa. (12)

Then we have the same conclusion as in Theorem (1). Furthermore, the solution u satisfies the estimates:

n

_n (L _1)_1q
100t Moy S A+ (55757 g, ) gms s ey

[CISERTOS]

< @+ 075 (7 g, )
L2(Rn)N 0, W1 RM1m2,0 (Rn) *
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Remark 1 The conditions (11), (12) are assumed to get the same decay estimates of the semi-linear model
with those of the corresponding linear model (5). The bounds (10) on p and n appear due to the application
of Gagliardo-Nirenberg inequality from Lemma (2).

Remark 2 [t is clear that when my = mg our results in Theorems 1, 2 coincide with those in the cited papers
[5], [6]. Theorem (1) showed the influence of the additional L™ regularity of ug not only on the critical
exponent but also on the decay estimates. While, the decay estimates in the second theorem are related to uq
(see again Corollary 1).

Remark 3 On one hand, Theorem (1) says it is better to choose a uniform additional regularity of the
initial data, since the following exponent:

my + 2mio

Pglob(n, 0, m1,ma) = ma n
is mot more sharper than that in (4) for any myi,mq € [1,2), but if the initial data (ug,uy1) are chosen
only from the energy space H° (R™) x L*(R™), then we can prove pgep is better than the critical exponent
pcrit(nvzaa) Zf and Only Zf

— + <14+ —, je. n <
mi1 — Mo

mi;  2mio 40 . <(4 — 2m1)0)
ET M%)
Mo n n

On the other hand, Theorem (2) says it is not necessary to choose the same additional regularity for the
initial data (ug,u1) because the lower bound in (12) does not depend on my.

Example 1 Let us consider the following wave equation with frictional and visco-elastic damping:
atzu —Au + atu - Aatu = |u|P ) (u,atu)(O,w) = (u()aul)(m)v (0 = 1)
e From Theorem 1, if we fixn =3, uy € L2(R®) N LY (R?) and ug € HY(R?) N L™ (R3) then we have the
global (in time) existence of small data solutions to the above equation for any p and my satisfy:
6
p€[273], mi € 1,5 .
e From Theorem 1, if we fix n =2, uy € L*(R?)N LY (R?) and uy € H*(R?) N L™ (R?) then we have the
global (in time) existence of small data solutions to the above equation for any p and my satisfy:

p € [2my,00), my €][L,2).

Example 2 Let us consider now the following plate equation with frictional and visco-elastic damping:
O2u 4+ A%u + Oyu+ A?0u = |ul’,  (u,du)(0,2) = (uo,u1)(z), (0 =2).

e From Theorem 1, if we fixn =5, uy € L2(R®) N LY (R®) and uy € H2(R®) N L™ (R5) then we have the
global (in time) existence of small data solutions to the above equation for any p and my satisfy:

1
pe25), mie {1;] .

e From Theorem 1, if we fix n =3, uy € L*(R3) N LY(R3) and ug € H2(R?) N L™ (R3) then we have the
global (in time) existence of small data solutions to the above equation for any p and my satisfy:

7
pE {?,oo) ,  mq €[1,2).
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Now, we prove Theorem 1 using the Banach’s fixed point theorem.

Proof of Theorem 1. Since we are dealing with semi-linear Cauchy problems, we use the Banach’s fixed
point theorem inspired from the book [7, Page 303] or the paper [9]. This powerful method needs to define
a family of evolution spaces B(T) for any T' > 0 with suitable norm || - [ g(r) as well as an operator

S:ue€ B(T)— Sue B(T).
If this operator satisfies the contraction property:

”SUHB(T) 5 ||(u07u1)‘|7z"”1=m270 + ”uHZ])g(T)v Vu € B(T)7 (13)

St = Sllpery S Il = all sy (Il + Il ), Vi e BT), (14)

then, one can deduce the existence and uniqueness of a global (in time) solution of (1) for small norm of
initial data. Here, it is clear that the smallness of the initial data together with the condition (13) imply
that S maps balls of B(T') into balls of B(T'). Moreover, the existence of a unique solution is guaranteed by
proving that the recurrence sequence

u_1 =0, up =Sux_1, k=0,1,---
is a Cauchy sequence in the Banach space B(T) converging to the unique solution u of the equation u = Su.

Let us now go back and try to define the operator S. To do this, applying Duhamel’s principle to the Cauchy
problem (1) we find the solutions u written as follows:

u(t,x) = Ky(t,z)*ug(x) + Gy(t,z) xui(z) + /0 Go(t —s,z) * |u(s,z)|Pds
= Wl (t,z) +ult, z), (15)

where * denotes the convolution product with respect to z, and the kernels K,, G, are given by the
representation (9). We can define the operator S by the same formula above:

S:B(T) — B(T) : u+— Su = u""™ + 4",
where the Banach space B(T') is defined for all 7' > 0 as follows:
B(T):=C([0,T),H°)nC" ([0,T],L?).

The main step now is to choose a suitable norm for the above space. Fortunately, this choice is based on the
linear estimates. From Corollary 1 we choose

lullsery = s (0% G D el + 0+ 0F G a2, ).
0<t<T
+(1+t)%(w%—%)“\|atu(t,.)||L2). (16)

The proof is divided into three steps.
Step 1: Using linear estimates when ms < m; from (8) we have
. mn (_1 _ 1 . mn (1 _ 1 1 .
||UlmHB(T) — OquT ((1 + t) 20 (ml 2) Hulm(t, _)HL2 + (1 + t) 20 <m1 2)+2 ||(—A)U/2ulm(t7 ')||L2
<t<

1+ 0% G D) gt @, )12 ) < 17
+(1+1) [0eu™" (£, )2 ) S [[(uo; u1) [l gy mao - (17)
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Step 2: To conclude (13), we come to prove
sy Sl . (18)

As usual, we divide the interval [0,¢] into two sub-intervals [0,¢/2] and [t/2,t]. We use the L™ — L? linear
estimates if 7 € [0,¢/2] and L? — L? estimates if 7 € [t/2,t]. From Corollary 1 we may estimate:

t/2 _n(1_1 ¢
[u (¢, )| 2 SA (1+t—1) f (7 1) (||U(Tw)||]£zp+||U(T,')||I£m2p)d7+//2 u(r, ) Fep dr,  (19)
t

t/2
no —g5(my—3)—1
10w l(t,')HLz§/0 (a+t-m (oY) (ulr, I Zep + lu(rs I man ) dr

t
[ e e s dr. (20)
/2

N IR P At GO ST )
(=AY 2um0 (¢, )| 2 < ; (14+t—7) (ulrs B sy + 17, )2 g dr
t
+/ A+t —7)72 ulr, )|, dr. (21)
t/2

Now, we are in a position to use the fractional Gagliardo-Nirenberg inequality from Lemma 2 to estimate
these norms:

”u(T’ )”1[),217 ) Hu(Ta ')Hllj,mzp .

Here, we have from (16):

n

oL 1)1 -
(14 7% G LA 2u(r ) < ullse,

;o (11
1+ 05 F e, )l S e,
So, we can estimate the above norms as follows:
__mnp n_
JuCr, Mo S (14 7) T [l v = s, 2, (22)
provided that the conditions (10) are satisfied for p and n. Hence, we conclude
[u(T, )|

The first integral of u™°! over [0,¢/2] can be estimated using the following equivalences:

__mnp n
Domaw + u(r, e S (14 7) 7707 72057 [[uly ), (23)

I+t—7)=Q+t)if 7€0,t/2], Q+71)=(1+1t)if 7€ [t/2,1]
and Lemma 3 as follows:

1 1

t/2 _L(i_,) __np_ 4 _n
A (1+t_7—) 20 \mg ~ 2 (1+T> 2mio 2m26||u||%(T)d7‘

A

. 1 t/2 np n
e
0

(144 %(F1)

N

|UH%(T)

Dl
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provided that p > % + ani“'? and mg < my. For the second integral over [t/2,t] we also derive:

t
. np_4n 1— P _ 4 n
[ )T e (00 E il
Thanks to mgs < m1, we reach the following desired estimate for ol

1

= (11 no
1+ 578 umel (¢, 2 S ully g,

We can proceed as above to prove again:

1

@+ 6% G D)0, (1, )12 < ull?
t ) L2 5 B(T)’

(1+ )%

In this way we proved inequality (18).
Step 3: To prove (14) we choose two elements u, @ belong to B(T'), and we write

=

o
3

_1)_1
) Ay () e S .

t
Su—Su= / Go(t—7,2z) % (Ju(r,z)|P — |u(r,z)|”)dr.
0
So, we divide [0,¢] as above, we have again:

t/2 _n (_1 _ 1
I =@l s [ are= ) F T P = )Py dr

t/2 _n (1 _1)_
10: ("t — @) (t, e S / a+t—n F (w4 e, )P = 1, Pl ez dr
0

t
+/t (1 +t- 7)71 |||u(s’ )|p - W(Sv ')‘p”L2 dT?

(P = [T, )Pl pma 2 d7

o/2¢, nol —nol < t/2 —%(L_%)_
(=) 2w — @™ (¢, e < i (1+t—7) % (7
t
S AR ) S R E T PP
t

By employing the Hélder’s inequality, we derive for v = ms, 2, the following
_ _ -1 _ -1
(T, )P = lalm, )P llee < llulr,-) —alr, Yo (IIU(Tw)\ Lor + lla(r, -)||’£up) ~ (24)

Using again the norm of the solution space B(T') and fractional Gagliardo-Nirenberg inequality we can prove
the estimates for u™? — @™°'. Hence, the proof of Theorem 1 is completed. m

Conclusion 1 We have proven in this paper how the different additional reqularity of the initial data could
possibly affect the critical exponent and also the decay estimates of the solutions to the semi-linear Cauchy
problem (1). In our forthcoming paper, we would like to generalize this idea and study another Cauchy
problem of the form:

2w+ (—A)w + (—A)°0w = [w’, w(0,z) =wo(z), dw(0,z)=w(x),
where 0 > 1, 6 € (0,0) and p > 1, see [10].
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